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ANNOTATION 

This  book  constitutes  the  first  attempt  in  the 
world  literature  to  systematically  consider  the 
extensive  range  of  questions  from  different  regions 
of  physics,  physical  chemistry  and  astrophysics  with 
which  contemporary  gas-  and  hydrodynamics  deals.  In 
it  there  are  expoxinded  fundamentals  of  gas  dynamics 
and  theory  of  shock  waves,  transport  theory  of  radia¬ 
tion.  Thexa  are  studied  thermodynamic  and  optical 
properties  of  substances  at  high  temperatures  and 
pressures,  kinetics  of  dissociation,  ionization  and 
other  non- equilibrium  processes,  phenomena  connected 
with  radiation  of  light  and  radiant  heat  transfer  in 
shock  waves  and  during  explosions,  problems  of  prop¬ 
agation  of  shock  waves  in  solid  bodies,  etc.  To  the 
authors  of  the  monograph  there  belong  a  large  number 
of  original  works  in  the  considered  region  of  science, 
which  have  been  reflected  in  this  book. 

The  book  will  serve  as  a  valuable  practical  aid 
for  wide  groups  of  physicists,  mechanicians  and  engi¬ 
neers  studying  applied  physics  and  new  technology. 

It  vrill  be  useful  to  students  and  post  graduates  in 
the  corresponding  specialties,  and  also  to  all  phys¬ 
icists  and  mechanicians  wishing  to  become  acquainted 
with  contemporary  state  of  science  of  shock  waves. 


PREFACE 


Problems  of  contemporary  technology  have  demanded  from  science 
penetration  into  the  region  of  "high  parameters"  of  state  of  a 
substance:  high  concentrations  of  energy,  high  temperatures  and 
pressures,  high  velocities.  In  practice  such  conditions  are  realized 
in  strong  shock  waves,  during  explosions,  during  very  fast  supersonic 
motions  of  bodies  in  the  atmosphere,  in  powerful  electrical  discharges, 
etc. 

At  high  temperatures  in  gasses  there  occur  various  physical  and 
physicochemical  processes;  excitation  of  molecular  vibrations,  disso¬ 
ciation,  chemical  reactions,  ionization,  radiation  of  light.  These 
processes  affect  thermodynamic  properties  of  gases,  and  during 
sufficiently  fast  motions  and  sufficiently  fast  changes  of  state  of 
a  substance,  motion  is  influenced  by  kinetics  of  these  processes. 

An  especially  important  role  at  verj'  high  temperatures  is  played  by 
processes  connected  with  emission  and  absorption  of  radiation  ajid 
radiant  heat  transfer.  Above-mentioned  processes  frequently  present 
interest  not  only  from  the  point  of  view  of  their  energy  influence  on 
motion  of  gas:  they  cause  change  of  composition  of  gas,  of  its 
electrical  properties,  lead  to  luminescence  of  gas  and  appearance  of 
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msuiy  optical  effects,  etc.  A  considerable  part  of  this  book  is 
dedicated  to  the  study  of  all  those  problems — to  all  that  composes 
the  content  of  the  newly  appearing  braiich  of  science,  "physical  gas 
dynamics. " 

Great  scientific  and  practical  interest  is  presented  by  study 
of  strong  shock  waves  in  solid  bodies.  Recent  achievements  which 
have  made  it  possible  with  the  help  of  shock  waves  to  compress  solid 
bodies  up  to  millions  of  atmospheres  have  opened  new  ways  of  investi¬ 
gation  of  state  of  solid  matter  at  super-high  pressures.  To  these 

questions  there  also  is  given  considerable  attention  in  this  book. 

many 

In  the  described  area  there  are  closely  interconnected  /branches 
of  science:  gas  dynamics,  theory  of  shock  waves,  thermodynamics  and 
statistical  physics,  molecular  physics,  physical  and  chemical  kinetics, 
physical  chemistry,  spectroscopy,  theory  of  radiation,  elements  of 
astrophysics,  solid  state  physics,  and  others.  Many  of  the  physical 
phenomena  and  processes  considered  here  have  different  character  and 
in  no  way  are  connected  with  each  other.  A  result  of  such  hetero¬ 
geneity  of  the  material  was  the  absence  of  continuity  in  contents  of 
the  book.  Certain  chapters  have  an  independent  character,  pertain 
to  absolutely  different  regions  of  physics  or  mechanics,  and  not  all 
chapters  are  related  to  each  other.  Therefore,  for  the  reader 
interested  only  in  one  or  more  particular  topics,  it  is  sufficient 
to  become  acquainted  only  with  the  corresponding  chapters. 

In  examining  the  most  diverse  questions,  even  those  of  a 
mathematical  character,  we  tried  first  of  all  to  explain  physical 
essence  of  phenomena  with  the  help  of  simple  mathematical  means, 
while  widely  using  estimates  and  semiqualitatlve  analysis.  At  the 
same  time,  we  tried  to  help  those  physicists,  mechanicians,  and 


engineers  who  work  in  the  corresponding  regions  of  applied  physics 
and  technology,  and  to  give  to  them  practical  means  for  independent 
analysis  of  complicated  and  diverse  physical  phenomena. 

With  this  goal,  consideration  of  majority  of  phenomena  is 
carried  through  to  numerical  results;  formulas  for  calculation  and 
estimates  of  different  quantities  are  written  in  form  which  is 
convenient  for  practical  work;  there  are  presented  many  useful 
experimental  data  and  information  of  reference  type,  etc. 

This  book  has  a  theoretical  character,  and  description  of 
experimental  installations  and  methods  is  reduced  to  a  minimum. 
However,  the  account  of  results  of  experiment  and  comparison  of  them 
with  results  of  theoretical  calculations  and  estimates  has  been  given 
proper  attention. 

Periodic  literature  on  "physical  gas  dynamics"  is  huge.  However, 
as  far  as  we  Imow,  neither  in  Soviet  nor  in  foreign  literature  have 
there  yet  been  made  attempts  to  systematize,  generalize,  and  expound 
from  a  single  point  of  view  in  one  book  the  material  pertaining  to 
this  new  region  of  science.  Apparently,  this  book  constitutes  the 
first  attempt  in  this  direction. 

The  book  was  written  during  I96O-196I,  which  determines  the 
basic  level  of  the  literature  used.  However,  in  sections  concerning 
areas  whose  ideas  are  being  developed  at  an  especially  fast  rate, 
there  later  have  been  introduced  short  supplements  and  references  to 
the  latest  literature.  This  pertains  basically  to  Chapters  V,  VI, 

VII. 

Variety  of  phenomena  and  extensiveness  of  material  forced  us  to 
be  limited  to  consideration  of  not  nearly  all  questions  which  have  a 
relation  to  the  studied  region.  We  do  not  consider  the  mathematical 


side  of  hydrodynamics,  of  such  a  problem  as  supersonic  flow  around 
bodies;  we  almost  do  not  touch  upon  electromagnetic  phenomena; 
absolutely  do  not  concern  ourselves  with  questions  of  thermonuclear 
fusion,  behavior  of  plasma  in  magnetic  field,  all  that  pertains  to 
magnetohydrodynamics  and  magnetogasdynamics ,  problems  of  combustion 
and  detonation  and  so  forth.  On  all  these  topics  there  already  are 
a  great  nimiber  of  books. 

Selection  of  material  of  this  book  to  a  certain  extent  is 
subjective.  An  important  place  is  allotted  to  consideration  of 
phenomena  which  the  authors  investigated  in  their  own  works.  Thus, 
on  original  works  are  almost  completely  based  Chapters  VIII  and  IX; 
to  a  great  extent  also  VII,  X,  XII,  and  partially  Chapter  XI.  Chapter 
I  constitutes  the  result  of  basic  revision  of  an  early  book  of  one 
of  the  authors;  "Theory  of  Shock  Waves  and  Introduction  to  Gas 
Dynamics",  which  was  published  in  1946  in  Publishing  House  of  Academy 
of  Sciences  of  USSR. 

We  would  like  to  express  special  thanks  to  A.  S.  Kompaneyets, 
who  is  responsible  for  development  of  a  number  of  questions  discussed 
in  this  book,  for  many  useful  discussions  and  remarks  made  during 
reading  of  the  manuscript.  We  are  thankful  to  L.  B,  Al'tshuler  and 
S,  B.  Kormer,  on  whose  works  to  a  considerable  degree  is  based  Chapter 
XI  of  the  book,  for  remarks  made  during  reading  of  the  manuscript  of 
this  chapter.  We  are  thankful  also  to  M,  A,  Yel 'yashevich,  who 
attentively  read  the  manuscript  and  made  valuable  remarks. 
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CHAPTER  I 

ELEMENTS  OF  GAS  DYNAMICS  AND  CLASS IC.AL  THEORY  OF  SHOCK  WAVES 

1.  Continuous  Flow  of  an  Inviscid  and 
Non- Thermally-Conducting  Gas 

§  1.  Equations  of  Gas  Dynamics 

For  high  compression  of  liquids  (and  solid  bodies)  there  are 
needed  pressures  of  hundreds  of  thousands  of  atmospheres  and  above. 
Therefore,  iinder  usual  conditions  a  liquid  can  be  considered  as  an 
incompressible  medium.  Velocities  of  flow  of  liquid  during  small 
changes  of  density  are  much  less  than  speed  of  sound,  which  is  the 
scale  of  velocity  characterizing  a  continlous  medium.  During  small 
changes  of  density  and  motions  which  are  slow  as  compared  to  speed 
of  sound,  gas  also  can  be  considered  to  be  incompressible,  and  its 
motion  can  be  described  with  the  help  of  hydrodynamics  of  an  incom¬ 
pressible  fluid.  However,  large  changes  of  density  and  velocity  of 
flow  comparable  with  speed  of  sound  in  gasses,  in  distinction  from 
liquids,  are  attained  comparatively  easily:  at  pressure  drops  of 
order  of  magnitude  of  the  actual  pressure,  i.e,,  at  Ap  ~  1  atm,  if 
initial  pressure  of  gas  is  atmospheric.  Unde  '  such  conditions  it  is 
necessary  to  consider  compressibility  of  the  substance.  Equations 
of  gas  dynamics  thus  differ  from  equations  of  hydrodjmamics  of  an 
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incompressible  fluid  in  that  in  them  there  is  considered  possibility 
of  large  changes  of  density  of  the  substance. 

State  of  moving  gas  with  known  thermodynamic  properties  is 
determined  by  specifying  speed,  density,  and  pressure  as  functions 
of  coordinates  and  time.  For  finding  these  functions  there  serves 
the  system  of  equations  of  gas  dynamics,  which  is  composed,  in 
differential  form,  of  the  general  laws  of  conservation  of  mass, 
momentum  and  energy  of  a  substance. 

Let  us  write  these  equations  without  derivation,  which  can  be 
found,  for  instance,  in  book  of  L,  D,  Landau  and  Ye.  M.  Lifshits  [1]. 
We  will  disregard  action  of  body  forces  (gravity),  and  also  viscosity 
and  thermal  conduction  of  substance.*  Let  us  designate  by  h/ht 
partial  derivative  with  respect  to  time  referred  to  a  given  point  of 
space,  the  local  derivative,  and  by  d/dt  the  particle  derivative, 
which  characterizes  change  in  time  of  some  quantity,  connected  with 
a  given  moving  particle  of  substance.  If  u  is  velocity  vector  of 
particle  with  components  u^,  u^,  u^  or  u^^,  where  1  =  1,  2,  J,  then 

First  equation  is  continuity  equation;  it  indicates  conservation 
of  mass  of  the  substance,  i,e,,  to  the  fact  that  change  of  density 
p  in  given  element  of  volume  occurs  due  to  inflow  (or  outflow)  of 
substance  into  this  element: 

^+diTQ«-iO.  (1,2) 

♦Equations  of  gas  dynamics  taking  into  account  viscosity  and 
thermal  conduction  will  be  considered  below,  in  §  20, 
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with  help  of  definition  (l.l),  continuity  equation  can  be  written 
In  the  form 

§4-cdtT««0.  (1.5) 

In  the  particular  case  of  an  Incompressible  liquid,  when 
p  =  const,  continuity  equation  Is  simplified: 

divttasO. 

Second  equation  expresses  Newton’s  law  and  does  not  differ  from 
equation  of  motion  of  an  Incompressible  liquid  (p  Is  pressure): 


or,  in  the  form  of  Euler’s  equation, 

(1.6) 

As  It  Is  easy  to  verify  by  means  of  direct  calculation,  equation 
of  motion  together  with  continuity  equation  Is  eqiiivalent  to  law  of 
conservation  of  momentum,  written  in  a  form  analogous  to  equation 
(1.2), 

9  9ntk 

(1.7) 

where  Is  tensor  of  momentum  flux  density 

(1.8) 

Equation  (1,7)  expresses  the  fact  that  change  of  1-th  component 
of  momentum  at  given  point  of  space  Is  connected  with  outflow  (Inflow) 
of  momentum  together  with  mass  (first  term  In  (1.8))  and  work  of 
forces  of  pressure  (second  term).* 

Third  equation  Is  essentially  new  as  compared  to  hydrodynamics 
of  an  incompressible  liquid  and  is  equivalent  to  first  law  of 


*in  the  right  side  of  formula 
over  the  twice  met  Index  k(k  =  1, 
B  0  when  1  k. 


(1,7)  there  is  produced  summation 
2,  jjj  “  1  when  1  »  k  and  5^^  = 


thermodynamics  —  the  law  of  conservation  of  energy.  It  Is  possible 
to  read  it  thus:  change  of  specific  internal  energy  e  of  a  given 
particle  of  substance  occurs  due  to  work  of  compression,  which  is 
produced  on  it  by  its  surrounding  medium,  and  also  due  to  energy 
release  from  outside  sources: 

S+J>S  =  <?.  (1-9) 

Here  V  =  1/p  is  specific  vol\me,  and  Q  is  energy  release  per  second 
per  gram  of  substance  from  external  sources  (Q  can  also  be  negative 
if  there  are  nonmechanical  losses  of  energy,  for  instance  due  to 
radiation) , 

With  help  of  continuity  equation  and  equation  of  motion,  the 
energy  equation  also  can  be  reduced  to  a  form  similar  to  (1.2),  (1.7)s 

0^.  (l.lO) 

Physical  meaning  of  this  equation  is  that  change  of  total  energy 
of  unit  of  volume  at  given  point  of  space  occurs  due  to  outflow 
(inflow)  of  energy  during  motion  of  the  substance,  work  of  forces  of 
pressure  and  energy  release  from  external  sources. 

Equations  continuity,  motion  and  energy  form  a  system  of  the 
five  equations  (equation  of  motion  is  a  vector  equation  and  equivalent 
to  three  coordinate  equations)  in  five  unknown  functions  of  coordinates 
and  time:  p,  u^,  u^,  u^,  p.  External  sources  of  energy  Q  are 
considered  to  be  given,  and  internal  energy  e  can  be  expressed  in 
teiTus  of  density  and  pressure,  inasmuch  as  thermodynamic  properties 
of  substance  are  assumed  to  be  known:  e  =  e  (p,  p). 

If  energy,  as  this  frequently  happens,  is  itnown  not  as  a  function 
of  pressure  and  density,  but  as  a  function  of  temperature  T  and  density 
or  temperature  and  pressure,  then  to  this  system  we  should  add  the 
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equation  of  state  of  substance  p  =  f  (T,  p).  Equation  of  state  of 


ideal  gas  has  the  form 


pV=AT,  p^AqT, 


(1.11) 


where  A  is  gas  constant  calculated  for  1  gram.* 


Energy  equation  (1.9)  has  general  significance  and  is  valid  even 
when  substance  is  not  in  thermodynamic  equilibrium.  In  that  particular 
case,  which  is  most  important  in  practice,  when  substance  is  in 
thermodynamic  equilibrium,  it  is  possible  to  write  it  in  different 


form  with  help  of  the  second  law  of  thermodynamics 

TdS  =  d&->rpdV, 


(1.12) 


where  S  is  specific  entropy.  In  absence  of  external  sources  of  heat, 
third  equation  of  gas  dynamics  is  equivalent  to  equation  of  constancy 
of  entropy  of  a  particle,  i.e.,  to  condition  of  adiabaticity  of  motion 


it 


(1.15) 


In  an  ideal  gas  with  constant  heat  capacity,  entropy  is  especially 
simply  expressed  in  terms  of  pressure  and  density  (specific  volume) 

.y»=cv  In  const,  (1.14) 

where  7  is  adiabatic  index,  equal  to  specific  heat  ratio  at  constant 
pressure  and  constant  volume  7  =  c^/Cy  =  1  +  A/Cy,  In  this  case 
adiabatic  equation  (1,15)  (or  energy  equation)  can  be  directly  written 
in  form  of  differential  equation  relating  pressure  and  density 


(pressure  and  volume). 


pit^'V  it 


(1.15) 


To  this  system  of  differential  equations  of  gas  dynamics  there 
are  added  corresponding  initial  and  boundary  conditions. 


*k  =  R/ii.,  where  R  is  universal  gas  constant,  and  p.  is  molecular 
weight . 
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§  2.  Lagrange  Coordinates 


Equations  In  which  gas- dynamic  quantities  are  considered  as 
fimctlons  of  spatial  coordinates  and  time  are  called  equations  In 
Euler  form  or  equations  In  Euler  coordinates. 

In  the  case  of  one- dimensional  motions,  l.e.,  plane,  cylindrical 
and  spherically  symmetric,  we  frequently  use  other,  Lagrange 
coordinates.  In  distinction  from  an  Euler  coordinate,  a  Lagrange 
coordinate  Is  connected  not  with  a  fixed  point  of  space,  but  with  a 
definite  particle  of  substance.  Gas-dynamic  quantities  expressed  as 
functions  of  Lagrange  coordinates  characterize  changes  of  density, 
pressure  and  velocity  of  every  particle  of  substance  with  flow  of 
time.  Lagrange  coordinates  are  especially  convenient  In  examining 
Internal  processes  occurring  In  a  substance  which  do  not  go  beyond 
the  bounds  of  a  given  particle:  let  us  say  a  chemical  reaction,  the 
flow  of  which  with  passage  of  time  depends  on  change  of  temperature 
and  density  of  the  particle.  Introduction  of  Lagrange  coordinates 
In  a  number  of  cases  permits  us  to  more  briefly  and  easily  find 
exact  solutions  of  equations  of  gas  dynamics,  or  makes  numerical 
Integration  of  the  latter  more  convenient. 

Time  derivative  In  Lagrange  coordinates  is  equivalent  simply  to 
particle  derivative  d/dt.  Particle  can  be  characterized  by  mass  of 
substance,  which  distinguishes  It  from  some  other  fixed  particle,  or 
by  Its  coordinate  at  Initial  moment  of  time. 

Introduction  of  Lagrange  coordinates  is  especially  simple  In  the 
plane  case,  when  motion  depends  only  on  one  Cartesian  coordinate  x. 
Let  us  designate  current  Euler  coordinate  of  considered  particle  by 
X,  and  coordinate  of  some  fixed  particle  by  x^  (as  the  fixed  particle 
there  may  be,  for  instance,  selected  a  particle  near  a  solid  wall  or 


IG 


near  boundary  between  gas  and  vacuum,  if  such  exist  in  the  problem). 
Then  the  mass  of  a  column  of  unit  cross  section  between  considered 
particle  and  fixed  particle  is  equal  to 

X 

*1 

and  increment  of  mass  upon  transition  from  the  particle  to  a 
neighboring  one  is 

dm-=cdi.  (1.17) 

Quantity  m  can  be  selected  as  a  Lagrange  coordinate. 

If  at  initial  moment,  as  this  frequently  happens,  gas  is  at  rest, 
and  its  density  is  constant,  p  (x,  0)  =  Pq,  then  as  Lagrange  coordinate 
it  is  convenient  to  take  initial  coordinate  of  particle  measured  from 


point  x^j  we  will  designate  it  by  a.  Then 

X 

a*s  C -S-di,  da  =  -^di. 
J  Go  '  «o 

.  *1 


(i.ie) 


Equations  of  plane  motion  of  gas  in  Lagrange  coordinates  acquire 


simple  form.  Equation  of  continuity,  written  with  respect  to  specific 

volume  V  =  1/p  and  unique  x-th  component  of  velocity  u  is 

av  au  OP  1  dv  du 

v^at  a*’  (1.19) 

Here,  as  and  in  subsequent  equations,  time  derivative  is  particle 
derivative  d/dt,  but  it  is  better  to  write  it  in  the  form  of  partial 
derivative  5/Bt,  in  order  to  stress  that  it  is  taken  at  m  and  a  = 

=  const,  i.e.,  for  a  given  particle  with  definite  Lagrange  coordinate 
m  or  a.  Equation  of  motion  in  Lagrange  coordinates  has  the  form 


aii  ap 

ST”  3^ 


d» 

or  3J-- 


(1.20) 


Regarding,  however,  equation  of  energy  written  in  form  (1.9)  or  in 
form  of  condition  of  adiabaticity  (1,15)  (In  the  absence  of  external 
sources  of  heat  and  dissipative  processes  —  viscosity  and  thermal 


conduction),  they  retain  their  form;  it  is  necessary  only  to  replace 
designation  d/dt  by  S/St.  In  an  ideal  gas  with  constant  heat  capacity, 
condition  of  adlabaticity  (1.13)  gives 

(in)l,  (1.21) 

where  function  f  depends  only  on  entropy  of  given  particle  m.  In 
so-called  isentropic  motion,  when  entropies  of  all  particles  are 
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identical  and  do  not  change  in  time,  f  =  const,  where  equation  pV  *» 

=  const  is  valid  in  Lagrange  as  well  as  in  Euler  coordinates. 

It  is  essential  that  in  the  plane  case,  Euler  coordinate  x  in 
explicit  form  is  not  contained  in  equation.  After  Lagrange  equations 
are  solved  and  there  is  found  function  V(m,  t),  it  is  possible  to 
go  over  to  dependence  of  gas- dynamic  quantities  on  Euler  coordinate 
with  help  of  quadrature,  by  integrating  equation  (1.17), 


F  (m,  I)  dm,  x(m,  f)  —  ^  F  (m,  t)  dm  -K.X|  (/) . 


(1.22) 


In  cylindrical  and  spherical  cases,  equations  of  gas  dynamics 
in  Lagrange  coordinates  are  somewhat  more  complicated  than  in  the 
plane  case,  since  now  in  the  equations  there  is  contained  in  explicit 
form  the  Euler  coordinate,  and  in  the  system  of  equations  there  is 
Included  an  additional  equation  relating  Lagrange  and  Euler  coordi¬ 
nates.  For  instance,  in  spherical  case,  Lagrange  coordinate  can  be 
defined  as  mass  included  inside  spherical  volume  near  center  of 


symmetry: 


r 

J  43u*Qdr,  dm « 4nr*Qrfr. 


(1.23) 


If  at  initial  moment,  density  of  gas  is  constant,  it  is  possible 
to  take  as  Lagrange  coordinate  initial  radius  r^  of  the  "particle." 
considered  as  an  elementary  spherical  shell: 


Q,-i 


(1.24) 
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Equation  of  continuity  in  spherical  Lagrange  coordinates  is 


w  d  .  .  i  av  i  9  . 

:4jir*U  nr  **• 


or  Vo  a* 


(1.25) 


Equation  of  motion 


tr- 


9u  JL^ 

~Co^^o  ' 


(1.26) 

Energy  equation  or  adiabatic  equation  remain  the  same  as  in 
the  plane  case. 

As  an  additional  equation,  in  the  system  there  is  included 
differential  (or  Integral)  relationship  (1.23)  or  (1.24),  which 
relates  m  and  r  or  rQ  and  r. 

Equations  for  cylindrical  case  are  formed  fully  analogously  to 
the  spherical  case. 

It  is  necessary  to  ".ote  that  in  two-dimensional  and  three- 
dimensional  flows,  transition  to  Lagrange  coordinates,  as  a  rule,  is 
not  advantageous,  since  equations  are  then  greatly  complicated, 

§  3.  Sound  Waves 


Speed  of  sound  is  Included  in  equations  of  gas  dynamics  as  the 
speed  of  propagation  of  small  perturbations.  In  the  limiting  case, 
when  change  of  density  and  pressure  Ap  and  Ap  during  motion  of  sub¬ 
stance  are  very  small  as  compared  to  mean  values  of  density  and 
pressure  Pq  and  p^,  and  velocities  are  small  as  compared  to  speed  of 
sound  c,  equations  of  gas  dynamics  are  transformed  into  equations  of 
acoustics  and  describe  propagation  of  sound  waves. 

Let  us  write  density  and  pressure  in  the  form  p  =  p^  +  Ap,  p  = 

=  Pq  +  Ap  and  consider  quantities  Ap,  Ap,  and  also  velocity  u  as 
small  quantities.  Disregarding  quantities  of  second  order  of  s'mallness, 
we  will  transform  Euler  equations  of  continuity  and  motion  for  tl^ 
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— . . 


plane  case.  Equation  of  continuity  gives 


du 


Equation  of  motion  acquires  the  form 


A.  —  M  ^ 

ar”  \9qJs  dx  ‘ 


(1.27) 


(1.28) 


In  the  last  transformation  it  is  taken  into  account  that  motion  in 
sound  wave  is  adiabatic.  Therefore,  small  change  of  pressure  is 
associated  with  small  change  of  density  through  the  adiabatic 
derivative;  Ap  =  (^p/Sp)gAp.  This  derivative  constitutes,  as  we 
will  now  see,  the  square  of  the  speed  of  sound 

(1*29) 

and  corresponds  to  unperturbed  state  of  substance. 


Differentiating  the  first  of  the  written  equations  with  respect 

to  time,  and  the  second  with  respect  to  coordinate,  we  will  eliminate 

2 

mixed  derivative  ^  u/^t  Sx.  Let  us  obtain  wave  equation  for  change 


of  density 


(1.50) 


The  same  equation  is  satisfied  by  the  magnitude  of  change  of  pressure 

2 

Ap,  which  is  proportional  to  Ap  =  c  Ap,  and  also  by  velocity  u  and 
all  other  parameters  of  the  substance,  for  Instance,  temperature.* 
Wave  equation  of  type  (1.30)  admits  two  groups  of  solutions; 

Aq» Aq(z— c(),  ApaAp(z— cl),  u-su(z— el)  (1.31) 


Aq(z+cI),  Ap«Ap(z+el),  u«u(z-(-cl) 

(by  c  we  mean  the  positive  root  c=  +V(^p/^)s)- 


(1.52) 


*In  order  to  obtain  wave  equation  for  velocity,  we  will  differ¬ 
entiate  enuation  (1,30)  with  respect  to  time  and  use  equations  (1.27), 
(1.28): 

■N  2  2  2  2  2 

vrhence  o  u/^t  =  c  o  u/Sx  +  f(t).  Noticing  that  before  the  wave  in 
unperturbed  substance  u  =  0,  we  will  find  that  f(t)  =  0. 
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First  group  describes  perturbation  propagating  in  the  direction 
of  positive  x  axis,  and  the  second  describes  perturbation  propagating 
in  the  opposite  direction.  In  the  first  case,  for  instance,  given 
value  of  density  corresponds  to  a  definite  value  of  the  argument 
X  ~  ct,  i.e.,  with  flow  of  time  it  goes  in  the  direction  of  positive 
X  with  velocity  c.  Thus,  c  is  velocity  of  propagation  of  sound  waves. 

Noticing  that  du  (x  :fct)Jdx  =  T  (i/c)du  (x  T  ct)/dt,  and  taking  into 
account  the  fact  that  in  undisturbed  gas  before  the  wave  u  =  0,  Ap  =  0 
(see  footnote),  we  will  find  v/ith  help  of  equation  (1.27)  the  relation 
between  mass  velocity  of  gas  u  and  changes  of  density  or  pressure: 

»=±i4C=±^.  4c.c>Ai!=±(!.m. 

Upper  sign  pertains  to  wave  travelling  in  the  direction  of 
positive  X,  and  the  lower  pertains  to  wave  travelling  in  the  direction 
of  negative  x. 

In  both  cases  mass  velocity  is  in  the  direction  of  propagation 
of  the  wave  where  the  substance  is  compressed,  and  in  the  opposite 
direction,  where  it  is  rarefied. 

General  solution  of  wave  equations  for  Ap  and  u  is  composed  of 
two  particular  solutions,  which  correspond  to  waves  travelling  in 
positive  and  negative  directions  of  the  x  axis.  According  to  (l.^l)^ 
(1,52),  solutions  for  density  and  velocity  can  be  written  in 

the  following  form: 


A«-?^/i(x-cO  +  ^/,(*  +  cO, 

u-/,(*-c0-/,(x+e0, 

where  and  f^  are  arbitrary  functions  of  their  arguments  which  are 

determined  by  initial  distributions  of  density  and  velocity: 

0)  +  u(*,  0)], 

0)-u(x,  0)]. 


(1.54) 

(1.55) 


For  instance,  if  at  initial  moment  there  is  a  rectangular 
perturbation  of  density,  and  gas  everywhere  is  motionless,  then  to 
the  right  and  to  the  left  there  begin  to  travel  rectangular  pertur¬ 
bations,  as  shovm  in  Pig.  l.i. 

If  at  initial  moment,  distributions  of  density  and  velocity  have 
the  form  depicted  in  Fig.  1.2,  where  u  Ap,  so  that  f„  »  0,  then 

rectangular  pulses  will  travel  only  in  one  direction.  (Such  a 
perturbation  can  be  created  by  a  piston  which  at  initial  moment  starts 
to  be  thrust  into  gas  at  rest  with  constant  velocity  u,  and  after  a 
certain  time  is  "instantaneously"  stopped.  If  length  of  rectangular 
pu3  se  is  equal  to  L,  then,  obviously,  time  of  action  of  piston 
t^  =  L/c). 

Special  importance  for  acoustics  is  presented  by  monochromatic 
sound  waves,  in  which  all  quantities  are  periodic  functions  of  time 
of  the  type 

/  =  i4cos  X— (bM, 

or,  in  complex  form, 

/  =  4exp[ 

V  =  a)/27r  is  frequency  of  sound,  and  X  «=  c/v  is  wave  length.  Any 
perturbation  can  be  expanded  in  a  Fourier  Integral,  i.e,,  can  be 
represented  in  the  form  of  a  set  of  monochromatic  waves  with  different 
frequencies . 

Sounds  perceived  by  human  ear  have  frequency  v  from  20  to 
20,000  cps  (oscillations  per  second)  and  wave  lengths  corresponding  to 
speed  of  sound  in  atmospheric  air  c  =  330  m/sec,*  from  15  m  to  1.5  cm. 

^Adiabatic  index  of  air  under  normal  conditions 

7-1,4,  «.  (Y/VCo)*'*- 

(since  for  S  »  const  p  ~  p^). 


For  an  idea  of  the  numerical  values 


Fig.  1.1.  Prop¬ 
agation  of  rectan¬ 
gular  pulse  of 
density  and  pressure 
along  one  coordinate 
in  linear  acoustics. 


\f 


X 


Fig.  1.2. 


substance  with  accuracy  up 
with  respect  to  Ap  (or  Ap, 


of  different  quantities  in  a  sound  wave, 
we  will  indicate  that  for  the  strongest 
sound,  which  Is  10^  times  more  intense* 
than  the  fortissimo  of  an  orchestra, 
amplitude  of  change  of  air  density  in 
wave  is  0.4^  of  normal  density; 
amplitude  of  change  of  pressure  is 
0.56^  of  atmospheric;  amplitude  of 
velocity  is  0.4^  of  velocity  of  sound, 
i.e.,  1.3  m/sec.  Amplitude  of  dis¬ 
placement  of  particles  of  air  is  of  the 
order  of  Ax  »  u/Pttv  =  (u/c)  (X/2rr)  « 

«  6 •10”^  X  (Ax  «  0.036  cm  for  v  =  500 
cps). 

Let  us  find  energy  connected  with 
small  a  perturbation  which  is  propagated 
through  a  gas  at  rest.  Increase  of 
specific  internal  energy  of  perturbed 
to  terms  of  the  second  order  of  smallness 
or  u)  is: 


*  -  *0  “  (^)o  +  T  (^)o 


*As  will  be  shown  below,  energy  or  intensity  of  soxuid  is  propor¬ 
tional  to  square  of  amplitude  of  changes  of  pressure  or  density. 
Loudness  of  sound  is  measured  in  decibels,  in  logarithmic  scale.  As 
zero  is  taken  average  threshold  of  sensitivity  of  the  human  ear. 
Increase  of  loudness  by  n  decibels  signifies  increase  of  energy  of 

sound  by  10^/^^  times.  Increase  of  loudness  from  rustle  of  leaves 
or  whisper  (~10  db)  to  orchestra  fortissimo  (*^0  db)  corresponds  to 

increase  of  energy  of  sound  by  10*^  times. 
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Fig.  1.5,  Distribution 
of  density  In  a  wave 
packet. 


By  virtue  of  adlabatlclty  of  motion, 
derivatives  are  taken  at  constant 
entropy.  It  Is  possible  to  calculate 
them  with  help  of  thermodynamic 
relationship;  dt  =  T dS  —  p  dV =Xp fQ*)  dq. 


We  will  obtain 


e-.o=§AQ  +  ^,(AQ)«-|(Ae)«. 


Increase  of  Internal  energy  In  1  cm  with  the  same  accuracy  Is  equal 
to 


Q*  -  Qato  =  (Qo  +  Aq)  (8  -  eo)  +  6o  Aq  =  (eo+  Aq  +  ^  (Aq)*  =  WjAq  +  ^  (Aq)*, 

where  w  =  e  +  p/p  Is  specific  enthalpy. 

Density  of  Internal  energy  connected  with  the  perturbation.  In 

the  first  approximation  is  proportional  to  Ap,  Density  of  kinetic 
2  2 

energy  pu  /2  «  PqU  /2  Is  a  quantity  of  the  second  order  of  smallness. 
Prom  relationship  (1.55) j  which  holds  for  a  plane  travelling  wave. 

It  Is  clear  that  the  term  of  the  second  order  In  Internal  energy 
density  and  the  kinetic  energy  are  exactly  equal  to  each  other,  so 
that  total  energy  density  of  perturbation  Is 

£  «  Wj  Aq + ^  (  Aq)* + =  o^Aq  +  Qou*.  (1.56) 

Term  of  first  order  of  smallness  In  energy  Is  connected  with 
chauige  of  volume  of  all  of  the  gas  which  occurred  as  a  result  of  the 
perturbation.  If  perturbation  was  created  In  such  a  way  that  volume 
of  gas  on  the  whole  was  not  changed,  then  energy  of  perturbation  of 
all  of  the  gas  is  a  quantity  of  the  second  order  with  respect  to  Ap, 
since  during  Integration  over  volume,  the  term  proportional  to  Ap 


vauiishes 


Suchj  for  instance,  is  the  situation  In  a  wave  packet  which 
propagates  through  gas  occupying  an  infinite  space,  where  at  infinity 
the  gas  is  not  perturbed  (Pig.  1.3).  Changes  of  density  in  regions 
of  compression,  with  accuracy  up  to  terms  of  the  second  order  are 
compensated  by  changes  in  regions  of  rarefaction. 

Thus,  energy  of  sound  is  a  quantity  of  the  second  order  of 
smallness  which  is  proportional  to  square  of  amplitude:* 

(1.37) 


If  perturbation  was  created  in  such  a  way  that  volume  of  gas 
was  changed,  then  in  energy  of  perturbation  there  remains  a  term 
which  is  proportional  to  first  power  of  Ap,  However,  this  main 
fraction  of  energy,  which  is  proportional  to  Ap,  may  be  "returned  by 
the  gas,"  if  source  of  perturbation  returns  to  its  own  initial 
position.  Energy  then  remaining  in  the  perturbed  gas  will  constitute 
only  a  quantity  of  the  second  order  of  smallness.  Let  us  explain 
this  situation  in  a  simple  example. 
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Fig.  1.4.  Propagation  of 
Impulse  of  compression 
from  piston  which  was  thrust 
into  gas. 


Let  us  assume  that  at  the 
initial  moment,  into  the  gas  at 
rest  there  began  to  be  thrust  a 
piston  with  constant  velocity  u 
(much  smaller  than  speed  of  sound 
u  «  c).  At  time  t^,  the  piston 
"instantaneously"  stops.  Through 
the  gas  will  travel  a  pulse  of 


♦Expression  (1.37)  should  be  averaged  over  time  or  space: 

while 
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compression  of  length  (c  ■*  u)  ct^,  whose  energy  is  equal  to  work 

expended  by  the  external  force  which  pushed  the  piston  in,  put^  = 

=  (pq  +  Ap)  ut^  «  Pq^^I  case  was  considered  above  and  is 

illustrated  by  Pig.  1.4).  Energy  in  first  approximation  is  propor¬ 
tional  to  "amplitude"  of  wave  u,  Ap,  Ap  and  time  of  compression  (l.e., 
length  of  the  perturbation).  Let  us  now  give  the  gas  the  possibility 
to  return  the  piston  to  Its  place  in  such  a  way  that  at  time  t^, 
velocity  of  piston  u  "instantaneously"  changes  to  the  opposite, 

(— u),  and  at  the  time  tg  =  2t^,  the  piston,  which  has  returned  to 
the  initial  position,  "instantaneously"  stops.  Perturbation  will  now 
have  the  form  depicted  in  Fig.  1.5^  where  there  are  shown  states  at 
moments  t  =  0,  t^,  tg  and  t  >  t^.  It  is  easy  to  verify  by  direct 
calculation  that  in  the  second  period,  from  t^  to  the  gas  per¬ 
formed  on  the  piston  work  which  in  first  approximation  is  exactly 
equal  to  work  which  was  accomplished  by  piston  on  the  gas  in  the 
first  period  from  zero  to  t^.  Lengths  of  positive  and  negative 
regions  of  the  pulse  in  first  approximation  are  also  identical  and 
are  equal  to  ct^  -  c(t2  -  'tj^)*  Thus,  if  we  sum  the  energies  in  com¬ 
pressed  ajid  rarefied  regions  of  the  pulse,  then  terms  of  first  order 
will  cancel  out.  If  we  carry  out  all  calculations  taking  into  account 
terms  of  following  order,*  then  in  the  energy  there  will  remain  term 
of  the  second  order,  where  perturbation  energy  density  will  be 
expressed  by  general  formula  (1.37). 


♦In  particular,  lengths  of  pulses  of  compression  and  rarefaction 
will  differ  by  the  amount  2ut^  (for  tp  -  =  t^). 
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Pig,  1,5.  Propagation 
of  pulses  of  compression 
and  rarefaction  from  a 
piston  which  was  first 
thrust  into  gas,  and  then 
returned  to  its  original 
place. 


§  4.  Spherical  Sound  Waves 

In  absence  of  absorption  (l.e,,  without  taking  into  account 
viscosity  and  thermal  conduction;  see  §  22),  amplitude  and  density 
of  energy  of  plane  waves  do  not  decrease  with  flow  of  time.  For 
Instance,  pulses  depicted  In  Fig,  1,4  and  1,5  depart  to  "infinity," 
without  changing  their  shape  and  amplitude. 

In  spherical  wave  this  is  n,  longer  so.  By  linearizing  equation 
of  continuity  In  the  spherically  symmetric  case,  we  will  obtain 

__  Oo  5 

Linearized  equation  of  motion  does  not  differ  from  (1,28); 


9u 
9t  ’’ 


6o  *• 


Hence,  as  In  the  plane  case,  we  will  obtain  wave  equation  for  Ap, 
solution  of  which,  which  describes  the  wave  going  out  from  the  center, 
is 


/(r-rt) 


r 


(1.38) 


If  we  consider  short  pulses,  of  length  much  less  than  r,  then 

it  is  possible  to  say  that  shape  of  pulse  given  by  function  f(r  -  ct) 

does  not  change,  and  amplitude  of  wave  decreases  proportionally  to 

1/r,  This  is  fully  natural.  Let  us  assume  that  from  the  center  there 

proceeds  a  pulse  of  finite  width  Ar,  With  propagation  of  the  pulse, 

the  mass  of  substance  Involved  in  motion,  which  Is  equal  approximately 
o  2 

to  PQ4Trr  Ar,  Increases  proportionally  to  r  ,  Acoustical  energy  of  unit 

2 

of  volume  Is  proportional  to  (Ap)  .  Inasmuch  as  It  Is  conserved, 

2  2 

then  (Ap)  r  =  const,  i«e.,  amplitude  should  decrease  as  Ap  ~  1/r, 

Spherical  wave  differs  from  a  plane  wave  In  yet  one  more  respect. 

Let  us  substitute  solution  (1,38)  in  equation  of  motion: 

du  _^r  f'{r  —  et)  f(r  —  et)l 

W  ftiL  r  r*  J  ’ 

and  Integrate  obtained  expression  over  time.  We  will  obtain  solution 
for  velocity: 

(1.39) 

which  differs  from  formula  for  plane  case  (1.3?)  by  the  presence  In 
It  of  an  additional  term.  In  the  plane  wave  In  region  of  perturbation, 
the  substance  can  be  orly  compressed,  as  this  occurs  In  the  case 
depicted  In  Pig,  1,4,  In  a  spherical  wave  this  Is  Impossible:  behind 
the  region  of  compression  there  necessarily  follows  a  region  of 
rarefaction. 

Indeed,  behind  the  region  of  perturbation,  Ap  and  u  become  zero. 

In  the  plane  case.  In  virtue  of  proportionality  u  ~  Ap,  this  condition 
Is  satisfied  automatically,  independently  of  shape  of  pulse.  In 
spherical  wave,  for  this  It  Is  necessary  that  behind  region  of  per¬ 
turbation  9  (r  -  ct)  =  0,  l,e,,  that  Integral  over  entire  region  of 
perturbation  Is  equal  to  zero 

f  5  /(DdS-*  5  r  Acrfr-0. 
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Hence  it  is  clear  that  Ap  in  spherical  wave  changes  sign,  i.e., 
behind  region  of  compression  there  follows  a  region  of  rarefaction. 
Additional  quantity  of  substance  contained  in  wave  is  equal  to 

J2 

Ap.4irr  dr.  But  Ap  ~  1/r;  therefore  additional  mass  in  compressional 
wave  increases  as  wave  goes  out  from  the  center.  The  quantity  of 
compressed  substances  increasing  in  process  of  propagations  causes 
the  appearance  of  a  wave  of  lowered  density  following  behind  the  wave 
of  raised  density. 

Change  of  pressure  in  spherical  wave  is  proportional  to  change 
of  density,  as  in  the  plane  wave  .  Velocity,  as  can  be  seen  from 
formula  (1.39) >  is  not  proportional  to  Ap  or  Ap.  In  particular, 
velocity  and  change  of  density  change  sign  at  various  points,  so  that 
in  a  wave  propagating  from  the  center,  profiles  of  density  and  speed 
have  the  form  depicted  in  Pig.  1.6, 

§  5.  Characteristics 

In  §  3  it  was  shown  that  if  at 

initial  moment  tQ  at  some  point  Xq  of 

motionless  gas  whose  density  and  pressure 

everywhere  are  identical,  we  create 

Fig.  1.6.  Distribution  arbitrary  small  perturbations  of  velocity 
of  density  and  velocity 

in  spherical  sound  wave,  and  pressure  (or  density*),  then  from 

this  point  in  both  directions  with  speed 
of  sound  there  travel  two  waves  carrying 
the  perturbations.  In  the  wave  propa¬ 
gating  in  the  direction  of  positive  x, 

*In  virtue  of  Isentropic  character  of  flow,  changes  of  density 
and  pressure  are  not  independent,  but  always  age  related  to  each 

other  by  the  thermodynamic  relationship  Ap  «=  c^Ap. 


to  the  right,  small  changes  of  all  qiiantities  are  related  with  each 
other  by  the  relationships: 

In  wave,  propagating  to  the  left: 

M  ^  ^  (x + d). 

Arbitrary  perturbations  Au  and  Ap,  which  appear  at  initial  moment, 
can  always  be  broken-up  into  two  components:  Au  =  A^u  +  A^u,  Ap  *= 

=  A^p  +  AgP,  which  obey  these  relationships,  so  that,  in  general, 
initial  perturbation  is  propagated  in  different  directions  in  the 
form  of  two  waves. 

If  initial  perturbations  Au,  Ap  are  not  arbitrary,  but  already 
are  related  to  each  other  by  one  of  the  relationships,  then  the 
perturbation  travels  in  one  of  the  directions  (this  corresponds  to 
vanishing  of  one  of  the  fmctions  f^  or  ^2'^* 

If  gas  is  not  at  rest,  but  moves  as  a  whole  with  constant 
velocity  u,  then  the  picture  does  not  change,  with  only  the  exception 
that  now  the  waves  are  carried  by  the  flow,  so  that  velocities  of 
their  propagation  relative  to  a  motionless  observer  become  equal  to 
u  +  c  (to  the  right)  and  u  -  c  ("to  the  left"**).  This  can  easily 
be  verified  if  we  go  over  in  equations  of  gas  dynamics  to  a  new 
system  of  coordinates  moving  together  with  the  gas  at  velocity  u. 

Let  us  assume  now  that  in  arbitrary  plane  isentropic  flow  of 
gas,  described  by  functions  u(x,  t),  p(x,  t)  (or  p(x,  t),  see  first 
footnote  on  page  25),  at  the  time  t^  at  point  x^  there  appeared 

*We  write'  here  Au  instead  of  u  for  the  purpose  of  consistency  of 
designations. 

**We  enclose  the  word  "to  the  left"  in  quotes;  If  u  >  c,  then  the 
wave  also  travels  to  the  right,  but,  of  course,  slower  than  the  first. 


arbitrary  small  perturbations  of  velocity  and  pressure.  Considering 
small  region  near  point  Xq  and  small  Intervals  of  time  (small 
neighborhood  of  point  Xq,  tQ  on  x,  t  plane).  It  Is  possible  In  first 
approximation  to  disregard  changes  of  unperturbed  functions  u(x,  t), 
p(x,  t),  and  consequently,  p(x,  t)  and  c(x,  t)  In  this  neighborhood, 
and  to  consider  them  to  be  constant  and  equal  to  values  at  point  Xq, 
tQ,  The  entire  above  described  picture  of  propagation  of  perturbations 
can  be  transferred  to  this  case.  If  perturbations  Au(xq,  Iq)^ 

Ap(Xq,  Iq)  are  arbitrary,  then  they  also  are  broken  up  Into  two 
components,  one  of  which  will  start  to  propagate  to  the  right  with 


velocity  Uq  +  Cq,  and  the  other  ”to  the  left"  with  velocity  Uq  -  Cq, 
»rtiereby  Uq  and  Cq  here  one  should  understand  local  values  of  these 
quantities  at  point  Xq,  tQ. 


* 


Pig.  1.7.  Network 
of  two  families  of 
characteristics  In 
the  Isentroplc  case. 


Inasmuch  as  u  and  c  change  from 
point  to  point,  then  for  a  long  period 
of  time,  paths  of  propagation  of 
perturbations  on  x,  t-plane,  which  are 
described  by  equations  dx/dt  =  u  +  c  and 
dx/dt  a  u  -  c  will  be  curved.  These 
lines  on  x,  t-plane  along  which  small 


perturbations  propagate  are  called  characteristics.  During  plane 


Isentroplc  flow  of  gas,  as  we  can  see,  there  exist  two  families  of 


characteristics,  which  are  described  by  equations 

Jjf  Ax 

and  are  called  respectively  and  C_- characteristics. 

Through  every  point  on  the  x,  t-plane  it  Is  possible  to  draw 


two  characteristics,  which  belong  to  C_^-  and  C_-families.  In 
general,  characteristics  are  curvilinear,  as  Is  shown  in  Fig.  1.7. 
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In  region  of  constant  flow,  where  u,  p,  c,  p  are  constant  in  space 
and  time,  characteristics  of  both  families  are  straight  lines. 

If  flow  is  not  isentropic,  but  only  adiabatic,  i.e,,  if  entropies 
of  different  particles  of  gas  do  not  change  in  time,  but  differ  from 
each  other,  there  are  possible  perturbations  of  entropy.  In  virtue 
of  adiabatic  character  of  motion,  dS/dt  =  0,  i.e.,  any  perturbation 
of  entropy  not  accompanied  by  perturbations  of  other  quantities 
(p,  p,  u)  remains  localized  in  the  particle  and  moves  together  with 
the  particle  along  the  flow  line.  Plow  lines,  consequently,  in  case 
of  non-isentropic  flow  also  are  characteristics.  They  are  described 
by  equation  dx/dt  =  u  and  are  called  CQ-characterlstlcs, 

In  non-isentropic  flow,  through 

every  point  x,  t  there  pass  three 

characteristics,  and  the  x,  t-plane  is 

covered  with  a  network  of  three  families 

of  characteristics  C^,  C_,  Cq  (Pig.  1.8), 

Pig.  1.8.  Network  Till  now  we  have  spoken  about 

of  three  families 

of  characteristics  characteristics  as  lines  on  the  x,  t- 

in  the  non-isentropic 

case.  plane  along  which  small  perturbations 

propagate.  However,  this  does  not  exhaust  the  significance  of 
charac  teris tic  s , 

Equations  of  gas  dynamics  can  be  transformed  to  such  a  form  that 
they  contain  derivatives  of  gas-dynamic  quantities  only  along 
characteristics.  As  will  be  shown  in  the  following  section,  in 
isentropic  flow,  along  characteristics  there  move  not  only  small 
perturbations,  but  also  definite  combinations  of  gas-dynamic  quantities. 


As  it  is  known,  a  function  of  two  variables  f(x,  t)  can  be 
differentiated  with  respect  to  time  along  a  definite  curve  x  =  <p(t) 
on  the  X,  t-plane.  Time  derivative  of  function  f(x,  t)  along 
arbitrary  curve  x  =  <p(t)  is  determined  by  slope  of  tangent  to  curve 
at  given  point  dx/dt  =  <p>  and  is  equal  to 

\dt  J^~  dt'^dxdt  ~  at  • 

We  are  already  acquainted  with  two  particular  cases  of  differentiation 
along  a  curve:  these  are  the  partial  derivative  with  respect  to  time 
^/^t  (along  curve  x  =  const,  <p*  =  0)  and  particle  derivative 
d/dt  =  S/St  -I-  u  S/Sx  (along  path  of  motion  of  particle  or  along  flow 
line:  dx/dt  =  <p’  =  u) . 

Let  us  transform  equations  of  plane  adiabatic  motion  to  a  form 
such  that  they  contain  derivatives  of  gas-dynamic  quantities  only 
along  characteristics.  For  this  we  will  eliminate  from  equation  of 
continuity 

the  derivative  of  density,  replacing  it  by  derivative  of  pressure. 
Inasmuch  as  density  is  thermodynamically  related  to  pressure  and 
entropy  p  *=  p(p,  S),  and  dS/dt  =  0,  we  have 

(tt  "*  }b  at  \  W  /p  dt  e*  dt  ' 


By  substituting  this  expression  into  the  continuity  equation  and 
multiplying  the  equation  by  c/p,  we  will  find 

We  will  add  this  equation  with  the  equation  of  motion 


,  i  dp  A 

3r+“s-  +  7to“®- 


We  obtain 


[y+(“  +  «)S]+^  [  jj  +  (u+c)|j]=0. 
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By  subtracting  one  equation  from  the  other,  we  will  find 


analogously 


«0. 


The  first  of  these  equations  contains  derivatives  only  along 
C^-characteristics,  and  the  second  —  only  along  C_-characteristlcs. 
Noticing  that  adiabatic  equation  dS/dt  =  0  can  be  considered  as  an 
equation  along  CQ-characteristics,  we  will  write  equations  of  gas 
dynamics  in  the  form 


du+-^dp==0 

along  C.:^  =  u  +  c, 

(1.40) 

o 

II 

1 

•8 

along  c.:g  =  H-c, 

(1.41) 

dS^mO 

along  Cot^-u. 

(1.42) 

In  Lagrange  coordinates,  equations  of  characteristics  take  the 


form 


Equations  along  characteristics  do  not  differ  from  equations  (l.40) 
to  (1.42). 


In  spherically  symmetric  flow,  equations  of  characteristics  in 
Euler  coordinates  are  the  same  as  in  the  plane  case  (only  coordinate 
X  must  be  replaced  by  radius  r).  Equations  along  characteristics 
C+  contain  additional  terms  depending  on  the  functions  themselves, 
and  not  on  their  derivatives 


C±:t„u±c. 

In  a  number  of  cases,  equations  of  gas  dynamics  written  in  character¬ 
istic  form  are  more  convenient  for  numerical  Integration  than  usual 
equations . 


£ 


§  6,  Plane  Isentropic  Flow,  Rlemann  Invariants 


In  isentropic  flow,  entropy,  which  is  constant  in  space  and  time, 
ir,  general  drops  out  of  equations.  All  flow  is  described  by  two 
functions:  by  velocity  u(x,  t)  and  by  some  one  of  the  thermodynamic 
variables:  p(x,  t),  p(x,  t)  or  c(x,  t).  The  latter  are  uniquely 
related  with  each  other  at  every  point  by  purely  thermodynamic 

p 

relationships:  p  =  p(p),  c  =  c(p)  or  p  =  p(p),  c  =  c(p);  c  =  dp/dp. 

Differential  expresslors  du  +  dp/pc  and  du  -  dp/pc  now  constitute 
total  differentials  of  quantities 


which  are  called  Riemann  invjriants.*  With  the  help  of  thermodynamic 
relationships,  integral  qua.it  /  dp/pc  =J  c  dp/p  in  principle 
can  be  expressed  in  terms  one  of  the  thermodynamic  variables,  let 
us  say,  the  speed  of  sound  c.  For  instan''--^,  in  an  ideal  gas  with 
constant  heat  capacity 

const  q\  const 


and 

(1.44) 

Rlemann  invariants  are  determined  with  accuracy  up  to  the 
arbitrary  constant,  which  in  those  cases  when  it  is  convenient  can  be 
completely  omitted,  as  this  is  done  in  formula  (1.44). 


♦During  non- isentropic  flow,  p  and  c  depend  on  two  variable'^: 
p  and  S,  and  the  expressions  du  ±  dp/pc  no  longer  are  total 
differentials.  Combinations  (1.4?)  in  this  case  do  not  have  a 
definite  meaning. 
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Equations  (l,40),  (l,41)  indicate  that  in  Isentroplc  flow, 
Rlemann  invariants  are  constant  along  characteristics 


const  along 

dJ,  =  0,  /.  *=  const  along  C, ;  —  =  u  —  c. 


(1.45) 


This  situation  can  be  considered  as  generalization  of  relationships 


which  are  accurate  for  the  case  of  propagation  of  acoustic  waves 
through  a  gas  with  constant  velocity,  density  and  pressure.  The 


latter  are  obtained  from  general  equations  as  a  first  approximation. 


If  we  assume  that  u  =  Uq  +  Au,  p  =  Pq  +  Ap,  then  in  first  approxi¬ 
mation 


/i-li,+4.±  (1.46) 

Equations  of  characteristics  in  first  approximation  are  written 
in  the  form 

•5-— Ot±eo,  *”=(80 ± Co) t  + const. 

Thus,  along  path  x  =  (Uq  +  CQ)t  +  const  there  is  kept  the  quantity 
Au  +  Ap/PqCq,  from  which  it  is  clear  that  it  can  be  represented  in 
the  form  of  a  function  of  the  constant  in  equation  x  »  (uq  +  CQ)t  + 

+  const; 

A«+^-2/tlx-(u,+c,)<l. 

Along  path  x  =  (Uq  -  CQ)t  +  const  there  is  kept  the  quantity 

-2/»{x-(uo~Co)ll. 

Changes  of  velocity  and  pressiire  are  represented  in  the  form  of 
superposition  of  two  waves  f^  and  fg,  which  travel  in  opposite 
directions:  Au  ■  f^  -  fg,  Ap  ■  PQ^QCfj^  +  f2)*  where  in  each  of  them 
quantities  are  related  to  each  other  by  relationships  already  known 
to  us: 

A,u-— 
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Rlemann  Invariants  J_^  and  J_  can  be  considered  as  new  functions 
describing  motion  of  gas  In  exchange  for  old  variables;  velocity  of 
gas  u  and  one  of  themodynamic  quantities,  for  Instance,  speed  of 
sound  c.  They  are  uniquely  related  to  variables  u  and  c  by  equations 
(1.45).  By  solving  these  equations  for  u  and  c.  It  Is  possible  to 
return  from  functions  J_|_,  to  functions  u  and  c.  For  Instance, 
for  an  Ideal  gas  with  constant  heat  capacity,  by  formulas  (1.44) 

Considering  Invariants  as  functions  of  independent  variables 
X  and  t,  equations  of  characteristics  can  be  written  in  the  form 


=  C.:f  =  /•-(/„ /-),  (1.47) 

where  F_|_  and  F_  are  known  functions,  whose  form  is  determined  only 
by  thermodjmamic  properties  of  the  substance. 

In  an  Ideal  gas  with  constant  heat  capacity 

As  can  be  seen  from  equations  (1.45)^  characteristics  have  the 
property  to  transfer  constant  values  of  one  of  the  invariants. 

Inasmuch  as  along  a  definite  C_|_-characterlstlc  J_|_  =  const,  change  of 
slope  of  characteristic  is  determined  by  change  of  only  one  quantity 
—  the  Invariant  J_.  In  exactly  the  same  way,  along  the  C_-character- 
Istlc  J  Is  constant,  and  change  of  slope  during  transition  from  one 
point  of  the  x,  t-plane  to  another  Is  determined  by  change  of  Invariant 

Equations  written  In  characteristic  form  make  the  casual, 
relationship  of  phenomena  in  gas  dynamics  very  graphic.  Let  us 
consider  any  plane  Isentroplc  flow  of  gas  In  an  Infinite  space.  Let 
us  assume  that  at  Initial  moment  t  «  0  there  are  given  distributions 
of  gas-dynamic  quantities  over  coordinate  x:  u(x,  0);  c(x,  0),  or. 
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which  is  equivalent,  there  are  given  distributions  of  invariants 
(x»  0);  J_  (x,  0).  On  the  plane  of  x,  t  (Fig,  1,9)  there  exists 
a  network  of  C^-  and  C_-charaGteristica,  which  go  out  from  different 
points  of  the  x-axis.*  Values  of  gas- dynamic  quantities  at  any  point 
D(x,  t)  (at  coordinate  point  x  at  the  moment  of  time  t)  are  determined 
only  by  values  of  quantities  at  initial  points  A(x^,  0)  and  B(x2,  O): 

J*  (*.  <)  -  A  (*i.  0);  (*.  0  -  (**,  0). 

For  Instance,  for  an  ideal  gas  with 
constant  heat  capacity,  by  solving 
these  equations  for  u  and  c,  it  is 
possible  to  write  physical  variables 
at  point  D  in  explicit  form: 


diagram,  illustrating 
region  of  dependence. 


(1.48) 


where  u^,  c^  are  values  at  point  A(x^,  0),  and  Ug,  Cg  are  values  at 
point  B(Xg,  0), 

It  is  impossible,  of  course,  to  say  that  state  of  gas  at  point 
D  depends  on  assignment  of  Initial  conditions  only  at  two  Initial 
points  A  and  B,  since  the  actual  position  of  point  D,  as  the  place 
where  C^-  and  C_-characteristlcs,  going  out  from  points  A  and  B 
Intersect,  depends  on  path  of  these  characteristics.  These  paths 
are  determined  by  assignment  of  initial  conditions  on  all  of  segment 
AB  of  axis  x.  For  instance,  slope  of  C .-characteristic  AD  at 
Intermediate  point  N  (see  Fig,  1.9)  is  determined  not  only  by  in¬ 
variant  (A),  but  also  by  value  of  invariant  J_  (M),  which  is 
transferred  to  N  from  intermediate  point  M  of  segment  AB, 


^It  is  possible  to  construct  this  network  after  there  is  found 
the  solution  of  the  problem. 
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But  state  of  gas  at  D  is  completely  determined  by  assignment  of 
initial  conditions  on  segment  AB  of  axis  x,  and  absolutely  does  not 
depend  on  initial  values  of  quantities  outside  of  this  segment.  If, 
let  , j  say,  we  somewhat  change  initial  values  at  point  Q,  then  this 
in  no  way  will  affect  state  of  gas  at  D,  simply  because  perturbation 
due  to  this  change  will  not  succeed  in  reaching  coordinate  point  x 
by  the  moment  t.  It  will  arrive  at  this  coordinate  point  later  (at 
point  P  along  C^-characteristic  QP). 

Analogously,  initial  state  of  gas 
on  segment  AB  of  axis  x  affects  state 
of  gas  at  subsequent  moments  of  time 
only  at  those  points  which  are  located 
inside  region  bounded  by  character¬ 
istic  AP  and  C^-characteristic  BQ 
(Pig,  1,10),  It  does  not  affect  state 
at  M,  since  "signals"  from  initial  conditions  on  segment  AB  will  not 
succeed  in  reaching  coordinate  point  by  moment  tj^. 

We  will  stress  that  the  presented 

considerations  about  causal  relationship 

of  phenomena  are  valid  only  under  the 

Pig.  1.11.  Straightening  condition  that  characteristics  o-f*  one 
of  characteristics  on 

small  sections.  family  do  not  intersect  with  each  other. 

Por  instance,  if  C_^-characteristic  from 
Q  (see  Pig.  I.9)  went  along  do'tted  path  QE,  then  state  of  gas  at  Q 
would  influence  state  at  D.  But  in  region  of  continuous  flow, 
characteristics  belonging  to  one  family  indeed  never  intersect. 
Intersection  would  lead  to  non- single- valuedness  of  gas-dynamic 
quantities.  Indeed,  at  point  of  intersection  of  two  C_j_- character¬ 
istics  X,  t,  invariants  J_j_  would  have  two  different  values, 

33 


A  B  -r 


Pig.  1.10.  X— t- 
diagram  Illustrating 
region  of  Influence. 


corresponding  to  each  of  the  two  characterlEitlcs,  Meanwhile,  to 
every  point  of  plane  x,  t  there  belongs  only  one  value  each  of  and 
J_,  which  are  related  with  the  unique  values  of  velocity  of  gas  and 
speed  of  soiind  at  this  point.  As  we  will  see  below,  intersection  of 
characteristics  of  one  family  leads  to  disturbance  of  continuity  of 
flow  and  appearance  of  discontinuities  of  gas- dynamic  quantities, 
l.e.,  shock  waves. 

It  is  possible  to  draw  lines  of  characteristics  on  all  of  plane 
X,  t  only  if  we  know  solution  of  gas-dynamic  problem.  If  solution 
is  unknown,  then  it  is  impossible  to  indicate  exactly  the  position  of 
point  D  in  Pig.  1.9  at  which  characteristics  going  out  from  A  and  B 
intersect. 

However,  it  is  possible  approximately  to  find  place  of  inter¬ 
section  by  replacing  true  curvilinear  paths  AD  and  BD  by  straight 
lines  whose  slopes  correspond  to  initial  values  of  u^c^^;  UgCg  at 
points  A  and  B  (or  (A),  (B))  (Pig,  1,11).  Selecting  points  A 

and  B  sufficiently  close  to  each  other  in  such  a  manner  that  error 
due  to  replacement  of  true  paths  of  characteristics  by  straight 
lines  is  small,  we  find  position  of  point  of  intersection  from 
equations 

»  —  *l  — (•!  +  «»)«,  *  — 

Values  of  u  and  c  at  place  of  intersection  are  determined  by  formulas 
(1,48),  Such  an  operation,  in  essence,  constitutes  the  simplest 
scheme  of  numerical  integration  of  equations  (1,45).  Covering  plane 
X,  t  by  a  network  of  triangles  analogous  to  ADB,  it  is  possible 
successively,  step  by  step,  to  advance  solution  of  equations  forward 
in  time,  proceeding  from  initial  conditions  u(x,  0),  c(x,  0)  or 
(x,  0),  (x,  0), 
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§  7.  Plane  Isentroplc  Plow  of  Gas  in  a  Bounded  Space 


Let  us  consider  some  plane  isentroplc  flow  of  gas  in  a  bounded 
space.  Let  us  assume  that  the  gas  occupies  space  between  two  plane 
surfaces  —  pistons,  which  move  according  to  given  laws  ('^)^ 

Xg  =  ^2  (t),  where  at  initial  moment  t  =  0  coordinates  of  pistons  are 
equal  to  and  At  initial  moment  there  are  given  distributions 

of  velocity  u  and  thermodynamic  variable  c  over  coordinate  x  on 
segment  x^q  <  x  <  XgQi  u(x,  0),  c(x,  0)  or,  which  is  equivalent, 
there  are  given  distributions  of  invariants  J_^  (x,  0),  J_  (x,  0). 

Let  us  draw  on  plane  x,  t  a  network  of  characteristics  and  lines 
of  pistons  (Pig,  1,12),  Points  of  type  P,  through  which  there  pass 
G_j_-  and  G_-characteristics  going  out  from  points  lying  inside  segment 
^1^2  axis  X  do  not  at  all  differ  from  points  during  motion  of  gas 
in  unboimded  space.  Just  as  there, to  these  points  there  are  trans¬ 


ferred  initial  values  of  invariants  J,  and  J  , 

+  - 
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Pig.  1.12.  Scheme  of 
characteristics  for  plane 
isentroplc  flow  of  gas 
between  two  pistons. 


We  will  consider  a  point  lying  on 
line  of  piston,  for  definiteness,  point 
D  of  the  left  piston. 

To  point  D  from  the  "past"  there 
is  transferred  only  one  invariant  J_ ; 
it  is  transferred  along  the  C  -char- 
acterisclc  coming  from  point  A  of 
initial  segment  so  that  J_(D)  = 

=  J_(A).  Second  invariant  J_j_  is  not 


brought  to  D,  since  G_^-characteristic  does  not  arrive  at  D  (from  the 


"past").  C_|_- characteristic  only  goes  out  from  D  (into  the  "future"). 


taking  with  it  the  value  of  invariant  J_j_  "formed"  at  this  point. 


state  of  gas  at  point  D  is  determined  by  value  of  introduced  invariant 
J_  and  a  second  quantity  —  velocity  u,  which  in  virtue  of  boundary 
condition  coincides  with  known  velocity  of  piston  at  point  D;  u^(D). 
This  pair  of  quantities  J_(D)  =  J_(A)  and  u  =  u^(D)  replaces  now  the 
pair  of  quantities  J_,  which  arrive  at  points  of  gas,  which  do 
not  touch  the  pistons.  Second  invariant  is  composed  in  D  of 
quantities  J_(D)  and  u^(D):  J^(D)  =  2u^(D)  —  J_(D),  and  is  transferred 

by  the  C_j_-characteristic .  For  instance,  to  point  E  arrives  C  -char¬ 
acteristic  going  out  from  point  B  of  initial  segment  of  x-axis  and 
carrying  invariant  J_(B):  J_(E)  =  J_(B).  C_^- characteristic  arrives 

from  line  of  piston,  from  D,  and  brings  invariant  J_^,  whj.ch  is  equal 
to  J^(D):  J^(E)  =  J^(D). 

State  of  gas  at  E  depends  on  Initial  conditions  on  segment  O^B 
of  axis  X  and  velocities  of  left  piston  on  segment  O^D  of  line  of 
piston. 

Thus,  during  flow  in  bounded  space,  state  of  gas  at  any  point 
may  depend  not  only  on  initial  conditions,  but  also  on  boundary 
condl tions . 

In  general,  the  state  at  arbitrary  point  of  plane  x,  t  is 
determined  by  asslgrunent  of  values  of  u  and  c  or  J_j_,  J_  on  segment  of 
arbitrary  curve  cut  off  by  and  C_-characterlstlcs  passsing 
throxigh  the  considered  point.  For  instance,  state  at  Q  is  determined 
by  state  on  segment  MN  of  curve  S  (see  Fig.  1,12). 

Analogously  to  the  preceding,  onto  the  right  piston  from  the 
"past"  along  C_|_-characterlstics  are  transferred  invariants  and 
C_-characteristics  themselves  start  from  points  of  line  of  piston  and 
carry  into  the  "future"  invariants  J_,  which  are  composed  of  the 
introduced  invariants  J_^  and  values  of  velocity  of  piston  Ug,  with 


which  velocities  of  layer  of  gas  adjacent  to  piston  coincide. 

Pressure  on  piston  is  uniquely  determined  by  the  one  Introduced 
invariant  and  velocity  of  piston.  Let  us  consider  for  example  point 
D  on  left  piston.  Let  us  assume  that  gas  Is  ideal  with  constant 
heat  capacity.  Let  us  designate  by  u^,  c^  initial  velocity  of  gas 
and  speed  of  sound  at  point  A,  and  by  u^  velocity  of  piston  at  point 

D.  We  have  for  speeds  of  gas  and  sound  at  D 

2  2 

Uo  =  UiOt  =  — fD  =  UA  — 

whence 

or  in  terms  of  the  invariant 

Pressure  on  piston  Pj^  is  related  with  speed  of  sound  purely 
thermodynamically,  Pj^  =  const  . 

Presented  considerations  permit  us  to  give  graphic  physical 
meaning  to  Rlemann  invariants. 

Let  us  take  the  following  experiment;  Let  us  introduce  at  a 
definite  moment  t  at  point  x  a  flat  plate  parallel  to  surface  of 
piston.  Let  us  assume  that  on  one,  the  left  side  of  the  plate  there 
is  a  pressure  indicator,  which  reacts  to  pressure  of  gas  on  the  left 
of  the  plate. 

By  moment  t  at  x  from  the  left  onto  the  indicator  there  arrives 
Invariant  =  u  +  dp/pc  =  u  +  w(p),  where  u  and  p  are  velocity  and 
pressure  of  gas  unperturbed  by  the  plate  (w(p)  is  function  of  pressure, 
depending  only  on  thermodynamic  properties  of  gas  and  its  entropy). 

At  the  ..ime  t,  gas  is  decelerated  near  plate  and  stops.  Inasmuch  as 
the  plate  is  at  rest.  New  pressure  on  the  left  of  the  plate  corre¬ 
sponding  to  the  stopped  gas  (u  =  0)  we  will  designate  by  p^.  Then 


Indicator  will  register  pressure  of 


-  u  +  w(p)  »  w(p^). 
repulsion  Inasmuch  as  function  w  is  known,  scale  of  indicator 

can  be  calibrated  in  such  a  manner  that  reading  of  indicator  directly 
gives  magnitude  of  invariant  Analogously,  pressure  indicator 
placed  on  right  side  of  plate  measures  Invariant  J_  arriving  from 
the  right. 

If  we  place  a  very  thin  plate  perpendicular  to  surfaces  of 
pistons,  parallel  to  velocity  of  flow,  in  such  a  manner  that  gas 
freely  flows  around  the  plate  without  changing  velocity,  the  indicator 
will  register  pressure  of  unperturbed  flow  p.  Since  it  is  calibrated 
to  directly  give  magnitude  of  w(p),  the  indicator  will  measure 
combination  of  invariant 

§  8,  Simple  Waves 

Prom  formula  (i.46)  for  Riemann  Invariants,  which  pertains  to 
case  of  propagation  of  small  perturbations,  acoustic  waves,  through 
gas  it  is  clear  that  if  wave  propagates  only  in  one  direction,  then 
one  of  invariants  is  constant  in  space  and  time.  Thus,  if  wave 
travels  to  the  right  and  Au  (x,  t)  -  Ap  (x,  t)/pQCQ  “  f  [x  —  (uq  + 

+  Cq)  t],  then  Invariant  J_  is  constant* 

«  A» — — + const  mt  const. 

If,  however,  the  wave  travels  to  the  left,  then  invarleuit  is 
constant. 

We  will  show  that  possibility  of  existence  of  waves  travelling 
in  one  direction  is  not  limited  by  the  assumption  of  smallness  of 
amplitude,  where  in  the  general  case  of  a  travelling  wave  there 
remains  constant  one  of  the  Riemann  invariants.  First  of  all  we  will 
indicate  how  it  is  possible  to  realize  in  practice  constancy  of  one 
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of  the  invariants,  for  instance  J  .  If  gas  occupies  an  infinite 
space,  then  for  this  it  is  sufficient  to  assign  initial  distributions 
u(x,  0),  c(x,  0)  in  such  a  way  that  at  initial  moment  we  had 
J_  (x,  O)  =  const.  Inasmuch  as  this  constant  value  of  J  is  trans¬ 
ferred  along  C_-characteristics  going  out  from  all  points  of  axis  x, 
then  at  subsequent  moments  of  time  Invariant  J  will  remain  constant: 
J  (x,  t)  =  const. 

Let  us  assume  that  gas  occupies  a  half- space  bounded  on  the 
left  by  piston  moving  according  to  the  law  x^  =  ^^(t).  If  at  initial 
moment  J_  (x,  0)  =  const  in  all  of  the  region  occupied  by  gas, 

X  >  initial  coordinate  of  piston),  then  at  subsequent 

moments  J  also  will  remain  constant  in  the  whole  space  bounded  by 
the  piston  x  >  x^  =  (t).  Actually,  left  piston,  as  was  shown  in 

preceding  paragraph,  "excites"  only  C_^- character! s tic s ;  C_-character- 
istlcs  arrive  at  line  of  piston  from  "past",  and  on  this  "finish 
their  existence",  so  that  piston  sends  into  the  "future"  only 
J_j_- invariants,  but  not  J  . 

Values  of  J_- invariants  in  all  that  part  of  plane  x,  t  which 
corresponds  to  gas  (this  part  is  bounded  by  line  of  piston  x^  = 

=  f-l  ("t))  determined  by  Initial  values  of  J_  on  axis  x,  i.e., 
are  constant. 

Conversely,  if  gas  occupies  half- space  bounded  cn  the  right  by 
piston  (line  of  piston  Xg  =  ^2  ^20  ~  '*^2  initial 

moment  J_^  (x,  0)  =  const  for  x  <  then  in  the  whole  physical 

part  of  plane  x,  t,  x  <  Xg  =  ^2  invariant  is  constant. 

Thus,  we  will  return  to  problem  at  hand  and  will  assume  for 
definiteness  that  J_  (x,  t)  =  const. 
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From  equation  of  characteristics  written  In  form  (1,47)#  It 
follows  thus  that  G^-characterlstlcs  constitute  a  family  of  straight 
lines  (F^  =  const,  since  *=  const  along  the  characteristic,  and 
J_  =  const  In  general).  Integrating  equation  for  G^-characterlstlcs, 

we  will  write 

(1.49) 

where  cp  (J_^)  is  constant  of  Integration,  which  It  Is  possible  to 
consider  as  function  of  that  value  of  which  Is  transferred  along 
the  characteristic.  It  Is  determined  by  initial  and  boundary  con¬ 
ditions  of  the  problem.  For  Instance,  if  given  characteristic  emerges 
from  initial  segment  of  axis  x,  then  cp  is  coordinate  of  that  point 
of  axis  X  from  which  there  emerges  the  characteristic  and  on  which 
there  is  assigned  value  of  standing  as  the  argument  in  9. 

Formula  (1,49)#  Jointly  with  condition  Imposed  on  one  of  the 
unknown  functions, 

/_  (x,  t)  ■»  const,  (1.50) 

constitutes  general  solution  of  equations  of  gas  dynamics  for  the 
considered  case.  It  determines  in  implicit  form  the  other  unknown 
function  (x,  t)^  (We  recall  that  function  F_|_  is  known.  Inasmuch 
as  there  are  known  the  thermodynamic  properties  of  the  substance) . 

Solution  (1.49)#  (1.50)  can  be  written  in  the  form  of  formulas 
for  usual  gas-dynamic  variables:  velocity  of  gas  and  speed  of  sound. 
From  equation  (1.50,, 


it  follows  that  speed  of  sound  or  any  otner  thermodynamic  variable, 
let  us  say  pressure,  are  functions  of  velocity  n  which  do  not  contain 
in  explicit  form  Independent  variables  x  and  t;  c  =  c(u),  p  =  p(n). 
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Equation  (1.49)  is  equivalent  to  equation 

x=Iu+c(b)1/  +  (p(u).  (1.51) 

where  constant  of  Integration  cp  is  expressed  as  a  function  of  u. 

This  equation  determines  In  implicit  form  u  in  dependence  upon  x  and 

t . 

Prom  formula  (I.5I)  it  is  clear  that  given  values  of  u  and  c(u) 
are  transferred  thro\:igh  the  gas  along  axis  x  with  constant  velocity 
u  +  c(u).  In  other  words,  the  solution  constitutes  a  wave  travelling 
to  the  right: 

u  =  /{x-lB  +  e(u)]  f},c  =  g{x-[u4-c(u)li}, 

where  form  of  functions  f  and  g  is  determined  by  initial  and  boundary 
conditions  of  the  problem. 

However,  in  distinction  from  travelling  wave  of  small  amplitude, 
different  values  of  velocity  of  gas  and  thermodynamic  variables  are 
transferred  with  different  velocities,  so  that  initial  profiles 
n(x,  0),  c(x,  0)  are  distorted  with  flow  of  time.  This  is  a  result 
of  the  nonlinearity  of  equations  of  gas  dynamics. 

The  obtained  solution  in  the  form  of  a  travelling  wave  is  called 
a  simple  wave. 

In  an  analogous  way  there  can  be  obtained  a  simple  wave  travelling 
in  the  other  direction.  In  it  Invariant  is  constant,  and  C_-char- 
acterlstlcs  are  straight  lines.  General  solution  in  this  case  has 
the  form 

A  »  const,  X  — F.(/+,  /_)l  +  q>,(y_) 

or 

A«u+^^«ceonst,  x«»Iu-e(u)JI+9,(u), 

“  -  A  {*  +  [e  (b)  -  Bl  <}.  f  {* + le  (u)  -ujt). 
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Let  us  note  that  solution  for  simple  wave  is  particular  solution 
of  equations  of  one- dimensional  isentropic  flow.  There  can  be  found 
also  the  general  solution  of  these  equations  for  arbitrary  flow  (see 
[1]).  Singular  solution  is  not  contained  directly  in  the  general 
solution. 

§  9.  Distortion  of  Profiles  in  Travelling  Wave  of  Finite 
Amplitude.  Certain  Properties  of  Simple  Waves 

We  will  use  obtained  solution  for  a  simple  wave  and  will  clarify 
what  occurs  with  a  wave  of  acoustic  type  if  we  do  not  limit  ourselves 
to  first  approximation,  as  this  was  done  in  §  hut  start  from  the 
exact  equations  of  gas  dynamics.  We  will  not  give  here  an  analytic 
solution,  but  will  clarify  qualitative  character  of  phenomena  with 
the  help  of  graphic  construction.  Gas  will  be  considered  to  be  ideal 
with  constant  heat  capacity. 

Let  us  assume  that  initial  profiles  of  velocity  and  speed  of 
sound  u(x,  0),  c(x,  0)  have  form  depicted  in  Pig.  where  these 

functions  are  related  in  such  a  way  that  J_  (x,  0)  =  const  (we 
consider  a  wave  travelling  to  the  right).  By  formula  (1,44)  we  have 

c  =  — -  u  +  Cq,  where  constant  value  of  invariant  J_  is  selected 

in  accordance  with  the  condition  that  in  unperturbed  gas  u  *=  0, 
c  =  Cq,  Inasmuch  as  p  ~  p  ~  e2V{-i-l)  (for  c  =  0  ,  p  =  p  , 

P  =  Pq)^  profiles  of  pressure  and  density  in  qualitative  sense  are 
fully  analogous  to  profile  of  speed  of  sound. 

Being  constant  at  initial  moment.  Invariant  J_  (x,  t)  is  constant 
also  at  all  subsequent  moments  of  time,  so  that  motion  constitutes  a 
simple  wave  travelling  to  the  right.  Characteristics  of  C_^- family 
are  straight  lines  dx/dt  =  u  +  c  =  (7  -5-  1)  u/2  +  c^.  They  are 
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depicted  In  Pig,  1,13.  Prom  points  Aq,  Bq  and  where  u  *  0,  they 
emerge  parallel  to  each  other:  dx/dt  =  Cq  (and  parallel  to  C_j_- char¬ 
acteristics  going  out  from  points  of  axis  x  which  correspond  to 
\mperturbed  region  of  gas).  In  order  not  to  complicate  Fifi.  1.13, 
we  will  draw,  furthermore,  only  two  more  c^-characterlstics,-  from 
points  Eq  and  Pq,  which  correspond  to  minima  and  maxima  of  initial 


distributions  u(x,  0)  and  c(x,  0). 


i(  if  Bf  ff  Of  X 


Pig.  1.13.  Propagation 
of  travelling  wave  to 
the  right.  Construction 
allowing  us  to  determine 
distortion  of  profiles 
in  wave.  Above  -  profiles 
of  velocity  and  speed  of 
so\md  at  initial  moment. 
Below  —  distorted  profiles 
at  time  t^.  In  the  middle 

—  scheme  of  C  -character¬ 
istics. 


Let  us  construct  profiles  of 
u  and  c  at  moment  t^:  u(x,  t^), 
c(x,  t^).  Inasmuch  as  along 
C^-characterlstlcs  there  are  trans¬ 
ferred  constant  values  of  u  and  c, 
magnitudes  of  u  and  c  at  points 
^1,  E^,  etc,,  are  equal  to  corre¬ 
sponding  magnitudes  at  points  Aq, 
Eq,  etc. 

By  performing  the  construction 
as  shown  in  Pig.  1.13,  we  will  find 
profiles  of  u  and  c  at  time  t^. 

We  see  that  "head"  (D)  and  "tall" 
(A)  of  the  wave,  which  touch 
regions  of  constant  flow,  where 
u  =  0,  and  c  =  Cq,  were  displaced 
along  axis  x  by  segments  equal  to 
c^t^  (they  were  propagated  along 
characteristics  ^0^1 

plane  x,  t).  Heights  of  maxima 
and  minima  of  u  and  c  were  not 
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changed,  but  relative  positions  of  maxima  and  minima  became  different i 
profiles  were  distorted. 

In  acoustic  theory,  re  equations  of  gas  dynamics  are  lin¬ 
earized,  such  distortion  does  not  occur:  profiles  shift  in  the  form 
of  a  "frozen"  picture.  Distortion  of  profiles  is  result  of  nonlin¬ 
earity  of  equations  of  gas  dynamics.  Physical  cause  of  distortion 
is  that  wave  crests  travel  relatively  faster  due  to  high  speed  of 
their  propagation  through  substance  (high  speed  of  sound),  as  well 
as  due  to  faster  drift  forward  together  with  the  substance  (high 
speed  of  gas).  Conversely,  wave  troughs  travel  relatively  slower, 
since  both  speeds  in  them  are  less. 

With  flow  of  time  profiles  are  distorted  more  and  more  strongly, 
as  is  shown  in  Pig.  1.14.  If  we  formally  continue  the  analytic 
solution  to  sufficiently  long  times,  then  there  will  occur 
"overlapping"  of  the  wave,  as  shown  in  Pig.  l,14d.  This,  the  last, 
picture  is  physically  senseless,  since  in  it  the  solution  is  not 
single- valued,  Por  instance,  at  point  x  =  x*  in  the  same  moment  of 
time  there  are  three  values  of  velocity  u:  u  =  0,  u^^  and  u^. 
Appearance  of  such  ambiguity  is  mathematically  connected  with  inter¬ 
section  of  characteristics  of  one  family  (C^),  the  tendency  to  which 
it  is  possible  to  perceive  in  Pig,  l.lj.  In  fact,  "overlapping" 
certainly  does  not  occur,  and  when  front  and  rear  parts  of  profiles 
become  very  steep,  there  are  formed  discontinuities  —  shock  waves, 
as  shown  in  Pig.  1.14e  (about  this  we  will  be  concerned  below). 

Thus,  solution  in  the  form  of  simple  wave  in  this  case  is  valid 
only  for  a  limited  time,  up  to  moment  of  formation  of  discontinuities. 
Solution  never  loses  validity  only  in  that  case  when  wave  everywhere 
has  character  of  a  wave  of  rarefaction,  l.e.,  does  not  contain 
sections  where  velocity  of  gas,  pressure,  and  density  decrease  in 
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direction  of  propagation  of  wave. 
Pig,  1,15  constitute  comp res slonal 


Pig.  1,14.  Diagram 
illustrating  build-up 
of  steepness  and 
"overlapping"  of  wave 
of  finite  amplitude  in 
nonlinear  theory.  There 
are  shown  profiles  of 
velocity  in  consecutive 
moments  of  time.  In  order 
to  combine  waves  at  dif¬ 
ferent  moments  of  time, 
along  the  ajcls  of  abscissas 
is  plotted  the  combination 
x-c^t.  Profile  d)  corre¬ 
sponds  to  the  physically 
unreal  state.  In  fact,  at 
time  tj  the  profile  has  the 

form  e)  with  discontinuities. 


are  discontinuous  is  called  weak. 


Such  sections  (AE  and  PD)  in 
waves , 

Simple  rarefaction  wave  will 
be  considered  in  the  following 
section. 

Let  us  note  one  Important 
property  of  the  simple  wave  which 
is  Illustrated  by  the  considered 
example.  Head  of  simple  wave 
always  is  propagated  along  the 
characteristic  (in  our  example 
along  characteristic  D^D^),  On 
the  leading  edge  of  the  simple 
wave,  at  point  D,  the  actual 
quantities  u  and  c  are  continuous, 
but  their  derivatives  with  respect 
to  coordinate  x  undergo  a  dis¬ 
continuity  (this  one  may  see  from 
Pig.  1,15#  where  profiles  of  u  and 
c  undergo  a  break) .  Such  a 
singularity,  in  which  quantities 
are  continuous  but  their  derivatives 
Weak  singularity  can  be  imagined 


as  a  small  perturbation  with  respect  to  continuous  variation  of 
gas- dynamic  quantities.  This  is  shown  in  Fig.  1.15,  in  which  there 
are  depicted  two  profiles,  one  smoothed,  and  the  other  with  dis¬ 
continuity  of  derivative.  The  shaded  section  can  be  considered  as  a 


small  perturbation. 


But  we  know  that  small  perturbations  are  propagated  through  a 
substance  with  speed  of  sound.  Therefore,  weak  singularities  always 
are  propagated  along  the  characteristics. 

If  isentropic  flow  borders  with 
region  of  constant  flow,  then  this 
flow  necessarily  is  a  simple  wave,  and, 
conversely,  with  region  of  constant 
flow  there  can  border  only  a  simple 
wave.  Actually,  in  region  of  constant 
flow  C_j_-  and  C_-characterlstics 
constitute  families  of  parallel  lines,  and  invariants  J_^  (x,  t)  and 
J_  (x,  t)  are  constant.  As  bo\mdary  of  contact  of  region  of  some 
isentropic  flow  I  with  region  of  constant  flow  II  (Pig.  I.l6)  serves 
one  of  characteristics,  let  us  say,  the  C_^-characteristlc.  Then 
C_-characteristics  contin\iing  from  region  II  into  region  I  transfer 
constant  value  of  J_,  so  that  in  region  I  J_  (x,  t)  »  const.  Conse¬ 
quently,  this  region  is  a  simple  wave  travelling  to  the  right.  In 
Fig.  I.l6  there  are  drawn  characteristics  for  case  of  a  pulse  with 

length  of  one  "wave  length",  which  was  considered  above  as  an  example. 

it 


Fig.  I.l6.  Diagram  of  two 
families  of  characteristics 
for  the  wave  depicted  in 
Fig.  1.15. 


Fig.  1.15.  Con¬ 
cerning  the  question 
of  a  weak  sing\ilarity. 
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§  10,  Rarefaction  Wave 


Let  us  consider  motion  of  gas  under  action  of  a  withdrawing 
piston.  Let  us  assume  that  in  the  beginning  a  motionless  gas  with 
constant  density,  pressure,  and  speed  of  sound  Pq,  Pq,  Cq  occupies 
half- space  x  >  0,  on  the  left  bounded  by  motionless  piston,  initial 
coordinate  of  which  is  x  =  0.  At  the  time  t  =  0,  piston  starts  to 
move  to  the  left,  gradually  being  accelerated  from  zero  speed  to  a 
certain  constant  speed,  which  we  will  designate  by  -U.  Law  of  motion 
of  piston  is  X  =  X(t).  When  speed  of  piston  becomes  constant,  line 
X(t)  becomes  a  straight  line  X(t)  =  -Ut  +  const. 

As  was  shown  in  the  preceding  section,  motion  of  gas  for  t  >  0 
constitutes  a  simple  wave  travelling  to  the  right.  Head  of  wave, 
i.e.,  initial  perturbation  from  piston,  propagates  to  the  right  with 
speed  of  sound  along  G_j_-characterlstlc  OA;  x  =  c^t  (Pig,  1,17).  Let 
us  draw  on  this  figure  curve  of  motion  of  piston  X(t)  and  character¬ 
istics  of  C_^-  and  C__-famllles,  In  region  I  between  ajcls  x  and 
C_^-characteristlc  OA,  gas  is  tindlsturbed:  characteristics  in  this 
region  are  straight  lines  with  slopes  (dx/dt)_j_  =  c^;  (dx/dt)_  =  -Cq. 
After  intersecting  straight  line  OA,  C_-characteristics  continue  up 
to  line  of  piston  and  on  it  end  their  existence.  For  clarity  of 
reasoning,  we  will  consider  gas  to  be  ideal  with  constant  heat 
capacity;  however,  we  will  stress  that  in  a  qualitative  sense  the 
entire  picture  of  motion  remains  valid  also  for  gas  with  different 
thermodynamic  properties,  J_-invarlant  is  constant  in  the  entire 
physical  part  of  plane  x,  t  and  is  equal 

Hence, 
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On  boundary  with  piston, 
velocity  of  gas  coincides  with 
velocity  of  piston  w(t),  which 
Is  negative.  Therefore,  speed 
of  sound,  and  also  pressure 
and  density  of  gas  at  the 
piston  are  less  than  Initial, 
and  the  faster  the  piston 
travels,  the  lower  they  are. 
C_|_- characteristics,  which  are 
straight  lines,  emerge  from  line  of  piston  with  slopes 

Inasmuch  as  piston  only  Is  accelerated,  but  not  decelerated, 
characteristics  starting  on  line  of  piston  only  diverge,  but 
nowhere  converge,  as  Is  shown  In  Pig.  1.17.  C_^-characterlstlcs  going 
out  from  that  section  of  line  of  piston  on  irtilch  speed  of  piston  Is 
already  constant  have  Identical  slopes  (di /<!<)+  ^  co  —  ^*7  and  go  In 
parallel  with  each  other.  Let  us  assume  that,  for  Instance,  speed 
of  piston  becomes  strictly  constant  and  equal  to  w  =  -U  (U  >  0), 
starting  from  moment  t^  (point  B  on  line  of  piston).  In  region  III 
on  plane  x,  t,  which  is  contained  between  line  of  piston  and  C^^-char- 
acterlstlc  BD,  all  gas-dynamic  quantities  are  constant:  u  »  -U, 

"y  “  1 

■  Cq - 1 —  U  =  c^*).  Indeed,  in  this  region  J_  *«  const  In  virtue 

*j*or  validity  of  these  formulas  It  is  necessary  that  c^  be  a 
positive  quantity,  which  puts  a  limitation  on  final  velocity  of 

piston:  U  <  [2/(7  -  l)]  c^.  The  case  when  U  >  .  c^  will  be 

considered  in  §  11.  ^  7-10 


Pig.  1.17.  X,  t-dlagram  with 
diagram  of  characteristics  for 
rarefaction  wave  appearing  under 
action  of  piston  which  Is  with¬ 
drawn  from  gas,  first  accelerated, 
and  then  with  constant  speed. 
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of  general  constancy,  and  J_|_  =  const  Inasmuch  as  velocities  of  gas 
on  line  of  piston,  from  which  there  emerge  all  haracteristics, 
are  Identical; 

In  region  II,  which  is  contained  between  C_|_-characteristlcs  OA  and  BD 
and  section  OB  of  line  of  piston,  gas-dynamic  quantities  depend  on  x 
and  t  in  accordance  with  solution  for  simple  wave.  C^^-characteristics 
going  out  j. rom  section  OB  of  line  of  piston  at  all  later  moments  of 
time  carry  smaller  and  smaller  values  of  velocities  of  sound  and  gas 
(greater  and  greater  velocities  of  gas  in  absolute  value).  Therefore, 
dis\.rlbutlon  of'u  and  c  over  the  gas  at  some  definite  moment  of  time 
t»<  t^,  which  corresponds  to  horizontal  line  t  =  const  =  t *  on  plane 
X,  t,  has  the  form  depicted  in  Pig.  I.l8a. 

In  virtue  of  direct  dependence  of  p,  p  and  c,  distributions  of 
density  and  pressure  in  a  qualitative  sense  are  similar  to  distribution 
of  speed  of  sound. 

Distributions  of  gas-dynamic 
quantities  at  later  moment  t"  >  t^ 
(straight  line  t  =  const  =  t"  on  plane 
X,  t)  are  shown  in  Pig.  I.l8b.  In  this 
case  to  the  piston  is  adjoined  region 
of  constant  flow  u  =  -U,  c  =  c^.  Coor¬ 
dinate  of  point  dividing  regions  of 
constant  and  variable  flows  III  and 
II  corresponds  to  point  E  of  character¬ 
istic  BD;  Xg. 

By  assigning  a  specific  law  of 
motion  to  the  piston,  we  can  find 


H/ 


Pig.  1.18.  Profiles  of 
speed  of  soimd  and 
velocity  in  rarefaction 
wave  appearing  under 
action  of  piston  (see 
Pig.  1.17):  a)  up  to 
moment  when  speed  of 
piston  became  constant, 
t*  <  t^;  b)  after  moment 

when  speed  of  piston 
became  constant,  t”  >  t^. 
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solution  of  problem  in  analytic  form.  Let  us  assume,  for  example, 
that  speed  of  piston  with  flow  of  tlmo  changes  smoothly  according  to 
the  law: 

i 

w—  — £/(l— e  ’),  T>0 

and  tends  to  constant  -U  asymptotically  as  t  -*•  (D.  Line  of  motion  of 

piston  Is  described  by  equation 

*  _» 

It  asymptotically  passes  Into  straight  line  x  =  —U(t  —  x). 

For  finding  the  xmknown  solution  we  will  subject  the  general 
solution  (1.51)  to  boundary  condition:  u  =  w  (t)  when  x  =  X  (t). 

This  condition  determines  arbitrary  function  cp  (u): 

9(w)  =  X(i)-la»+c(a))l<, 

where 

e(w)  =  Co+i^ ji>  an*^  w=sw(t). 

Substituting  here  X  (t)  and  expressing  time  In  terms  of  w  with 
help  of  law  of  motion  of  piston  t  =  -x  in  (  1  +  we  will  find 

form  of  function  9: 

9,(w)-=  -oa  +  T(c,  +  l^ii»+t/jln  + 

Distributions  of  velocity  over  coordinate  at  different  moments 
of  time  are  given  by  Implicit  function: 

I  — UT  +  T^e*+3L^  u+l7^  +  , 

which  holds  In  the  Interval  X  (:)  <  *  < 

Let  us  assume  again  that  velocity  of  piston  becomes  strictly 
constant  at  definite  moment  t^.  Let  us  take  the  constant  value  of 
final  velocity  of  the  piston  -U  and  assume  that  Initial  accelerations 
of  piston  become  greater  and  greater  and  constant  velocity  Is  attained 
more  and  more  rapidly  (t^  O),  Section  OB  of  line  of  piston,  where 

speed  of  piston  is  variable,  becomes  smaller  and  smaller  (see  Fig. 


1.17).  Points  B  and  0,  from  which  C_^-characterlstlcs  BD  and  OA, 
between  which  is  contained  the  region  of  variable  flow  II,  go  out, 
thus  come  closer  together.  In  the  limit  t^  =  0,  when  points  B  and  0 
coincide,  which  corresponds  to  instantaneous  attainment  by  piston  of 
constant  velocity  w  =  -U,  both  characteristics  BD  and  OA  emerge  from 
one  point:  from  the  origin  of  coordinates  x  =  0,  t  =  0  on  plane 
X,  t.  All  G_^-characterlstics  filling  the  region  of  variable  flow  II 
also  emerge  from  origin  0  in  the  form  of  a  fan.  Thus,  in  the  limiting 
case,  when  piston  at  time  t  =  0  starts  to  move  with  constant  speed 
w  =  -U,  the  picture  on  plane  x,  t  acquires  the  form  depicted  in  Fig. 
1.19. 

All  characteristic  lines:  line 
of  "head"  of  rarefaction  wave  OA,  line 
of  "tail"  of  wave  OD,  behind  which 
parameters  of  gas  take  constant  finite 
values,  and  line  of  piston  emerge  from 
"center"  0.  Prom  the  same  "center" 
there  emerge  all  C_^-characterlstlcs 
located  between  C_^- characteristics  OA 
and  OD. 

Such  a  wave  is  called  a  centered  simple  wave.  Inasmuch  as  all 
G_j_-characterlstlcs  in  centered  simple  wave,  l.e.,  in  region  of  variable 
flow  II,  emerge  from  point  x  =  0,  t  =  0,  function  cp  (u)  in  solution 
(1,51);  which  is  at  the  same  time  the  equation  of  these  character¬ 
istics,  becomes  zero.  Solution  for  centered  wave  has  the  fonn 

*“IB  +  C{U)1*.  (1.52) 

Formally  this  solution  can  be  obtained  by  means  of  passage  to 
the  limit  t  0  In  the  example,  considered  above.  Function  9  is 
proportional  to  t,  so  that  as  t  -*■  0  cp  (u)  -►  0. 
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with  diagram  of  character¬ 
istics  for  centered  rare¬ 
faction  wave. 


Let  us  write  in  explicit  form  the  solution  for  centered  rare¬ 
faction  wave  for  case  of  ideal  gas  with  constant  heat  capacity. 
Relation  of  thermodynamic  variables  with  velocity  of  gas  u  is  given 
by  the  already  known  formula  following  from  condition  of  constancy 


of  invariant  J_: 

u<0.  (1.53) 

Inasmuch  as  p  ~  po  (e/eo)^  =  YpAj  *1^  (c/Co)^“‘» 

(1-55) 

In  order  to  obtain  dependence  of  these  quantities  on  x  and  t, 
it  is  necessary  to  substitute  here  |u|,  which  is  found  from  solution 
of  (1.52)  and  (1.53): 


(1.56) 


Pig,  1.20,  Profiles 
of  density  and  velocity 
in  centered  rarefaction 
wave. 


Velocity  of  gas  in  centered  rare¬ 
faction  wave  depends  on  coordinate  x 
by  a  linear  law.  Head  of  wave,  where 
u  *  0,  moves  along  line  x  *  c^t;  tail 
of  wave,  where  u  =  w  =  -U,  moves  along 
line  X  =  (c^  -  U)t  =  (cq  -  ^  ^  U)  t. 

Profiles  of  density  and  velocity 
are  shown  in  Pig.  1,20. 


§  11,  Centered  Rarefaction  Wave  as  an 
Example  of  Self-Similar  Motion  of  Gas 


One- dimensional  plane  motion  of  gas  considered  in  preceding 
section,  which  appears  during  withdrawal  of  piston  with  constant 
velocity,  possesses  one  characteristic  peculiarity.  All  gas-dynamic 
quantities  describing  motion,  u  (x,  t),  c  (x,  t),  p  (x,  t),  p  (x,  t). 


depend  not  separately  on  coordinate  and  time,  but  only  in  combination 
x/t.  For  region  II,  where  quantities  are  variable,  this  may  be  seen 
directly  from  formulas  (1.53)  —  (1.56).  Regions  of  constant  flow  I 
and  III,  however,  are  bounded  In  plane  x,  t  by  straight  lines  x/t  = 

=  Cq  =  const  (region  I)  and  x/t  =  w  =  const,  x/t  =  w  +  c^  =  const 
(region  III),  which  are  described  by  equations  containing  x  and  t 
only  In  combination  x/t.  In  other  words,  with  flow  of  time,  dis¬ 
tributions  of  all  quantities  over  coordinate  x,  which  are  depicted  In 
Pig.  1.20,  only  are  extended  in  space,  without  changing  their  shape, 
l.e.,  they  remain  similar  to  themselves.  If  we  depict  distributions 
of  u,  c,  p,  p,  plotting  along  the  axis  of  abscissas  not  x,  but  the 
ratio  x/t  (or  one  of  the  dimensionless  quantities  x/c^t,  x/wt),  then 
we  will  obtain  a  "frozen"  picture,  which  is  constant  in  time.  Such 
motion,  in  which  profiles  of  gas- dynamic  quantities  with  flow  of  time 
remain  similar  to  themselves,  changing  only  due  to  change  of  scales 
of  quantities  (in  this  case  of  scale  of  length  c^t  or  wt),  is  called 
self- similar.  In  §  25  we  met  with  a  more  complicated  example  of 
self- similar  motion,  in  which  not  only  scales  of  length  change,  but 
also  scales  of  gas-dynamic  quantities  themselves,  where  self- similar 
variable  ^  has  the  more  general  form  i  =  xt*^,  where  a  =  const.  The 
above  considered  centered  rarefaction  wave  constitutes  simplest  case 
of  self- similar  motion,  in  which  a  =  -1,  ^  =  x/t,  and  scales  of 
gas- dynamic  quantities  remain  constant:  with  flow  of  time  their 
profiles  u  (x,  t),  c  (x,  t)  self- similarly  are  extended  only  along 
the  axis  of  abscissas,  but  are  not  changed  along  the  axis  of  ordinates 
(scales  of  u,  c,  p,  p  remain  constant). 

Physical  cause  of  self-similar  character  of  centered  rarefaction 
wave  can  be  explained  by  using  dimension  considerations. 


53 


If  we  disregard  dissipative  processes  of  viscosity  and  thermal 
conduction,  then  equations  of  gas  dynamics.  Just  as  formulas, 
describing  thermodynamic  properties  of  a  substance,  do  not  contain 
any  characteristic  lengths  and  times.  The  only  scales  of  length  and 
time  for  a  gas  are  the  mean  free  path  and  mean  free  time  of  molecules, 
with  which  there  are  connected  the  coefficients  of  viscosity  and 
thermal  conductivity.  However  these  scales  can  characterize  only 
microprocesses  occurring  at  distances  and  during  times  corresponding 
to  mean  free  path  and  time  of  molecules,  but  not  macroscopic  motions. 
Matter  possesses  the  dimensional  parameter  speed  of  sound,  which  Is 
contained  along  with  velocity  of  substance  In  description  of  gas- 
dynamic  flows.  Thus,  If  Initial  and  boundary  conditions  of  problem 
do  not  contain  characteristic  lengths  and  times,  motion  can  depend  on 
coordinate  and  time  taken  only  In  combination,  x/t,  which  has  the 
dimension  of  velocity. 

Such  Is  the  considered  problem  about  rarefaction  wave  appearing 
under  action  of  piston  withdrawn  from  gas  with  constant  velocity  w. 
Initial  and  bo\andary  conditions  introduce  only  scales  of  velocity; 

Cq  and  w  (and,  of  course,  scales  of  density  pQ  and  pressure  p^,  but 
not  scales  of  length  or  time)*. 


*If  velocity  of  piston  Is  not  constant,  but  depends  on  time,  then 
Immediately  there  appear  scales  of  time  or  length.  Thus  the  problem 
about  rarefaction  wave  ceases  to  be  self- similar:  mathematically  this 
follows  from  formula  (1.51):  If  cp  (u)  0,  then  u  depends  on  x  and  t 

separately.  However,  If  velocity  of  piston  with  flow  of  time  becomes 
constant,  as  In  the  example  considered  In  the  preceding  section,  then 
true  solution  asymptotically  tends  to  self- similar.  For  t  »  t  (t/x  -*■ 
-*■  oo)  fvinctlon  qj  (u)  ~  t  In  the  solution  can  be  omitted.  Physically 
this  corresponds  to  a  case  In  which  for  t  »  t  parameter  t  becomes 
small  as  compared  to  characteristic  time  of  problem  t^  and  Its  role 
becomes  less  and  less  Important.  For  greater  detail  about  asymptotic 
tendency  of  true  solutions  to  self- similar  solutions  (see  Chapters 
X  and  XII ) . 
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Self- similar  motions  have  large  Importance  for  gas  dynamics. 
Inasmuch  as  in  this  case,  gas-dynamic  quantities  do  not  depend  on 
coordinates  and  time  separately,  but  depend  only  on  definite  combina¬ 
tions  of  them,  this  decreases  by  one  the  number  of  Independent 
variables  in  the  system  of  equations.  In  particular,  during  one- 
dimensional  motions,  Instead  of  two  variables  x  and  t  (or  r  and  t  in 
case  of  spherical  or  cylindrical  symmetry)  there  appears  one  inde¬ 
pendent  variable  =  x/t  in  our  problem).  Flow  is  described  not  by 
partial  differential  equations,  but  by  ordinary  differential  equations, 
which  to  a  huge  degree  simplifies  problem  from  the  mathematical  point 
of  view. 

In  view  of  fundamental  importance  of  self- similar  flow  which 
constitutes  a  centered  simple  wave,  we  once  again  will  find  solution 
of  problem  about  the  piston,  starting  from  general  equations  of  gas 
dynamics  and  using  the  presented  considerations  about  decrease  of 
number  of  Independent  variables.  We  transform  Euler  equations  of 
gas  dynamics  to  new  Independent  variable  i  =  x/t.  If  f  (x,  t)  is  a 
certain  fimctlon  of  x  and  t  depending  only  on  a  combination  of  these 
quantities  i  =  x/t,  then  by  means  of  direct  calculation  we  will  obtain 
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Let  us  transform  equations  of  continuity,  motion  and  adiabatic 


equation,  written  for  the  plane  case,  with  help  of  these  formulas: 


do  du  ,  dQ  du 

du  dp  /  »\ » dp 


(1.57) 


iS  /  »v  dS  A 

37-0— (“-6)^  =  0. 


As  we  should  have  expected,  actual  quantities  x  and  t  were 
eliminated  from  the  equations.  Written  equations  admit  first  of  all 
the  trivial  solution  u  =  const,  p  =  const,  p  =  const,  S  «  const, 
which  corresponds  to  motion  of  homogeneous  gas  as  a  whole.  For 
obtaining  non-trlvlal  solution  we  will  eliminate  from  first  pair  of 
equations  du/d^,  and  note  that  third  equation  gives  S  =  const,*  l.e., 
that  self- similar  motion  Is  Isentroplc. 

Replacing  In  the  second  of  equations  (1.57)  the  derivative  of 
pressure  by  the  derivative  of  density,  dp/d^  =  (dp/dp)  (dp/dt)  = 

2  n 

=  c  dp/d^  (Inasmuch  as  motion  Is  Isentroplc  dp/dp  =  (Sp/Sp)^  =  c  ), 
we  will  obtain 

whence  * 

c,  5=y  =  uq:c.  (1.58) 


Substituting  this  relationship  In  equations  {1,31), 

9 


or 


const. 


we  will  find 


(i.59) 


We  have  arrived,  thus,  to  solution  of  problem  about  centered 
rarefaction  wave  which  was  already  found  in  preceding  section.  For 
wave  travelling  to  the  right,  we  should  take  lower  sign  In  formulas 
(1.58),  (1.59) >  and  for  wave  travelling  to  the  left  —  the  upper  sign. 

As  before,  the  whole  picture  of  flow  can  be  constructed  with 
help  of  solutions  (I.58),  (1.59)  and  trivial  solutions  u  =  const, 
c  =  const,  which  also  satisfy  self-similar  equations.  Thus  It  Is 


*The  assumption  about  the  fact  that  not  dS/d|  =  0,  but  u  -  C  =  0 
contradicts  the  first  of  equations  (1.57). 


necessary  to  combine  these  solutions  in  such  a  manner  that  there  is 
satisfied  boundary  condition  u  =  w  at  the  piston. 

We  will  dwell  on  certain  peculiarities  of  rarefaction  wave. 
Character  of  solution  Indicates  that  for  its  validity  it  is  not  at 
all  necessary  that  the  gas  extend  from  the  piston  to  Infinltly  x  oo. 
Until  head  of  rarefaction  wave,  which  travels  throiigh  unperturbed  gas 
to  the  right  with  the  speed  of  sound  Cq,  reaches  the  boundary  of  gas, 
X  =  x^  >  0,  l.e.,  up  to  the  moment  t^  =  x^/Cq,  presence  of  boundary 
in  no  way  affects  the  motion.*  Therefore,  the  obtained  solution 
always  describes  initial  stage  of  motion  of  gas  during  withdrawal 
of  piston,  even  if  the  gas  occupies  a  bounded  region. 

We  will  see  what  happens  to  a 
definite  particle  of  gas  whose  initial 
coordinate  was,  let  us  say,  Xq.  Up  to 
the  moment  t  =  t^  =  Xq/c^,  until  head 
of  rarefaction  wave  approaches  it, 
particle  is  at  rest.  Then  it  starts 
to  move  to  the  left,  with  acceleration, 
and  thus  is  expanded.  When  density  in 
it  falls  to  a  final  value  p^,  and 
velocity  becomes  equal  to  velocity  of 
piston  w,  further  acceleration  and  expansion  will  be  ceased,  and 
particle  will  start  to  move  with  constant  velocity  w.  Paths  of 
several  particles  on  plane  x,  t  are  depicted  in  Fig.  1.21.  Equations 
of  these  lines  in  region  of  rarefaction  II  are  easy  to  obtain  by 
integrating  equation  for  flow  line  — =  u  =  ^  (cq  -  -p-)  with 

initial  condition  x  =  x^  for  t  -  t^  =  — . 

0  0  Cq 

as  remember  the  reasoning  in  §  6  about  the  region  of 
influence. 


Fig.  1.21.  Paths  of 
particles  on  x,  t- 
diagram  for  centered 
rarefaction  wave;  OA 
is  head  of  wave,  OD 
is  tail  of  wave. 
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Let  us  now  see  what  occurs  if  we  go  over  to  motions  with  greater 
and  greater  absolute  velocities  of  piston  |w|.  From  formulas 
(1.55)  “  (1.56)  It  Is  clear  that  the  greater  jw]  is,  the  lower  the 
speed  of  sound,  density,  pressure,  and  temperature  (f  — of  the 
gas  In  the  final  state  (c^  =  c  (w),  =  p  (w)  etc.)  are.  Finally, 

at  a  certain  velocity  of  the  piston  |w|jj^  =  y  Cq,  final  values  of 
become  zero.  If  piston  Is  withdrawn  still  faster,  then 
formally  solutions  (1.55)  —  (1.56)  become  senseless,  since  for 
1^1  >  P±*  Pi  negative. 

Actually  this  means  that  for  |w|  >  |w|jj^,  between  piston  and  left 
boundary  of  gas  there  will  be  fonned  a  region  of  vacuum.  Flow 
proceeds  as  If  piston  at  Initial  moment  t  =  0  were  completely 
"removed",  and  the  gas  flows  Into  a  vacuum.  Thus  gas  Is'  expanded 
to  zero  density,  pressure,  and  temperature  (speed  of  sound),  and  Its 
boundary  moves  to  the  left  with  velocity 

««•  (1.60) 

Profiles  of  velocity  and  density  during  non- steady  outflow 
Into  vacuum  are  depicted  In  Fig.  1.22.  For  Instance,  for  air  at 
usual  temperatures  7  =  7/5  and  lul  =  5c^.  This  magnitude  Is 

almost  twice  as  large  as  velocity  of  steady  outflow  Into  vacuum  from 

2  2 

a  large  reservoir,  when  Bernoulli  equation  h  +  u  /2  =  h^  =  Cq/(7  -  1) 
is  valid,  and  for  7  =  1.4  (here  by  h  we 

designated  specific  enthalpy  h  =  e  =  P/p).  During  steady  outflow, 
particle  obtains  kinetic  energy  of  u  __„/2  per  gram  only  due  to  Its 

inctjv 

Initial  heat  content  h^.  During  non- steady  outflow  Into  vacuum, 
kinetic  energy  Is  larger  than  Its  Initial  heat  content  hQ  (by  more 
than  4  times  at  7  =  1.4). 
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Additional  kinetic  energy  is  obtained  due  to  heat  removal  from 
neighboring  particles:  total  energy,  which  is  equal  to  sum  of  kinetic 
and  internal  energies  in  region  contained  in  rarefaction  wave,  is  nat¬ 
urally  conserved  and  is  equal  to  initial  inertial  energy  of  this  region 


Pig.  1.22.  Profiles 
of  density  and  velocity 
during  plane  non- steady 
outflow  of  gas  into  a 
vacuum. 


Analogously  to  plane  case,  it  is 
possible  to  consider  spherically  or 
cylindrlcally  symmetric  rarefaction 
waves,  which  are  formed  if  "spherical" 
or  "cylindrical"  pistons  at  initial 
moment  t  =  0  start  to  be  withdrawn 
from  the  gas  occupying  space  r  >  r^ 
or  r  <  r^.  Thus  there  also  will  be 


formed  a  rarefaction  wave  whose  head  travels  through  the  undisturbed 


gas  with  speed  of  sound  Cq,  However,  in  these  cases  there  do  not 


exist  regions  of  constant  flow  between  piston  and  tall  of  rarefaction 


wave.  Let  us  note  that  spherical  and  cylindrical  rarefaction  wave, 
in  distinction  from  plane  wave,  are  not  self- similar:  in  the  problem 
there  is  a  characteristic  scale  of  length  —  the  initial  radius  of  the 


piston  r^. 


§12.  On  the  Impossibility  of  Existence  of  Centered 

Compresslonal  Wave 


It  would  seem  that  solution  of  problem  about  piston  moving  with 
constant  speed  would  be  applicable  to  an  equal  degree  Independently 
of  whether  piston  is  withdrawn  from  gas  or  is  thrust  into  gas,  or 
whether  it  produces  rarefaction  or  compression.  Both  motions  are 

l.e.,  solution  for  them  can  be  constructed  from  trivial 
solutions  corresponding  to  regions  of  constant  flow,  and  nontrivial 
solutions  corresponding  to  a  simple  centered  wave.  Let  us  try 
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formally  to  construct  a  continuous  solution  for  a  self- similar 

compresslonal  wave  which  forms  If  at  Initial  moment  piston  starts  to 

he  thrust  Into  gas  with  constant  speed  w  >  0  (gas  Is  on  the  right 

of  the  piston).  "Head"  of  wave  travels  through  gas  with  speed  of 

sound  Cq  along  line  x  =  CqI  on  plane  x,  t.  To  the  piston  Is  adjacent 

the  region  of  constant  flow,  where  u  =  w,  and  c  =  c^,  where  both 

these  regions  of  constant  flow  (l  and  III,  according  to  terminology 

used  In  the  preceding  sections)  are  divided  by  region  of  simple 

p  p 

centered  wave  II,  where  J  =  u - =~x  c  =  const  - - c  .  It 

—  ^—1  '/—I  0 

follows  from  this  that  =  Cq  'p'  ^  "tall"  of  wave 

travels  along  line  x  =  (w  +  c^)  t  =  w  +  c^)  t.  Distribution 

of  velocity  over  coordinate  x  In  region  II  Is  described  by  solution 
analogous  to  (I.56): 


u 


Fig.  1.23.  Profiles  of 
velocity  and  density, 
corresponding  to  contin¬ 
uous  solution  for  self- 
similar  (centered)  compres- 
slonal  wave.  A  —  head  of 
wave,  D  —  tall  of  wave. 
Solution  Is  not  single¬ 
valued  and  Is  physically 
meaningless. 


It  Is  obtained  that  "tall"  of  wave 

Is  propagated  faster  than  "head"; 

•v  +  1 

—  w  +  Cq  >  Cq,  and  profiles  of 
velocity  and  density  have  form  depicted 
In  Pig.  1.25. 

This  picture  Is  physically 
meaningless}  solution  Is  not  single¬ 
valued  In  region  II.  But  the  obtained 
solution  Is  the  only  continuous  solution 
which  follows  from  equations  of  gas 
dynamics.  Consequently,  In  this  case 
a  continuous  solution  does  not  exist. 


This  difficulty  historically  was  one  of  the  starting  points  for 
construction  of  discontinuous  solutions  of  equations  of  gas  dynamics, 
l.e.,  for  construction  of  theory  of  shock  waves. 

GO 
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Fig.  1.24.  Gradual 
build-up  of  steepness 
of  profile  of  velocity 
in  compresslonal  wave 
which  propagates  under 
action  of  accelerated 
piston,  d)  corresponds 
to  physically  meaning¬ 
less  continuous  solution 
with  "overlapping"  of 
wave;  e)  shows  actual 
profile  with  discontin¬ 
uity  after  moment  of 
"overlapping." 


Let  us  note  that  if  piston  starts 
to  be  thrust  into  gas  not  with  constant 
velocity,  but  gradually,  being  accel¬ 
erated  from  state  of  rest,  then  there 
can  be  found  continuous  solution  for 
a  simple  (but  no  longer  centered) 
compresslonal  wave,  which  describes 
initial  stage  of  motion.  The  situation 
in  this  case  is  fully  analogous  to  that 
which  exist',  in  sound  wave  with  ampli¬ 
tude  which  is  not  small  (see  §  7). 
Characteristics  of  C_j_-family  (if  piston 
is  on  the  left  of  the  gas)  approach 
each  other  and  tend  to  intersect, 
steepness  of  profile  of  compresslonal 


wave  increases  with  flow  of  time  (as  shown  in  Pig.  1.24),  and  at  a 


certain  moment  there  occurs  "overlapping";  there  appears  non- single¬ 


valuedness  of  solution  analogous  to  that  described  in  §  7  and  in  this 


paragraph.  In  fact  this  means  that  there  will  be  formed  a  discontin¬ 


uity  —  a  shock  wave. 


2.  Shock  Waves 

§  1J>.  Introduction  of  Concept  of  Shock  Wave  into  Gas  Dynamics 

Let  us  consider  a  gas  at  rest  with  constant  density  and  pressure 
Pq,  Pq  bounded  on  the  left  by  a  plane  piston  and  assume  that  at 
initial  moment  the  piston  starts  to  compress  gas  with  constant  veloc¬ 
ity,  which  we  will  now  designate  by  u. 

As  was  shown  in  the  preceding  paragraph,  an  attempt  to  find 
continuous  solution  for  this  problem  leads  to  a  physically  meaningles 
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result.  Inasmuch  as  problem  Is  self- similar  (does  not  contain  any 
characteristic  scales  of  length  and  time),  the  only  solutions 
satisfying  equations  of  gas  dynamics  are  the  trivial  solution.  In 
which  all  quantities  u,  p,  p  are  constant,  and  a  solution  of  the  type 
of  a  centered  simple  wave.  Thus,  there  remains  only  one  possibility 
to  construct  a  solution  satisfying  boundary  conditions  of  the  problem 
in  an  unperturbed  gas  u  =  0,  p  =  Pq,  p  =  Pq;  In  region  of  gas  adjacent 
to  piston,  speed  of  gas  Is  equa:’  to  speed  of  piston;  this  Is  to  dis¬ 
card  the  physically  meaningless  rt-^^lon  II  and  to  directly  join  regions 
of  constant  flow  I  and  III,  ass\milng  that  at  point  of  joining,  gas- 
dynamic  quantities  undergo  a  discontinuity,  as  shoivn  in  Fig.  1.25. 

In  general,  laws  of  conservation 
of  mass,  momentum  and  energy,  which 
are  assumed  on  the  basis  of  equations 
of  dynamics  of  Invlscld  and  non- 
thermally- conducting  gas,  do  not 
stipulate  necessary  continuity  of  gas- 
dynamic  quantities.  These  laws  were 

Fig.  1.25.  Profiles  formulated  earlier  in  the  form  of 

of  density  and  veloc¬ 
ity  In  shock  wave.  differential  equations  simply  because 

Wave  appears  under 

action  of  piston,  which  from  the  very  beginning  there  was 
at  initial  moment  starts 

to  be  thrust  Into  gas  assumed  continuity  of  flow.  But  these 

with  constant  velocity. 

On  upper  figure  appears  laws  can  be  applied  also  tc  regions  in 
the  initial  state. 

which  gas-dynamic  quantities  experience 
a  discontinuity.  From  the  mathematical  point  of  view,  it  is  possible 
to  consider  discontinuity  as  the  limiting  case  of  very  large  gradienvs 
of  gas-dynamic  quantities,  when  thickness  of  layer  In  which  there 
occurs  finite  change  of  these  magnitudes  tends  to  zero.  Inasmuch  as 
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in  dynamics  of  Invlscld  and  non- thermally-conducting  gas,  l.e.,  under 
the  condition  that  we  disregard  f^olecular  structure  of  the  substance, 
there  are  no  characteristic  lengths,  and  posslhllltles  of  existence 
of  as  many  thin  transition  layers  as  desired  are  not  limited.  In 
the  limit  they  reduce  to  a  discontinuity.  These  discontinuities 
constitute  shock  waves. 

Let  us  find  the  unknown  quantities:  density  and  pressure  of 

gas  in  compressed  region  p^,  p^,  and  also  velocity  of  propagation  of 

shock  through  undisturbed  substance  D,  by  proceeding  from  general  laws 

of  conservation  of  mass,  momentum,  and  energy,  whose  validity  we  will 

net  subject  to  doubt.  Parameters  of  undisturbed  gas  Pq,  Pq  and 

velocity  of  piston  u,  which  coincides  with  speed  of  gas,  will  be 

considered  to  be  known.  By  moment  t,  in  a  column  with  section  of 
2 

1  cm  ,  the  motion  Involves  a  mass  of  gas  equal  to  pQ^t.  This  mass 
occupies  volume  (D  -  u)  t,  i.e,,  density  of  compressed  gas  p^ 
satisfies  the  condition: 

Qi(^  —  u)tm>QoDi. 

Mass  p^Dt  acquires  momentum  p^Dt^u,  which  by  Newton's  law  is 
equal  to  the  Impulse  of  forces  of  pressure.  The  resultant  force 
acting  on  compressed  gas  is  equal  to  difference  between  pressures 
on  the  side  of  the  piston  and  on  the  side  of  the  undisturbed  substance, 
i.e. , 

8oZ)n«  =  (pi— Po)<. 

Finally,  the  Increase  of  sum  of  internal  and  kinetic  energies 
of  compressed  gas  is  equal  to  work  of  external  force  pushing  the 
piston  p^ut: 

QoDt^8t-$o-i-j^=r  PiUt. 

Cancelling  out  time  t  in  these  equalities,  we  will  obtain  a  system  of 
three  algebraic  equations  for  determination  of  three  unknown  quantities 
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Pi,  D  in  terms  of  knovm  quantities  u,  pQ,  (thermodynamic 
relation  e  (p,  p),  of  course,  is  assumed  to  be  known). 

Let  us  transform  these  equations  in  such  a  way  that  in  the  right 
sides  of  equalities  there  are  only  quantities  pertaining  to  region 
before  the  shock,  and  in  the  left  sides,  parameters  of  gas  behind  the 
shock.  For  this  let  us  note  that  if  D  is  speed  of  propagation  of 
shock  through  the  motionless  gas,  then  Uq  =  -D  is  the  speed  with 
which  undisturbed  gas  flows  into  the  shock,  and  D  -  u  is  speed  of 
propagation  of  the  shock  relative  to  gas  moving  after  it,  i.e., 

Ui  =  -  (D  -  u)  is  the  speed  with  which  gas  flows  out  of  the  shock. 
Introducing  these  designations  into  the  equations,  we  will  write  law 
of  conservation  of  mass: 


(liUi  =  Co“o.  (1.61) 

Law  of  conservation  of  momentum  with  help  of  (1.6l)  acquires  the  form 

Law  of  conservation  of  energy  with  help  of  equations  (1.6l)  and 
(1.62)  will  be  transformed  to  the  form 

/»i)  1  «• 


T--+S+T- 


(1.63) 


By  introducing  specific  enthalpy  w=e+p/p,  wecan  rewrite  it 
differently: 

(1.64) 

The  obtained  equations  constitute  relatlcnshlps  between  gas- 
dynamic  quantities  on  surface  of  the  discontinuity,  into  which  gas 
flows  in  the  direction  normal  to  the  actual  surface,  written  in  the 
most  general  form. 

It  is  noteworthy  that  they  do  not  contain  any  assumptions  about 
properties  of  substance  and  are  expressions  only  of  general  laws  of 
conservation  of  mass,  momentum,  and  energy. 

G4 


Equations  (l.6l)  —  (1,63)  can  be  derived  directly,  by  considering 

the  shock  in  the  system  of  coordinates  in  which  it  is  at  rest. 

Inasmuch  as  the  shock  is  infinitely  thin,  inside  it  there  does  not 

occur  accumulation  of  mass,  momentum,  and  energy.  Consequently, 

fluxes  of  these  quantities  on  the  side  of  the  undisturbed  gas  are 

equal  to  fluxes  on  the  other  side  of  the  shock.  If  into  the  shock, 

normal  to  the  surface,  there  flows  gas  with  density  and  speed 

Uq,  then  flux  of  mass  is  Pq^q*  It  is  equal  to  the  mass  flowing  out 
2 

through  1  cm  in  1  sec  on  the  other  side  of  the  shock,  l.e., 

2 

Thus,  we  obtain  equation  (I.6I).  Mass  p^u^^  flowing  through  1  cm  in 

1  sec  has  momentum  PqUq*Uq.  Increase  of  momentum  during  transition 

2  2 

through  the  shock  -  PqUq  Is  equal  to  impulse  of  forces  of 

pr  ssure  for  1  sec  Pq  -  p^  or,  which  is  the  same,  fluxes  of  momentum 

p 

p  +  pu  on  both  sides  of  the  shock  are  equal  to  each  other  (the  fact 

2 

that  quantity  p  +  pu  is  momentum  flux  density  during  plane  motion  is 
clear  from  formulas  (1.7) ^  (1.8)).  Thus  there  is  obtained  equation 

(1.62). 

Increase  of  total  (internal  and  kinetic)  energy  of  gas  flowing 

in  1  sec  through  1  cm^  of  surface  of  shock  qqMo  +  — ^eo  +  y^],  Is 

equal  to  work  of  forces  of  pressure  accomplished  in  1  sec  from 

2 

calculation  on  1  cm  of  surface.  This  work  is  equal  to  PqUq  - 

In  order  to  explain  the  origin  of  this  last  quantity,  we  will  imagine 

a  pipe  through  which  gas  flows  from  the  right  to  the  left  through 

the  shock,  which  is  somewhere  in  between  (Fig.  1.26).  On  the  right 

and  on  the  left  in  the  pipe  there  are  placed  pistons,  which  move 

with  speeds  Uq  and  u^  in  such  a  way  that  surface  of  discontinuity  is 

at  rest.  Right  piston,  to  which  there  is  applied  pressure  Pq,  drives 

2 

the  gas  through  the  pipe,  accomplishing  work  PqUq  in  1  sec  on  1  cm  . 
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On  the  left  piston  gas  accomplishes  work 
p^Uf  (piston  "accomplishes"  on  the  gas 
negative  work  -  p^u  ) ,  Thus,  the  total 

Fig.  1.26.  Experiment 

explaining  derivation  work  accomplished  on  the  gas  is  equal 

of  expression  for  work. 

to  PqUq  -  Pi^l*  Equating  it  to  the 

increase  of  energy  of  gas,  we  will  obtain  equation  (I.65).  It  is 

possible  to  Interpret  it  differently:  total  fluxes  of  energy  on 

2 

both  sides  of  the  shock  pu  (e  +  +  'p~) *  expression  for  which 

follows  from  energy  equation  written  in  form  (1.10),  are  equal  to 
each  other. 

Formally  relationships  (I.6I)  —  (I.63),  which  Indicate  equality 
of  fluxes  of  mass,  momentum,  and  energy  through  surface  of  the  dis¬ 
continuity,  can  also  be  obtained  from  differential  equations  (1.2), 
(1.7),  (1.10),  which  are  art  expression  of  the  same  laws.  Let  us 
write  these  equations  for  the  plane  case: 

ff(C»)=-s(P+«“’).  (1-65) 

We  will  at  first  formally  consider  the  shock  as  some  thin  layer 
with  large  gradients  of  all  qurntities  and  will  integrate  equations 
over  this  layer  from  Xq  to  x^.  For  instance, 

*•  *• 

Now  we  will  carry  out  passage  to  the  limit,  letting  thickness  of  layer 
^1  ”  ^0  zero.  Integrals  in  left  sides,  which  are  proportional 

to  -  Xq  -♦  0,  vanish  (which  corresponds  to  absence  of  accumulation 
of  mass,  momentum,  and  energy  in  the  shock).  Integrals  in  right 
sides  give  difference  of  fluxes  of  corresponding  quantities  on  both 
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sides  of  the  shock,  l.e.,  we  arrive  at  equations  (1.6l)  —  (I.63). 

It  is  necessary  to  stress  the  fonnal  character  of  the  last 
derivation  of  relationships  on  the  shock  wave  (I.6I)  -  (I.63).  It 
indicates  only  that  expressions  for  flxixes  of  mass,  momentimi,  and 
energy  standing  under  divergence  signs  in  differential  equations  are 
absolutely  general,  independently  of  whether  the  flow  is  continuous 
or  not.  If  we  consider  the  shock  not  as  a  mathematical  surface,  but 
as  a  thin  layer  of  finite  thickness,  where  gas- dynamic  quantities 
change  very  sharply,  but  continuously,  then  it  is  impossible  to  apply 
to  this  layer  equations  (i.65),  in  which  there  are  not  considered 
viscosity  and  thermal  conduction.  Below  we  will  see  that  entropies 
of  gas  on  both  sides  of  the  shock  are  different,  while  in  differential 
equations  (I.65)  there  is  imposed  the  condition  of  constancy  of 
entropy  (adiabatic  character  of  motion).  Let  us  note  the  external 
similarity  of  the  energy  relationship  on  the  shock  wave  (I.64)  with 
Bernoulli  integral  for  steady  flow 

14’ -{-y  =  const, 

which  is  valid  along  the  flow  line. 

§  14.  Shock  Adlabat 

Equations  (I.6I)  —  (I.63),  which  relate  parameters  of  gas  on 
both  sides  of  the  shock,  constitute  a  system  of  three  algebraic 
equations  in  six  quantities;  Uq,  Pq,  Pq,  u^,  p^,  p^  (thermodynamic 
properties  of  substance,  i.e.,  functions  e  (p,  p)  or  w  (p,  p)  are 
assumed  to  be  known).  Knowing  thermodynamic  parameters  of  gas  before 
the  shock  p^,  p^  and  taking  one  of  the  quantities  which  characterize 
amplitude  of  shock  wave,  for  Instance,  pressure  after  the  front  of 
the  wave  p^  or  speed  of  "piston"  creating  the  wave  |u|  =  Uq  -  u^,  it 
is  possible  to  calculate  all  remaining  imknown  quantities.  Let  us 
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write  out  certain  general  relationships  which  follow  from  laws  of 
conservation  (l.6l)  —  (1.63).  Let  us  Introduce  in  place  of  densities 
specific  volumes  Vq  =  VPq^  From  equation  (I.61)  we  will 

obtain 


fT  -i  • 

By  eliminating  from  first  two  equations  (I.6I) 
and  then  the  other  velocity,  we  will  find 


(1.66) 

(1.62)  at  first  one. 


u: 


Pi—Po 
1 

Pt—Pb 


P»~ 

''•Vt- 


•  V*  Pf" 
* 


(1.67) 

(1.68) 


If  shock  wave  is  created  in  gas  at  rest  by  motion  of  piston,  for 
the  velocity  of  compressed  gas  relative  to  undisturbed  gas,  which  is 
equal  to  velocity  of  the  "piston",  we  will  obtain  formula 

lttl»Uo-U|«V(>i-p4)(Ko-Ki)"  (1.69) 

We  will  note  a  useful  formula  for  difference  of  kinetic  energies 
of  gas  on  both  sides  of  the  shock  in  system  of  coordinates  in  which 
shock  is  at  rest: 

j(uJ  — uj)  =  y  (/),— (Ko  +  >^i).  (i.70) 

By  substituting  expressions  for  squares  of  velocities  (I.67),  (1.68) 
in  energy  equation  (I.63),  we  will  obtain  relationship  relating 
pressure  and  specific  volxime  on  both  sides  of  the  shock: 


*1  (PiVi)  -  *0 (PoVt)  =y  (Pi  +  Po)  (Fo  -  F,).  (1.71) 

Replacing  specific  internal  energies  by  specific  enthalpies 
according  to  the  formula  w  =  e  +  pV,  we  will  rewrite  this  formula 
in  different  form: 

W,_iyo:=l(/,,-p6)(Fo  +  F,).  (1.72) 
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By  analogy  with  the  relationship  relating  initial  and  final  pressures 
and  volumes  during  adiabatic  compression  of  a  substance,  expressions 
(1.71)  or  (1.72)  have  the  name  shock  adiabat  or  Hugoniot  adlabat. 

Shock  adiabat  is  represented  by  function 

po,  Vo),  (1.75) 

which  in  a  number  of  specific  cases,  when  thermodynamic  relations 
e  =  e  (p,  V)  are  expressed  by  simple  formulas,  may  be  found  in  explicit 
form. 

Shock  adiabat  has  an  essential  difference  from  the  usual  adiabat 
(Poisson  adiabat  in  ideal  gas  with  constant  heat  capacity).  Whereas 
the  latter  is  a  one-parameter  family  of  curves  p  =  P  (V,  S),  where 
as  the  parameter  there  serves  only  the  value  of  entropy  S,  Hugoniot 
adiabat  depends  on  two  parameters:  pressure  and  volume  in  initial 
state  PqVq.  In  order  to  e^Jiaust  all  curves  p  =  P  (V,  S),  it  is 
sufficient  to  go  through  a  one- dimensional  series  of  values  of  entropy 
S.  In  order  to  exhaust  all  curves  p  =  H  (V,  Pq^q)^  is  necessary 
to  construct  an  "infinity  squared"  of  curves  corresponding  to  all 
possible  Pq  and  V^. 

§  15.  Shock  Waves  in  Ideal  Gas  with  Constant  Heat  Capacity 

Especially  simple  form  is  acquired  by  formulas  for  shock  wave 
in  case  of  an  ideal  gas  with  constant  heat  capacity.  In  this  example 
it  is  conveneient  to  clarify  all  basic  laws  of  change  of  quantities 
in  a  shock  wave.  Let  us  substitute  in  equations  of  shock  adiabat 
(1.71)  or  (1.72)  the  relationships 

w^CpT  =  ^^pV. 


(1.74) 


This  gives  us  the  possibility  to  find  in  explicit  form  the  equation 
of  shock  adiabat: 


A  (y+i)V»-{y-i)V,‘ 

For  ratio  of  volumes  we  will  obtain  formula: 

Fi  (v-hPi-Kv+Dft 

u  (T+hPi-i-(v— 


(1-75) 

(1.76) 


Ratio  of  temperatures  Is  equal  to 


(i.77) 

With  help  of  (I.76),  veu.ocitles  by  the  formulas  (1.67)  and  (1.68), 


can  be  represented  in  terms  of  pressures  an.d  initial  volume; 


uy+^)po+(y-^)Pi\' 

‘  2  l(Y-l)P9+(Y+l)/>il  * 


(1.78) 

(1.79) 


We  will  clarify  in  the  example  of  an  ideal  gas  with  constant 
heat  capacity  certain  principles  for  shock  waves.  Shock  adlabat  is 
a  curve  on  the  p,  V-plane  which  passes  through  point  of  initial  state 


Fig.  1.27.  Shock 
adlabat . 


This  curve  is  depicted  in  Fig. 

1.27.  In  principle,  formula  (1.75)  can 
also  be  o^tended  to  pressures  lower  than 
initial  p^  <  p^.  As  we  will  see  below 
in  §  17,  this  part  of  curve  corresponds 
to  physically  unrealizable  states. 
Therefore,  it  is  drawn  in  Fig.  1.27  in 
the  form  of  a  dotted  line.  From 
formula  (I.76),  it  is  clear  that  in 


case  of  shock  wave  of  very  high  amplitude,  when  pressure  after  front 
is  much  larger  than  initial  pressure,  density  of  gas  during  Increase 
of  amplitude  is  Increased  not  without  limit,  but  tends  to  a  definite 
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value.  This  limiting  compression  in  shock  wave  depends  only  on 
adiabatic  Index  and  is  equal  to 

—  3fii  f'l  fin) 

0,  (l.oOj 

For  a  monatomic  gas  with  y  =  5/3,  limiting  compression  is  equal 
to  4.  For  a  diatomic  gas,  on  the  assimptlon  that  vibrations  are  not 
excited,  7  =  7/5j  and  limiting  compression  is  equal  to  6;  if  it  is 
considered  that  vibrations  are  excited,  7  =  9/7  and  compression 
equals  8.  In  reality,  at  high  pressures  and  temperatures,  heat 
capacity  and  adiabatic  index  in  gases  no  longer  are  constants,  since 
In  the  gas  there  occur  dissociation  of  molecules  and  ionization  of 
atoms.  Shock  adiabat,  with  consideration  of  these  processes,  will  be 
considered  In  Chapter  III.  However,  even  in  this  case  magnitude  of 
compression  always  remains  bounded  and  does  not  exceed  11-15.  Com¬ 
pression  of  gas  in  shock  wave  at  given  large  pressure  ratio  is  stronger, 
the  higher  the  heat  capacity  and  the  smaller  the  adiabatic  index  are. 

Inasmuch  as  at  high  pressures  p^,  density  Increases  very  slowly 
with  Increase  of  pressure,  temperature  of  compressed  gas  Increases 
proportionally  to  pressure  (see  formula  (l.TT)  for  »  const).  In 
the  limit  of  a  strong  wave,  when  P^/Pq  »  1  and  «  (7  -  l)/(7  +  l)> 

Velocities  in  the  limit  as  Pj_/PQ  “  Increase  proportionally  to 
the  square  root  of  pressure.  As  can  be  seen  from  formulas  (I.67)  and 
(1.68),  at  p^  »  pQ, 


(1.82) 


Very  Important  results  can  be  obtained  by  comparing  velocities  of  gas 
on  both  sides  of  shock  with  corresponding  speeds  of  sound.  In  Ideal 
gas  with  constant  heat  capacity. 
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We  will  form  ratios  of  velocities  of  gas  relative  to  the  shock  to 
speeds  of  sound: 


<»-'>+'v+'>S 

Voi ;  *=  2v  ■ 


(1.85) 

(1.84) 


In  the  limiting  case  of  a  shock  wave  of  small  amplitude,  when 
pressures  on  both  sides  of  shock  are  close  to  one  another,  p^  «  p^, 

(Pl  -  Pq)/Pq  «  1,  according  to  the  formula  (I.76),  compression  of 
gas  is  also  small:  »  VqJ  speeds  of  sound  are  also  close  to  one 

another  »  Cq.  Prom  formulas  (I.83)  and  (1.84)^  it  is  clear  that 
in  this  case  Uq  »  ^0  **  ^1  ^1*  ^0  velocity  of  propagation 

of  shock  through  undisturbed  gas.  Thus,  weak  shock  wave  travels 
through  gas  with  speed  very  close  to  speed  of  sound,  i.e.,  practically 
does  not  differ  from  an.  acoustic  compresslonal  wave.  This  is  not 
surprising,  since  for  a  small  difference  of  p^  from  p^,  we  are 
dealing  with  a  small  perturbation. 

Further,  from  formulas  (I.83)  and  (1.84),  it  is  clear  that  in  a 
shock  wave  in  which  there  occurs  compression  of  gas  (V^  <  Vq,  p^  >  Pq), 
gas  flows  into  shock  with  supersonic  velocity  u^  >  c^,  and  flows  out 
of  it  with  subsonic  velocity  u^  <  c^  (the  fact  that  <  V^, 
at  p^  >  Pq  follows  from  general  formulas  (I.67),  (1,68)).  It  ic 
possible  to  say  this  differently:  a  shock  wave  propagates  through 
undisturbed  gas  with  supersonic  velocity,  and  through  compressed  gas 
located  behind  it,  it  propagates  with  subsonic  velocity.  The  greater 
the  amplitude  of  a  shock  wave,  i.e,,  the  greater  tlie  ratio  p^/Pq,  the 
higher  the  speed  of  the  wave  front  Uq  Is  as  compared  to  speed  of 
sound  in  undisturbed  gas  Cq.  Ratio  u^/c^  in  limit  of  a  strong  wave 
Pl  »  Pq  tends  to  a  constant  Ui/ci-*-  KCy  —  1)/^  <  1. 
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We  will  consider  what  occurs  with  entropy  of  gas  during  com¬ 
pression  of  it  by  a  shock  wave.  Entropy  of  ideal  gas  with  constant 
heat  capacity  with  accuracy  up  to  the  constant  is  equal  to  3  = 

=  In  pV^.  Difference  between  entropies  on  each  side  of  shock  wave 
front  with  help  of  formula  (I.76)  can  be  represented  in  the  form 


Si— Sit 


CylQ 


PlVl 


=  cvln 


I. 


_ P» _ 

(Y+1)?+(Y--1) 

Pt 


(1.85) 


In  limiting  case  of  a  weak  wave  (p^  «  expression  in  braces 

is  close  to  unity,  and  »  3^.  During  growth  of  amplitude  of  the 
wave,  l.e.,  with  Increase  of  ratio  p^/p^,  starting  from  unity, 
expression  in  braces,  as  it  is  easy  to  verify,  monotonlcally  Increases, 
approaching  infinity  as  P ^^/Pq  “*■  co.  Thus,  entropy  of  gas  experiencing 
shock  compression  increases  —  more  strongly  the  higher  the  amplitude 
of  the  shock  wave.  Growth  of  entropy  indicates  that  in  shock  wave 
there  occur  irreversible,  dissipative  processes,  which  are  connected 
with  existence  of  viscosity  and  thermal  conduction  of  the  substance. 

A  theory  in  which  these  processes  are  not  considered  naturally  cannot 
describe  the  actual  mechanism  of  shock  compression;  it  cannot  describe 
the  structure  of  that  thin,  but  in  reality  finite  layer,  in  which 
there  occurs  transition  of  gas  from  initial  state  to  final  state. 
Therefore,  in  the  theory  in  which  viscosity  and  thermal  conduction 
are  not  taken  into  account,  a  shock  is  a  mathematical  surface  with 
zero  thickness.  As  was  noted  above,  in  such  a  theory  there  is  no 
characteristic  length  which  could  serve  as  a  scale  for  thickness  of 
the  shock.  With  consideration  of  molecular  stiructure  of  the  gas, 
l.e.,  processes  of  viscosity  and  thermal  conduction,  such  a  scale 
appears.  This  is  the  mean  free  path  of  molecules,  to  which  coeffi¬ 
cients  of  viscosity  aril  thermal  conduction  are  proportional,  and 
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which.  In  reality,  serves  as  a  measure  of  the  actual  width  of  the 
shock. 

It  is  most  significant,  however  that  the  actual  magnitude  of 
increase  of  entropy  during  shock  compression  absolutely  does  not 
depend  on  mechanism  of  dissipation,  but  is  determined  exclusively  by 
laws  of  conservation  of  mass,  momentum,  and  energy.  On  the  mechanism 
of  dissipation  depends  only  width  of  the  shock,  i.e.,  the  rate  with 
which  irreversible  heating  of  the  gas  experiencing  shock  compression 
occurs.  Thus,  a  glass  of  hot  water  must  cool  to  a  fully  definite 
room  temperature,  absolutely  Independently  of  the  mechanism  of  heat 
exchange  with  its  environment,  which  determines  only  rate  of  cooling. 

On  the  mechanism  of  dissipation  there  depend  values  of  gradients 
of  gas-dynamic  quantities  in  the  transition  layer,  but  not  the  Jumps 
of  these  quantities  between  final  and  initial  states,  which  are  de¬ 
termined  only  by  laws  of  conservation.  For  instance,  if  Ap  =  p^  -  p^ 
is  the  pressure  Jump  in  a  shock  wave,  and  Ax  is  width  of  transition 
layer,  then  during  change  of  coefficients  of  viscosity  and  thermal 
conduction  Ax  and  dp/dx  ~  Ap/Ax  change,  but  product  Ax  »  Ap 
remains  constant.  In  the  limit  as  coefficients  of  viscosity  and 
thermal  conductivity  tend  to  zero.  Ax  0,  and  dp/dx  oo, 

gradients  become  infinite,  which  corresponds  to  a  shock  wave. 

Differential  equations  of  gas  dynamics,  without  taking  into 
account  viscosity  and  thermal  conduction,  only  admit  the  possibility 
of  existence  of  shocks,  but  cannot  describe  contiuously  the  transition 
from  initial  to  final  state,  since  in  equations  there  automatically 
is  imposed  the  condition  of  adlabaticity  of  the  process,  dS/dt  =  0, 
which  is  equivalent  to  the  equation  of  energy.  Differential  equations 
contain  four  conservation  laws:  of  mass,  momentum,  energy,  and 
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entropy,  while  in  a  shock  wave  there  are  satisfied  only  tl  -ee  of 
them;  all  besides  the  lavj  of  conservation  of  entropy. 

To  the  problem  of  thickness  of  front  of  shock  wave,  which  can  be 
solved  only  with  consid'^'ration  of  the  molecular  structure  of  the 
substance,  i.e.,  with  "microscopic"  consideration  of  process'  of  shock 
compression,  we  will  return  below,  in  §  23.  Now  we  will  continue  a 
"macroscopic"  description  of  phenomenon  of  shock  compression  using 
only  the  laws  of  conservation  of  mass,  momentum,  and  energy. 

§  l6.  Geometric  Interpretation  of  Characteristics 
of  Shock  Compression 

For  best  mderstanding  of  different  features  of  the  theor-'’-  of  a 
shock  wave  and  properties  of  the  shock  adiabat,  the  graphic  construc¬ 
tions  in  the  p,  V  diagram  are  very  useful.  Let  us  draw  on  plane  of 
p,  V  through  point  A  of  the  initial  state  of  the  substance  p^,  Vq 
a  shock  adiabat  HH  (Pig.  1.28).  We  will  consider  that  character  of 
this  curve  is  analogoiis  to  shock  adiabat  of  ideal  gas  with  constant 
heat  capacity,  i.e.,  that  the  curve  everywhere  is  convex  downwards: 
second  derivative  d  p/dV  at  every  point  is  positive.  For  the 
purpose  of  clarity  we  v/ill  illustrate  certain  ideas  by  concrete 
calculations  in  the  example  of  an  ideal  gas  with  constant  heat 
capacity;  however,  it  is  possible  to  show  thal;  these  ideas  are 
general  and  are  valid  for  substances  with  different  thermodytiamic 
properties.  The  only  condition  which  is  imposed  on  these  properties 
is  the  condition  that  shock  adiabat  at  all  points  be  convex  downwards. 
Let  us  assume  that  the  substance  after  shock  compression  passes  into 
state  B  (p^,  V^)  from  state  A  (p^,  V^).  B(p^,  V^)  is  depicted  by 

point  B  lying  on  shock  adiabat. 
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By  formula  (I.67),  the  velocity  of  propagation  of  shock  wave 

through  undisturbed  substance  Is  given  by  expression 

ntyrU*^V* 


Graphically  this  velocity  Is  determined  by  slope  of  straight  line 
AB,  which  is  drawn  from  initial  itate  to  final  state  ((p^  -  Pq)/  (Vq  - 
-V^)  Is  equal  to  tangent  of  angle  of  slope  of  the  straight  line). 

Prom  Pig.  1.28  it  Is  clear  that  the  higher  the  final  pressure  is 
(the  stronger  the  shock  wave  is),  the  greater  the  slope  of  the  straight 
line  and  the  higher  the  velocity  of  the  wave  are,  (Por  illustration. 

In  Pig.  1.28  there  are  drawn  two  straight  lines,  AB  and  AC). 

Let  us  see  what  determines  initial  slope  of  shock  adiabat  at 
point  A.  Let  us  calculate  derivative  dp^/dV^  with  help  of  formula 
(1.75)  for  an  ideal  gas  with  constant  heat  capacity; 

^Pi  ■  (Y-l)ft  i>*f(Y+l)y.-(Y-l)Kil(Y-fl) 

(Y-hi)yt-(Y-i)y,  Hy+1)K,-(y-1)K,!»  • 


HH)  Hugoniot  adiabat;  PP^ 
Poisson  adiabat;  KK) 
Tangent  to  both  adi abate 
at  point  of  initial  state 

A  (Vq,  Pq). 


Taking  derivative  at  point  A,  i.e., 
setting  =  Vq,  we  will  obtain 
(dp^/dV^)Q  =  -  7PqAo*  But  this 
quantity  is  nothing  else  but  slope  of 
Poisson  adiabat  p  ~  passing  through 
point  A;  (bp/bv)^  =  -  yp/V,  Thus,  at 
point  A  the  shock  adiabat  touches 
Poisson  adiabat  which  passes  through 
this  point.  Usual  adiabat  P,  which 
corresponds  to  initial  entropy  of  gas 
Sq  =  S  (PqVq),  also  is  drawn  in  Fig. 


1.28.  Contact  of  adiabats  at  initial  point  is  illustrated  also  by 
general  formula  (1.67)  for  velocity  of  shock  wave.  In  the  limit  of 
a  weak  wave,  when  (p^  -  Pq)/Pq  “*■  0,  shock  wave  does  not  differ  from 
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a  sound  wave,  change  of  entropy  tends  to  zero,  and  velocity  of  wave 
coincides  with  speed  of  sound: 

•'•Vo-K,  ^ 

In  general,  slopo  of  straight  line  AB  is  always  greater  than  slope 
of  tangent  to  adiahat  at  point  A,  so  that  we  always  have  D  =  Uq  >  Cq. 

Initial  slope  of  shock  adlabat  is  determined  by  speed  of  sound 
in  initial  state.  This  will  be  strictly  proven  for  general  case  of 
an  arbitrary  substance  in  §  l8.  By  direct  calculation  by  the  formulas 
for  an  ideal  gas  with  constant  heat  capacity,  we  can  make  certain 
that  at  point  A  there  coincide  not  only  the  first,  but  also  the 
second  derivatives  of  Hugoniot  and  Poisson  adiabats,  i.e.,  at  point 
A  there  occurs  contact  of  the  second  order.  This  statement  also  is 
general  (see  §  l8). 

Hugoniot  adlabat  everywhere  passes  above  the  usual  adiabat 
drawn  from  the  initial  point,  as  shown  in  Fig.  1.28.  During  shock 
compression  from  volume  Vq  to  volume  <  Vq,  entropy  is  increased, 
and  during  adiabatic  compression  it  remains  constant.  But,  for 
identical  volume,  pressure  is  higher,  the  greater  the  entropy. 


Fig.  1.29.  Geometric 
interpretation  of  in¬ 
crease  of  energy  in 
shock  wave.  H)  shock 
adiabat;  P)  Poisson 
adiabat. 


Increafi'j  of  specific  internal 
energy  during  shock  compression  from 
state  A  to  state  B,  -  Eq,  as  can  be 
seen  from  expression  (1.71)  for  the 
shock  adiabat,  is  numerically  equal  to 
area  of  trapezoid  MABN,  which  is  covered 
in  Pig.  1.29  by  horizontal  shading. 

If  gas  is  compressed  adiabatically 
from  state  A  to  the  very  same  volume 
(to  stage  Q),  then  for  this  it  is 
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necessary  to  accomplish  work  which  is  numerically  equal  to  area  of 
figure  MAQN,  v/hich  Is  bounded  above  by  usual  adlabat  P  and  shaded 


vertically.  This  area  gives  Increase  of  Internal  energy  of  gas 

V 

s' —  s  — V  pdK  (Integration  Is  conducted  at  S  =  Sq).  In  order  to 

V# 

bring  gas  to  final  state  B,  It  is  necessary  to  heat  It  further  at 


constant  volume  thereby  giving  to  it  a  quantity  of  heat  numerically 
equal  to  difference  between  the  areas  shaded  horizontally  and  verti¬ 
cally,  l.e.,  equal  to  the  area  of  figure  ABQ.  This  area  determines 


Increase  of  entropy  of  gas  during  shock  compression.  It  is  equal  to 
e,  —  s' dS  =  T  where  T  is  a  certain  average  temperature  on 
segment  of  straight  line  QB  (at  V  =  =  const). 

In  system  of  coordinates  In  which  Initial  gas  Is  at  rest,  after 
compression  It  obtains  kinetic  energy  (per  gram)  equal,  according  to 
general  formula  (1.69),to 

This  energy  is  numerically  equal  to  area  of  triangle  ABC  In  Pig.  1,29^ 


which  completes  trapezoid  MABN,  whose  area  corresponds  to  -  Eq, 
to  form  rectangle  MCBN. 

Area  of  this  rectangle  p^  (Vq  -  V^)  Is  total  energy  given  by 
"piston"  to  1  gram  of  gas  Initially  at  rest.  In  a  strong  shock  wave, 
when  p^  »  Pq,  It  Is  equally  divided  between  Increases  of  Internal 
and  kinetic  energy:  area  MABN  «  area  ABC: 

|-p.(K,-Fo). 

We  will  analyze  on  p,  V-dlagram  the  relationship  between  veloc¬ 
ities  of  gas  and  sound  In  final  state  (Pig.  1.30).  We  will  draw 
through  point  B  on  adlabat  H^,  which  corresponds  to  initial  state  A, 
a  new  adlabat  Hg,  for  which  point  B  is  Initial.  Prom  the  symmetry 
of  equation  of  adlabat  relative  to  "0"  and  "1",  It  follows  that  If 


78 


=  H  Pq,  Vq),  then  p^  =  H  (Vq,  p^,  other  words, 

adlabat  Hg,  if  formally  continued  in  the  direction  of  pressures 
smaller  than  initial,  intersects  adlabat  at  point  A.  The  relative 
location  of  adiabats  and  Hg  is  just  as  shown  in  Pig,  I.30,  which 
can  be  easily  checked  in  the  example  of  an  ideal  gas  with  constant 
heat  capacity.*  Velocity  of  propagation  of  wave  relative  to  compressed 
gas  is  determined  by  formula  (1.68) 


Square  of  speed  of  sound  in  compressed  gas  at  point  B  is  equal  to 


Pig.  l..?0.  p,  V- diagram 
clarifying  relationship 
between  velocities  of  gas 
and  sound  in  shock  wave. 


At  the  end  of  §  12  It 


Pirst  quantity  is  proportional  to 
tangent  of  angle  of  inclination  of 
straight  line  BA,  and  the  second 
quantity  is  proportional  to  tangent 
of  angle  of  inclination  of  tangent  line 
of  shock  adlabat  Hg  at  point  B  (shock 
adlabat  Hg  and  Poisson  adlabat  which 
passes  through  B  are  tangent  to  one 
another) ,  Relative  location  of  straight 
line  BA  and  adlabat  Hg  corresponds  to 
the  case  in  which  u^  <  c^. 
was  noted  that,  in  distinction  from 


Poisson  adlabat,  Hugonlot  adlabat  depends  on  two  parameters.  Because 

♦Wie  f^act  that  adlabat  Hg  passes  to  the  left  of  at  pressures 

higher  than  Pg  can  be  explained  in  the  following  way:  If  point  B 

corresponds  to  compression  of  gas  from  state  A  by  a  very  strong  shock 
wave,  then  adlabat  at  p  >  pg  goes  almost  vertically,  corresponding 

to  limiting  con^resslon  to  a  volume  equal  to  [7  -  l)/(7  +1)] 

At  the  same  time,  by  passing  a  second  shock  wave  through  the  gas  from 
state  B,  we  can  compress  it  to  the  volume 

l(T-tV(Y+l)l  »'»-((y-*WY+1)P  Va- 


of  this.  It  is  impossible  by  means  of  compression  of  gas  by  several 
shock  waves,  proceeding  from  given  initial  state,  to  arrive  at  the 
very  same  final  state  as  by  means  of  compression  by  one  wave. 

Thus,  for  instance,  if  we  pass  a  strong  shock  wave  through  a 
monatomic  gas,  the  gas  will  be  compressed  by  four  times,  but  if  we 
pass  two  strong  waves  through,  one  after  the  other,  leaving  final 
pressure  unchanged,  we  will  obtain  compression  by  l6  times. 

At  the  same  time,  by  breaking  up  the  adiabatic  process  into  as 
msiny  stages  as  desired,  we  will  arrive  at  the  same  density,  if  final 
pressure  is  given. 

This  situation  is  illustrated  by  p,  V-diagram  of  Fig.  l.Jl, 
where  there  are  depicted  Poisson  adiabat  eind  several  HT;igonlot  adiabats, 
which  correspond  to  compression  of  gas  by  successive  shock  waves. 


§  17.  Impossibility  of  Existence  of 
Rarefaction  Shock  Wave  in  Substance 
with  Normal  Properties 

In  §  15  there  were  written 
formulas  for  calculation  of  dif¬ 
ferent  quantities  connected  with  a 
shock  wave  for  the  case  of  an  ideal 


Pig,  1.51.  Concerning  the 
question  of  single  and 
multiple  shock  and  adiabatic 
compressions  of  gas  to  iden¬ 
tical  pressure  p^*  H^, 

H-  are  shock  adiabats  for 
c 


gas  with  constant  heat  capacity. 
Prom  these  formulas  it  directly 
followed  that  in  a  shock  wave  in 


which  points  A,  B,  C  are  which  there  occurs  compression  of 

initial*  P  is  Poisson 

adiabat*  substance,  there  are  satisfied  the 


following  inequalities: 


Pt  >  Pi.  Qi  >  Qi.  Vt  <  Ft,  u#  >  c,. 


(1.86) 


CO 


Simultaneously  with  compression  of  substmce  and  Increase  of 
Its  pressure,  entropy  Increases;  wave  propagates  through  undisturbed 
gas  with  supersonic  speed,  but  through  compressed  gas  behind  It  with 
subsonic  speed.  This  set  of  conditions  Is  schematically  depicted  In 
Pig.  1.32a.  We  will  now  extend  expressions  (1.75)  for  shock  adlabat 
to  pressures  lower  than  Initial,  and  assuime  that  there  exist  shocks 
In  which  there  occurs  not  compression,  but  rarefaction  of  the  gas: 

Vi  >  Vq,  Pi  <  Pq*  Laws  of  conservation  of  mass,  momentum,  and  energy, 
with  the  help  of  which  there  were  obtained  formulas  relating  velocity, 
density,  and  pressure  on  both  sides  of  the  shock.  In  no  way  limit  the 
possibility  of  existence  of  such  shocks.  Prom  formulas  (I.83)  —  (1.84) 
It  Is  clear  that  In  this  case  Uq  <  c^,  a  Ui  >  Ci.  Pormula  (I.85)  for 
J\Mp  of  entropy  In  the  shock  indicates  that  entropy  of  gas  thus 


decreases  (expression  In  braces  Is  less  than  unity  at  p^  <  p^). 


fiPiS, 


Pig.  1.32.  Schematic 
representations  of 
compressive  shock  waves 
(a)  and  rarefaction 
shock  waves  (b).  Gas 
flows  Into  shock  from 
the  right  to  the  left. 


We  arrive,  thus,  to  the  regime  of 
a  rarefaction  shock  wave.  In  which  there 
simultaneously  are  satisfied  the  follow¬ 
ing  inequalities; 

Pi<A.  Qi<eo>  yi>Yof  u«<eo,  U|>C|, 

(1.87) 

and  which  schematically  Is  depicted  in 
Pig.  1.32b. 

Geometric  Interpretation  of  these 


Inequalities,  which  Is  similar  to  the 


one  presented  In  §  16,  Is  represented  In  Pig,  1.33.  Slope  of  straight 


line  AB  Is  less  than  slope  of  tangent  to  shock  adlabat  at  point  of 
Initial  state  A  (uq  <  Cq)  and  greater  than  slope  of  tangent  to  second 
shock  adlabat  H-,  which  Is  drawn  through  point  of  final  state 
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B  (u^  >  c^). 

Poisson  adlabat  P,  which  passes  throi:igh  point  A  in  the  region 
^  ^0^  drifts  higher  than  shock  adlabat  Thxs  explains  decrease 

of  entropy  during  shock  rarefaction.  During  adiabatic  rarefaction 
to  the  same  volume  pressure  p'  Is  higher  than  final  p^.  In  order 
to  come  from  Q  to  B,'  It  Is  necessary  to  cool  gas  at  constant  volume, 
l.e.,  to  decrease  Its  entropy. 

But,  by  the  second  law  of  thermodynamics,  entropy  of  a  substance 
cannot  decrease  due  to  only  Internal  processes,  without  heat  removal 
to  the  outside.  Prom  this  follows  the  impossibility  of  propagation 
of  a  rarefaction  wave  In  the  form  of  a  shock  and  of  the  two  conditions 
whose  existence  Is  allowed  by  the  laws  of  conservation  of  mass, 
momentum,  and  energy,  the  requirement  of  growth  of  entropy  selects 
only  one  —  the  compressive  shock  wave.  This  statement  has  an 
absolutely  general  character  and  Is  known  under  the  name  of  Cemplen 
theorem.  In  the  following  section  It  will  be  shown  that  in  waves  of 
weak  Intensity,  under  the  condition  of  positivity  of  second  derivative 
(B^p/dV^)^>  0,  the  sets  of  Inequalities  (1.86)  or  (1.8?)  are  satisfied 

O 

simultaneously,  absolutely  Independently  of  specific  thermodynamic 
properties  of  the  substance.  This  theorem  can  also  be  proven  for 
waves  which  are  not  of  small  amplitude  and  for  an  arbitrary  substance. 
The  only  condition  which  Is  Imposed  on  properties  of  substance  Is  the 

condition  that  shock  adlabat  at  all  points  is  convex  downwards: 

2  2 

p/SV  >  0,  Just  as  this  occurs  for  an  Ideal  gas  with  constant 
heat  capacity.  Overwhelming  majority  of  real  substances  possess 
namely  such  properties,  so  that  the  statement  about  impossibility  of 
existence  of  rarefaction  shock  waves  has  a  very  general  character 
(below  we  will  discuss  certain  exceptions). 
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Impossibility  of  existence  of 
rarefaction  shock  wave  can  be  explained 
in  the  following  way:  Such  a  wave 
would  propagate  throvigh  undisturbed 
gas  with  subsonic  speed  Uq  <  Cq,  This 
means  that  if  at  some  moment  of  time 
there  appeared  a  state  similar  to  the 
one  depicted  in  Pig.  1.32b,  then  the 
perturbation  from  jump  of  density  and 
pressure  would  travel  to  the  right  with 
speed  of  sound  Cq,  outstripping  the 
"shock  wave";  after  a  certain  time^ the 
rarefaction  would  involve  the  gas  before 
the  "shock"  and  the  shock  would  simply  be  diffused.  In  other  words, 
the  rarefaction  shock  wave  is  mechanically  unstable.  Conversely, 
compressive  shock  wave  propagates  through  undisturbed  gas  with  super¬ 
sonic  speed  Uq  >  c^;  state  behind  this  wave  front  in  no  way  can 
influence  state  of  gas  before  wave,  and  the  shock  remains  stable. 
Relative  to  the  compressed  gas,  compressive  shock  wave  propagates 
with  subsonic  speed  u^  <  c^;  therefore,  gas-dynamic  conditions  behind 
shock  front  affects  amplitude  of  wave. 

If,  let  us  say,  we  heat  or  compress  gas  behind  the  shock  front, 
then  the  shock  wave  will  be  strengthened;  and  conversely,  if  behind 
the  shock  front  there  occurs  cooling  or  rarefaction  of  the  gas,  then 
perturbations  carrying  the  rarefaction  overtake  the  shock  wave  and 
weaken  it. 

In  a  rarefaction  shock  wave,  the  situation  would  be  the  opposite: 
inasmuch  as  it  would  propagate  through  rarefied  gas  with  supersonic 


Pig.  1.33.  Concerning 
geometric  Interpretation 
of  inequalities  in  a 
"rarefaction  shock  wave." 
is  shock  adlabat;  P  is 

Poisson  adiabat  passing 
through  point  A  of  initial 
state;  is  shock  adlabat 

drawn  from  point  of  final 
state  B. 
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speed.  It  would  not  be  subject  to  the  Influence  of  any  processes 
occurring  behind  it  —  it  would  be  "uncontrolled." 

It  is  very  significant  that  the  condition  of  mechanical 
stability  of  a  shock  wave  coincides  with  the  thermodynamic  condition 
of  Increase  of  entropy.  Mechanical  stability  can  exist  only  if  wave 
propagates  through  undisturbed  substance  with  supersonic  speed; 
otherwise,  perturbation  caused  by  the  shock  wave  would  penetrate  into 
the  initial  gas  with  speed  of  sound,  and  would  outstrip  the  shock 
wave,  thereby  diffusing  the  sharp  front  of  the  wave.  At  the  same 
time,  with  the  condition  of  Increase  of  entropy  there  coincides  a 
condition  which  allows  lis  to  imagine  the  causal  relationship  of 
phenomena.  Namely,  during  Increase  of  entropy,  compressive  shock 
wave  propagates  through  the  gas  which  has  undergone  transformation 
with  subsonic  speed,  i.e.,  external  factors  such,  for  Instance,  as 
the  piston  thrust  into  the  gas,  can  cause  appearance  of  shock  wave 
and  subsequently  Influence  its  propagation. 

Thus,  in  a  substance  with  normal  thermodynamic  properties,  when 
^2  2 

(o  p/SV  )  >  0,  compressive  shock  waves,  which  correspond  to  Increase 

O 

of  entropy,  turn  out  to  be  mechanically  stable  and  subject  to  the 
Influence  of  external  factors.  Appearance  of  rarefaction  shock  wave 
is  impossible  from  thermodynamic  point  of  view,  as  well  as  from  the 
point  of  view  of  stability;  a  once  appearing  steep  rarefaction  front 
would  diffuse  with  flow  of  time. 

Let  us  give  it.  the  conclusion  of  this  section  a  table  illustrating 
possibility  of  realization  of  different  regimes: 
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Gompresslonal  wave 


Rarefaction  wave 


I 


I 


Shock 

i 

possible;  entropy 
Increases;  mechan¬ 
ical  stability; 

Impossible;  entropy 
decreases;  mechan¬ 
ical  Instability 

Smooth  dis¬ 
tribution 

Impossible;  unlimited 
build-up  of  steep¬ 
ness  of  front, 
which  becomes 
"overlapping " 

Possible;  distribu¬ 
tions  become  with 
flow  of  time 
smoother  and 
smoother 

§  l8.  Shock  Waves  of  Weak  Intensity- 

Let  us  consider  a  shock  wave  of  weak  Intensity,  In  which  Jimps 
of  all  gas-dynamic  parameters  can  be  considered  as  small  quantities. 

We  will  not  for  now  make  any  assumptions  about  thermodynamic  properties 
of  the  substance j  we  start  only  with  laws  of  conservation. 

Considering  Internal  energy  as  a  function  of  entropy  and  specific 
volume,  we  will  write  Increment  of  energy  In  shook  wave  in  the  form 
of  an  expansion  In  small  increments  of  Independent  variables  near 
point  of  Initial  state: 

*<-«.“  (b),  P'l  -  ■'J + T  (^).  (>-1 -*'•)’ + 

All  derivatives  In  this  expansion  are  taken  at  point  of  Initial 
state  VqSq.  As  we  now  will  see.  Increment  of  entropy  In  wave  -  Sq 
Is  a  quantity  of  third  order  of  smallness.  If  we  consider  Increment 
-  Vpi  as  a  small  quantity  of  first  order.  Therefore,  If  we  are 
limited  to  expansion  of  Internal  energy  up  to  quantities  of  third 
order,  we  can  omit  terms  which  are  proportional  to  (S^  -  Sq)  (V^  -  Vq), 
-  Sq)^,  etc.  According  to  thermodynamic  Identity  de  *  T  dS  -  p  dV, 
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Therefore^ 


•i  -  -  r,  (S,  -  5.)  -  (J,  ( V,  -  K.) - 

We  will  substitute  this  expression  In  equation  of  Hugonlot 
adlabat  (1.71)  and  expand  In  Its  right  side  pressure  p^.  Inasmuch 
as  left  side  of  equality  can  be  expanded  up  to  quantities  of  third 
order.  In  expansion  of  pressure  It  Is  sufficient  to  be  limited  to 
terms  of  the  second  order  with  respect  to  difference  -  Vq,  and  to 
omit  the  term  containing  Increment  of  entropy,  since  It  will  give  In 
the  right  side  a  term  proportional  to  (S^  -  S^)  (V^  -  Vq),  which  Is 
a  quantity  of  higher  order  of  smallness  than  (V^  -  Vq)^: 

After  cancelling  out  In  equation  of  Hugonlot  adlabat  with  the 
substituted  expansions,  we  will  obtain  the  relation  of  Increment  of 
entropy  to  Increment  volume: 

(1-38) 

If  we  start  with  equation  of  H\;igonlot  adlabat  written  In  form 
(1.72),  where  In  place  of  Internal  energy  there  steuids  enthalpy,  we 
will  obtain  In  an  analogous  way 

(1.89) 

It  is  easy  to  verify  the  Identity  of  both  formulas  by  substituting 
expansion  (p^  -  Pq)  -  (^P/^V)g  (V^  -  Vq)  Into  formula  (1-89)  and 
noticing  that 

W  9  9V  «  /  9  f  \  \  X  r9p\*fi9p\ 

■‘dvv 

Formula;  (1.88)  and  (1.89)  show  that  Increment  of  entropy  In 
shock  wave  of  weak  Intensity  Is  a  quantity  of  third  order  of  smallness 

G6 


with  respect  to  Increments  -  p^  or  Vq  -  which  characterize 
amplitude  of  wave. 

Prom  formulas  (1.88)  and  (I.89)  It  Is  clear  that  sign  of 

Increment  of  entropy  In  shock  wave  Is  determined  by  signs  of  second 

derivatives  or  (^^/Sp^)g.  If  adiabatic  compressibility 

of  substance  -  (^V/Sp)^  decreases  with  Increase  of  pressure,  l.e., 

(BSr/^p^)g  >  0  and  (SV^V-)g  >  0,  the  usual  adlabat  on  plane  of  p, 

V  Is  depicted  by  a  curve  which  Is  convex  downwards  (as  In  an  Ideal 

gas  with  constant  heat  capacity) .  In  this  case  entropy  Increases 

(S^  >  Sq)  In  compressive  shock  wave,  when  p^  >  p^,  <  V^,  and 

2  2 

decreases  in  rarefaction  shock  wave.  If,  however,  (S  V/5p  )  <  0, 

s 

2  2 

{h  p/^V  )g  <  0,  the  situation  Is  reversed:  entropy  Increases  in  the 
rarefaction,  shock  wave,  when  p^  <  p^,  and  decreases  In  the 

compressive  shock  wave.  Inasmuch  as  for  the  overwhelming  majority  of 
real  substances  (S^/Sp^)g  >  0,  then  from  condition  of  Impossibility 
of  decrease  of  entropy  there  follows  the  Impossibility  of  existence  of 
rarefaction  shock  waves.  This  theorem  has  already  been  formulated 
above  and  demonstrated  In  the  concrete  example  of  an  Ideal  gas  with 
constant  heat  capacity. 

Let  us  write  the  expansion  of  pressure  p  «  p  (S,  V)  near  Initial 
point  Sq.  Vq  up  to  terms  of  third  order  with  respect  to  and 

of  first  order  with  respect  to 

.+ T 

We  will  describe  by  this  expansion  Initial  sections  of  the  shock 
adlabat  and  usual  adlabat  which  are  drawn  through  point  Sq,  V^. 

Terms  of  first  and  second  orders  of  smallness  with  respect  to  -  Vq 
for  both  adlabats  coincide,  l.e.,- shock  and  usual  adlabats  have  at 
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Initial  point  common  tangents  and  common  centers  of  curvature  (there 
exists  contact  of  the  second  order).  Terms  of  third  order  of  smallness 
differ  for  the  adlabats.  Third  term  in  the  right  side  of  the  expansion 
for  both  adlabats  is  common.  The  last  term  —  the  fourth  —  for  usual 

adlabat  vanishes,  since  -  Sq  =  0  (S  «  const),  and  for  the  shock 

adlabat,  according  to  (1.88),  it  is  equal  to 

*  “  i2?7  Crf)v  )s  ~ 

For  all  normal  substances,  pressure  with  Increase  of  entropy  at 
constant  volume  (during  heating  at  constant  volume)  is  Increased, 
l.e.,  (^p/^S)^  >  0;  (6  p/^V  )g  also  is  positive.  Consequently,  for 
>  Vq,  the  last  term  is  negative,  and  for  <  Vq  it  is  positive: 
for  Vj^  >  Vq  the  shock  adlabat  passes  below  the  usual  one,  and  for 
<  Vq  it  passes  above  the  usual  one.  Thus,  at  the  Initial  point 

for  both  adlabats  there  occurs  contact  of  the  second  order  with 

intersection. 

Relative  location  of  shock  adlabat  H  and  usual  adlabat  P  is 
shown  in  Pig.  1.34.  For  clarity  let  us  note  that  segment  CD  is  a 
quantity  of  first  order  of  smallness  with  respect  to  Vq  -  V^,  DE  is 
of  second  order,  and  EF  is  of  third  order. 

Let  us  return  to  geometric  interpretation  of  increase  of  entropy 
in  shock  wave  (Fig.  1.55).  As  was  shown  in  §  l6,  quantity  T  AS  Is 
depicted  by  area  of  figure  AFBCEA.  Let  us  break  it  by  a  straight 
line  AC  into  two  parts:  segment  ACEA  and  triangle  ABC.  Area  of 
triangle  ABC  Is  equal  to  half  of  product  of  base  BC  and  height 
Vq  -  V^.  Line  segment  BC  during  small  changes  of  all  quantities,  l.e.. 
In  a  wave  of  weak  Intensity,  is  equal  to  (--||-  ■ ) ^  AS,  l.e.,  to 

?A*-fery+T 
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where  Pggg^j  is  area  of  segment  ACEA.  Hence 


For  small  changes  of  volvime  a  -*■  0  and  T  AS  -*•  F  ,  l.e.,  correction 

s  wKHi 

for  area  of  triangle  is  small.  And,  indeed,  it  is  of  higher  order 
of  smallness  than  area  of  the  segment-,  which  has  order  of  T  AS. 
Forming  egression  for  area  of  segment 

=  VO-  5  {pdV)s=s, 

Vi 

and  substituting  expansions  for  weak  waves,  we  will  arrive,  as  we 
should  have  expected,  at  formula  (1.88). 


of  shock  H  and  usual  P  adlabats. 
EK  Is  tangent  to  adlabats  at 
point  of  Initial  state  A.  In 
shock  v;ave  of  weak  Intensify, 
line  segment  CD  Is  a  quantity 
of  first  order  of  smallness; 

DE  Is  of  second  and  EF  Is  of 
third  order  of  smallness. 


Fig.  1.55.  Geometric 
Interpretation  of  Incre¬ 
ment  of  entropy  In  shock 
wave. 


Thus,  from  the  geometric  construction  It  Is  clear  that  sign  of 
AS  depends  on  sign  of  area  of  segment,  l.e.,  on  whether  secant  AC 
passes  above  or  below  usual  adlabat,  or,  which  Is  the  same,  whether 
adlabat  Is  convex  downwards  or  upwards. 

Let  us  compare  velocities  Uq,  u^  with  speeds  of  sound  Cq,  c^. 

As  we  know,  ratio  ^q/^q  is  determined  by  ratio  of  slopes  of  straight 
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line  AB  (see  Fig.  1,28)  and  tangent  to  Poisson  adiabat  at  point  A. 
Ratio  is  determined  by  ratio  of  slopes  of  straight  line  AB  and 

tangent  to  Poisson  adiabat  drawn  through  B.  Let  us  write  expressions 
for  slopes  of  all  three  straight  lines? 


line  AB; 

—  tangent  to  adiabat  at  point  Aj 

—  tangent  to  adiabat  at  point  B. 

The  last  formula  follows  from  that  fact  that  adiabat  =  const 
up  to  terms  of  third  order  with  respect  to  -  Vq  is  parallel  to 
adiabat  Sq  =  const.  Noticing  that 


we  see  that  straight  line  AB  is  steeper  than  tangent  at  point  A,  but 
not  as  steep  as  tangent  at  point  B,  whence  Uq  >  c^,  u^  <  c^.  This 
one  may  directly  see  from  Pig,  1.30, 

The  Inherent  relation  between  conditions  of  Increase  of  entropy 
and  the  condition  of  mechanical  stability  of  a  shock  u^  >  c^  is  most 
Important,  Botn  conditions  directly  ensue  from  that  fact  that  the 
adiabats  with  decrease  of  volume,  starting  from  A,  become  steeper 
and  steeper. 

Thus,  from  consideration  of  shock  waves  of  weak  intensity  in 
substance  with  arbitrary  thermodynamic  properties,  we  have  obtained 
all  those  results  from  laws  of  conservation  which  were  demonstrated 
above  in  the  particular  example  of  an  ideal  gas  with  constant  heat 
capacity.  The  only  condition  which  was  required  by  us  was  positivity 
of  second  derivative  {h  p/SV  )  . 

O 
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§  ±9.  Shock  Waves  in  Substance  with  Anomalous 
Thermodynamic  Properties 

Let  us  now  imagine  a  substance  with  anomalous  thermodynamic 

2  2 

properties,  such  that  second  derivative  (S  p/^V  )g  at  least  in  a 
certain  part  of  the  adlabat  is  negative.  Usual  adlabat  of  such  a 
substance  in  corresponding  region  of  pressures  and  volumes  is  convex 
upwards,  as  shown  in  Pig.  1,36. 

Prom  consideration  of  preceding  paragraph  it  follows  that  during 
small  changes  of  pressure,  the  Hugonlrt  adlabat  almost  coincides  with 
Poisson  adlabat  (with  accuracy  up  to  small  terms  of  third  order  with 
respect  to  or  -  p^). 

In  this  case,  area  of  figure  APBMNA, 

which  is  bounded  above  by  Poisson  adlabat, 

is  larger  than  area  of  trapezoid  AEBMNA, 

which  is  bounded  above  by  secant  AEB,  l.e., 

entropy  in  compressive  shock  wave  decreases 

(this  may  be  seen  from  formula  (1,88))* 

^  At  the  same  time,  due  to  the  fact  that 

Fig,  1.36,  Poisson 

adlabat  of  suostance  slope  of  secant  is  less  than  slope  of 
with  anomalous  prop¬ 
erties  and  geometric  tangent  at  point  A,  speed  of  propagation 
interpretation  of 

relationships  for  shock  wave  through  undisturbed  gas  is 

shock  waves  of  com¬ 
pression  and  rare-  less  than  speed  of  sound,  but  Inasmuch  as 

faction, 

slope  of  secant  AEB  is  larger  than  slope 
of  tangent  at  point  B,  speed  behind  shock 
is  supersonic. 

Conversely,  In  rarefaction  shock  wave  entropy  increases  (see 
formula  (1,88)),  As  can  be  seen  from  comparison  of  slopes  of  secant 
AC  and  tangents  at  points  A  and  C,  speed  before  sho^x  is  supersonic, 
and  behind  shock  is  subsonic. 
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Thus,  even  in  a  substance  with  anomalous  properties,  condition 
of  increase  of  entropy  coincides  with  condition  of  mechanical 
stability  Uq  >  Cq  and  condition  which  allows  causal  relationship 
between  external  factors  and  propagation  of  wave:  u^  <  c^.  In  an 
anomalous  substance  compressive  shock  waves  are  impossible,  but  shock 
waves  of  rarefaction  are  possible.  Compression  caused  by  motion  of 
piston  in  sue:  a  substance  will  propagate  in  the  form  of  a  wave, 
which  gradually  expands  like  rarefaction  waves  in  a  usual  gas.  Shock 
in  general  will  not  appear  and  motion  will  be  adiabatic.  Rarefaction 
wave  will  propagate  in  the  form  of  a  steep  front,  which  will  not 
expand  with  flow  of  time,  and  thickness  of  which  will  be  determined 
by  values  of  viscosity  and  thermal  conductivity. 

Under  usual  conditions,  all  substances  —  gaseous,  solid,  and 
liquid  —  possess  normal  properties:  their  adiabatic  compressibility 
decreases  with  increase  of  pressure. 

Anomalous  behavior  of  a  substance 

may  be  expected  near  the  liquid-gas 

critical  point.  Actually,  still  long 

before  the  critical  point  is  reached, 

isotherms  of  gas  have  an  inflection  (at 

the  critical  point,  the  inflection 

becomes  horizontal).  For  a  substance 

Pig.  1.37»  Adlabat  with  with  sufficiently  high  molecular  heat 

anomalous  convexity  In 

Vender  Waals  gas  with  capacity,  for  which  adiabatic  index  is 

heat  capacity  Cy  -  40 

cal/deg«mole.  Shaded  close  to  unity,  adiabats  and  isotherms 

region  of  two- phase 

systems.  Curve  II  bounds  little  differ,  and  it  is  possible  tc 

region  of  states  with 

anomalous  convexity  of  expect  that  outside  of  the  region  of 

adiabats.  Under  curve  II 

#^2  two-phase  states  adiabats  also  will 

(S‘^p/^V^)g<0. 

oz 
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have  an  inflection,  i.e.,  will  have  a  region  with  anomalous  sign  of 
second  derivative,  as  this  is  shown  in  Fig.  1.57#  taken  from  hook 
of  Ya.  B.  Zel’dovich  [2], 

Curve  I  on  this  figure  bounds  region  of  two-phase  system,  and 

curve  II  is  locus  of  points  of  inflection  of  adiabats  (S  p/SV  )2  =  0- 

2  2 

It  separates  region  in  which  (S  p/Sv  )g  <0.  In  Fig.  1.57  there  is 
drawn  also  one  adiabat  possessing  anomaly.  Curves  are  calculated 
with  help  of  model  equation  of  state  of  Vander  Waals  for  case  of  heat 
capacity  c^  =  40  cal/deg*mole. 

The  connection  between  sign  of  increase  of  entropy  and  inequal¬ 
ities  concerning  speeds  of  gas  and  sound,  which  correspond  to 
obligatory  coincidence  of  condition  of  growth  of  entropy  with  con¬ 
dition  of  mechanical  stability,  can  be  disturbed  only  in  the  case 

when  in  the  considered  interval  of  change  of  pressure  there  are 

2  2 

realized  both  signs  of  S  p/^V  ,  so  that  Poisson  adiabat  has  more  than 
two  points  of  intersection  with  the  secant.  Thus  there  can  appear 
complicated  regimes  with  simultaneous  existence  of  both  shocks  and 
diffuse  waves  adjacent  to  them. 

One  more  case  of  anomalous  behavior  of  a  substance  will  be 
considered  in  Chapter  XI;  anomalies  in  this  case  are  connected  with 
polymorphous  transformations  (phase  transitions)  of  solid  bodies  at 
those  high  pressures  which  are  attained  in  shock  waves.  In  the  same 
place  there  will  be  considered  also  the  indicated  complicated  regimes. 

5.  Viscosity  and  Thermal  Conduction  in  Gas  Dynamics 

§  20.  Equations  of  One-Dinenslonal  Motion  of  Gas 

Dissipative  processes  ”  viscosity  (internal  friction)  and 
thermal  conduction  —  are  connected  with  existence  of  molecular 
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structure  of  substance.  They  create  additional,  non-hydrodynamic 
transfer  of  momentum  and  energy  and  lead  to  non-adiabatic  character 
of  motion  and  to  thermodynamically  Irreversible  transformation  of 
mechanical  energy  into  heat.  Viscosity  and  thermal  conduction  appear 
only  in  the  presence  of  large  gradients  of  hydrodynamic  quantities, 
which  occur,  for  Instance,  in  boundary  layer  during  flow  aro\md 
bodies  or  inside  the  shock  front.  In  this  book  viscosity  and  thermal 
conduction  will  Interest  us  basically  from  the  point  of  view  of  their 
Influence  on  Internal  structure  of  shock  fronts  in  gases.  During  the 
study  of  this  structure,  flow  can  be  considered  to  depend  on  one 
coordinate  x  (plane),  since  thickness  of  front  of  shock  wave  always 
is  considerably  less  than  radius  of  curvature  of  its  surface.  There¬ 
fore,  we  will  not  dwell  on  derivation  of  general  equation  of  motion 
of  a  viscous  liquid  (gas),  which  can  be  found,  for  Instance,  in  book 
of  L.  D.  Landau  and  E,  M.  Llf shits  [1],  but  will  explain  only  how 
there  can  be  obtained  equation  for  one- dimensional,  plane  case. 

We  will  write  equation  of  conser¬ 
vation  of  momentum  for  an  Inviscld  gas 
(1.7)  in  the  plane  case,  when  all 
quantities  depend  only  on  one  coordinate 
X,  and  velocity  has  only  one  x-th 
component  of  u 

We  will  take  into  account  now  the 
fact  that  gas  consists  of  molecules  colliding  with  each  other.  Let 
us  Imagine  an  element  of  \inlt  cross  section  perpendicular  to  axis  x. 
This  element  from  both  sides  is  pierced  by  molecules  flying  in 
definite  directions  after  they  have  experienced  their  last  collisions. 
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Fig.  1.38.  Diagram 
explaining  derivation 
of  formula  for  molec¬ 
ular  transfer  of 
momentum. 
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Molecules  emerge  after  last  collision  from  layers  of  thickness  of  the 

order  of  mean  free  path  of  molecules  I ,  which  border  the  element  on' 

both  sides  (Pig.  If  n  is  number  of  molecules  In  1  cm^,  and 

V  Is  their  average  thermal  velocity,  then  In  1  sec  the  element  Is 

Intersected  from  the  left  to  the  right  by  on  the  order  of  nv  molecules. 

Each  of  them  transfers  through  the  element  hydrodynamic  momentum  mu, 

where  m  Is  mass  of  a  molecule,  l.e,,  flux  density  of  hydrodynamic 

momentum  from  the  left  to  the  right  In  order  of  magnitude  Is  equal 

to  nv  •  mu.  Analogously,  flux  of  hydrodynamic  momentum  from  the 

right  to  the  left  Is  equal  approximately  to  nm  (u  +  Au),  where  Au 

Is  Increment  of  hydrodynamic  velocity  during  transition  from  left 

layer  to  right:  Au  «  1.  Flux  density  of  x-th  component  of 

momentum  In  x- direction  connected  with  molecular  transfer  Is  equal 

to  difference  between  fluxes  from  the  left  to  the  right  and  from  the 

—  Su 

right  to  the  left,  l.e.,  -  nvml  ^5^.  This  quantity  corresponds  to 

additional  transfer  of  momentum  due  to  internal  friction;  it  must  be 

2 

added  to  momentum  fliox  density  =  p  +  pu  , 

More  rigorous  treatment,  based  on  study  of  three-dimensional 
motion,  shows  that  Into  the  written  expression  there  should  be 
Introduced  a  numerical  coefficient  of  the  order  of  unity.  Namely, 
equation  of  conservation  of  momentum,  taking  into  account  viscosity, 
in  the  plane  case  has  the  form 

n„-p+Qu*-a'.  (15O) 

where  ii  Is  coefficient  of  viscosity,  which  for  gases  (in  the  absence 
of  relajcatlon  processes;  see  below)  in  order  of  magnitude  is  equal  to 
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Quantity  a*  constitutes  the  xx-component  of  tensor  of  viscous 
stresses.  Appearance  of  It  In  formula  for  flux  of  momentum  Is 
equivalent  to  appearance  of  additional  "pressure",  which  Is  due  to 
forces  of  Internal  friction.  Prom  equation  (1,90),  with  help  of 
continuity  equation.  It  Is  easy  to  go  over  to  equation  of  motion 

(1.91) 

So*  "5 

—  Is  force  of  Internal  friction  calculated  for  1  cm-^^  of  gas. 

In  the  presence  of  dissipative  processes,  additional  terms  also 
appear  In  energy  equation.  With  additional,  "viscous"  pressure  there 
Is  connected  additional  energy  flow.  To  the  expression  of  energy 
current  density,  which  stands  under  the  sign  of  divergence  In  formula 
(1.10),  It  Is  necessary  to  add  the  quantity  -  o’u,  which  Is  analogous 
to  pu.  Furthermore,  Into  this  expression  there  should  be  Introduced 
flow  of  energy  which  Is  transferred  by  mechanism  of  thermal  conduction; 

(1.92) 

where  x  Is  coefficient  of  thermal  conductivity.  Expression  (1.92) 

Is  easy  to  obtain  by  the  same  means  by  which  there  was  found  viscous 
flux  of  momentum.  Thus  It  turns  out  that  In  gases,  the  coefficient 
of  thermal  conductivity  In  order  of  magnitude  Is  equal  to  x  ' 

Taking  Into  account  both  dissipative  terms,  energy  equation 
(1.10),  written  for  the  plane  case,  acquires  the  form 

+  +  •  (1.93) 

By  transforming  this  equation  with  help  of  continuity  equation, 
equation  of  motion  and  thermodynamic  Identify  T  dS  «  de  +  p  dV,  we 
will  obtain  equation  for  rate  of  change  of  entropy  of  a  particle  of 


the  substance: 


(1.94) 


First  term  In  the  right  side  of  this  equation  constitutes 
mechanical  energy  dissipated  in  1  cm^  in  1  sec  due  to  viscosity.  It 
is  always  positive,  since  q  >  0  and  (du/Sx)  >  Oj  consequently,  forces 
of  internal  friction  lead  to  local  Increase  of  entropy  of  substance. 
Second  term  corresponds  to  heating  or  cooling  of  substance  due  to 
thermal  conduction.  It  can  be  positive,  as  well  as  negative,  since 
thermal  conduction  leads  to  transfer  of  heat  from  hotter  regions  into 
cooler  ones.  However,  entropy  of  all  of  the  substance  on  the  whole 
due  to  thermal  conduction  only  Increases.  Of  this  we  can  be  convinced 
if  we  divide  equation  (i.94)  by  T  and  Integrate  over  the  entire 
volume.  Change  of  entropy  of  substance  occupying  volume  bounded  by 
surfaces  and  due  to  thermal  conduction  is  equal  to 

?  i  a  /  9t\,  1  ar  *t  ,  ?  x  /'wv  , 

*1  *1 

If  substance  is  thermally  Insulated  on  boundaries  x^  and  x^, 
then  fluxes  of  heat  on  boundaries  disappear  and  there  remains  only 
second  term  in  the  right  side,  which  is  always  positive  (x  >  0). 

Equations  of  gas  dynamics,  written  taking  into  account  viscosity 
and  thermal  conduction,  permit  us  to  determine  under  what  conditions 
the  role  of  these  dissipative  processes  can  become  Important, 

Let  us  compare  Inertial  forces  in  equation  of  motion  with 
viscosity  forces.  If  U  is  scale  of  velocity,  and  d  are  characteristic 
dimensions  of  region  Involved  in  motion,  then  scale  of  time  is  of  the 
order  of  d/U,  and  inertial  term  p  du/dt  is  of  the  order  of  pU  /d. 
Viscosity  term  in  equation  order  of  qU/d^ 

and  the  ratio  of  it  to  the  inertial  term  is  of  the  order  of 

1  H  V  It 
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Reciprocal  of  this  ratio  has  the  name  Reynolds  number  (v  »*=  ij/g  ~ /y -v. /c 
Is  kinematic  viscosity,  c  v  Is  speed  of  sound).  In  an  analogous 
way,  by  comparing  heat  transfer  by  means  of  thermal  conduction  with 
mechanical  transfer  of  energy,  we  will  find  that  their  ratio  Is  of 
the  order  of 

1  H  tie 

P9~  (iCpUd'^Ud'^  d  U  ’ 

where  Pe  Is  Peclet  number,  which  Is  close  In  gases  to  Reynolds  number, 
since  coefficient  of  molecular  thermal  dlffuslvlty  x  =  is  close 

to  coefficient  of  kinematic  viscosity  v.  (For  instance,  in  air  xmder 

2 

normal  conditions  v  «  X  «  0.15  cm  /sec). 

Thus,  viscosity  and  thermal  conduction  can  be  disregarded  at 
Re  «  Pe  »  1.  If  we  consider  motion  with  velocities  less  than  or 
equal  to  speed  of  sovaid,  dimensions  of  system  for  this  have  to  be 
much  larger  than  mean  free  path  of  molecules  d/l  »  1,  This  condition, 
as  we  will  see.  Is  not  satisfied.  In  particular.  In  region  of  shock 
wave  front,  thickness  of  which  Is  comparable  with  mean  free  path  of 
molecules.  Therefore,  Inside  shock  wave  front,  dissipative  processes 
turn  out  to  be  essential.  Naiaely  they  lead  to  Increase  of  entropy 
In  the  shock  wave, 

§  21.  Remarks  about  Second  Viscosity 

During  writing  of  equations  of  gas  dynamics  and  use  of  thermo¬ 
dynamic  relation  between  pressure  and  other  thermodynamic  character¬ 
istics  of  substances.  It  was  tacitly  assumed  that  pressure  p,  which 
determines  forces  In  the  moving  gas,  does  not  differ  from  static 
pressure  measured  In  gas  at  rest  under  the  same  conditions 

(l.e.,  with  the  same  composition  of  gas,  density  of  gas.  Internal 
energy,  temperature).  Pressure  Is  a  scalar  quantity  which  does  not 
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depend  on  selection  of  system  of  coordinates,  on  directions  of 
velocity,  ajid  gradient  of  velocity.  Requirement  of  scalar  character 
of  pressure,  of  its  Invariance  with  respect  to  transformations  of 
coordinates,  allows  an  assumption  which  Is  more  general  than  the 
assumption  about  dependence  only  on  thermodynamic  state  of  the 
substance.  Pressure,  In  general,  can  depend  on  a  scalar  —  the 
divergence  of  velocity.  For  small  gradients.  If  we  limit  ourselves 
to  first  terms  of  the  expansion,  as  In  the  derivation  of  viscous 
forces,  we  can  write  the  general  expression 

P^PcT  +  SdivM,  (1.95) 

where  coefficient  ^  characterizes  dependence  of  forces  acting  In 
the  substance  on  the  scalar  dlv  u.  Coefficient  ^  is  called  second 
viscosity.  In  distinction  from  it,  coefficient  n,  the  first  viscos¬ 
ity,  characterizes  forces  depending  on  directions  of  velocity  and  Its 
gradient.  Coefficient  of  first  viscosity  In  gas  Is  connected  with 
translational  thermal  motion  of  molecules.  If  time  of  establishment 
of  static  pressure  Is  of  the  order  of  mean  free  time  of  molecules  l/c 
i  has  the  same  order  as  t].  In  the  plane  case,  both  terms  with  first 
and  second  viscosity  thus  are  joined  together.  In  certain  cases, 
however,  i  has  anomalously  large  value.  According  to  continuity 
equation  dlv  u  =  -  ■^,  i,e.,  coefficient  |  characterizes  dependence 

of  pressure  on  rate'  of  change  of  density. 

In  the  presence  of  Internal,  slowly  excited  degrees  of  freedom 
in  a  substance  (for  Instance,  vibrations  In  molecules)  and  fast 
changes  of  state  of  substance,  pressure  does  not  have  time  to  ’’follow 
change  of  density,  and  differs  from  a  tnermodynamlcally  equilibrium 
quantity.  Influence  of  this  effect  can  be  described  with  help  of 
coefficient  of  second  viscosity  (see  [1]),  where  the  more  difficult 


it  is  to  excite  internal  degrees  of  freedom,  the  greater  the 
"mismatching”  of  changes  of  pressure  and  changes  of  density  and 
Internal  state  of  substance,  and  the  greater  the  second  viscosity. 

In  very  fast  processes,  when  this  "mismatching"  (deviation  from 
thermodynamic  equilibrium)  is  especially  great,  linear  dependence 
(1.95)  may  t*©  insufficient,  and  into  the  equations  of  gas  dynamics 
it  is  necessary  to  introduce  in  explicit  form  a  description  of  relax¬ 
ation  processes  —  kinetics  of  excitation  of  internal  degrees  of 
freedom.  We  will  meet  with  this  phenomenon  in  Chapters  VI,  VII,  VIII 
during  consideration  of  relaxation  processes,  their  influence  on 
structure  of  fronts  of  shock  waves  and  absorption  of  ultrasound. 

§  22.  Remarks  about  Sound  Absorption 

As  an  example  of  the  influence  of  viscosity  and  thermal  con¬ 
duction  on  hydrodynamic  motion,  we  will  consider  process  of  prop¬ 
agation  of  sound  waves,  taking  into  account  these  phenomena. 

Presence  of  viscosity  and  thermal  conduction  leads  to  dissipation 

of  energy  of  sound  waves,  to  irreversible  transformation  of  it  into 

heat,  l.e.,  to  absorpt-’on  of  sound  and  decrease  of  its  intensity. 

Formally  the  coefficient  of  sound  absorption  can  be  obtained  if  we 

seek  the  solution  of  one- dimensional  linearized  equations  of  gas 

dynamics,  taking  into  account  viscosity  and  thermal  conduction,  in 

the  form  of  a  plane  harmonic  wave  of  type  exp  [1  (kx  -  cot)],  where 

k  is  wave  vector.  Thus  for  k  there  is  obtained  a  complex  value,  the 

real  part  of  which  gives  wave  length,  and  the  imaginary  part  of  which 

gives  coefficient  of  aboorptloni  k  =  k^  +  ik^j  exp  [i  (kx  -  oat)]  = 

=  e”^2^e^^^l^~^^^ .  Coefficient  of  absorption  can  be  estimated  also 

from  physical  considerations.  According  to  formula  (1.94),  energy 

■5 

dissipated  in  1  cm'^  in  1  sec  is  composed  of  two  parts,  which  correspond 


to  viscosity  and  thermal  conduction.  In  a  so\md  wave  with  wave 

2  2  2 

length  these  quantities  are  of  the  order  of  qu  /X  and  x,AT/X  . 

Here  u  i  the  amplitude  of  velocity,  and  AT  is  amplitude  of  change 

of  temperature  in  wave  (the  lattei  is  proportional  to  u) .  Energy  of 
3  2 

sound  in  1  cm  is  PqU  .  Fraction  of  energy  which  is  absorbed  in 
1  sec  consists  of  two  terms.  The  term  connected  with  viscosity  is  of 
the  order  of  ~  Ti/eo^*  ~  tlcoVc'go-  ^  sound  traverses 

distance  c,  so  that  coefficient  of  absorption  per  unit  of  length  is 
of  the  order  of  ~  qai  /c  p^.  Coefficient  of  absorption  per  unit 
of  length  which  is  -connected  with  thermal  conduction  is  of  the  order 

X  0)^ 

of  ^2^— ^  (in  case  of  gases  this  is  easy  to  understand  if  we  con¬ 
sider  that  x-/Cp  »  q  in  virtue  of  approximate  equality  of  kinematic 
viscosity  V  =  q/p  and  thermal  diffusivity  X  «  >t,/pc  j  in  gases 
7^  «  72)*  These  expressions  are  valid  for  small  sound  absorption, 
when  decrease  of  amplitude  at  distances  of  the  order  of  the  wave 
length  is  small,  l.e.,  7X  «  l  (7  =  7^  +  7^),  In  gases  this  con¬ 
dition  means  that 


«*Co 


21  ^ 
X*  c 


Ll 

X  e 


l.e,,  expression  for  coefficient  of  absorption  is  valid  for  wave 
lengths  considerably  larger  than  mean  free  path  of  molecules,  which 
actually  always  is  the  case. 

In  a  substance  with  delayed  excitation  of  internal  degrees  of 
freedom  (with  large  second  viscosity)  there  appear  additional, 
anomalously  large  absorption,  and  also  dispersion  of  sound  (dependency 
of  speed  of  sound  on  frequency).  This  problem  will  be  considered  in 
Chapter  VIII. 
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§  23.  structure  and  Width  of  Front  of  Shock 
Wa\e  of  Weak  Intensity- 

Let  us  consider  what  are  the  internal  structure  and  thickness 
of  that  thin  layer  in  a  shock  wave  in  which  there  occurs  transition 
of  gas  from  initial  state  to  final  state  and  which  is  called  the 
front  of  the  shock  wave.  In  this  layer  there  occur  sharp  compression 
of  substance,  change  of  its  pressure,  velocity  and,  as  calculations 
showed,  based  only  on  application  of  laws  oi  conservation  of  mass, 
momentum,  and  energy,  there  occurs  Increase  of  entropy.  The  latter 
indicates  that  in  transition  layer  there  occurs  dissipation  of 
mechanical  energy,  irreversible  transformation  of  it  into  heat. 
Therefore,  in  order  to  understand  how  shock  compression  occurs,  it 
Is  necessary  to  take  into  consideration  dissipative  processes  —  vis¬ 
cosity  and  thermal  conduction. 

Let  us  consider  plane  one- dimensional  flow  of  a  viscous  and 
heat-conducting  gas  in  system  of  coordinates  in  which  front  of  shock 
wave  is  at  rest.  Width  of  front  is  very  small  as  compared  to 
characteristic  scales  of  length  for  all  cf  the  gas-dynamic  process 
on  the  whole,  for  Instance,  as  compared  to  distance  from  front  of 
shock  wave  to  piston  pushing  the  gas  and  creating  the  wave. 

Even  if  piston  moves  with  variable  speed  and  amplitude  of  .shock 
wave  changes  in  time,  for  that  small  time  At  in  which  front  passes 
over  distance  of  the  order  of  its  own  width  Ax,  amplitude  of  wave 
remains  practically  constant.  Therefore,  for  the  period  of  a  certain 
time,  which  is  small  as  compared  to  total  time  scale  of  gas-dynamic 
process,  but  large  in  comparison  with  At,  the  whole  pattern  of 
distribution  of  gas-dynamic  quantities  in  the  wave  front  propagates 
through  the  gas  in  "frozen"  form  as  a  whole.  In  other  words,  in  a 
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system  of  coordinates  in  which  the  front  is  at  rest,  flow  of  gas  can 
at  every  given  moment  he  considered  to  he  steady. 


Let  us  write  equations  of  continuity,  momentum,  and  entropy, 
taking  into  account  viscosity  and  thermal  conduction  for  the  plane 
steady  case.  Inasmuch  as  process  is  steady- state,  partial  derivative 
with  respect  to  time  S/St  can  he  omitted,  and  partial  derivative  with 
respect  to  coordinate  S/Sx  can  he  replaced  hy  total  derivative  d/dx: 

4{eu)-o, 


^(p+(io*-i.n|)=o, 

^dS  4  /•du\*  ,  d  /■  dT\ 

+5- (.*5?) 


(1.96) 


With  help  of  second  law  of  thermodynamics  T  dS  =  dw  -  V  dp  and 

equations  of  continuity  and  momentum,  entropy  equation  can  he  written 

in  form  of  energy  equations: 

.dr  /  ,  4  du  A 

(1.97) 

We  will  subject  solution  of  these 
~ *  *■  equations  to  boundary  conditions, 

— — — fft 

according  to  which  gradients  of  all 
quantities  before  the  front,  at  x  =  -oo, 

—  j  ^ 

Flg^  1.39.  Diagram  front,  at  x  =  -kd  vanish. 

Illustrating  formulation  ,  quantities  take  their 

of  problem  ahou+  structure 

Of  front  of  shooa  wave. 

as  before  will  assign  indices  "O"  and 
"1"  (Fig.  1.39). 

First  Integrals  of  system  of  equations  of  mass,  momentum  and 


energy  are  obtained  immediately: 


C«*“Qo«*. 

P+C«’-4»l£-J»b  +  C*“J. 

/  ,  ii«\  4  du  dT  r  ,  lijN 


(1.98) 

(1.99) 
(1.100) 
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Constants  of  Integration  here  are  expressed  In  terms  of  Initial 
values  of  quantities  p,  p,  T,  u  and  are  considered  as  functions  of 
current  coordinate  x,* 

Prom  equation  (1.99)  It  Is  clear  that  due  to  presence  of 
viscosity,  l.e.,  term  containing  du/dx,  distribution  of  quantities 
over  X  In  wave  front  should  be  continuous  (otherwise  gradient  du/dx 
would  go  to  Infinity,  which  Is  Incompatible  with  flnlteness  of  the 
quantities  themselves). 

For  the  purpose  of  best  understanding  of  roles  of  each  of  the 
processes,  viscosity  and  thermal  conduction,  we  will  first  consider 
two  particular  cases  of  structure  of  front:  1)  when  there  Is  no 
viscosity  and  there  exists  one  thermal  conduction;  2)  when  there 
exists  one  only  viscosity,  but  there  Is  no  thermal  conduction.  We 
will  here  not  look  for  exact  solutions  of  equations  (this  problem 
will  be  considered  In  Chapter  VII,  which  Is  specially  dedicated  to 
study  of  structiire  of  shock  wave  fronts).  Let  us  limit  ourselves 
only  to  clarifying  qualitative  picture  of  phenomenon  and  estimates 
of  width  of  front. 


1)  Thermal  conduction  exists,  but  there  Is  no  viscosity  t)  =  0. 
This  case  Is  remarkable  due  to  the  fact  that  equation  of  momentum 
(1.99)  acquires  the  form 

which  Is  analogous  to  that  form  which  connects  final  and  Initial 


values  of  quantities.  However  now  this  equation  describes  all 


Intermediate  states  In  wave  front.  With  help  of  continuity  equation 


*At  X  =  +00  du/dx  =  0,  dT/dx  =  0,  p  »  p  »  p^,  u  •-«  u^ ,  and 

we  arrive  at  laws  of  conservation  of  mass,  momentum,  and  energy  on 
the  shock  (1.6l),  (1.62),  (1.64). 
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(1,98),  we  will  obtain 


p=P#+eott;(i-^) 


(1.101) 

Thus,  the  point  describing  state  of  gas  inside  shock  wave  front 
travels  on  p,  V-plane  from  initial  point  A  to  final  point  B  along 
straight  line  AB,  about  which  we  already  have  said  much  during 
investigation  of  shock  adiabat. 


Fig.  1.40.  p,  V- diagram 
pertaining  to  problem 
about  structure  of  shock 
wave  front  without  taking 
into  account  viscosity. 
State  in  wave  changes 
along  straight  line  AB, 
Segments  A^  are 

of  first,  second  and 
third  orders  of  smallness 
with  respect  to  amplitude 
of  wave. 


We  will  draw  through  points  of 
initial  and  final  states  on  p,  V-plane 
Poisson  adiabats  (Pig.  1.40;  Hiigonlot 
adiabat  is  not  shown  on  it).  If  we 
plot  on  the  plane  a  whole  series  of 
Poisson  adiabats  with  various  values 
of  entropy,  then  we  will  see  that  one 
of  tliem  is  tangent  to  straight  line 
AB  at  a  certain  point  M,  as  shown  in 
Pig.  1,40,  At  this  point  entropy  along 
straight  line  AB  is  maximum 
(Sq  <  <  Sj^) ,  From  equations  (1.98) 

and  (1,101)  it  follows  that  velocity 
of  gas  u  at  point  of  tangency  M  is  exactly 


equal  to  local  speed  of  sound  (u  =  c  at  point  M;  we  recall  that  at 
point  A  Uq  >  Cq,  and  at  point  B  u^  <  c^). 


Let  us  find  magnitude  of  mexlmum  of  entropy  S  from  condition 

lUa^ 


of  tangency  of  Poisson  adiabat  with  S  =  S_.„  and  straight  line  AB, 

lucLJt 


As  we  will  now  set,  quantity  5^^^  -  Sq  is  proportional  to  (V^  -  Vq) 

p 

or  (p^  -  Pq)  ;  therefore,  equations  of  family  of  adiabats  p  (V,  S) 
and  straight  line  we  will  write  in  the  form  of  expansion  near  point 
A,  omitting  terms  of  third  order  of  smallness  (in  such  an  approximation 


^.05 


I  'in'^iiini  (iimHilrt 


adlabats  Sq  and  coincide;  see  §  l8).  Equation  of  adlabat  has  the 
form: 

ft  “  (^)a^  -  ^•) +T  (^)a^  +  (^)va  • 

Equation  of  straight  line: 

f  -  V.)  +  {  (^)^(K.-Vrf(r-K.^ 


Condition  of  tangency  Is  expressed  by  equality  (■g^)ac[j^ab  “ 
which  gives  equation  for  determination  of  volume  Vj^  at  point  of  tan¬ 
gency  M. 

Calculation  shows  that  point  M  Is  found  exactly  In  the  middle 
between  points  A  and  Bt  "  ^0  “  “  ^0^*  Substituting  this 

expression  Into  equation  of  straight  line,  we  will  find  pressure  at 
point  M,  and  substituting  then  the  found  value  of  pressure  Pj^  and 
volume  Vj^  Into  equation  of  adlabat  and  solving  It  for  entropy,  we 
will  obtain  entropy  at  point  Mt 


Jjf  —  Jo  iSiMx  —  •Jo  = 


1  {9>pldvr)8j^ 


(V.-Fo)*. 


8  {dpldS)Yj^ 

Thus,  maximum  change  of  entropy  Inside  front  of  shock  wave 
during  consideration  of  only  thermal  conduction  Is  a  magnitude  of 
the  second  order  of  smallness  with  respect  to  amplitude  Vq  -  or 
Pi  -  Pq,  in  distinction  from  total  Jump  of  entropy  Si  -  Sq,  which  i s 
of  the  third  order  of  smallness  with  respect  to  amplitude.  This  is 
clear  from  geometric  considerations:  the  greatest  distance  of 
straight  line  AB  from  Poisson  adlabat  S  ■<  Sq  on  p,  V-plane  Is 

p  p 

proportional  to  (Vi  -  Vq)  or  (pi  -  Pq)  .  Thus,  the  difference 


between  pressures  at  point  M  and  on  adlabat  S^  (or  S^)  at  the  very 
same  volume  Is  equal  to 
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(difference  of  pressures  between  points  on  adiabats  S„  and  P..  at 

D  A 

identical  volume  is  a  magnitude  of  third  order  of  smallness). 

Presence  of  maximum  of  entropy 

^  inside  the  front  indicates  that  profile 


Pig,  1,41.  Distri¬ 
butions  of  temperature 
and  entropy  in  weak 
shock  wave  front  without 
taking  into  account  vis¬ 
cosity,  Ax  —  effective 
width  of  front. 


"“f  Jx  ! _ of  temperature  T  (x)  at  point  where 

0  ^  ,  •* 

entropy  is  maximum  has  an  inflection, 

s.  J  ^ 

■ _  so  that  distributions  of  temperature 

0  •£ 

Pig  1  41  Distri-  entropy  in  a  weak  shock  wave  with 

thermal  conduction  are  depicted  by 

?ar4"i:L"”?ou^“v?S  ^hown  In  FIs.  l.M.  This  follows 

wldth^of  ®htropy  equation  (1.9T),  which  In 

absence  of  viscosity  takes  the  form 

(in  a  weak  wave  the  temperature  changes  little,  so  that  coefficient  of 
thermal  conductivity  can  be  considered  to  be  constant).  Existence  of 
maximum  of  entropy  Is  connected  with  the  fact  that  thermal  conduction 
transfers  heat  from  region  with  higher  temperature  to  region  with  lower 
temperature.  Therefore,  the  gas  flowing  in  a  wave  at  first  is  heated 
due  to  thermal  conduction  (with  increase  of  entropy),  and  then  is  cooled 
(with  decrease  of  entropy).  In  the  end,  as  compared  to  initial  value, 
entropy  of  course  increases.  This  is  Illustrated  by  Pig,  1,41:  advance 
along  axis  x  with  velocity  u  (x)  corresponds  to  following  the  change 
of  state  of  a  given  particle  of  gas  with  time. 

Let  us  now  estimate  width  of  wave  front,  Por  this  we  will 
divide  equation  (1,10:5)  by  T  and  will  Integrate  it  over  x  from  initial 
state  A  (x  -  -oo),  where  dT/dx  -  0,  to  some  point  x  in  the  wave  (thus 
we  will  use  the  fact  that  pu  ■  PqU^  =  const): 

X 

/C  CX  f  *  a.  C  iZL_LjT\  (1.104) 


107 


We  will  apply  this  equation  to  point  of  final  state  B  (x  =  +oo), 
where  dT/dx  =0, 

Thus  the  first  term  in  brackets  vanishes  and 

^11,  (5 ,  -  .Jo)  =  X  ^  ^  -g.  dT. 

We  will  determine  effective  width  of  shock  wave  front  Ax,  in  the 

presence  only  of  thermal  conduction,  by  equality 

r,-To  jtfr 

Ax  I  dx  max  * 

the  geometric  meaning  of  which  is  clear  from  Pig,  1.41. 

Considering  for  estimate  of  the  integral  that  dT/dx  (T^  -  Tq)Ax, 
we  will  find 

»a,  (5,  -  ^o)  —  X  . 

Expressing  temperature  Jump  in  terms  of  pressure  Jump,  we  will 
obtain: 

Ti— g(pt— po) = — (pt— po), 

where  c^  is  heat  capacity  at  constant  pressure;  using  formula  (1.89) 
for  Jump  of  entropy,  and  considering  approximate  equalities  for  gases 
^  ^  ^ , x~  Qoc,/co,  and  also  the  fact  that  Uq  »  Cq,  we  will  obtain  from 

(1,104)  an  estimate  of  width  of  front: 


I 


P%—P9  ' 


(1.105) 


Width  of  front  is  Inversely  proportional  to  amplitude  of  wave,  where 
as  its  scale  there  serves  mean  free  path  of  molecules  I . 

From  equation  (1,104)  it  is  also  possible  to  estimate  magnitude 
of  maximum  increase  of  entropy.  At  point  of  maximum  of  entropy 
dS/dx  =  0,  gradient  dT/dx  is  maximum.  Thus,  the  main  role  in  braces 

(1.104)  is  played  by  first  term,  which  is  proportional  to  AT/Ax 

2  2 
Ap/Ax  (Ap)  ,  while  second  term  is  proportional  to  (AT)  /Ax 

Hence  it  is  clear  that  S  -  S-  ~  (^p)^»  >rtille  S.  -  (^p)^* 

XttflLX  U  X  U 
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Considering  Internal  structure  of  shock  wave  front,  and  taking 
into  account  only  thermal  conduction.  It  Is  possible  to  say  only  that 
temperature  In  wave  changes  continuously.  Other  quantities  —  density, 
velocity,  pressure  —  In  general  can  undergo  a  discontinuity.  And 
Indeed,  consideration  of  structure  of  shock  waves  without  taking  Into 
account  viscosity  shows  that  at  sufficiently  large  amplitude ‘It  Is 
impossible  to  construct  a  continuous  distribution  for  all  quantities 
In  the  wave.  This  difficulty  was  noted  by  Rayleigh  (detail  about 
this  see  In  §  3^  Chapter  VIl).  It  Indicates  the  fundamental  role 
of  viscosity  in  realization  of  Irreversible  shock  compression  of 
substance  In  a  wave. 

‘  Let  us  consider  now  the  second  partlcxilar  case, 

2)  Viscosity  exists,  but  there  Is  no  thermal  conduction;  x  =  0. 

Then  It  Is  necessary  to  retain  the  general  equation  of  momentum 
(1.99).  On  V-plane  the  point  describing  state  In  wave  travels 
the  path  from  point  A  to  point  B  no  longer  along  straight  line  AB, 
but  along  a  certain  cuive,  which  Is  depicted  in  Pig,  1.42  by  a  dotted 
line. 


From  the  entropy  equation  without  the  thermal  conduction  term 


it  follows  that  entropy  in  wave  monotonlcally  Increases  from  Initial 

value  Sq  =  to  final  value  »  S^,  so  that  dotted  line  is  wholly 

contained  between  Poisson  adlabats  3q  and  (see  Fig,  1,42), 

2  2 

Inasmuch  as  adlabats  are  convex  downwards  ((c)  p/^V  )g  >  0, 

dotted  line  lies  wholly  below  straight  line  AB),* 

♦Really,  vertical  distance  between  adlabats  and  Sq  is  propor¬ 
tional  to  “  Sq  (p^  -  while  vertical  distance  between  points 

A  and  B  is  -  Pq.  Therefore,  section  of  straight  line  AN  on  which 

dotted  line  in  principle  could  pass  above  straight  line  Is  a  quantity 
which  is  small  as  compared  to  the  main  part  of  straight  line  NA, 
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pertaining  to  problMi 
about  structure  of  shock 
wave  front  without  taking 
into  account  thermal  con¬ 
duction,  State  in  wave 
changes  along  dotted 
curve  AB, 


Equation  of  curve  along  which 
there  occurs  transition  from  point  A 
to  point  B  is 


Inasmuch  as  curve  lies  wholly 
below  the  straight  line,  at  all  points 
inside  wave  du/dx  <  0,  If  x-axls  Is 
directed  in  the  direction  of  motion  of 
gas,  then  u>0,  i,e,,  gas  In  wave  only 
Is  retarded,  and  consequently  is 


monotonlcally  compressed.  Thus,  consideration  of  structure  of  shock 


wave  front,  taking  into  account  viscosity,  leads  to  the  case  in  which 

P  p 

for  (S  p/Sv  )s  ^  ^  there  is  possible  only  compression  of  gas  in  shock 
wave.  Profiles  of  velocity  and  density  in  wave  have  the  form  depicted 


in  Pig,  1,45. 


h 


Ax  -r 


Pig.  1.43.  Profiles 
of  density  and  veloc¬ 
ity  In  shock  wave 
front:  Ax  Is  effective 
width  of  wave. 


We  will  determine  effective  width 
of  front  Ax  by  equality 

analogously  to  the  preceding.  Geometric 
meaning  of  It  Is  clear. 

Maximum  absolute  value  of  gradient 
I  du/dx  Is  determined  according  to 

(1,107)  hy  maximum  vertical  deviation 


*Ax  is  called  sometimes  Prandtl  width  of  front. 
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of  straight  line  AB  from  dotted  line,  l.e.,  from  Poisson  adlabats 


Sq  or  S^,  This  deviation,  as  we  already  know,  corresponds  to  middle 
of  segment  AB  and  Is  given  by  formula  (1.102).  Thus, 


4 


dx  nuz  8 


C  SV'  )s. 


Substituting  this  eijqjresslon  for  [  du/dx  In  (1.108),  and 

noticing  that  t]  =  p^v  -  p^iv  Pq^Cq  (v  Is  kinematic  viscosity),  and 
also  that 


dV 


dp 


Pi- Pa 
Pa 


Co, 


^  jPi 

VI  • 


we  will  arrive  at  formula 

Ajc 


(1.105) 


for  width  of  front: 

Pi—Pa 


Width  of  front  can  be  estimated  also  with  help  of  entropy 
equation  (1,106)  analogously  to  the  way  this  was  done  In  the  first 
case: 


0»“o^o 


— *^0 
Ax 


^  Ax* 


Substituting  here  expression  (1.89)  for  JiJinp  of  entropy  and 
making  simple  transformations,  we  will  arrive  at  former  formula  for 


Ax. 


During  construction  of  continuous  solution  with  only  viscosity, 
no  difficulties  similar  to  those  which  appear  during  consideration 
of  only  thermal  conduction  appear.  This  circumstance,  as  already  was 
noted,  has  a  deep  physical  basis  and  testifies  to  the  fmdamental 
role  of  viscosity  In  realization  of  shock  compression.  Namely, 
viscosity  Is  the  mechanism  due  to  which  there  occurs  Irreversible 
transformation  of  part  of  kinetic  energy  of  flow  Incident  on  shock 
into  heat,  l.e.,  transformation  of  energy  of  directed  motion  of 
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molecules  of  gas  into  energy  of  random  motion  due  to  scattering  of 
their  momentum. 

Thermal  conduction  in  this  sense  plays  an  indirect  role,  since 
it  leads  only  to  transfer  of  energy  of  random  motion  of  molecules 
from  one  place  to  another,  but  does  not  influence  the  directed  motion 
directly. 

If  we  consider  shock  -waves  of  not  too  great  amplitude  in  an 
ordinary  gas,  in  which  transport  coefficients  —  kinematic  viscosity  v 
and  thermal  diffuslvity  X  ~  are  approximately  identical  and  are  deter¬ 
mined  by  the  same  mean  free  path  of  molecules  l{v  «  X  ic),  then  we 
as  before  will  obtain  formula  (1,105)  for  width  of  front.  This  is 
easy  to  check  by  considering  general  entropy  equation  (1,98),  taking 
into  account  viscosity  as  well  as  thermal  conduction. 

Formula  (1,105)  shows  that  for  a  pressure  Jump  in  the  wave  of 
the  order  of  magnitude  of  the  actual  pressure  before  the  front,  width 
of  front  is  of  the  order  of  the  mean  free  path  of  molecules.  With 
further  Increase  of  amplitude  of  wave,  if  we  use  the  same  formula, 
width  becomes  less  than  mean  free  path.  This  result,  of  course, 
does  not  have  physical  meaning.  If  gas- dynamic  quantities  strongly 
change  at  distances  of  the  order  of  mean  free  path  of  molecules,  then 
hydrodynamic  consideration  of  viscosity  and  thermal  conduction,  at 
basis  of  which  lies  the  assumption  about  smallness  of  gradients, 
loses  validity. 

Width  of  an  arbitrarily  strong  shock  wave  of  course  cannot 
become  less  than  mean  free  path  of  molecules,  which  is  indicated  by 
consideration,  based  on  use  of  kinetic  equation  for  gas  (see  Chapter 
VII). 
fi 
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Under  certain  conditions  there  is  possible  considerable  broadening 
of  front  of  strong  shock  waves  to  distances  equal  to  many  lengths  of 
mean  free  path,  and  separation  of  it  into  regions  of  smooth  and  sharp 
change  of  quantities  is  possible.  In  particular,  this  occurs  in  a 
gas  with  delayed  excitation  of  certain  degrees  of  freedom  of  molecules 
or  during  the  course  of  reversible  chemical  reaction  in  the  wave. 

These  problems,  just  as  a  whole  series  of  others  appearing  during 
more  detailed  study  of  internal  structure  of  shock  wave  fronts,  will 
be  considered  in  detail  in  Chapter  VII. 

4.  Certain  Problems 

§  24.  Propagation  of  an  Arbitrary  Shock 

Gas-dynamic  quantities  on  each  side  of  a  shock  wave  front  are 
not  Independent.  They  are  related  by  definite  relationships  which 
express  laws  of  conservation  of  mass,  momentum,  and  energy,  Tnus  a 
shock,  a  compressive  shock  wave  in  substances  with  normal  thermo¬ 
dynamic  properties,  propagates  through  the  substance  as  a  stable 
formation,  without  spreading  out. 

Meanwhile  there  is  possible  a  formulation  of  the  problem  in  which 
at  the  initial  moment  in  the  gas  there  exists  a  discontinuity  surface, 
on  both  sides  of  which  gas-dynamic  qucntities  in  no  way  are  related 
with  each  other  —  are  absolutely  arbitary.  Such  shocks  are  called 
arbitrary  shocks. 

Let  us  give  several  practical  examples  which  show  how  arbitrary 
shocks  arise.  Let  us  imagine  a  pipe  divided  by  a  thin  partition 
(barrier).  Pipe  is  filled  with  gas,  where  densities  and  pressures 
and,  in  general,  types  of  gas  on  right  side  of  partition  and  on  left 
side  are  different.  Let  us  assume  that  at  a  certain  moment  the 
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this  instant  in  the  place  where  the 


partition  is  rapidly  removed, 
partition  was  the  two  regions  come  'into  contact  —  two  gases  at  rest 
with  absolutely  arbitrarily  given  densities  and  pressures.  If  pres¬ 
sures  in  each  gas  are  different,  then  after  removal  of  the  partition 
the  gases  under  action  of  the  pressure  drop  will  be  set  in  motion. 
Second  example.  Let  us  assume  that  through  a  pipe  filled  with  gas, 
from  both  ends  there  are  sent  shock  waves  with  arbitrarily  given 
amplitudes.  At  the  time  of  collision  of  both  waves  somewhere  in  the 
middle  of  the  pipe,  there  appears  a  surface  dividing  the  gases  with 
arbitrary  pressures,  velocities,  and  temperatures  (possible  difference 
in  densities  in  this  example  are  somewhat  limited;  we  will  say  that 
if  both  waves  are  very  strong,  then  densities  in  them  are  identical 
and  eqv.al  to  limiting  density).  After  collision  of  waves,  motion  of 
gas  will  be  changed  in  some  way.  Third  example.  We  have  approached 
the  theory  of  shock  waves  considering  the  motion  of  a  gas  under 
action  of  a  piston  starting  to  be  thrust  into  the  gas  with  constant 
velocity.  In  this  case  the  shock  wave  will  be  formed  directly  at 
the  piston,  at  the  initial  moment  and  will  propagate  through  the  gas 
with  constant  velocity.  In  reality,  of  course,  the  piston,  which  has 
finite  mass,  cannot  Instantly  acquire  terminal  velocity,  but  gathers 
it,  gradually  being  accelerated  under  the  action  of  force  applied  to 
it.  Thus  the  shock  wave  will  not  be  formed  at  once,  and  will  be 
formed  far  from  the  piston. 

It  is  possible  to  replace  smooth  law  of  change  of  velocity  of 
piston  in  time  U  (t)  by  some  step  curve,  by  dividing  time  into  very 
small  intervals  and  assuming  that  in  every  such  interval  of  time  the 
velocity  of  piston  is  constant,  and  upon  the  expiration  of  this 
interval  changes  with  a  jump  by  a  small  amount.  Then  the  curve  of 
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motion  of  the  piston  on  x,  t-plane  will  be  depicted  by  a  broken  curve 
consisting  of  small  line  segments.  In  every  small  time  Interval, 
during  the  period  of  which  velocity  of  piston  Is  constant,  piston 
sends  forward  a  perturbation  —  a  wave  of  compression,  l.e.,  a  weak 
shock  wave.  This  wave  travels  through  the  gas  with  velocity  slightly 
exceeding  the  speed  of  soxind,  whereas  the  preceding  weak  shock  wave, 
which  was  caused  by  the  preceding  jump  of  velocity  of  piston,  prop¬ 
agates  relative  to  gas  moving  behind  it  with  a  velocity  slightly  less 
than  speed  of  sound,  as  Is  shown  in  Fig,  1.44.  Therefore,  every 
successive  shock  wave  catches  up  with  the  preceding  wave,  and  the 
compressions  carried  by  them  are  superimposed.  If  we  draw  on  the 
X,  t-plane  characteristics  going  out  from  curve  of  motion  of  piston, 
then  they  will  Intersect  (Pig,  1,45).  It  turns  out  that  it  is 
possible  to  assign  a  law  of  acceleration  to  the  piston  such  that  all 
of  these  weak  shock  waves  overtake  one  another  at  one  moment  and  at 
one  point.  Then  all  of  the  numerous  little  pulses  of  compression  are 
accumulated  Into  one  large  Jump,  (All  characteristics  intersect  at 
one  point). 

State  of  gas  In  this  shock  changes  from  undisturbed  to  final 
almost  adlabatlcally.  Indeed,  if  all  of  the  compression  of  Initial 
gas  to  pressure  p  is  divided  Into  n  stages,  n  weak  shock  waves  with 
Jump  of  pressure  Ap  =  (p  -  p^)/n,  then  in  each  of  them  the  increase 
of  entropy  AS  Is  proportional  to  (Ap)*'^  ~  /rr ,  and  total  Increase  of 
entropy  with  cumulation  of  n  waves  is  proportional  to  nAS  1/n  -♦  0 
as  n  -♦  00,  Thus,  states  of  gas  on  each  side  of  shock  appearing  as  a 
res\ilt  of  cumulation  are  related  by  Poisson  adlabat.  Meanwhile,  In 
the  shock  wave,  states  on  both  sides  of  the  shock  are  related  with 
each  other  not  by  Poisson  adlabat,  but  by  Hugonlot  r^dlabat. 
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Consequently,  quantities  on  both  sides  of  shock  do  not  satisfy  laws 
of  conservation  and  the  shock  Is  arbitrary. 
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-  ■  Jf 

Fig.  l,44ii  Profile  of 
pressure  In  system  of 
two  small  compressive 
shocks  following  one 
after  the  other.  Wave 
A  travels  through  gas 
located  In  front  of  It 
with  velocity  higher 
than  speed  of  sound  c ’ 

In  this  gas.  Wave  B 
travels  through  gas 
located  behind  It  with 
subsonic  velocity,  lets 
th«in  c‘.  Therefore,  shock 
A  finally  overtakes  shock 
B. 


Pig.  1.45.  Inter- 
section  of  character¬ 
istics  during  com¬ 
pression  of  gas  by 
accelerating  piston, 
n  Is  line  of  piston. 


By  generalizing  cases  represented 
by  the  given  examples,  we  will  formulate 
Idealized  problem  about  finding  motion 
of  gas  In  which  there  appeared  an 


arbitrary  shock.  Let  us  assume  that  at  Initial  moment  t  «=  0  In  plane 


X  =  0  all  quantities  undergo  a  discontinuity*  pressure,  density. 


velocity,  temperature.  On  both  sides  of  the  shock  all  these  quantities 


are  constant.  Types  of  gases  cn  both  sides  also  can  differ.  The 


larger  the  distance  from  discontinuity  surface,  on  which  parameters 


of  gas  can  still  be  considered  to  be  constant,  the  longer  In  time  the 
solution  to  which  we  will  arrive  will  be  accurate  (this  problem  was 
for  the  first  time  solved  by  N,  Ye,  Kochin  [5]). 

Inasmuch  as  In  the  conditions  of  the  problem  there  are  not 
contained  characteristic  lengths  end  times,  we  look  for  motion 
dependirig  only  on  the  ratio  x/t.  In  §  11  it  was  shown  that  self- 
similar  plane  flow  of  gas  can  be  described  by  solutions  of  only  two 
types*  there  are  possible  centered  simple  rarefaction  waves  and 
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motion  in  which  all  gas-dynamic  quantities  are  constant.  Furthermore, 
there  can  occur  discontinuities  —  shock  waves. 

Thus,  the  unknown  motion  should  be  constructed  from  three 
elements:  rarefaction  waves,  regions  of  constant  flow,  and  shock 
waves.  The  set  of  possible  motions  is  limited  by  the  fact  that  in 
one  direction  there  cannot  move  more  than  one  t^ave  (it  makes  no 
difference  which  kind  —  rarefaction  or  shock) , 

Shock  wave  propagates  through  imdisturbed  gas  with  supersonic 
speed,  but  through  compressed  gas  in  it  —  with  subsonic  speed. 
Rarefaction  wave  travels  through  gas  with  speed  of  sound.  If,  for 
instance,  through  gas  to  the  right  there  travels  a  shock  wave,  then 
rarefaction  wave  following  after  it  in  the  same  direction,  and  all 
the  more  so  a  shock  wave,  will  necessarily  overtake  it  in  a  certain 
time.  But  in  virtue  of  self- similarity,  both  v;aves  emerge  from  one 
point  X  =  0  at  the  same  moment  t  =*  0,  Therefore,  one  wave  as  it  were 
already  has  overtaken  the  other  at  the  very  initial  moment,  and  both 
of  them  propagate  in  the  form  of  one.  In  exactly  the  same  way,  it  is 
impossible  for  a  second  wave  to  follow  behind  the  rarefaction  wave. 
Shock  wave  would  overtake  rarefaction  wave,  and  second  rarefaction 
wave  would  move  behind  the  first  at  a  fixed  distance,  which  in  virtue 
of  self- similarity  is  equal  to  zero,  so  that  difference  between  both 
waves  disappears. 

Thus,  the  unknown  solution  can  be  constructed  only  in  the  fornn 
of  some  combination  of  two  waves,  shock  waves  and  rarefaction  waves, 
which  propagate  in  opposite  directions  from  Initial  shock  and  are 
separated  by  regions  of  constant  flow.  There  are  in  general  two  of 
these  regions.  They  are  differentiated  by  a  plane  dividing  those 
gases  which  at  the  Inital  moment  were  located  on  each  side  of  the 
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arbitrary  shock.  Inasmuch  as  in  hydrodynamics  of  an  Ideal  x'laiu, 
diffusion  of  molecules  is  not  taken  into  account,  interpenetration 
of  gases  Into  each  other  is  lacking,  and  boundary  between  them  will 
be  retained,  in  some  way  moving  in  space  together  with  the  gases. 

The  case  when  gases  are  of  one  type  obviously  does  not  represent  a 
fundamental  difference  (we  will  Imagine  that  molecules  of  gas  on  one 
side  of  initial  shock  are  "colored").  This  plane  boundary  between 
the  two  gases,  which  can  be  called  the  contact  boundary  or  contact 
discontinuity  possesses  specific  properties.  Obviously,  pressures 
and  velocities  of  gases  on  both  sides  of  contact  dlscontlnviity 
coincide  with  each  other.  Otherwise  near  it  there  would  appear 
motion  and  regions  of  gas  on  both  sides  would  cease  to  be  regions  of 
constant  flow.  Densities,  temperatures,  and  entropies  of  gases  on  each 
side  of  contact  discontinuity  can  remain  arbitrary,  in  accordance 
with  the  arbitrariness  in  initial  values.  Difference  between  these 
quantities  during  equality  of  pressures  and  velocities  in  no  way  can 
set  gases  in  relative  motion  (of  course,  under  the  assumption  of 
absence  of  diffusion  and  thermal  conduction,  to  the  influence  of  which 
we  will  return  somewhat  later). 

Contact  discontinuity  is  at  rest  relative  to  gases  and  does  not 
send  perturbations  which  could  Influence  waves  (shock  and  rarefaction) 
travelling  in  both  directions  from  it. 

We  will  enumerate  possible  motions  of  gas  after  appearance  of 
arbitrary  shocki  so  to  speak,  cases  of  disintegration  of  shock,  which 
constitute  different  combinations  of  rarefaction  and  shock  waves. 

There  can  be  presented  three  typical  cases t  1)  In  both  directions 
from  shock  there  are  propagated  shock  waves;  2)  in  one  direction 
travels  a  shock  wave,  but  in  the  other  —  a  rarefaction  wave;  and 
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5)  In  both  directions  there  travel  rarefaction  waves. 

Let  us  examine  these  cases  more  specifically.  For  this,  it  is 
convenient  to  use  p,  V-diagram  (Fig.  1.46),  First  of  all  we  will  fix 
on  the  diagram  Initial  states  of  gases.  Point  A  presents  gas  on  the 
left  of  the  shock,  point  B  —  on  the  right.  Let  us  assume  for 
definiteness  that  pressure  at  point  A(P„)  Is  less  than  P,  ,  Let  us 
draw  upwards  from  these  points  Hrgoniot  adiabats  describing  compres¬ 
sion  of  gases  In  shock  waves,  and  downwards  —  Poisson  adiabats,  along 
which  there  occurs  expansion  of  gases  in  rarefaction  waves.  After 
disintegration  of  shock,  pressures  in  both  gases  In  regions  subjected 
to  Influence  of  waves  are  equalized. 

Iff  Let  us  assume  that  this 

new  pressure  Pq  is  higher  than 
Initial  p_  and  p,  , 

In  this  (first)  case  both  to 
the  right  and  to  the  left  from 
arbitrary  shock  (or  from  contact 
surface)  there  travel  compressive 
shockwaves  (Fig.  1.47a).  Gases 
after  them  are  In  states  a^  and  b^ 
with  Identical  pressures  p^  and 
velocities.  Gas  in  state  a^  moves 
relative  to  Initial  gas  In  state 
A  to  the  left  and  gas  b^  moves 
Inasmuch  as  gases  a^  and  b^  move 
with  Identical  velocity,  it  is  necessary  that  gases  A  and  B  at 
Initial  moment  move  toward  each  other.  Two  shock  waves  are  formed 
during  collision  of  the  two  gases  moving  toward  each  other  with 


Fig,  1,46,  p,  V-dlagram 
illustrating  different 
cases  of  disintegration 
of  arbitrary  shock.  Points 
A  and  B  describe  Initial 
states  of  gases  A  and  B. 

H^A  and  H^B  are  shock 

adiabats,  AP^,  BPg  are 

Poisson  adiabats  of  gases 
A  and  B, 


relative  to  gas  B  to  the  right. 
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great  velocity  (we  recall  the  second  example).  The  less  the  velocity 
of  collision,  the  lower  the  obtained  pressure  p^  In  the  shock  waves, 

2,  At  some  low  velocity  of  collision,  there  appears  a  new 
regime.  In  which  pressure  p^  Is  still  higher  than  pressure  p^^,  but 
less  than  p^.  In  this  (second)  case,  through  gas  A  after  disintegra¬ 
tion  of  shock  there  propagates  a  shock  wave,  and  through  gas  B  —  a 
rarefaction  wave  (Fig,  1,47b),  In  particular,  such  a  regime  Is 
realized  when  Initial  velocities  of  both  gases,  A  and  B,  are  Identical 
and  are  equal  to  zero,  l,e,,  when  at  Initial  moment  In  gases  at  rest 
there  Is  a  discontinuity  of  pressure,  as  In  the  example  with  the 
partition.  Substance  starts  to  move  In  the  direction  of  pressure 
drop.  This  case  has  Important  practical  applications.  On  this 
principle  Is  based  the  mechanism  of  a  shock  tube.  In  which  there  are 
obtained  In  the  laboratory  strong  shock  waves,  which  heat  the  Investi¬ 
gated  gas  A  to  high  temperature.  Shock  tube  Is  divided  by  a  thin 
partition  (diaphragm).  On  one  side  of  the  diaphragm  In  the  tube 
there  Is  contained  Investigated  gas  A  at  low  pressure;  on  the  other. 
Into  the  so-called  high  pressure  chamber  there  Is  pumped  the  working 
gas  B,  After  burst  of  the  diaphragm,  gas  B  Is  expanded  In  the 
direction  of  the  low  pressure  chamber,  sending  Into  gas  A  a  strong 
shock  wave.  The  appearing  regime,  which  Is  depicted  In  Pig,  l,47h, 
will  be  more  specifically  considered  In  Chapter  IV  during  the  study 
of  operation  of  shock  tube.  By  appropriate  selection  of  gases  A  and  B 
and  pressure  drop.  It  Is  attempted  to  obtain  as  strong  a  shock  wave  as 
possible  and  heating  of  Investigated  gas  to  very  high  temperatures. 

One  of  methods  of  obtaining  still  higher  temperatures  is  realization 
of  first  regime  —  collision  of  two  shock  waves,  A  particular  case 
of  the  first  regime  Is  reflection  of  shock  wave  from  end  of  shock 
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tube,  which  is  also  used  for  achievement  in  laboratory  of  high 
temperatures.  Reflection  of  shock  wave  from  hard  wall  indeed 
constitutes  a  particular  case  of  collision  of  two  gas  flows.  If  two 
absolutely  identical  flows  collide  with  one  another,  then  after  the 
collision  the  contact  discontinuity  is  at  rest,  i.e.,  the  situation 
is  the  same  as  if  instead  of  a  contact  discontinuity  there  were  a 
motionless  hard  wall.  Problems  of  collision  of  shock  waves  and 
reflection  of  them  from  a  wall  also  will  be  considered  in  Chapter  rv. 


Fig.  1.47.  Profiles 
of  pressure  in  different 
cases  of  disintegration 
of  a  shock.  Large  arrows 
with  letters  A  and  B 
indicate  initial  veloc¬ 
ities  of  gases  A  and  B 
before  disintegration  of 
shock.  Little  arrows 
show  direction  of  prop¬ 
agation  of  waves  through 
mass  of  gas  (direction  of 
propagation  in  space  can 
be  in  certain  cases 
different) , 


3.  If  after  disintegration  pressure 
Pg  is  less  than  p^  and  p^,  we  will 
obtain  two  rarefaction  waves  travelling 
to  the  right  and  to  the  left  through 
both  gases.  This  regime,  which  is 
depicted  in  Pig,  1,47c,  is  realized 
if  at  initial  moment  gases  A  and  B 
move  in  opposite  direction  from  shock 
with  sufficiently  high  speed. 

If  relative  velocity  with  which 
at  initial  moment  gases  A  and  B  move 
away  from  each  other  is  very  great, 
namely,  larger  than  sum  of  maximum 
velocities  of  flow  of  gases  A  and  B 

2c  2c 

into  a  vacuum,  - r-  + - r-,  where 

7a‘-^  7^" 

c^  and  c^  are  initial  speeds  of  sound 

and  7  and  7.  are  adiabatic  indices  of 
a  D 

gases  A  and  B  (see  §  11.  formula 


(1,60)),  then  between  gases  there  will 
be  formed  a  vacuum,  p  -  0,  This  regime. 


which  it  is  possible  to  consider  as  limit  of  the  third  case,  is 
depicted  in  Pig,  l,47d. 

During  concrete  calculations  connected  with  disintegrations  of 
arbitrary  shocks,  along  with  p,  V-diagrams,  very  convenient  are  the 
so-called  p,  u-diagrams,  on  which  along  axes  are  plotted  pressures  p 
and  velocities  of  gases  u  in  laboratory  system  of  coordinates.  Shock 
adiabat  of  gas  Pjj(V)  can  be  represented  in  the  form  of  a  dependence 
of  pressure  behind  wave  front  on  Jump  of  veloc:'ty  of  gas,  i.e,,  on 
velocity  of  compressed  gas  relative  to  undisturbed  gas.  Likewise,  in 
rarefaction  wave  pressure  is  uniquely  connected  with  velocity  by  the 
condition  of  constancy  of  the  Rlemann  invariant  (see  §  §  10,  11). 
Convenience  of  p,  u-diagrams  In  problem  about  disintegration  of  shock 
is  connected  with  the  fact  that  in  final  state  pressures  and  velocities 
of  both  gases  are  identical,  i.e,,  final  states  are  depicted  by  the 
same  point  on  the  p,  u- diagrams. 

p,  u-dlagrams  for  cases  of  disintegration  depicted  in  Fig.  l,47a-d 
are  shown  In  Pig.  1.48a-d  respectively. 

After  clarifying  character  of  motions  appearing  during  disinte¬ 
gration  of  an  arbitrary  shock,  it  is  possible  to  check  the  initial 
ass\imptlon  about  the  fact  that  motion  depends  only  on  the  combination 
x/t.  During  examining  of  rarefaction  wave  in  §  11,  this  assumption 
was  supported  by  the  fact  that  with  passage  of  time,  width  of  rare¬ 
faction  wave,  which  is  scale  of  length  in  the  problem  without  con¬ 
sideration  of  dissipative  processes.  Increases  as  x  ~  ct.  Role  of 
viscosity  and  thermal  conduction,  which  is  proportional  to  l/x,  with 
passage  of  time  decreases,  and  in  macroscopic  flows,  when  x  »  I,  is 
insignificantly  small.  Consequently  the  only  constant  scale  of 
dimension  of  length  in  gas  —  mean  free  path  of  molecules  —  disappears. 
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During  flows  with  shock  waves,  viscosity  and  thermal  conduction, 
which  Introduce  into  the  equation  scale  of  length  I ,  in  reality  act 
only  in  thin  layer  of  wave  front,  width  of  which  is  of  the  order  of 
I .  Small  also  is  the  width  of  the  contact  shock.  Broadening  of  it 
occurs  due  to  processes  of  diffusion  of  molecules  and  thermal  con¬ 
duction,  Both  processes  lead  to  width  of  shock  of  the  order  of 

where  D  is  coefficient  of  diffusion,  which  is  close  to 
coefficient  of  thermal  diffuslvlty  D  ~  X  ~  Ic.  Distance  passed  over 
by  shock  and  rarefaction  waves  during  the  time  t  is  of  the  order  of 
X  ct,  so  tYiaX _Ax  Thus,  ratio  of  dimensions  of  region  in 

which  dissipative  forces  act  to  dimensions  of  the  whole  region  involved 
in  motion  for  a  shock  wave  is  of  the  order  of  l/x,  and  for  contact 
shock  I  lx.  Both  quantities  are  small  in  macroscopic  flow  with 
X  »  I .  Let  us  return  to  the  third  example  given  in  beginning  of 
this  section,  and  see  what  regime  appears  during  disintegration  of 
shock  which  is  formed  as  a  result  of  cumulation  of  compresslonal 
waves  sent  by  the  accelerated  piston.  At  the  moment  of  Joining  of 
separate  waves,  on  one  side  of  the  shock  we  will  have  undisturbed 
gas  A,  and  on  the  other  —  gas  in  stav,e  B,  which  is  subjected  to 
practically  adiabatic  con:?)ression.  It  is  possible  to  show  that  veloc¬ 
ity  which  gas  acquires  during  successive  compression  by  a  large  number 
of  shock  waves  is  less  than  velocity  acquired  during  single  shock 
compression  to  the  same  pressure.  It  follows  from  this  that  the 
shock  disintegrates  as  in  case  2),  Through  the  compressed  gas  to 
the  piston  will  go  a  rarefaction  wave,  and  throiigh  undisturbed  gas 
—  a  shock  wave.  Pressure  p  will  be  lower  than  pressure  created  on 
piston  p^.  However,  due  to  increase  of  entropy  in  shock  wave,  this 
lower  pressure  corresponds  to  higher  temperature,  so  that  gas  in  shock 
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wave  will  be  heated  comparably  to  the  almost  adiabatic  heating  due 
to  cumulation  of  weak  waves.  In  Fig,  1,49  there  are  represented 
distributions  of  p  and  T  after  disintegration  of  shock  formed  as  a 
result  of  cumulation  of  waves  during  compression  of  air  by  a  piston, 
whose  speed  gradually  reached  4.44  Cq  -  ±500  m/sec,  so  that  pressure 
on  piston  reached  p^  «=  “  50  atm.  Coordinate  and  time  on  figure 

are  measured  from  point  and  moment  of  cumulation. 


.Fig,  1.48.  p,  u- 
dlagram  for  different 
cases  of  disintegration 
of  shock  which  are  de¬ 
picted  in  Fig,  1,47* 
Curves  H  are  shock 
adlabats  in  variables 
p,  uj  curves  S  are 
Poisson  adlabats  in 
variables  p,  uj  S.W. 
designates  shock  wave; 
R.W,  designates  raire- 
f action  wave. 
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Fig,  1.49.  Propagation  of 
a  shock  which  appears  after 
collision  of  a  set  of  consec¬ 
utive  compresslonal  waves. 
Temperature  in  the  appearing 
shock  wave  is  considerably 
higher  than  maximum  temperature 
attained  during  superposition 
of  small  compresslonal  waves, 
but  pressures  are  lower,  since 
toward  the  compresslonal  waves 
there  travels  a  rarefaction 
wave.  Profile  of  pressure  Is 
shown  by  solid  line,  profile 
of  temperature  —  by  dotted 
line. 


The  considered  case  presents 
considerable  Interest  for  theory  of 
occurrence  of  detonation,  since  the 
obtained  result  explains  how  a  flame 
acting  on  a  gas  like  piston  can  by 
gradual  compression  cause  appearance 


of  a  shock  wave  at  a  large  distance  from  the  flame  (piston) ,  By 
gradually  compressing  gas  to  fairly  high  temperature  (630°  C  on  the 
figure).  It  Is  possible  to  realize  sharp  heating  to  1450°  C  at  a 
considerable  distance  at  the  moment  of  cumulation,  to  realize  ''remote 
Ignition."  Apparently,  such  Is  the  mechanism  of  appearance  of 
detonation  In  gases  In  a  number  of  cases, 

§  25.  Strong  Explosion  In  a  Homogeneous  Atmosphere 

Idealized  problem  about  a  strong  explosion  In  homogeneous 
atmosphere  constitutes  typical  example  of  class  of  motions  of  gas 
called  self- similar,  when  gas-dynamic  quantities  change  with  flow  of 
time  In  such  a  way  that  distributions  of  them  over  coordinate  remain 
always  similar  to  themselves. 

Self- similar  problem  about  strong  explosion  was  formulated  and 
solved  by  L.  I,  Sedov,  With  a  clever  method,  by  means  of  use  of 
Integral  of  energy,  L,  I.  Sedov  succeeded  in  finding  exact  analytic 
solution  of  equations  of  self-similar  motion  [4,  5].  The  problem 
was  considered  also  by  K,  P,  Stanyukovlch  (In  dissertation;  see 
[15])  and  Taylor  [6],  who  formulated  and  Investigated  the  equations, 
but  did  not  obtain  their  analytic  solution. 

We  will  dwell  on  formulation  and  results  of  solution  of  this 
problem,  since  they  will  be  needed  by  us  subsequently.  In  Chapters 
VIII  and  IX,  during  the  study  of  certain  physicochemical  and  optical 
phenomena  accompanying  strong  explosion  In  air. 

Let  us  assume  that  In  gas  of  density  p^,  which  we  will  consider 
to  be  Ideal,  with  constant  heat  capacity.  In  a  small  volume  during 
short  Interval  of  time  there  is  released  high  energy  E,  From  place 
of  energy  release  through  the  gas  there  propagates  a  shock  wave.  We 
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will  consider  that  stage  of  the  process  when  the  shock  wave  departs 
to  distances  which  are  very  large  as  compared  to  dimensions  of  region 
where  energy  release  occurred,  and  when  motion  Involves  a  mass  of 
gas  which  Is  large  as  compared  to  mass  of  products  of  the  explosion. 
Thus  energy  release  can  with  great  accuracy  be  considered  as  occurring 
at  a  point,  and  Instantaneously, 

At  the  same  time  we  will  consider  that  this  stage  of  the  process 
Is  not  too  late,  so  that  the  shock  wave  departs  from  its  source  not 
too  far,  and  Its  amplitude  Is  still  so  high  that  It  is  possible  to 
disregard  initial  pressure  of  gas  p^  as  compared  to  pressure  in  shock 
wave.  This  is  equivalent  to  the  possibility  of  disregarding  initial 
internal  energy  of  gas  involved  in  motion  as  compared  to  energy  of 
explosion  E,  and  of  disregarding  initial  speed  of  sound  Cq  in 
comparison  with  velocities  of  gas  and  wave  front. 

Motion  of  gas  is  determined  by  two  dimensional  parameters* 
energy  of  explosion  E  and  initial  density  pQ,  From  these  parameters 
it  is  impossible  to  compose  scales  with  dimensions  of  length  or  time. 
Consequently,  motion  will  be  self-similar,  l,e,,  will  depend  only  on 
a  definite  combination  of  coordinate  r  (distance  from  center  of 
explosion)  and  time  t.  In  distinction  from  self- similar  motion 
considered  in  §  11,  in  this  problem  there  is  no  characteristic 
velocity.  Initial  speed  of  sound  Cq  cannot  characterize  the  process* 
in  that  same  approximation  in  which  initial  pressure  Pq  is  assumed 
equal  to  zero,  speed  of  sound  Cq  is  also  equal  to  zero.*  Therefore, 

♦This  condition  actually  determines  bounds  of  applicability  of 
solution  of  the  problem.  After  presenting  definite  requirements  for 
accuracy  of  the  solution,  we  compare  obtained  pressures  in  wave  front 
p^  and  velocity  of  propagation  of  wave  D  with  real  values  of  p^c^  and 

find  the  moment  when  the  approximation  of  p^  »  p^  becomes  too  course 

It  is  necessary  to  note  that  in  fact  the  condition  of  validity  of  dis- 
regardli^  of  Initial  press\ire  is  soaeirtuit  more  rigid,  namely* 

»  [(7  +  i)/(7  “  Ij]  Pq*  nils  one  may  see  from  formula  (1,76)* 

under  this  condition  compression  in  shock  wave  is  equal  to  limiting 
value  (7  +  l)/(7  -  1). 


self-similar  variable  is  not  the  quantity  r/t,  as  in  self-similar 
rarefaction  wave  (see  §  11), 

The  only  dimensional  combination  containing  length  and  time  in 
this  case  is  E/Pq*  “  [cm^sec"^].  Therefore,  as  self-similar 
variable  serves  the  dimensionless  quantity: 


(1.109) 


To  front  of  shock  wave  there  corresponds  a  definite  value  of 
independent  variable  law  of  motion  of  front  of  wave  R(t)  is 
described  by  formula 

(1.110) 


Velocity  of  propagation  of  shock  wave  is  equal  to: 

*  S  5  is 

n  dR  2R  .  2/£N5,-r 

Parameters  of  front  are  expressed  in  terms  of  velocity  of  front, 
with  help  of  limiting  formulas  for  strong  shock  wave: 


(1.111) 


Density  on  front  remains  constant  and  eqtial  to  its  limiting 

value.  Pressure  decreases  with  flow  of  time  according  to  the  law 

»  •  _ 

(1.112) 


It  is  easy  to  understand  the  physical  meaning  of  laws  of  prop¬ 
agation  of  a  strong  blast  wave.  By  moment  t  the  wave  attains  radius 
R,  and  encompasses  volume  of  gas  4'n’R^/3  and  mass  M  =  Pq*4vR^/3, 

Pressure  is  proportional  to  average  energy  of  unit  of  volume,  i.e,, 
p  ~  E/R^,  Velocities  of  front  and  gas  are  proportional  to 
D  u By  integrating  equation  dR/dt  ■  D,  we  will  find 

dependence  of  radius  of  front  on  time,  R  (E/PQ)^/^t^/^  (with  accuracy 
\q)  to  n\xmerlcal  coefficient  |q)  . 
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Formula  (1,112)  demonstrates  law  of  similarity  for  transition 

from  certain  energies  of  explosion  to  others.  Pressure  on  front  has 

given  value  at  distances  proportional  to  or  at  moments  of  time, 

1/3 

proportional  to  E  '  . 

Distributions  of  pressure,  density,  and  velocity  of  gas  over 
the  radius  are  determined  by  dependence  on  one  dimensionless  variable 
I,  which  can  be  represented  In  the  form  ^  =  ^q^/R.  Shape  of  distri¬ 
butions,  In  virtue  of  self- similarity,  does  not  change  with  flow  of 
tlmej  scales  of  quantities  p,  p,  u  depend  on  time  In  exactly  the 
same  way  as  values  of  these  quantities  on  shock  wave  front.  In  other 
words,  solution  can  be  represented  In  the  form 

where  Pj_(t),  u^(t),  p^  are  pressure,  velocity,  and  density  on  shock 

wave  front,  which  depend  on  time  by  known  laws  described  by  formulas 
(1,111)  and  (1,112),  and  p(?),  u(^),  "2(0  dimensionless 

functions. 

Substituting  these  expressions  In  equations  of  gas  dynamics 
written  for  spherically- symmetric  case,  and  going  from  differentiation 
with  respect  to  r  and  t  to  differentiation  with  respect  to  4  with 
help  of  relationship  (1,109),  Just  as  this  was  done  In  §  11,  we  will 
obtain  system  of  three  ordinary  first  order  differential  equations 
In  three  unknown  functions  p,  u,  'p.  Solution  of  this  system  should 
satisfy  conditions  on  wave  front!  for  i  »  p  »  u  »  ^  «  1, 

We  will  not  expound  here  procedure  of  solution  or  write  out 
final  formulas,  which  can  be  found  In  books  of  L,  I.  Sedov  [5]  and 
L,  D.  Landau  and  E,  M,  Llf shits  [1],  Let  us  note  only  that  dimension¬ 
less  parameter  contained  In  solution  is  determined  from  condition 
of  conservation  of  energy! 


E 


(1.113) 


if  we  substitute  in  it  the  found  solution.  It  depends.  Just  as  the 
entire  solution,  on  adiabatic  index  7. 

In  real  sir  adiabatic  index  is  not  constant;  it  depends  on 
temperature  and  density  due  to  processes  of  dissociation  and  ionization 
occurring  at  high  temperature  (see  Chapter  III).  However,  it  is 
almost  always  possible  to  select  a  certain  effective  value  of  the 
index,  considering  it  to  be  constant,  in  order  to  describe  a  real 
process  by  solution  of  idealized  problem  about  strong  explosion. 

For  air  it  is  possible  to  take  values  of  7  equal  approximately  to 

1,2-1. 3. 

In  Pig,  1,50  there  are  depicted  distributions  of  ratios  p/p^f 
p/pj_,  over  relative  coordinate  r/R  for  7  =  1,23;  parameter 

thus  is  equal  to  =  0,930. 

It  is  characteristic  that  during  strong  explosion,  density  of 
gas  extraordinarily  sharply  falls  from  front  of  shock  wave  to  center. 
Practically  entire  mass  of  gas,  which  earlier  uniformly  filled  sphere 
of  radius  R,  now  is  gathered  in  a  thin  layer  near  surface  of  front. 
Pressure  near  front  decreases  with  distance  from  front  to  center  by 
two  to  three  times,  but  then  almost  in  the  entire  sphere  remains 
constant.  Temperature  increases  from  front  to  center,  at  first  less 
sharply,  while  pressure  decreases,  and  ohen,  in  region  of  constant 
pressure,  very  rapidly.  Temperature  increase  in  center  is  connected 
with  the  fact  that  near  the  center  there  are  particles  which  were 
heated  by  very  strong  shock  wave  and  possess  high  entropy.  During 
adiabatic  expansion  to  identical  pressure,  temperature  is  higher, 
the  higher  the  entropy  of  the  particles,  i,e,,  the  nearer  to  the 
center  they  are.  Sharp  decrease  of  density  during  approach  to  center 
is  connected  with  temperature  increase  (pressure  is  constant). 


Using  condition  of  constancy  of  pressure  over  radius  in  region  not 


too  close  to  front,  there  can  he  fo\md  asymptotic  distribution  of  gas- 
dynamic  quantities  as  r  0,  Prom  equation  of  motion  with  p(r)  = 

«  const,  follows  that  "gf  +  "If  ■  0#  i.e.,  u  «  r/t. 


Pig.  i.50.  Profiles 
of  pressure,  density, 
velocity,  and  temper¬ 
ature  for  strong  point 
explosion  in  gas  with 
7  “  1.2:5. 


In  order  to  find  asymptotic 
law  for  density,  let  us  turn  to 
Legrange  coordinate  (see  §  2),  We 
will  characterize  given  particle  of 
gas  by  its  initial  radius  r^  (by 
’‘particle"  we  mean  an  elementary 

p 

spherical  shell  with  volume  ^vr^irQ), 
At  the  moment  of  passage  of  the  shock 

wave  front,  pressure  in  it  is  pro- 

-3 

portional  to  p^  ~  R  ■ 

Starting  from  this  moment,  particle 
r^  is  expanded  adiabatlcally,  so 
that  at  time  t  its  density  is  equal 


But  at  given  moment  t,  pressures  in  all  particles  located  in  "cavity" 
near  the  center  are  Identical  and  are  proportional  to  ~  ^  ^/5. 

Therefore,  asymptotic  law  for  density  in  Lagrange  coordinates  is 
p  r^7t''^/^.  Let  us  turn  to  Euler  coordinate  with  help  of  defi- 
nltion  (1,24) t  pr  dr  ■  p^r^drQ,  Substituting  here  function  for  density 
and  integrating,  we  will  obtain  dependence  of  Euler  radius  of  given 
particle  on  timex  r  Eliminating  from  this 

expression  r^  with  help  of  function  p(r^,t),  we  will  obtain  the 


sought  asymptotic  lawt 


•  _• 

I ^ t“ WiHb  for  r  -►  0, 
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Asyii5>totlc  law  for  temperature i 

-  _ »  •(iri) 

T^—'\fr  for  r  -►  0, 

Q 

§  26,  Approximate  Consideration  of  a  Strong  Explosion 

Basic  laws  of  process  of  strong  explosion  can  be  established  with 
help  of  simple  method  of  approximation  proposed  by  G.  G.  Chemyy  [7], 
Let  us  ass\ime  that  all  of  the  mass  of  gas  encompassed  by  blast 
wave  Is  gathered  in  a  thin  layer  at  the  surface  of  the  front,  density 
In  which  is  constant  and  equal  to  density  on  front  p^. 

Thickness  of  layer  Ar  is  determined  from  condition  of  conservation  of 
mass  I 

For  instance,  at  7  =  1.3  Ar/R  =  0.0435. 

Inasmuch  as  the  layer  is  very  thin,  velocity  in  it  almost  does 
not  change  and  coincides  with  velocity  of  gas  on  the  front  u^.  Let 
us  assume  approximately  that  density  in  layer  is  infinitely  great, 
and  thickness  accordingly  is  infinitesimal;  mass  is  finite  and  is 
equal  to  mass  M  which  was  initially  located  in  sphere  of  radius  Ri 
M  «  pQ4TrR-^/3.  Let  us  designate  pressure  on  inner  side  of  layer  by  p^. 
Let  us  assume  that  it  composes  fraction  a  of  pressure  on  wave  front 

Pc  -  «Pi- 

We  wilj  write  second  law  of  Newton  for  mass  M: 

-4-  Mut = 4nR*pc  =  4a/?*ap|. 

Mass  M  »•  4TrR^pQ/3  itself  depends  on  time,  so  that  with  respect  to  time 

is  differentiated  not  velocity,  but  momentum  Mu^.  On  the  mass  from 

2  2 
within  acts  force  4TrR  p  ,  since  p  is  the  force  acting  on  1  cm  of 

surface;  force  acting  from  without  is  equal  to  zero,  since  initial 

pressure  of  gas  is  disregarded.  Expressing  u^  and  p^  in  terms  of 


velocity  of  front  D  «  dR/dt  by  the  formulas  (1,111),  we  will  obtain 


Noticing  that 


dt  dR*  dt  ~  ^  dR 


and  Integrating  the  equation,  we  will  find 

where  a  Is  constant  of  Integration,  For  detemlnatlon  of  quantities 
a  and  a  we  use  law  of  conservation  of  energy.  Kinetic  energy  of  gas 
Is  equal  to  «  Mu^/2,  Internal  energy  Is  concentrated  In  "cavity" 
bounded  by  our  Infinitely  thin  layer,  pressure  in  which  is  equal  to 
pressure  p^  (actually  this  means  that  not  strictly  a3,l  of  the  mass  Is 
contained  In  the  layer,  but  in  the  "cavity"  there  Is  also  a  small 

1  )l 

quantity  of  substance).  Internal  energy  is  equal  to  ^  1'  1 

Tnus , 

Again  expressing  p^  -  ap^  and  u^  in  terms  of  D  and  substituting 


D,  we  will  obtain 


Inasmuch  as  energy  of  explosion  E  is  a  constant,  exponent  of  variable 
R  should  become  zero.  This  gives  a  »  1/2.  The  obtained  equation 


determines  constant  a. 


lAn  (3y-1)  J  VCd/  ■ 


Prom  formula  D  ~  with  a  =  1/2  and  formulas  (1,111)  there 


follow  the  laws  already  known  to  us: 


*  3  1 
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With  help  of  expression  for  a  we  will  find  proportionality 
factor  in  law  R  t^/^i 


It 


fz 


=  (|a)V=[ 


75  (Y-l)<v+l)i 
16a  Oy-I) 


We  will  compare  obtained  approximate  solution  with  exact  solution. 
In  approximate  solution  pressure  in  center  is  equal  to  half  of  pressure 
on  front.  Independently  of  adiaba'cic  index.  In  exact  solution  — 

Pc  =  0.35Pi  Pc  “  0.41p^  for  7  »  1.2,  Numerical 

coefficients  in  law  of  propagation  of  shock  wave  (l,108)  in 
approximate  solution  are  equal  tor  =  1,014  for  7  »  1,4  and  »  0,89 
for  7  =  1.2,  In  exact  solution  for  the  same  values  of  7,  »  1,055 

and  0,89  respectively. 

As  we  see,  approximate  solution  gives  fairly  good  results. 


§27.  Remarks  About  Point  Explosion,  Taking  into 
Account  Counterpressure 


In  the  later  stage  of  propagation  of  a  blast  wave,  when  pressure 
in  shock  wave  front  becomes  comparable  with  initial  pressure  of  gas 
(more  exactly,  when  p^  becomes  on  the  order  of  [ (7  +  l)/(7  -  1)]  Pq] 
see  footnote  on  page  12b),  self-similar  solution  of  problem  about 
strorig  explosion  loses  validity. 

Process  in  this  stage  no  longer  is  self-similar,  since  in  the 
problem  there  are  characteristic  scales  of  length  and  time,  which  it 
is  possible  to  compose  from  quantity  of  total  energy  of  explosion  E 
and  initial  parameters  of  gas.  As  scale  of  length  serves  radius  of 
sphere  whose  Initial  energy  is  comparable  with  energy  of  explosion 
1-0  -  (E/Po)^/^-  As  scale  of  time  serves  time  in  which  sound  passes 
over  this  distance  tQ  - 

—  ■5 

Instance,  during  explosion  in  air  of  normal  density  (Pq  ■  1.25*10  ''^g/cm’ 

2i 

Pq  ■  1  atm,  Cq  ■  550  m/sec)  for  ene'^gy  E  »  10  erg,  corresponding 
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approximately  to  energy  released  during  explosion  of  20,000  tons  of 
trotyl,  scales  are  equal  to  Tq  «•  i  km,  sec. 

Solution  of  problem  about  propagation  of  shock  wave  of  point 
explosion,  taking  into  account  counterpressure,  was  obtained  in  a  number 
of  works  [8-iO]  by  means  of  numerical  integration  of  partial  differ¬ 
ential  equations  of  gas  dynamics.  All  results  of  calculations, 
detailed  tables,  and  graphs  of  distributions  of  gas-dynamic  quantities 
at  various  moments  of  time  can  be  found  in  these  works,  and  also  in 
fourth  edition  of  book  of  L,  I,  Sedov  [5]. 

We  will  be  limited  here  only  to  certain  remarks  concerning 
qualitative  character  of  the  process. 

With  flow  of  time,  amplitude  of  shock  wave  becomes  less  and  less; 
pressure  on  front  asymptotically  approaches  initial  pressure  of  gas  — 
atmospheric.  Accordingly  there  decrease  compression  of  gas  in  wave 
front  and  speed  of  wave  propagation,  which  asymptotically  approaches 
speed  of  sound  Cq,  Law  of  propagation  R  ~  t^/^  gradually  becomes 
law  R  =  pressure  in  central  region  of  blast  wave  becomes 

close  to  atmospheric,  expansion  of  gas  in  this  region  is  ceased  and 
gas  stops.  Region  of  motion  of  gas  is  carried  forward,  nearer  to 
shock  wave  front,  which  gradually  becomes  spherical  wave  of  the  same 
type  as  acoustic  wave.  Behind  region  of  compression  in  such  a  wave 
there  follows  region  of  rarefaction,  after  which  air  arrives  at  its 
final  state.  Final  state  of  layers  far  from  center,  through  which 
shock  wave  has  passed,  since  it  is  weak,  little  differs  from  Initial 
state.  Distributions  of  pressure,  speed  and  density  over  radius  at 
some  later  moment  t  have  form  depicted  in  Fig,  1,51.  we  follow 
the  change  of  pressure  in  time  at  a  definite  distance  from  center  of 
explosion,  then  there  will  be  obtained  the  picture  shown  in  Fig,  1,52, 
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At  the  time  t^,  when  to  the  given  place  approaches  shock  wave  front, 
pressure  increases  by  a  Ji’mp,  then  decreases;  it  drops  to  a  magnitude 
lower  than  atmospheric  pressure  (positive  and  negative  phases  of 
pressure),  and  then  returns  to  its  initial  magnitude. 


Fig.  1,51.  Profiles 
of  pressure,  density 
and  velocity  at  later 
stage  of  explosion, 
when  shock  wave  becomes 
weak. 


t,  t 

Fig.  1.52.  Dependence 
of  pressure  on  time  at 


fixed  point  at  large 
distance  from  center 
of  explosion. 


As  was  already  said,  final 
state  of  gas  at  large  distances 
from  center  of  explosion  almost 
does  not  differ  from  initial  state. 
At  small  distances,  gas  in  final 
state  turns  out  to  be  strongly 
rarefied  and  highly  heated.  This 
is  connected  with  the  fact  that 
through  particles  located  near  the 
center,  the  shock  wave  has  passed 
while  very  strong,  and  entropy  of 
these  particles  is  much  higher  than 
initial. 

Asymptotic  distributions  of 
final  density  and  temperature  over 
radius  near  center  can  be  fotind  from 
condition  of  adiabatic  expansion  to 
atmospheric  pressure  of  particles 
heated  in  strong  shock  wave  front. 


Repeating  calculations  made  at  the  end  of  §  25,  but  now  without 


dependence  of  p^  on  t,  and  considering  ~  Pq  **  const,  we  will  find 
the  very  same  distributions  over  radius  as  r  —►  0,  as  in  the  problem 
about  a  strong  explosion  p  t  rs. 


Pinal  distributions  p(r)  and  T(r)  are  shown  In  Pig.  1,53,  In 
heated  region  there  Is  concentrated  quite  a  considerable  fraction  of 
energy  of  explosion,  on  the  order  of  several  tens  of  percent  (it 
depends  on  7),  This  Is  the  energy  which  went  Into  Irreversible  heating 
of  gas,  which  Is  connected  with  Irreversibility  of  process  of  shock 
coapresslon.  Remaining  energy  passes  forward  together  with  shock  wave 
and  Is  dissipated  In  space.  What  happens  to  energy  "sticking”  In 
region  of  center  will  be  discussed  In  Chapter  IX  (air  In  this  region 
cools  due  to  light  emission). 

Later  stage  of  propagation  of 
blast  wave  has  been  studied  theoret¬ 
ically  and  experimentally  by  many 
authors.  Limiting  laws  of  propa¬ 
gation  of  wave  at  large  distances 
were  found  by  L,  D.  Landau  [11], 

Pig,  1.53.  Pinal  dlstrl-  Empirical  formula  of  M,  A,  Sadovskly 
butlons  of  density  and 

temperature  (t  -►00)  [12]  for  pressure  on  front  In 

during  strong  explosion 

(under  the  assumption  of  dependence  on  distance  from  center 

adiabatic  character  of 

the  process),  of  explosion  has  great  practical 

value.  Let  us  note  that  law  of 

similarity  p^  ■  f  (E  ^/R)  Is  valid  also  In  later  stage  of  propagation 
of  shock  wave,  when  p^  —  Pq  <  p^. 

§  28.  Strong  Explosion  In  Non- Homogeneous  Atmosphere 

Above  there  was  considered  problem  about  strong  explosion  In 
Infinite  homogeneous  medium.  As  Is  known,  atmosphere  of  Earth  Is  not 
homogeneous)  air  density  decreases  with  altitude,  and.  In  a  certain 
approximation,  dependence  of  density  Pq  on  altitude  h  is  described  by 


barometric  formula  «=  where  Pqq  is  density  at  sea  level, 

and  A  is  so-called  altitude  of  standard  atmosphere,  which  at  the 
surface  of  Earth  is  equal  approximately  to  8.5  km,* 

Let  us  see  how  shock  wave  of  strong  point  explosion  propagates 
in  non-homogeneous  atmosphere.  We  obviously  will  be  Interested  in 
that  stage  in  which  wave  has  departed  from  point  of  explosion  to 
distances  coir^arable  with  scale  of  heterogeneity  A;  only  then  does 
there  appear  the  influence  of  heterogeneity.  Shock  wave,  as  before, 
we  assume  to  be  strong  (pressure  behind  front  is  much  higher  than 
pressure  before  the  front). 

Gas-dynamic  process  now  no  longer  is  self-similar  (there  is  a 
scale  of  length  A),  and,  moreover,  motion  is  not  one- dimensional,  but 
two-dimensional.  In  cylindrical  coordinates  with  vertical  axis  passed 
through  point  of  explosion,  motion  depends  on  coordinate  z  and  radius 
r.  Complete  solution  of  gas-dynamic  problem  can  be  found  only  by 
means  of  numerical  integration  of  equations  of  gas  dynamics.  However, 
it  is  possible  to  obtain  an  idea  of  the  character  of  propagation  of 
shock  wave  and  shape  of  its  surface  on  the  basis  of  simple  consider¬ 
ations,  which  was  done  by  A,  C,  Kompaneyets  in  work  [15]**, 

Let  us  assume  that,  as  for  an  explosion  in  a  homogeneous  medium, 
pressure  is  equalized  almost  over  the  entire  volume  encompassed  by 
the  blast  wave,  and  on  the  front  is  constant  along  surface  of  front 
and  proportional  to  mean  pressure,  i,e,,  to  the  ratio  of  energy  of 
explosion  to  the  entire  volume  fij 

(1*114) 

*In  re'ail'ty  'terrestrial  atmosphere  is  not  strictly  exponential, 
since  temperature  of  air  changes  with  altitude.  Scale  A,  which  is 

determined  as  A  »  — (d  In  p/dh)  ,  changes  in  interval  from  6  to  15  km 
at  altitudes  below  150  km.  Above  150  km,  scale  A  becomes  still  larger, 

**See  also  [14], 
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Here  X(7)  Is  numerical  coefficient,  which  for  estimate  can  he 
taken,  for  instance,  from  solution  of  problem  about  explosion  In  a 
homogeneous  meliii.!i.  Let  us  assume  that  equation  of  surface  of  shock 
wave  front  In  cylindrical  coordinates  Is  f(z,  r,  t)  =  0.  By  differ¬ 
entiating  this  equation,  we  will  obtain 

or 


9f 

n: 


i).+ 


2L 

dt  ’ 


where  D_  and  D  are  vector  components  of  velocity  of  front  D.  Normal 
component  of  velocity  of  front  Is  expressed  by  known  formula 


But,  according  to  condition  on  front  of  strong  shock  wave, 

where  Is  density  before  front  at  given  point  of  surface. 


Pig.  1.54,  Cross 
section  of  surfaces 
of  shock  wave  front 
for  strong  explosion 
at  a  great  altitude 
along  the  vertical 
plane  passing  through 
point  of  explosion. 
There  are  shown  con¬ 
secutive  moments  of 
time.  On  segment  A, 
density  of  atmosphere 
changes  by  e  times. 


Prom  the  last  two  expressions  we  havei 


(1.115) 


We  substitute  here  pressure  p^  by  formula 
(1,114)  and  express  volume  II  in  the  form 
of  Integral  12  J*  dll  with  help  of  equation 
of  surface  of  front  bounding  volume  12, 

Thus  equation  f(z,  r,  t)  will  be 
considered  to  be  solved  for  radius  r  « 

»  r(z,  t).  Atmosphere  will  be  considered 

strictly  exponential.  Such  an  operation 
leads  to  partial  differential  equation 
for  the  sought  function  r  »  r(z,  t). 


which  is  solved  In  work  [13]. 
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Evolution  of  surface  of  shock  wave  front  is  seen  from  Pig,  1.54, 
borrowed  from  work  [15],  on  which  there  are  depicted  cross  sections  of 
wave  along  vertical  plane  passing  through  point  of  explosion  (through 
axis  z).  In  Pig,  1.54  there  are  shown  sections  In  consecutive  moments 
of  time.  Wave  which  In  the  beginning  Is  spherical  gradually  takes 
egg-shaped  form,  and  then,  after  a  finite  time  t,  goes  upwards  to 
Infinity,  as  If  "breaking  through"  the  atmosphere.  This  characteristic 
time  T  Is  equal  to 


where  P  Is  numerical  constant  equal  approximately  to  P  1.4,  and 
p*  Is  density  of  atmospheric  air  at  altitude  of  explosion.  By  moment 
t  «  T  the  wave  goes  downwards  to  a  distance  of  1,58  A,  and  along 
horizontal  to  a  distance  of  2.04  A,  Wave  goes  upwards  to  an  Infinite 
distance  In  a  finite  time,  since  during  upward  motion  through  more  and 
more  rarefied  air,  shock  wave  Is  accelerated  to  Infinite  velocity. 

During  motion  downwards.  In  the  direction  of  dense  air,  wave  Is 
decelerated  the  fastest  of  all.  At  the  time  t  »  t,  the  volume  of  air 
enveloped  by  the  shock  wave  becomes  Infinite;  pressure  by  formula 
(1,114)  becomes  zero,  and  solution  loses  validity.  Obtained  solution 
Is  applicable  only  under  the  condition  that  shock  wave  Is  strong,  when 

where  R  Is  characteristic  dimension  of  region  enveloped  by  shock  wave, 
and  Pq  Is  atmospheric  pressure. 

Heterogeneity  of  atmosphere  has  an  effect  only  when  wave  goes  to 
distances  comparable  with  scale  A,  l.e,,  to  distances  on  the  order  of 
10  km.  Thus  the  above  described  evolution  of  surface  of  front  will 
occur  only  during  explosions  of  great  power  at  a  great  altitude,  where 
density  and  pressure  are  low. 


For  instance,  at  altitude  h  «  100  km,  Is  on  the  order  of 

-6 

10  atm  *  1  bar,  and  P^/Pq  >  iOO  at  distance  of  R  «  10  km  only  for 

20 

explosions  with  energy  E  >  10  erg. 

For  explosion  with  not  excessively  great  power  at  low  altitude, 
shock  wave  attenuates  at  distances  much  less  than  A,  and  process  of 
strong  explosion  proceeds  practically  in  a  homogeneous  atmosphere, 

§  29,  Adiabatic  Dispersion  of  a  Gas  Sphere  Into  a  Vacuum 

Let  us  become  acquainted  with  another  gas- dynamic  problem  with 
which  It  will  be  necessary  for  us  to  deal  In  the  future  (in  Chapter 
VIII):  the  problem  about  dispersion  of  gas  Into  a  vacuum. 

Let  us  Imagine  a  gas  sphere  occupying  at  the  Initial  moment  a 
spherical  volume  of  radius  Rq.  Let  us  assume  that,  for  definiteness, 
at  Initial  moment  gas  Is  at  rest  and  fills  volume  uniformly  with 
density  Pq  (total  mass  of  gas  Is  M  «  Pq^vR^J),  Initial  pressure  of 
gas  also  Is  considered  to  be  constant  and  equal  to  Pq,  bo  that  total 

1 

energy  of  gas  Is  E  »  Vy'  *J  '  Pq  — (sas  Is  assumed  to  be  Ideal  with 
constant  heat  capacity).  At  time  t  -  0  there  Is  removed  the  partition 
restraining  the  gas,  and  the  latter  starts  to  be  expanded  Into  the 
vacuum  without  restraint. 

After  removal  of  partition  there  occurs  disintegration  of  shock 
and  through  gas  to  center  there  propmgates  a  rarefaction  wave.  Front 

layers  of  gas  are  expanded  Into  vacuum  with  maximum  velocity  of  outflow 

2 

u^,y  -  Y  ’I"'l“"  °o*  rarefaction  wave  reaches  center,  the  motion 

-  dispersion  —  Involves  all  of  the  substance.  In  process  of  adiabatic 
dispersion,  due  to  work  of  expansion  accomplished  by  gas,  substance 
accelerates,  and  Its  Initial  Internal  energy  E  gradually  becomes 
kinetic  energy  of  radial  motion.  It  is  possible  to  show  (see  [15]) 
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that  during  Isentroplc  dispersion  (and  our  problem  is  isentropic, 
since  at  the  initial  moment,  in  virtue  of  constancy  of  pressure  and 
density  over  radius,  entropies  of  all  particles  are  identical,  pertur¬ 
bations  from  internal  regions  of  sphere  do  not  reach  the  front  boundary 

2 

so  that  it  moves  with  constant  speed  c^.  Law  of  motion 

_ _  J  _ 2  ^4-  iTl  T'XJ— _ _ _ 


of  bomdary  of  gas  sphere  is  R 


c^t  +  Rq.  It  is  not  possible 


to  find  exact  analytic  solution  of  problem  at  hand,  since  problem  is 
not  self- similar,  and  it  is  necessary  to  solve  system  of  partial 
differential  equations,  which  it  is  possible  to  do  analytically  only 
in  very  rare  cases.  The  fact  that  problem  is  not  self-similar  is 
easy  to  verify  by  noticing  that  there  is  a  characteristic  scale  of 
length  —  initial  radius  of  sphere  Rq. 

However,  this  problem  possesses  the  property  that  with  flow  of 
time,  motion  asymptotically  becomes  self- similar.  Really,  in  the 
stage  of  large  expansion  at  R  »  Rq,  role  of  Initial  parameter  of 
length  becomes  less  and  less  Important,  since  scale  of  length  Rq 
becomes  very  small  as  compared  to  characteristic  scale  of  flow  —  the 
actual  radius  of  the  sphere  R,  Motion  of  gas  with  flow  of  time  as  it 
were  "forgets"  about  initial  radius  Rq,  Nevertheless,  motion  does 
not  completely  "forget"  about  initial  conditions,  and  in  this  there 
appears  essential  non- self- similarity  established  in  the  considered 
process. 

Let  us  consider  asymptotic  behavior  of  solution  as  t  -► 

Force  acting  per  unit  of  mass  of  gas  thus  tends  to  zero.  Indeed, 
this  force  — ^  in  order  of  magnitude  is  equal  to  —  p/pR,  where  p 

and  p  are  certain  average  pressure  and  density  over  mass  at  time  t. 
But  average  pressure  p  proportionally  to  ratio  of  thermal  energy  of 

■5 

all  of  the  gas  to  Its  volume  p  ^therm/^  case  Is  less 
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3  3 

than  E/R"^,  Average  density  p  1/R^j  therefore  force  tends  to  zero 
in  any  case  not  slower  than  1/R,  In  fact,  force  decreases  as  R  oo 
faster  than  1/R,  since  thermal  part  of  energy  decreases  during  adiabatic 
expansion:  Me  Hence  p  ~ 

^  ^therm/^^  ^  ^  decreases  as  R  =  R  ^  Equation 

of  motion  in  the  limit  as  t  m,  R  -►  oo  acquires  asymptotic  form: 

rftt  _  du  ,  ^  _  1  dp  i _ A 

—  d<  '*■  “  dr  ~  c  dr  ~/}t+3<v-l)  ’ 

l,e.,  speeds  of  all  particles  tend  to  constant  values,  where  u  *=  r/t. 

As  t  -►  00  dispersion  acquires  inertial  character. 

This  follows  directly  from  condition  of  conservation  of  total 
energy  of  gas  E,  Total  energy  is  composed  of  thermal  and  kinetic 


energies,  but  thermal  part  of  energy  during  expansion  asymptotically 
tends  to  zero]  consequently,  kinetic  energy  tends  to  E,  and  average 
speed  of  gas  mass  asymptotically  tends  to  constant  limiting  value 
=  YtElW,  which  is  in  a  definite  numerical  ratio  with  speed  of 
boundary: 


2 

Y-1 


(for  Instance,  in  monatomic  gas  7  »  5/3  and  *  2,9u^).  By  sub¬ 

stituting  asymptotic  solution  for  velocity  u  »  r/t  In  continuity 


equation,  we  are  convinced  that  It  is  satisfied  by  the  following 


density  function: 


where  f  Is  an  absolutely  arbitrary  function  of  r/t.  Inasmuch  as 


radius  of  boundary  of  sphere  Is  equal  to  R  ■  u^^^t,  this  formula  can 
be  rewritten  In  the  form 
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Asymptotic  distribution  of  density  over  radius  does  not  change 
with  flow  of  time;  It  only  la  stretched  in  conformity  with  Increase  of 
R,  vrtille  remaining  similar  to  itself,  self- similar.  Actually,  If  In 
the  gas  there  do  not  act  any  forces,  and  every  particle  flies  with 
constant  speed  by  Inertia,  then  no  redistribution  of  mass  occurs,  and 
profile  of  density  remains  constant. 

However,  Internal  non- self- similarity  of  problem  Is  evident  In 
the  fact  that  this  asymptotic  distribution  of  density  cannot  be  found 
from  equations  of  asymptotic  motion,  which  permit  any  distribution. 
Distribution  of  density  is  formed  In  the  early  stage,  when  In 
the  gas  there  act  forces  of  pressure.  By  the  time  when  gas  Is  strongly 
expanded,  it  Is,  as  It  were,  "frozen,"  Distribution  of  density  depends 
on  Initial  conditions  and  can  be  found  only  on  the  basis  of  complete 
solution  of  the  problem. 

As  already  has  been  noted,  exact  solution  of  problem  with  Initial 
conditions  Pq(^)  -  const,  PQ(r)  =  const,  u  =  0  is  impossible  to  find 
In  analytic  form.  Approximate  solution  Is  possible  to  construct,  If 


we  proceed  from  consideration  of  the  analogous  two-dimensional  problem 
about  dispersion  Into  vacuum  of  a  gas  layer  of  finite  mass  with  constant 
Initial  distributions,  which  can  be  solved.  This  approximate  solution 
Is  given  In  book  of  K,  P,  Stanyukovlch  [15];  It  has  the  formi 

where  solution  Is  valid  only  for  Integral  values  a  ■  0,  1,  2, 
which  correspond  to  following  series  ■  ’’■alues  of  adiabatic  Indext 

7  ■  oi Ji  i/Ot 

Constant  A  can  be  determined  from  condition  of  conservation  of 


mass  If  we  integrate  density  function  over  entire  volume  of  sphere. 
Corresponding  formula  Is  given  in  [15]* 
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§  50*  Self-Similar  Regimes  of  Dispersion  of  Sphere  into  a  Vacuum 


There  exists  a  class  of  solutions  of  problem  about  dispersion 
of  gas  sphere  into  a  vacuum  in  which  distribution  of  all  gas- dynamic 
quantities  are  strictly  self-similar,  l*e*,  from  the  very  beginning 
depend  on  radius  r  in  the  form  of  ratio  of  r  to  radius  of  boundary  of 
sphere  R  and  do  not  contain  any  other  dependence  on  r.  To  these 
solutions  lead  not  any  initial  distributions  of  quantities  over  radius, 
but  only  those  which  satisfy  a  definite  relationship. 


This  class  of  solutions  is  characterized  by  linear  distribution 
of  velocity  over  radius  (such  solutions  were  investigated  by  L,  I. 


Sedov  [5])» 


u^rF(t)  =  A-^, 


(1.116) 


where  function  of  time  F(t)  is  expressed  in  terms  of  speed  of 
bovindary  of  sphere  R  ■  dR/dt,  By  substituting  this  formula  in 
equation  of  motion,  we  will  obtain  relationship 

(1.117) 

which  must  be  satisfied  by  distributions  of  p  and  p  over  radius  during 
the  entire  process,  including  at  the  initial  moment  of  time.  Only 
under  this  condition  will  the  solution  belong  to  the  considered  class. 
Let  us  consider  two  concrete  examples  of  such  solutions, 

1,  Let  density  p  be  constant  over  all  of  volume  and  not  depend 
on  radius  i# 

(1.118) 

It  is  easy  to  verify  that  assignment  of  functions  of  density  and 
speed  in  form  (I,ll8),  (1,116)  automatically  satisfies  continuity 
eqxiatlon  for  arbitrary  dependence  R(t),  Substituting  (I,ll8)  in 
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(1.117)  and  Integrating,  we  will  obtain  parabolic  distribution  of 
pressure  over  radius 


P  =  Po(0 —  jjjy  t  (1,119) 

which  should  be  assigned  from  the  very  beginning  so  that  condition 
(1,117)  Is  satisfied.  As  we  see,  the  problem  Is  not  Isentroplc,  since 
densities  for  all  particles  are  Identical,  and  pressures  are  different. 
Substitution  of  p  and  p  Into  entropy  equation  gives  relation  between 
unknown  functions:  pressure  In  center  pQ(t)  and  radius  of  sphere 
R(t): 


(1,120) 


where  A  Is  a  constant  depending  on  Initial  entropy  In  center  of  sphere. 
Substituting,  finally,  (I.II8),  (1,119),  (1.120)  Into  equation  of 
motion  (1,117),  we  will  obtain  second  order  differential  equation  for 
law  of  motion  of  boundary  of  sphere  R(t),  Solving  It  with  Initial 
condition  t  =  0,  R  =  Rqj  R  -  R^,  we  will  find  complete  solution  of 
the  problem.  In  particular,  we  may  assume  that  at  Initial  moment  the 
gas  Is  at  rest:  Rq  =  0, 

If  we  are  Interested  In  asymptotic  behavior  as  t  -►  co.  It  Is 
Immediately  possible  to  set  R  =  const  «=  u^,  where  u^  Is  limiting 
velocity  of  boundary  of  sphere  (solution  of  differential  equation, 
naturally,  gives  R  const  as  t  co) ,  Quantity  u^  can  with  the  help 
of  radial  distributions  of  p  and  u  be  calculated  from  condition  of 
conservation  of  energy,  considering  that  as  t  -*■  oo  all  energy  becomes 
kinetic.  We  obtain  thus: 

1^ir“  (1.121) 

where  u^^^j  as  before  Is  defined  as  square  root  of  average  of  square  of 
veloc3.ty  over 


mass 


2,  Let  UB  assume  that  mtroples  of  all  particles  are  identical 
(isentropic  motion),  l.e,,  S(r,  t)  =  const,  p/p"^  -  A  «  const  (A  is 
entropy  constant).  Substitution  of  p  «  Ap”^  in  relationship  (1,117) 


leads  to  following  profiles  of  pressure  and  density: 

1 


(1.122) 

(1.12J) 


which  naturally  have  to  be  assigned  from  the  very  beginning. 

Density  in  center  p^  can  be  determined  by  Integrating  density 

over  volume  and  equating  Integral  to  mass:  this  gives,  as  usual, 

■5 

B  M/R  ,  with  numerical  proportionality  factor  depending  on  7, 

Relation  (1,117)  leads  after  substitution  of  (1,122),  (1,123)  to 
second  order  equation  for  R(t).  Limiting  value  of  speed  of  boundary 
u^  can  be  obtained  from  condition  of  conservation  of  energy: 

A 

£  s®  ^  -^4nr*rfr, 

if  we  substitute  in  integral  p  by  formula  (1,122)  and  u  =»  u^r/R, 

This  gives  relation  between  u^  and  u^  =  Y2E/M,  where  propor¬ 
tionality  factor  also  depends  on  7,  Both  coefficients  are  expressed 
by  definite  integrals,  which  are  calculated  with  the  help  of  gamma- 
f  vinctlons , 

Let  us  give  numerical  results.  For  7  -  5/3  P^  “  u^  * 

»  1,64  u^j  for  7  »  4/3  Pq  -  6,6p,  u^  -  1,92  u^,  where  "p  -  M/(4TrR^/3) 

is  average  density  over  volume.  In  the  limit  as  t  -*■  00  R  «  u^t,* 

*Tn'  work  (l?)  there  are  reported  certain  results  of  numerical 
solution  of  equations  of  gas  dyTiamics  for  problem  about  isentropic 
dispersion  of  sphere  into  vacuum  xinder  uniform  initial  conditions  (at 
t  -  0  gas  in  sphere  is  at  rest,  its  density  and  pressure  are  constant 
over  radius).  Unfortunately,  in  the  work  there  is  not  given  aeyBq)totlc 
profile  of  density,  but  there  is  given  graph  of  P-(t),  It  is  clear 

that  with  passage  of  time  the  dependence  tends  to  ^  l/t"^#  where 

coefficient  in  this  limiting  law  turns  oat  to  be  altogether  1,22  times 
as  great  as  in  the  self-similar  solution  described  here. 
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Let  us  note  work  of  V.  S.  Imshennlk  [16],  In  which  there  is  con¬ 
sidered  problem  about  Isothermal  dispersion  of  gas  into  a  vacuum. 
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CHAPTER  II 


THERMAL  RADIATION  AND  RADIANT  HEAT  EXCHANGE  IN  A  MEDIUM 

§  1.  Introduction  and  Basic  Ideas 
Up  to  recent  times  high  temperatures  of  the  order  of  tens  and 
hundreds  of  thousands  or  millions  of  degrees  interested  mainly 
astrophysicists.  Theory  of  radiation  transfer  and  radiant  heat  ex¬ 
change  was  created  and  developed  as  a  necessary  element  for  under¬ 
standing  of  processes  occurring  in  stars,  and  explanation  of  observed 
luminosity  of  stars.  To  a  considerable  degree  this  theory  is  also 
transferrable  to  other  high-temperature  objects,  with  which  physics 
and  technology  of  today  must  deal.  In  this  chapter  we  will  become 
acquainted  with  fiindamentals  of  theories  of  thermal  radiation,  radiant 
transfer  of  energy,  theory  of  luminosity  of  heated  bodies,  and  will 
formulate  equations  describing  hydrodynamic  motion  of  substance  under 
conditions  of  Intense  radiation.  In  the  account  of  these  topics  we 
will  be  oriented  toward  "terrestrial"  applications,  while  dwelling  on 
certain  aspects  which  are  not  so  Important  for  astrophysics,  or  which 
do  not  even  appear  in  this  area.* 


*It  is  possible  to  become  acquainted  in  more  detail  with  problems 
of  theory  of  radiation  transfer  and  its  applications  to  astrophysics 
in  books  of  V.  A.  Ambarts\imyan  and  others  [1],  Unsold  [2],  E.  R. 
Mustel'  [5]. 
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We  will  recall  basic  concepts  and  definitions  of  the  theory  of 
thermal  radiation.  Radiation  is  characterized  by  frequency  of  oscil¬ 
lations  of  electromagnetic  fleldv  or  wave  length  X  related  with 
frequency  through  velocity  of  light  X  =  c/v.  Subsequently,  we  will 
always  deal  with  media  in  which  index  of  refraction  is  very  close  to 
unity,  so  that  by  c  we  will  mean  velocity  of  light  in  a  vacuum,  equal 
to  c  =  5'iO  cm/sec.  From  quantum  point  of  view,  radiation  is  con¬ 
sidered  as  a  collection  of  particles,  photons  or  light  quanta,  whose 
energy  is  connected  with  frequency  of  equivalent  field  by  means  of 
Planck's  constant  h  =■  6.62*10“^'^  erg»sec.  Usually  energy  of  a  quantum 
hv*  is  measured  in  electron  volts.  One  electron  volt  is  the  energy 
which  is  acquired  by  an  electron  during  passage  through  a  potential 
difference  of  i  volt;  i  electron  volt  (1  ev)  is  equal  to  1,6»10  erg. 

Frequently  in  electron  volts  is  measured  temperature.  Temperature  T 
of  1  electron  volt  corresponds  to  energy  of  kT  «  1.6*10  erg,  where 
k  =•  1.38*10"^^  erg/degree  —  the  Boltzmann  constant; 

T  r° 

•*“  1,6. 10-»~  11600* 

i.e,,  temperature  of  1  ev  is  equal  to  11  600°  K. 

In  electromagnetic  scale  of  frequencies  (wave  lengths)  or,  so 
to  speak,  in  spectrum  of  radiation,  usually  there  are  distinguished 
several  very  unclearly  defined  ranges,  which  have  definite  names; 
radio  wave.  Infrared,  visible,  ultraviolet,  x-radlatlon,  7-quanta. 

This  division  was  made  historically  and  does  not  have  any  strict  physi¬ 
cal  foundation.  Certain  frequencies  intermediate  between  intervals 
are  even  difficult  to  refer  to  one  or  the  other  heading.  An  exception 

*In  Quantum  theory  it  is  accepted  to  use  Instead  of  frequency  v 
"circular”  frequency  co  ■  2Trv  and,  accordingly,  Planck's  constant  h  - 
-  h/Pir.  In  this  book  we  will  use  quantities  v  and  h,  as  this  is 
accepted  in  theory  of  radiation  transfer  and  astrophysics. 
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Is  only  the  more  or  less  definite,  visible  part  of  the  spectrum; 

,  0 

X  ~  7500-4000A,  hv  ~  1.7-3.13  ev.  In  theory  of  thermal  radiation  it 
is  proven  that  in  state  of  thermodynamic  equilibrium  of  radiation  with 
substance,  maximum  of  energy  of  spectrum  with  respect  to  frequency 
belongs  to  frequency  v,  which  is  related  with  temperature  by  the 
formula  hv  =  2.82  kT,  It  is  possible  to  say  that  frequency  v  is  most 
characteristic  for  a  body  with  temperature  T  =»  hv/2.82  kj  therefore, 
comparison  of  frequency  and  temperature  ranges  immediately  gives  an 
idea  of  to  what  temperatures  a  given  region  of  the  spectrum  correspons. 
Visible  radiation  is  characteristic  for  bodies  with  temperatures  of 
the  order  of  7000°-13000O  K. 

Electromagnetic  field  or  light  quanta  possess  not  only  energy, 
but  also  momentum.  Momentum  of  quantum  hv  in  absolute  value  is  equal 
to  hv/c.  Direction  of  motion  of  quantum  coincides  with  vector  of 
energy  flow  of  field  —  Poynting  vector. 

Field  of  radiation  filling  space  is  described  by  distribution  of 
intensity  of  radiation  over  frequencies  in  space  and  along  directions 
of  transfer  of  radiant  energy.  If  we  speak  about  radiation  as  a  col¬ 
lection  of  particles  —  light  quanta  —  then  field  can  be  characterized 
by  distribution  function  of  quanta,  which  is  f\illy  analogous  to  dis¬ 
tribution  fimctlon  of  any  other  particles.  Let  us  assume  that 
f(v,  r,  0,  t)  dv  dr  dfl  is  number  of  light  quanta  in  spectral  range 
from  V  to  V  +  dv,  which  are  located  at  time  t  in  element  of  volume 
dr»  near  point  r  and  have  direction  of  motion  in  elementary  solid  angle 
dn  near  unit  vector  0.  Function  f  is  called  distribution  function. 

Every  quantum  possesses  energy  hv  and  moves  with  velocity  cj  there 
fore,  the  quantity 

>^Llnear  dimensions  of  elementary  volume  dr  are  assumed  to  be  much 
larger  than  wave  length  X. 
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ifi 


/»(r,  Q,  t)dvdQ  =  hvcf{v,  r,  Q,  t)dvdQ\ 


is  quantity  of  radiant  energy  In  spectral  range  dv  flowing  In  1  sec 

2 

through  an  element  of  1  cm  ,  which  Is  placed  at  point  r  perpendicular 
to  directions  of  propagation  of  energy,  which  lie  In  elementary  solid 
angle  dfl  near  vector  H.  Is  called  spectral  Intensity  of  radiation. 
Assigning  f\inctlons  or  f  completely  determines  field  of  radiation. 
Quantity  of  radiant  energy  contained  In  spectral  Interval  dv  and  lo- 

3 

cated  In  1  cm  of  space  at  point  r  at  time  t,  or  spectral  density  of 
radiation.  Is  equal  to 

U^(r,t)^hv  \  =  l  (  7vrf0.  (2,1) 

(in)  *  (4n) 

Let  us  Imagine  a  unit  element  with  direction  of  normal  n.  Quanta 

Intersect  It  from  the  left  to  the  right  and  from  the  right  to  the  left. 

Quantity  of  radiant  energy  In  Interval  dv  flowing  In  1  sec  through 

the  element  from  the  left  to  the  right  Is  equal  to  hvc  /  f  cos  di), 

2Tr 

where  a  Is  angle  between  direction  of  motion  of  quanta  (2  and  normal 
nj  Integral  Is  taken  over  right  hemisphere,  as  the  base  of  which 
serves  the  element  of  area  (Fig,  2.1),  Integral  over  left  hemisphere 
Is  equal  to  quantity  of  energy  flowing  from  the  right  to  the  left. 
Difference  between  unidirectional  fluxes  from  the  left  to  the  right 
and  from  the  right  to  the  left  gives  total  spectral  energy  flow  through 
this  element  of  area.  Inasmuch  as  cos  a  has  different  signs  In  right 
and  left  hemispheres,  spectral  energy  flow  through  element  with  normal 
n  Is  equal  to 

S„(r,t,n)=‘hve  ^  /cos<^(iQ=  ^  /vCos^dQ,  (2.2) 

<♦*)  {&) 

where  Integral  Is  taken  over  entire  solid  angle. 

Flux  Is  a  vector  quantity.  The  written  expression  (2,2)  Is  a 
projection  of  flux  vector  onto  direction  n.  The  vector  of  spectral 
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flux  Itself  Is  equal  to 


S^>=^IsQdQ,  (2.5) 

where  (2  Is  unit  vector  of  direction  of  motion  of  quanta. 

With  isotropic  distribution  of  radiation,  when  distribution 
function  f  and  Intensity  do  not  depend  on  direction  density  of 
radiation  is  equal  to 

C 

and  there  is  no  flux:  =  0  and  projections  onto  all  directions 

are  also  equal  to  zero  (since  in  every  direction  there  is  transfered 
exactly  as  much  energy  as  in  the  opposite  direction). 

Total  intensity,  density,  and  flux  of  radiation  are  obtained  from 
their  spectral  counterparts  by  Integration  of  them  over  the  entire 
spectrum  of  frequencies: 

/=J/,dv,  5=^Svdv. 

Let  us  introduce  now  the  idea  of  optical  characteristics  of  a 
substance.* 

3 

Amount  of  energy  spontaneously  radiated  in  1  cm  of  substance  in 
1  sec  in  the  spectral  interval  dv  is  called  spectral  emlttance  or 
radiation  factor  J^.  Usually  gases  radiate  light  in  all  directions 
equally,  isotropically,  since  atoms,  molecules,  ets.,  are  oriented 
and  move  in  space  in  a  random  manner.  Therefore  amount  of  energy 
radiated  in  solid  angle  dfl  in  some  direction  is  equal  simply  to 
J^  dJ2  -  dfl/^TT  (Jy  is  calculated  per  unit  solid  angle), 

*Here  and  subsequently,  when  using  terms  "light, "  "light  quanta, " 
"optical"  properties,  we  will  not  be  limited,  as  is  accepted  in  every¬ 
day  useage,  only  to  visible  part  of  spectrum,  but  will  carry  these 
tenns  to  any  frequencies. 
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Sometimes  emittance  is  referred  not  to  unit  of  volume,  but  to 
a  unit  of  mass.  In  order  to  obtain  corresponding  magnitudes,  it  is 


obviously  necessary  to  divide  or  by  density  of  substance  p. 


.Fig.  2.1.  Concern¬ 
ing  the  derivation 
of  the  formula  for 
flux  of  radiant 
energy. 


If  through  substemce  there  passes  a  beam  of 
light,  it  is  attenuated  along  its  path.  Attenu¬ 
ation  occurs  due  to  absorption  of  quanta,  as 
well  as  due  to  their  scattering,  i.e,,  deflec¬ 
tion  from  initial  direction.  Relative  attenua¬ 
tion  of  parallel  beam  on  element  of  path  dx  is 
proportional  to  this  element,  i.e., 

(2.6) 

Intensity  of  beam  decreases  after  passage 


over  distance  x  from  point  x  =<  0  to  point  x  by  exponential  law 

i  i  r  c  (2-^) 

Attenuation  factor  is  composed  of  coefficient  of  absorption 
and  scattering  coefficient  Reciprocals  are  mean  free  paths 

of  light:  total  z  =  l/p,..,  with  respect  to  absorption  l  =  1/h„_ 

y  y  kcI  kcI 

—1  —1  —1 

and  with  respect  to  scattering  »  i/H^g(^  -  "*■  ^vs^ 

free  paths  characterize  attenuation  of  beam  of  light  with  respect  to 

the  corresponding  process  per  unit  of  path.  Coefficients  which  are 


referred  not  to  unit  of  path,  but  to  unit  of  mass  are  spoken  of  as 
mass  coefficients.  Mass  coefficients  are  equal  respectively  to 

’S/s/p* 

Mean  free  path  is  the  average  distance  which  a  quantum  passes 
over  before  it  is  absorbed,  scattered,  etc.  But  quantum  travels  with 


*We  now  digress  from  processes  of  stimulated  emission,  about  which 
we  will  be  concerned  below,  and  imply  by  h  the  coefficient  of  true 
absorption. 
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speed  c,  and  therefore  average  time  of  "life"  of  quantum  with  respect 

to  a  given  event  is  equal  to  mean  free  path  divided  by  velocity  of 

light  l/c.  For  instance,  if  on  element  of  path,  dx  there  is  absorbed 

fraction  dx/l,,^  of  quanta,  then  during  the  time  dt  there  is  absorbed 

fraction  c dt/z 

'  va 

Attenuation  of  beam  of  light  is  characterized  by  product  of  atten¬ 
uation  factor  and  mean  free  path.  Dimensionless  quantity 

•E,  as  ^  |1,  </z,  (2*^) 

0 

is  called  optical  thickness  of  layer  x  with  respect  to  light  of 
frequency  v.  Beam  of  light  is  attenuated  by  e  times  on  an  optical 
thickness  equal  to  unity.  In  the  case  when  scattering  can  be  dis¬ 
regarded,  optical  thickness  is 

% 

dxv  —  yivadx.  (2.9) 

6 

§  2.  Mechanisms  of  Emission,  Absorption  and 
Scattering  of  Light  in  Gases 

Light  quanta  are  radiated  and  absorbed  during  transitions  of 
electrons  in  atomic  systems:  atoms,  molecules,  ions,  electron-ion 
plasma,  from  one  energy  state  to  another.  During  absorption  of  a 
quantum  there  occurs  excitation  of  the  atom,  molecule,  etc.  So  that 
emission  of  quantum  occurs,  it  is  necessary  preliminarily  to  excite 
atom;  atom  loses  excitation  energy,  transmitting  it  to  the  emitted 
quantum.  Emittance  is  higher,  the  larger  the  number  of  excited 
atoms,  l.e.,  the  higher  the  temperature. 

In  Fig.  2.2  there  is  depicted  energy  level  diagram  of  simplest 
atomic  system,  consisting  of  proton  and  electron,  which  in  boiuid  state 
form  an  atom  of  hydrogen.  As  zero  energy  is  taken,  as  usual,  the 
boundary  between  free  and  bound  state  of  electron,  so  that  in  bound 
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state  energy  Is  negative.  In  bound  state  electron  can  be  only  at 
definite,  discrete  energy  levels.  Ground  state  of  proton  —  electron 


system  has  energy  »  -15.5  ev,  which  is  in  absolute  value  to  ioni¬ 
zation  potential  of  atom  of  hydrogen.  In  free  state  with  positive 
energy  (ionized  atom  of  hydrogen)  electron  can  possess  any  energy. 


so  that  energy  spectrum  is  continuous. 


In  qualitative  sense,  energy 
spectrum  of  complicated  atomic  systems 
does  not  differ  from  spectrum  of  the 
simplest  system. 

All  electron  transitions  can  be, 
as  this  is  accepted  in  astrophysics, 
subdivided  into  three  groups  according 
to  the  criterion  of  continuity  or 
discreteness  of  energy  spectrum  of 
initial  and  final  states  of  the  atomic 
system:  into  bound-bound,  bound- 


.Fig.  2.2.  Energy  level  dia¬ 
gram  of  proton-electron  sys¬ 
tem.  E^  =  -15.5  ev  is  ground 

state  of  atom  of  hydrogen. 

Eg,  E^  are  levels  with  prin¬ 
cipal  quantum  numbers  n  » 
=2.5.  E  =  0  corresponds  to 
boundary  between  11.. and 
continuous  spectra.  Arrows 
show  possible  types  of  tran¬ 
sitions;  I)  bound -bound; 

II)  capture  of  electron  by 
proton;  III)  ionization  of 
atom;  IV)  free-free. 


free,  and  free-free  (all  allowed 
transitions  are  shown  in  Fig.  2.2 
by  arrows ) . 

Bound-bound  transitions  Include 
transitions  of  electrons  within  atoms, 
molecules  emd  ions  from  one  discrete 
level  to  another.  In  virtue  of  dis¬ 
creteness  of  energy  levels  of  bound 


state  of  electrons,  during  such  tran¬ 


sitions  there  are  emitted  and  absorbed  line  spectra.  In  molecules. 


when  simultaneously  with  electron  transition  there  occurs  change  of 
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i 

state  of  vibrational  and  rotational  motions,  there  are  obtained  band 
spectra.* 

During  bound-free  transitions,  electron  as  a  result  of  absorp¬ 
tion  of  quantum  obtains  energy  exceeding  binding  energy  of  it  in  the 
atom,  molecule,  or  ion  and  becomes  free  —  there  occurs  photo-ioniza¬ 
tion.  Excess  of  quantum  energy  over  binding  energy  is  turned  into 
kinetic  energy  of  free  electron.  Reverse  transitions  —  capture  of  i 

i 

3 

free  electrons  by  ions  in  ionized  gas (photo-recombination)  —  lead 
to  emission  of  quanta.  Inasmuch  as  free  electron  can  possess  arbi- 
trary  (positive)  energy,  bound-free  transitions  given  continuous  'i 

absorption  and  radiation  spectra. 

It  is  necessary  to  note  that  not  any  quantum  may  cause  a  photo¬ 
effect  in  an  atom  which  is  in  a  definite  state.  Energy  of  quantum 
should  exceed  binding  energy  of  electron  in  this  state.  However,  any, 
even  the  smallest  quantum,  can  pull  an  electron  from  a  sufficiently 
strongly  excited  atom,  since  with  Increase  of  excitation  the  electron 
becomes  more  and  more  weakly  bound. 

In  an  ionized  gas  (plasma),  a  free  electron  traveling  in  electri¬ 
cal  field  of  ion  can  emit  a  quantum  without  losing  besides  all  of 
its  kinetic  energy  and  remain  free,  or  absorb  a  quantum  and  obtain 
additional  kinetic  energy.  These  free-free  transitions  are  frequently 
called  "braking"**  transitions,  since  during  emission  the  electron  is 
decelerated  in  field  of  ion,  losing  part  of  its  own  energy  in  radia¬ 
tion.  These  processes  also  give  a  continuous  spectrxun  of  radiation 

*In  molecules  sometimes  there  occur  transitions  accompanied  by 
change  of  only  vibrational  and  rotational  states  without  change  of 
electronic  state.  Then  there  are  emitted  or  absorbed  quanta  of  very 
low  energy,  which  lie  in  infrared  region  of  spectrum.  At  temperatures 
of  the  order  of  several  thousand  degrees  and  above,  they  play  an 
Insignificant  role. 

**Trans.  Ed.  quotes. 
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and  absorption. 

These  processes  can  occur  also  during  flight  of  an  electron  in 
field  of  a  neutral  atom.  In  distinction  from  field  of  ion,  field  of 
neutral  atom  very  rapidly  decreases  with  distance;  therefore  for 
process  of  emission  or  absorption  of  light,  there  is  necessary  close 
approach  of  electron  to  atom.  Probability  of  "braking"  process  with 
participation  of  neutral  atom  is  much  less  than  with  participation  of 
ion. 

Coefficients  of  bound-bound  juid  bound-free  absorption  are  pro- 

3 

portional  to  number  of  absorbing  atoms  located  in  1  cm  of  gas  N, 
Magnitude  of  coefficient  referred  to  one  absorbing  atom  depends  only 
on  properties  of  atom,  degree  of  its  excitation,  frequency  of  quantum, 
i,e.,  is  a  characteristic  of  the  actual  atom.  This  quantity  =• 

O 

=  a„  has  dlmensjon  of  cm  (dimension  of  is  1/cm,  dimension  of  N 
is  1/cm^)  and  has  the  name  of  effective  absorption  cross  section.  Its 
physical  meaning  is  easy  to  \inderstand  by  means  of  the  following  rea¬ 
soning.  Let  us  assume  that  parallel  beam  of  light  of  frequency  v 

r  \ 

with  cross  section  of  1  cm'^  passes  through  absorbing  gas.  Absorption 
can  be  imagined  thus  as  if  every  atom  is  replaced  by  some  little  opaque 
disk  perpendicular  to  direction  of  beam;  on  hitting  this  "disk"  the 
quantum  sticks  (is  absorbed). 

If  area  of  every  disk  is  equal  to  a^,  and  number  of  disks  (atoms) 

3 

per  cm"^  is  N,  then  total  area  of  all  disks,  located  in  layer  of  gas 

2  ? 
with  area  of  1  cm  and  thickness  dx,  is  equal  to  1  cm  Na^  dx.  Let  us 

select  dx  so  small  that  disks  located  in  layer  do  not  overlap.  Then, 

obviously,  during  passage  of  light  through  such  a  layer  there  will 

"stick"  a  fraction  of  the  quanta  which  is  equal  to  ratio  of  opaque 
2  2 

area  Na^  dx  cm  to  total  area  1  cm  ;  i.e.,  dl^  =  dx.  Remembering 
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definition  of  coefficient  of  absorption  (see  formula  (2.6)),  we  obtain 
that  i.e.,  effective  cross  section  is  area  of  "opaque" 

(for  frequency  v)  disk,  corresponding  to  one  absorbing  atom.  In 
exactly  this  way  it  is  possible  to  speak  about  effective  cross  sec¬ 
tion  of  atom  or  some  other  particle  for  scattering  of  quanta. 

Bound-bound  transitions  are  caused  by  quanta  of  strictly  definite 
energy  hv  lying  within  extraordinarily  narrow  bounds.  This  energy 
must  correspond  to  difference  between  energies  of  two  levels  in  atom. 
Therefore,  we  speak  of  such  absorption  as  selective.  Effective  absorp¬ 
tion  cross  sections  of  "isolated"  atoms  for  these  "chosen"  quanta  are 
extraordinarily  great.  For  quanta  of  visible  light  they  of  order  of 
10  cm  in  center  of  line  (in  middle  of  narrow  interval  of  selective 
absorption.*  Such  cross  sections  correspond  to  very  small  mean  free 
paths  of  quanta.  For  instance,  for  density  N  ~  10^^  cm”^  (order  of 

density  of  atmospheric  air),  mean  free  path  would  be  on  the  order  of 

—  10 

I  «  ±/y^  »  1/Wa  10  cm. 

Effective  cross  sections  for  bound-free  absorption,  i.e.,  for 

-17  2 

photoeffect,  are  much  less,  on  order  of  10  -  10 cm  (l  ~ 

p  19  -"3  \ 

10"  -  10  cm  at  N  ~  10  ^  cm  ),  These  magnitudes  pertain,  of  course, 

only  to  quanta  which,  in  general,  are  able  to  pull  electron  from  atom, 
i.e.,  energy  of  wiiich  is  higher  than  binding  energy  of  electron. 

In  free-free  transitions,  for  absorption  of  quantum  it  is  neces¬ 
sary  that  electron  fly  at  the  time  of  absorption  very  close  to 

♦Effective  absorption  cross  section  in  center  of  line  having  natu- 

p 

ral  width,  of  the  order  X  ,  where  X  is  wave  length  of  quantum.  In 
scale  of  wave  lengths  natural  width  of  lines  in  visible  part  of  spec- 

trum  is  on  the  order  of  10  A  -  10  cm  (1  angstrom  (A)  is  equal  to 

lo"  cm).  Usually  in  gases  width  of  lines  are  larger  than  natural, 
and  cross  section  in  center  of  line  is  accordingly  less  than  x2.  For 
greater  detail  see  §  9  Chapter  V. 


ion  —  "collide"  with  Ion  (free  electron  is  not  able  to  absorb  a  quan¬ 
tum;  It  can  only  scatter  it).  Therefore,  In  this  case,  coefficient  of 
so-called  "braking"  absorption  is  proportional  to  number  of  ions,  as 
well  as  to  number  of  free  electrons  in  1  cm"^;  ~  N.N_.  It  Is 


N.N  .  It  Is 

"T  “ 


possible  to  speak  about  effective  cross  section  of  ion  = 

=  ^  conditional  sense,  since  this  cross  section 

Is  proportional  to  density  of  free  electrons.  It  turns  out,  however, 
that  in  case  of  Incomplete  Ionization,  coefficient  of  "braking"  absorp¬ 
tion  is  proportional  only  to  first  power  of  density  of  gas,  since  to 
density  is  proportional  the  actual  product  N,N^.  For  quanta  which 
are  the  most  common  at  a  given  temperature,  coefficient  of  "braking 
absorption  Is  approximately  an  order  less  than  coefficient  of  bound- 
free  absorption. 

In  case  of  tatal  ionization,  when  In  gas  there  are  present  only 
nuclei  and  electrons  (and  bound-free  absorption  In  general  does  not 
occur),  coefficient  of  "braking"  absorption  Is  proportional  to  square 
of  density  of  gas. 

Mainly  free  electrons  scatter  quanta*  (If  energy  of  quantum  Is 
great  as  compared  to  binding  energy  of  electron  in  atom,  then  such 
an  electron  also  can  be  considered  as  "free"). 

Quanta  of  noi;  too  high  enei'gl  es  (much  lower  than  self  energy  of 
2 

electron;  m^c  =  500  ev,  which  are  the  only  ones  with  which  It  Is 
necessary  to  deal  at  ordinary  temperatures,  are  scattered  without 
change  of  energy.  Effective  scattering  cross  section  Is  determined 

O  Q 

by  calsslcal  radius  of  electron  rQ  and  Is  equal  “ 

=  6.65.10“  ^  cm  (this  Is  so-called  Thomson  scattering  cross  section). 

*Let  us  note  existence  of  effect  of  resonance  scattering.  In  which 
bound  electron  absorbs  quantum  with  transition  Into  bound  excited  state, 
and  then  emits  It  In  an  arbitrary  direction.  Effective  cross  section  of 
resonance  scattering  In  center  of  line.  Just  as  absorption  cross  sec¬ 
tion,  Is  on  the  order  of  x2. 
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This  cross  section  is  very  little;  it  corresponds  to  scattering 
mean  free  path  I  ~  10^  cm  at  density  of  electrons  N  ~  10^^  cm"^. 

During  estimate  of  scattering  length  of  large  quanta,  for  which  all 
electrons  of  atoms  and  molecules  can  he  considered  as  free,  by  we 
should  understand  the  total  number  of  electrons  present  in  atoms.  For 
Instance,  in  air  of  normal  density  =  2.67.10^^  cm~^,  and  total 

number  of  electrons  is  14,4  times  as  great.  Scattering  mean  free  path 
is  equal  to  37  ni.  It  is  necessary  to  note  that  effective  cross  sec¬ 
tion  of  very  large,  megaelectron-volt  quanta  differs  from  Thomson  mean 
free  path. 

In  Incompletely  ionized  gas,  scattering  mean  free  path  of  quanta 
in  continuous  spectrum  always  is  much  larger  than  absorption  mean 
"ree  path.  Only  in  completely  ionized  and  very  strongly  rarefied  gas, 
when  "braking"  absorption,  which  is  proportional  to  N  ',  becomes  small, 
is  scattering  Important, 

Under  "terrestrial"  conditions  light  scattering  practically 
always  can  be  disregarded  as  compared  to  absorption.*  Therefore, 
subsequently  we  will  omit  index  "a"  for  quantities  we  will  mean 

by  them  coefficient  of  absorption  and  absorption  mean  free  path. 

Here  we  will  complete  general  survey  of  mechanisms  of  interaction 
of  radiation  with  substance.  To  detailed  account  of  these  problems 
will  be  dedicated  Chapter  V.  Here  nowhere  will  there  be  needed  by 
us  specific  expressions  for  coefficients  of  absorption, 

§  3.  Equilibrium  Radiation  and  Ideal  Black  Body 

Let  us  Imagine  an  unbounded  medium  which  is  in  a  state  of  thermo¬ 
dynamic  equilibrium  at  constant  temperature  T.  Under  steady-state 

*Under  astrophyslcal  conditions  scattering  sometimes  is  even  greater 
than  absorption. 
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conditions  field  of  radiation  is  also  equilibrium,  Thermodyneunic 
equilibrium  of  radiation  is  characterized  by  the  fact  that  niunber  of 
quanta  or  quantity  of  radiant  energy  emitted  by  substance  in  1  sec 
in  1  cm^  in  given  Interval  of  frequencies  dv  and  in  given  Interval 
of  ciirections  dfl  is  exactly  equal  to  number  of  absorbed  quanta  or 
quantity  of  radiant  energy  absorbed  by  substance  in  the  same  inter¬ 
vals  dv,  dfl,  l^ield  of  equilibria  radiation  is  isotropic,  i.e,,  does 
not  depend  on  direction  and  does  not  depend  on  specific  properties  of 


medium,  but  is  a  universal  function  of  frequency  and  temperature. 
Spectral  density  function  of  equilibrium  radiation  U  was 
derived  by  Planck  at  the  dawn  of  development  of  quantum  theory.  It 
can  be  obtained  by  the  most  natural  means  with  help  of  quantum  statis¬ 
tics,  which  is  obeyed  by  a  "photon  gas"  (see,  for  instance,  [4]), 

■5 

Quantity  of  energy  of  equilibrium  radiation  of  frequency  v  in  1  cm"^, 
taken  over  unit  interval  of  frequencies  is  equal  to 


SiUv*  1 


(2,10) 


In  virtue  of  Isotropy,  spectral  intensity  of  equillbritun  radiation 


is  equal  to 


,  tt'yp  2*v»  1  * 


(2.11) 


Distribution  of  energy  of  equilibrium  radiation  over  frequencies 
which  is  given  by  Planck  function  (2,10)  is  depicted  in  Fig,  2,5  MaX' 
imum  of  this  distribution  lies  at  energy  of  quanta  hv^^^  ■  2,822  kT. 
With  Increase  of  temperature  majclmum  is  displaced  in  the  direction  of 
higher  frequencies.  In  region  of  low  frequencies  hv  «  kT  formula  of 


*In  astrophyslcal  literature  instead  of  I  there  usually  is  used 
designation  ^ 
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Planck  reduces  to  classical  formula  of  Raylelgh-Jeans: 


hy€kT. 


(2.12) 


In  region  of  large  frequencies  hv  »  kT  we  obtain  formula  of 


Wien: 


(2.13) 


Total  density  of  equilibrium  radiation  Is  obtained  by  Integration 
over  frequencies  from  zero  to  co  of  spectral  density  (2,10),  Calcula¬ 


tion  gives  the  known  expression: 


where  a  =  2ji^kVi5h^c^  =  5.67.10“^  erg/cm^. sec.deg^  Is  Stefan-Boltzmann 


constant  (U  =  T°^erg/cm^), 


n  1  2  3  A  S.6  7  s  * 
•Fig,  2.3.  Planck  f tine t Ion 

■Z  Y 

x'^(e  -  1)  ,  where  x  = 

a  hv/kT, 


Proportionality  of  total  density  of 
equilibrium  radiation  to  fourth  power  of 
temperature  follows  directly  from  second 
law  of  thermodynamics  and  the  theorem 
known  from  classical  electrodynamics 
that  pressure  of  Isotropic  field  of 
radiation  Is  equal  to  one  third  of  energy 
density:  p^  -  Substituting  this 

expression  In  general  thermodynamic  rela¬ 


tion  T  dS  a  de  +  p  dV,*  whereby  specific  energy  we  mean  product  of 

radiation  density  and  volume  e  =  UpV,  and  noticing  that  dS  Is  total 

k 

differential,  we  will  obtain  U  a  const  T  ,  We  should  mention  that 
relation  p^  a  Up/3  Indicates  that  equilibrium  radiation  can  be 


♦Here  S  Is  entropy  of  radiation. 
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considered  from  thermodynamic  point  of  view  as  Ideal  gas  with  adiabatic 
Index  7  =5  5/4, 


Inasmuch  as  field  of  equilibrium  radiation  Is  Isotropic,  radia¬ 
tion  flux  at  any  point  of  body  Is  equal  to  zero.  This  means  that  If 
we  (mentally)  place  In  the  body  a  plane  surface,  then  unidirectional 
radiation  fluxes  through  surface  from  the  right  to  the  left  and  from 
the  left  to  the  right  will  be  exactly  equal  to  each  other  In  absolute 
value  and  opposite  In  direction.  The  magnitude  of  unidirectional 
flux  Itself,  l.e,,  quantity  of  radiant  energy  flowing,  let  us  say, 
from  the  left  to  the  right  In  i  sec  through  unit  area  will  be  obtained 
by  putting  In  formula  (2.2)  the  expression  (2.11)  for  equilibrium 
Intensity  and  Integrating  not  over  the  entire  solid  angle,  but  only 
over  a  hemisphere.  Unidirectional  spectral  flux  Is  equal  to 


(2.15) 

a  2nAv*  t 


Unidirectional  flux  Integrated  over  spectrum  Is 

€U, 


S, 


or*. 


(2.16) 


Let  us  Imagine  a  body  with  constant  temperature  T,  In  which  there 

2 

Is  a  cavity  filled  with  equilibrium  radiation.  On  1  cm  of  surface 
of  the  substance  In  i  sec  from  the  cavity  there  falls  radiation  flux 
S^p.  This  flux.  In  general.  Is  partially  reflected  from  wall  of  cavity, 
and  partially  passes  Inside  and  Is  absorbed  by  the  substance  (we  will 
assume  that  It  does  not  pass  clear  through  the  body  —  the  body  Is 
not  bounded).  Let  us  designate  reflectivity  by  R^.  and  absorptlvety 
of  substance  by  A^;  =  1  -  R^.  Quantity  of  radiation  passing  from 

cavity  to  the  Inside  of  the  body  and  absorbed  In  the  substance  Is 
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equal  to  In  virtue  of  equillbrixun,  the  same  quantity  of 

t  P 

radiation  is  emitted  in  1  sec  from  1  cm  of  surface  of  body  in  the 
direction  of  the  cavity,  i.e.,  Absorptivity,  reflectiv¬ 

ity,  magnitude  of  emission  from  surface  are  characteristics  of  body 
and  state  of  substance;  however,  the  ratio: 

7;  ^  2«Av»  1  (2.17) 

^  ^  ehv/*T_i 

does  not  depend  on  specific  properties  of  body  and  is  a  universal 
function  of  frequency  and  temperature.  This  statement  is  called  the 
Kirchhoff  law. 

Body,  which  completely  absorbs  all  radiation  incident  on  it  is 
called  ideal  black  body.  For  an  ideal  black  body,  by  definition, 

=•  Oj  A^  =  1.  From  formula  (2.17)  it  follows  that  from  its  surface 
there  emerges  a  spectral  flux  equal  to  S  ;  integral  over  spectrum  of 

li 

flux  is  equal  to  Sp  =  aT  . 

We  will  consider  an  unbounded  solid  medium  with  constant  tempera¬ 
ture  T,  in  which  radiation  is  in  equilibrium  with  substance,  and 
again  will  divide  it  by  an  imaginary  plane  surface.  Unidirectional 
fluxes  through  surface  are  equal  to  S^.  Quanta  which  intersect  sur¬ 
face  from  the  left  to  the  right  are  "generated"  on  the  left  of  the  sur¬ 
face,  and  those  going  from  the  right  to  the  left  are  generated  on  the 
right  of  the  surface.  Let  us  mentally  remove  the  substance  from  one 
side  of  the  surface,  let  us  say,  from  the  right,  assuming  thus  that 
temperature  of  substance  on  the  left  is  not  changed.  Furthermore,  we 
will  assume  that  the  medium  possesses  index  of  refraction  equal  to 
one,  just  as  the  vacuum  which  will  be  formed  on  the  right,  l,e,,  the 
boundary  does  not  reflect  light.  Then,  afte"^  "removal"  of  substance 
from  the  right,  quanta  do  not  arrive  at  all  from  the  vacuum  side,  and 
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flux  of  quanta  from  the  left  to  the  right  from  the  substance  obviously 
will  not  be  changed  and  will  be  as  before  equal  to  S  .  Thus,  the 
plane  half-space  filled  with  substance  with  Index  of  refraction  equal 
to  one  and  constant  temperature  T  sends  from  the  surface  radiation 
flux  S^j  l.e,.  It  radiates  as  an  Ideal  black  body  with  temperature  T. 

§  4.  Stimulated  Emission 

We  will  consider  balance  of  absorption  and  emission  of  light  In 
substance  located  In  field  of  radiation  Quantity  of  radiant 

energy  In  Interval  of  frequencies  dv.  and  Interval  of  directions  dfl, 

3 

absorbed  In  1  cm"^  In  1  sec  Is  equal  to 

/vcfvtfQxv  w  absorption  per  1  sec  per  1  cm^,  (2.l8) 

Quantity  of  energy  spontaneously  emitted  by  substance  per  1  cm^ 
per  1  sec  in  the  same  Interval  dv  dH;  Is  equal  to 

UdsdQ  =»  spontaneous  emission  per  1  sec  per  1  cm^. 

Quantity  of  spontaneous  emission  (radiation  factor  Is 
determined  only  by  properties  of  substance  and  Its  state:  kind  of 
atoms,  temperature,  on  which  degree  of  excitation  of  atoms  depends, 
etc*,  and  absolutely  does  not  depend  on  whether  there  Is  radiation  In 
space  or  not.  This,  however,  does  not  exhaust  the  total  quantity  of 
radiation  emitted  by  substance. 

There  exists  so-called  stimulated  or  Induced  emission.  Probability 
of  stimulated  emission  of  a  quantum  of  given  frequency  and  given  direc¬ 
tion  is  proportional  to  Intensity  of  radiation  of  the  same  frequency 
and  the  same  direction  at  given  point  of  space.  The  existing  quanta 
promote  transitions  of  excited  atomic  systems  accompanied  by  emission 
of  the  very  same  quanta.  In  quantum  theory  it  appears  that  total 
emission  probability  of  given  quanta  is  proportional  to  the  quantity 
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1  +  n,  where  n  is  number  of  ph  h  definite  direction  of  polari' 

zatlon  located  in  the  same  phat  unto  which  the  emitted  quantum 

enters.  This  number  is  equal  to  n  *»  c  I^/2hv'^.*  Thus,  total  quantity 
of  radiation  emitted  in  1  sec  in  i  cm^  in  Interval  dv  dO,  is  equal  to 

total  emission  in  i  sec  in  i  cm^,  (2.19) 


First  term  in  parentheses  corresponds  to  spontaneous  emission, 
and  the  second  —  to  stimulated  emission. 

In  state  of  thermodynamic  equilibrium,  emission  and  absorption 
of  quanta  of  given  frequency  and  direction  exactly  compensate  one 
another,  so  that  expressions  (2.18)  and  (2,19)  should  be  equated,  where 
intensity  of  radiation  is  replaced  by  the  equilibrium  quantity 

Taking  into  account  formula  (2.11)  for  equilibrium  intensity,  we 
will  find  that  ratio  of  emittance  of  any  substance  to  its  absorptivity 


is  a  universal  function  of  frequency  and  temperature: 


2fcv»^--S- 

-5; -77-3-7- *T. 


(2.20) 


This  relationship  constitutes  one  of  forms  of  Klrchhoff  law. 
Formula  (2.20)  can  be  conveniently  rewritten  in  the  form 


(2.21) 


Emittance  in  all  directions  is  equal  to 

(2.22) 


♦Phase  volume  corresponding  to  element  dv  dA  dr,  in  which  there 
are  located  f  dv  dfl  dr  quanta,  is  dp  dr,  where  dp  is  element  of  volume 
in  momentum  space.  Inasmuch  as  momentum  of  queintum  is  equal  to  p  » 

a  hvO/c,  dp  =»  p^  dp  dfl  =  h^v^  dv  dfl/c^.  Number  of  phase  cells  in 

element  of  phase  space  dp  dr  is  equal  to  dp  dr/h^,  eind  consequently, 

number  of  photons  In  one  cell  is  equal  to  f  dv  dfl  dP  h'^^dp  dr  ■  c  f/v  = 

»  c  I  /hv^.  Number  of  photons  with  definite  direction  of  polarization 
V  P  *5 

is  equal  to  half  of  this  number,  l.e.,  c  l ^2hv^. 
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Klrchhoff  law  constitutes  expression  of  general  principle  of 
detailed  balance  in  reference  to  processes  of  emission  and  absorption 
of  light.  It  permits  calculation  of  emittance  of  substance^  if  there 
is  known  its  coefficient  of  absorption  (and  conversely). 

Existence  of  processes  of  stimulated  emission,  l.e.,  transitions 
of  excited  atom  whose  probability  depends  on  number  of  '’particles” 
(photons)  already  existing  in  final  state  of  atom  plus  photon  system 
is  characteristic  for  processes  with  participation  of  photons  ("parti¬ 
cles”)  obeying  quantum  statistics  of  Bose.  Namely,  due  to  existence 
of  such  processes,  distribution  function  of  photon  gas  differs  from 
distribution  function  of  gas  obeying  classical  statistics  of  Boltzmann, 
where  nuiaber  of  particles  with  energy  e  is  proportional  to 
and  not  (e^^*^  -  i)**^,  as  for  photons  (e  •  hv). 

In  order  to  explain  this,  we  will  consider  the  simplest  case,  when 
atom  possesses  two  energy  levels,  and  e^  (ep  ^  transition 

from  upper  energy  state  to  lower  is  accompanied  by  emission  of  quantum 
hv  =  Eg  -  and  transition  from  lower  to  upper  is  accompanied  by 
absorption  of  quantum  hv.  Probability  of  absorption,  l.e.,  k^.  Is 
proportional  to  number  of  atoms  in  lower  energy  state,  which,  according 

-eiAt 

to  the  law  of  Boltzmann,  is  proportional  to  e  .  Probability  of 

spontaneous  emission  is  proportional  to  number  of  atoms  in  upper 

“EoAT 

energy  state,  l.e.,  e 

We  will  assume  that  stimulated  emission  does  not  exist.  Then  in 
equilibrium  the  number  of  events  of  spontaneous  emission  of  quanta 


hv  would  be  equal  to  nvimber  of  events  of  absorption,  l.e,.  Instead  of 
formulas  (2,20)  or  (2.21),  we  would  have  equalities 


(2.2J) 
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^ut  L 


“Eg/kT 


-e^AT 


,  so  that 


^  const  , 


-  ** 

i  const 


In  other  words,  for  intensity  of  equilibrium  radiation,  or  which 
is  the  same,  for  distribution  function  of  quanta,  we  would  obtain  law 
of  Boltzmann,  Just  as  for  "usual"  particles.  In  fact,  law  of  Boltzmann 
is  valid  only  for  large  quanta  hv  »  kT  in  the  Wien  region. 

Only  taking  into  acco\int  processes  of  stimulated  emission,  con- 

I 

sideratlon  of  balance  of  emission  and  absorption  of  quanta  leads  to 
formula  of  Planck  for  distribution  function  of  photons.  In  our  example 
of  an  atom  with  two  energy  levels,  we  will  thus  obtain 

/_  /vB  _  _  ht 

— aj7—*s  const  e  s  const  e 

^  4  I 

whence  there  follows  the  form-ula  of  Planck  for  Intensity  (for 
const  «  )  . 

c2 

From  conducted  reasoning  it  follows  that  role  of  stimulated 
emission  as  coD?)ared  to  spontaneous  under  conditions  of  equilibrium 
tends  to  zero  as  hvAT cd,  l,e,,  in  Wien  region  of  spectrum.  This 
we  may  see  directly  from  formula  (2,19),  if  we  consider  that  during 
equilibrium  in  the  limit  hvA^  -*■  oo* 

kf 

Conversely,  in  Rayleigh  —  Jeans  region  of  spectnom,  where  hv  «  kT, 
relative  role  of  stimulated  emission  is  great*,  in  formula  (2,19) 

.^-1 

so  that  ratio  of  probabilities  of  stimulated  and  spontaneous  emissions 
is  equal  to  klAv  »  1. 

It  is  necessary  to  note  that  in  case  when  field  of  radiation  is 
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non- equilibrium,  presented  considerations  about  comparative  role  of 
spontaneous  and  forced  emissions  in  general  are  incorrect,  since 
stimulated  emission  is  proportional  to  actual  intensity  of  radiation, 
which  in  absence  of  equilibrium  can  be  arbitrary. 

§  5.  Equation  of  Radiation  Transfer 
We  will  form  kinetic  equation  for  distribution  function  of  quanta 
of  given  frequency.  Inasmuch  as  this  function  with  accuracy  up  to 
the  constant  factor  hvc  coincides  with  intensity  of  radiation,  it  is 
possible  to  write  equation  directly  for  Intensity.  In  such  form, 
kinetic  equation  is  usually  called  equation  of  radiation  transfer. 

We  will  be  interested  in  radiation  of  frequency  v  in  unit  interval 
of  frequencies  which  propagates  inside  unit  solid  angle  in  definite 
direction  Cl,  Let  us  consider  balance  of  radiation  in  elementary 
cylinder  with  area  of  base  da  and  height  ds,  which  is  located  at 
given  point  of  space  in  such  a  way  that  direction  ft  coincides  with 
generatrix  of  cylinder  and  is  perpendicular  to  its  bases  (Fig.  2.4). 
During  the  time  dt  into  left  base  flows  quantity  of  radiation 
1^(0,  r,  t)  da  dt.  From  right  base  during  the  same  interval  of  time 
dt  there  flows  quantity  of  radiation  (I^  +  dl^)  da  dt. 

Intensity  I^  is  function  of  coordi¬ 
nates  and  time.  Increase  of  intensity  of 
beam  of  light  during  passage  from  left  base 
to  right  base  is  composed  of  the  local 
increase  during  the  time  of  passage  by 
light  over  path  ds  and  of  the  increase 
during  passage  from  coordinate  s  to 
coordinate  s  +  ds  at  given  moment  of  time 


Jig.  2.4.  For  derivation 
of  equation  of  radiation 
transfer. 
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Change  of  intensity  of  beam  occurs  due  to  emission  and  absorp¬ 
tion  of  light  with  considetisd  characteristics  in  our  cylinder. 

(In  accordance  with  resaark  made  at  the  end  of  §  2,  light  scatter¬ 
ing  will  be  disregarded).  Quantity  of  radiation  emitted  in  cylinder 
during  the  time  dt,  according  to  formula  (2.19)>  is  equal  to 

h(tf^I^)dadsdt. 

There  is  absorbed  in  it  in  the  same  time  the  quantity  of  radiation 
Hyly  da  ds  dt.  By  forming  balance  and  dividing  obtained  expression 
by  product  of  differentials  da  ds  dt,  we  will  obtain  equation 


We  here  replaced  in  left  side  partial  derivative  along  direction 
by  equivalent  vector  expression  OVI^. 

Combination  in  parentheses  in  left  side  constitutes  simply  the 
"particle”  derivative  of  Intensity  with  respect  to  time,  l.e.,  time 
derivative  of  intensity  of  given  packet  of  quanta  (cf.  with  equation 
of  motion  in  hydrodynamics  (1.6)). 

We  will  transform  right  side  of  equation  (2,24)  by  combining 
terms,  corresponding  to  absorption  and  stimulated  emission,  inasmuch 
as  they  both  are  proportional  to  unknown  function  of  coordinates 
and  time  —  to  Intensity  of  radiation.  Let  us  moreover  introduce  into 
factor  before  in  term  of  stimulated  emission  in  place  of  radiation 
factor  its  expression  in  terms  of  coefficient  of  absorption  (2.21), 
into  which  we  will  substitute  formula  (2,11)  for  equilibrium  inten¬ 
sity.  Right  side  of  equation  will  take  form 


1^ 


(2.25) 


Hence  it  is  clear  that  stimulated  emission  can  be  treated  as  some 
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decrease  of  absorptioni  part  of  quanta  absorbed  here  also  are  emitted 


again  with  the  same  frequency  and  In  the  same  direction,  and  probabil¬ 
ity  of  this  "re-emission"  Ir  equal  to  Physically  such  acts 

of  "re-emisslon"  In  no  way  are  apparent,  and  It  is  possible  In  general 
to  exclude  them  from  consideration,  if  it  Is  considered  that  coeffi¬ 


cient  of  absorption  has  somewhat  smaller  magnitude: 


(2.26) 


Interaction  of  radiation  with  substance  can  be  represented  as 
if  there  exists  only  spontaneous  emission  and  effective  absorption 

I 

described  by  coefficient  h^,  corrected  for  stimulated  emission. 

In  new  treatment  Klrchhoff  law  {2.21)  obtains  form 


— Xv(l  — e 


(2.27) 


Introducing  this  expression  into  the  right  side  of  equation  of 
transfer  (2.24),  we  will  write  equation  in  following,  final  form: 


(2,28) 


We  integrate  equation  (2.28)  over  all  directions  (i  (  over  solid 
angle).  Remembering  definitions  of  density  and  flux  of  radiation 
(2,1),  (2.2),  we  will  obtain 

^-hdirSy-^ct<;(C/y,-e/y).  (2.29) 


This  equation  can  be  considered  as  equation  of  continuity  for 
radiation  of  given  frequency.  It  expresses  law  of  conservation  of 
energy  of  radiation  and  is  fully  analogous  to  equation  of  energy  in 
hydrodynamics  written  in  "divergent"  form  (1.10). 

Equation  of  transfer  of  radiation  (2,28)  is  a  partial  differential 
equation  with  respect  to  intensity  as  a  function  of  coordinates, 
time,  and  direction  of  t,  n)  and  describes  field  of  non¬ 

equilibrium  radiation.  Usually  thermodynamic  equilibrium  in  the  actual 
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substance  is  established  very  rapidly,  so  that  substance  can  be  con¬ 
sidered  to  be  thermodynamically  equilibrium  at  every  point  of  space 
and  at  every  moment  of  time.  State  of  substance  thus  is  characterized 
by  two  parajaeters,  for  instance  temperature  and  density.  Equation  of 
transfer  of  radiation  contains  quantities  depending  on  kind  and  state 
of  substance:  coefficient  of  absorption  which  depends  on  proper¬ 
ties  of  substance,  its  temperature  and  density,  and  equilibrium  inten¬ 
sity  which  is  a  function  only  of  temperature. 

Equation  (2,28)  describes,  in  particular,  process  of  establish¬ 
ment  of  equilibrium  of  radiation  with  substance  in  time. 

Let  us  imagine  an  unbounded  medi’jim  with  constant  density  which  is 
initially  cold,  so  that  radiation  is  lacking.  Let  us  assume  that  at  ini¬ 
tial  moment  t  =  0  substance  is  "instantaneously"  heated  to  constant 
temperature  T,  which  then  is  maintained  constant  in  time.  Let  us  see 

how  Intensity  of  radiation  changes  in  time.  Obviously,  space  gradients 
in  this  case  are  equal  to  zero,  =  const,  -  const.  Solution  of 
equation  (2.28)  in  this  case  has  the  form 

i,e,,  intensity  of  radiation  asymptotically  tends  to  equilibrium,  and 
relaxation  time  for  establishment  of  equilibrium  of  radiation  with 
substance  is  equal  to  tp  ■  l/cxj,  -  l^/c  ■  1^/(1  -  e”^’^/^^)  c.  For 
instance,  at  1^  ■  1  cm  at  maximum  of  Planck  spectrum  hv  =•  2.8  kT,  tp  ■ 
-  sec. 

§  6.  Integral  Expressions  for  Intensity  of  Radiation 
We  will  find  formal  solution  of  eqmtion  of  transfer  of  radiation, 
considering  quantities  depending  only  on  state  of  substance  I^(T), 
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Ky(T, p),  as  knowi  functions  of  coordinates  and  time.  Let  us  consider 
at  first  for  simplicity  the  steady-state  case,  when  distributions  of 
temperature  and  density,  and  also  the  field  of  radiation  do  not  depend 
on  time.  We  will  be  Interested  in  radiation  at  point  r  of  body  with 
direction  of  propagation  0  (Fig,  2.5) •  Let  us  draw  a  ray  through 
given  point  in  given  direction  and  designate  coordinate  along  ray  by 
s.  Noticing  that  differential  expression  in  left  side  of  equation  of 
transfer  (2,28)  is  the  total  derivative  of  intensity  of  a  given  packet 
of  quanta  along  ray  of  their  propagation,  we  will  rewrite  equation  In 
the  form 

(2.31) 


This  equation  can  be  considered  as  ordinary  linear  equation  with 
respect  to  intensity  along  the  ray.  Solution  of  it  is 

/,(•)-  5  x;/v,exp  [  -  J  *'  +  /v,exp  [  -  J  x;*'J  . 


-  jj  Here  I^(s)  is  intensity  I^(r,  Cl), 

which  is  considered  as  function  of  coor- 
J  dlnate  s  along  ray.  Integration  over 

^  ray  is  conducted  in  general  from  "-oo,  ” 

iJl’llilts  ““fn“s?Slon"’  ioundary  of  body 


In  formula  (2,52). 


(as  shown  in  Fig,  2,5).  By  I  ~  is 


designated  constant  of  integration. 

Let  us  clarify  physical  meeining  of  obtained  solution. 

Radiation  flowing  per  unit  time  through  element  of  unit  cross  sec¬ 
tion  at  point  s  of  the  ray  (per  unit  of  solid  angle)  is  composed  of  all 
quanta  generated  in  tube  of  unit  cross  section  along  the  ray.  At  point 
s*  on  segment  of  ray  ds'  there  is  generated  a  quantity  of  radiation 
ds’  «  ’^^vp  which  propagates  along  reiy  Cl  in  unit  solid  angle. 
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of  this  radiation;  the  rest  is  absorbed  along  the  path.  Total  inten¬ 
sity  is  coBaposed  of  quanta  generated  on  all  elementary  segments  ds^, 
i.e,,  is  equal  co  integral  over  the  ray.  If  radiating  body  has  finite 


dimensions,  then  it  is  necessary  to  integrate  actually  from  boundary  of 

body  Sq  to  point  s.  Thus,  there  is  obtained  first  term  in  (2,32). 

Second  term  is  radiation  entering  body  on  bo\indary  Sq  from  without, 

from  some  external,  outside  sources.  Constant  of  integration  is 

s 

intensity  of  this  radiation  entering  the  body.  Factor  exp  [-/  n*  ds"] 

s»  ^ 

takes  into  acco\mt  its  attenuation  along  path  from  Sq  to  s  due  to 

absorption.  Coefficient  of  absorption  and  equilibrium  intensity 

^vp  point  along  ray  due  to  dependence  on  temperature  and 

density  of  substance,  which  in  some  way  are  distributed  along  the 

ray.  If  these  functions  are  known,  then  finding  of  intensity  at 

any  point  of  the  body  reduces,  as  one  may  see  from  formula  (2.33), 

simply  to  quadrature  —  integration  along  the  ray, 

We  will  generalize  solution  (2.35)  to  the  non-steady-state  case, 

when  temperature  and  density,  and  consequently  1^^,  x^  and  unknown 

intensity  I^  depend  on  time.  Obviously,  by  moment  t  to  point  s  there 

arrive  from  point  s‘  quanta  generated  at  earlier  moment  of  time 

t  -  ■ .  In  exactly  the  same  way,  on  their  path  they  are  absorbed 

by  substance  at  point  s"  in  accordance  with  value  of  coefficient  of 

s  -  s” 

absorption  at  the  time  of  passage  through  this  point  t  -  - . 

Therefore,  non-steat /-state  solution  of  equation  of  transfer  can  be 


written  in  the  form 


9  • 

/»(»t  0  -  5  (k;/,,)^  [  -5 

t%  '  •  r  *  •  • 


(2.33) 
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where  actual  value  of  boundary  coordinate  Sq  is  taken  at  the  time 
a  -  s 

t - ,  It  is  easy  to  verify  by  direct  substitution  that  expres- 

Sion  (2.53)  indeed  satisfies  non-steady-state  equation  of  transfer. 
From  formulas  (2,32)  or  (2.33)  it  is  clear  that  contribution  of  dis¬ 
tant  sources  in  strongly  absorbing  medium  to  intensity  at  given  point 
exponentially  decreases  with  Increase  of  distance.  To  point  s  there 
reach  quanta  generated  only  in  the  nearest  neighborhood  of  point  at 
distances  not  greater  than  several  radiation  mean  free  paths,  or  more 
exactly,  at  optical  distances  of  not  more  than  several  units.  This 
assertion  becomes  especially  graphic  if  coefficient  of  absorption  is 

constant  along  the  ray.  Then  exponential  factors  acquire  the  form 

$ 

exp[-jj>-;d,*]=exp(-x;(s-01  =  exp  = 

The  only  exception,  in  principle,  is  the  case  of  extraordinarily 

sharp  change  of  temperatxire,  when  increase  of  emittance 

with  distance  from  point  has  a  stronger  effect  than  absorption  along 

the  path  with  Increase  of  distance  passed  over.  However,  in  practice 

this  almost  never  happens,  and  main  contribution  to  Integrals  (2,32), 

(2,33)  is  given  by  segment  of  ray  near  considered  point  with  magnitude 

on  the  order  of  several  (two-three)  radiation  mean  free  paths.  But 

light  passes  over  such  a  distance  in  a  very  small  time  l^/c,  which, 

as  a  rule,  is  considerably  less  than  characteristic  times  during  which 

there  occurs  noticeable  change  of  state  of  substance  (ten^jerature  and 

density);  for  instance,  for  mean  free  path  of  =  3  cm  time 
—  —10 

l^/c  ~  10  sec.  It  is  much  less  than  characteristic  times  with 
which  it  is  necessary  to  deal  in  usual  hydrodynamic  flows.  This  is 
connected  with  the  fact  that  usually  speed  of  substance  is  much  less 
than  velocity  of  light. 
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'The  noted  circumstance  is  very  significant.  It  means  that 
practically  in  all  cases  the  field  of  radiation  at  every  moment  of 
time  can  be  considered  as  quasl-steady-state,  corresponding  to  instan¬ 
taneous  distribution  of  sources  of  emission  and  absorption,  i.e,, 
distribution  of  temperature  and  density  of  substance. 

In  eqxiatlon  of  transfer  of  radiation,  consequently,  it  is  poysible 
to  omit  derivative  of  intensity  with  respect  to  time  and  to  consider 
time  as  a  parameter  on  which  temperature  and  density  of  substance: 
depend,  i.e,,  and  SubsequentP_y  we  will  always  start  with  such 

a  sln^jlified  equation  of  transfer 

OVA-x;(/„-/v)  (2.34) 

or  its  solution  in  form  (2,32). 

§  7.  Radiation  of  a  Plane  Layer 
In  general,  transfer  of  radiation  and  radiant  heat  exchange 
affect  state  of  substance,  its  motion  or  distribution  of  temperature 
in  steady  state.  This  influence  is  connected  with  the  fact  that  when 
emitting  and  absorbing  light,  substance  loses  or  obtains  energy,  is 
cooled  or  heated.  In  general,  state  of  substance  is  described  by 
equations  of  hydrodynamics,  which  in  the  presence  of  radiant  heat 
exchange  should  be  generalized  taking  into  account  interaction  of 
radiation  with  substance.  Inasiuuch  as  radiation  transfer  itself 
depends  on  state  of  substance,  its  temperature  and  density,  then,  in 
general,  system  of  equations  describing  substance  and  radiation  con¬ 
sists  of  equations  of  hydrodynamics  generalized  in  the  appropriate 
weiy  amd  equation  of  radiation  transfer. 

In  man^  cases,  however,  "reverse"  Influence  of  radiation  on 
state  of  substance  is  small,  or  can  be  considered  by  any  approximate 
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method.  For  Instance,  at  sufficiently  low  temperatures  radiant  heat 
exchange  or  loss  of  energy  of  body  due  to  radiation  are  insignificant. 
Thus  the  jtate  of  substance  practically  does  not  depend  on  radiation, 
and  problems  of  finding  radiation  field  and  description  of  state  of 
substance  are  separated.  State  of  substance  is  described,  for  Instance, 
by  equations  of  hydrodynamics,  and  field  of  radiation  can  be  found  at 
every  moment  on  the  basis  of  known  distributions  of  temperature  and 
density  and  known  coefficients  of  absorption. 

As  a  rul practical  Interest  in  this  case  is  presented  by  deter¬ 
mination  of  not  the  entire  field  of  radiation  in  medlm  (Inasmuch  as 
it  all  the  same  does  not  affect  state  of  medium),  but  finding  of 
radiation  going  out  from  surface  of  body,  l.e,,  the  question  about 
Incondescence  of  a  heated  body,  about  brightness  of  its  surface, 
spectrum  of  radiation,  flux  distribution  by  angles,  etc. 

If  there  are  known  optical  properties  of  substance,  l.e,,  coef¬ 
ficient  of  absorption  y,^*  as  function  of  frequency,  temperature,  and 
density  and  distributions  of  temperature  8md  density  in  the  body,  then 
the  answer  to  all  these  questions  is  contained  in  Integral  formula 
for  intensity  (2.32). 

If  we  are  Interested  in  radiation  going  out  from  surface  of  body, 
it  is  possible,  without  disturbing  generality,  to  measure  cooixllnate 
along  ray  s  from  surface  into  depth  of  body  and  to  extend  integration 
along  the  ray  to  infinity; 


AW 


-(llui* 


(2.35) 


*We  recall  that  we  consider  here  only  media  with  index  of  refrac¬ 
tion  equal  to  one,  wMch  are  gasses. 


If  body  Is  bounded,  then  outside  of  Its  boundaries  coefficient 

I  .'v 

of  jftbsorptlon  Is  equal  to  zero  and  corresponding  segment  of  Integra- 
'  tloh  drops  out.  If  body  Is  bounded,  but  from  without  from  the  "rear” 
side  Into  It  there  penetrates  a  radiation  flux,  then  by  extending 
Integration  over  the  ray  to  Infinity  we  thereby  Include  In  the  Integral 
these  "outside"  sources  of  light. 

Let  us  consider  several  simple  examples  having  practical  Interest, 
Let  us  assume  that  body  occupies  Infinite  half-space  x  >  0  snd  Is 
bounded  by  a  plane  surface.  Temperature  of  body  Is  constant;  coeffi¬ 
cient  of  absorption  can  change  arbitrarily  from  point  to  point  (but 

00 

In  such  a  manner  that  optical  thickness  of  body  /  h*  dx  Is  Infinite), 

0  ^ 

In  this  case  Intensity  of  radiation  at  the  surface  of  body  Is 
equal  simply  to  lyp(T),  since 

Body  radiates  as  an  Ideal  black  body  with  temperature  T, 

Intensity  1^  Is  quantity  of  radiant  energy  passing  In  1  sec  In 
unit  of  solid  angle  through  unit  area  placed  perpendicularly  to 
direction  of  motion  of  quanta,*  For  a  black  radiator  It  does  not 
depend  on  angle.  Quantity  of  radiant  energy  going  out  In  1  sec  through 
;1  cm  of  surface  at  angle  ^  to  normal  per  unit  of  solid  angle  (  we  will 
call  this  q\iantity  radiative  capacity  of  body  1^**  Is  equal  to 

4-A(«)co8^.  (2.?6) 

For  a  black  radiator 

4— A»co8i>.  (2*57) 

^  -  p  _ 

♦Dimension  of  I  Is  energy/cm  •sec. sterad* frequency  ■  erg/cm  x 

rxiit»i»d.  ^ 

‘  w»We  should  not  confuse  It  with  radiative  capacity  of  a  medium  J' 
•0X1^  ^ 
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Let  us  consider  radiation  of  plane  layer  of  finite  thickness  d 
with  constant  temperature  T  and  coefficient  of  absorption 

Intensity  of  radiation  at  the  surface  in  direction  forming  angle 
S'  with  normal  (Pig.  2.6)  is  equal  to 


tf/oota  <4^/eca«  T 

/.(*)=  T ^  (2.38) 

•  0 

._5l 

=  /vp(l  — C  “••)  =  /vp(l  — «  “*♦), 

« 

d 

where  t  =  /  h *  dx  is  optical  thickness  of  layer  in  direction  of  nor- 
^  0  ^ 

mal  to  surface. 

From  formula  (2.38)  it  is  clear  that  intensity  of  radiation  of 
layer  of  finite  thickness  is  always  smaller  than  equilibrium  inten¬ 
sity,  Spectrum  differs  from  Planck  spectrum  I^_(T)  by  the  factor 
-T  /cos  S 

1  -  e  ^  ,  This  factor  depends  on  frequency  due  to  frequency 

dependence  of  coefficient  of  absorption.  It  tends  to  1  only  as 
d  -♦  m.  Most  sharply  is  expressed  the  difference  of  intensity  from 
Planck  intensity  in  direction  of  normal  to  surface,  in  which  segment 
of  ray  with  sources  is  minimum  (is  equal  to  d).  Spectrum  tends  to 
Planck  spectrum  at  large  angles  to  the  normal,  when  5.  -*>  »/2, 
cos  3.  -*  0.  In  dependence  upon  thickness  of  layer  d,  greatest  dif¬ 
ference  of  the  spectnim  from  Planck  spectrum  should  be  observed  in 
the  limit  of  an  optically  thin  layer,  l.e.,  at  angles  such  that 
d/cos  S  «  1. 

Expanding  in  this  case  the  exponential  function,  we  will  find 
with  accuracy  up  to  terms  of  the  second  order  of  smallness: 


A 


(2.39) 
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,Fig,  2,6.  Dlagreun  for 
problem  about  radiation 
of  plane  layer. 


Intensity  at  the  surface  is  propor¬ 
tional  to  i/cos  S',  and  emissive  power  of 
layer  thus  does  not  depend  on  angle 

4-/,coii>-/,pc;<ifor  c(».i>>T,.  (2.40) 

It  is  necessary  to  note  that  the  idea 
of  "optical  thinness"  of  layer  depends  on 
angle  1  there  will  always  be  found  such  large 


angles  S  *»  ir/2,  cos  S  «  1,  that  the  layer  for  these  directions  will 


be  "optically  thick,"  so  that  layer  c  «  1  at  large  angles  S  ir/2 
all  the  same  radiates  as  a  black  body.  At  small  angles,  when 


T^/cos  S  «  1  and  layer  Is  optically  thin,  it  emits  as  a  volume  radia¬ 
tor;  quanta  generated  at  any  point  emerge  from  layer  practically  with¬ 


out  absorption  along  their  paths.  In  the  layer  there  is  no  "self¬ 


absorption"  and  every  element  of  volume  Introduces  an  identical  con¬ 


tribution  into  the  radiation  going  out  from  the  surface.  This  serves  as 
the  basis  for  the  term  "volume  radiator,"  An  optically  thick  body 
radiates  "from  its  surface,"  since  quanta,  generated  in  the  depth  do 


not  emerge  from  the  body;  they  are  absorbed  along  their  path. 

In  many  cases  there  presents  interest  not  intensity  of  radiation 

at  given  angle,  but  radiation  flux  from  surface  of  body,  i.e,,  quantity 

2 

of  energy  going  out  in  1  sec  from  1  cm  of  surface  of  body  in  all 
directions,  TMs  quantity  is  called  brightness  of  su'*face  (spectral 
or  Integral), 

Spectral  brightness  of  surface,  obviously,  is  equal  to 

J,-  J  C08d/v(Q)(fQ,  (2.41) 

over  hemisphere 


where  I^(fl)  is  given  by  formula  (2,55)#  ♦  is  auigle  between  direction 
of  propaigatlon  of  radiation  and  normal  to  surface. 
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i^e  will  find  brightness  of  stirface  of  plane  layer;  thus  we  will 
consider  temperature  and  coefficient  of  absorption  as  variables,  but 
depending  only  on  coordinate  x  (see  Pig,  2,6),  Let  us  replace  In 
formula  (2, 55)  ds  hy  dx/cos  $  and  Introduce  optical  thickness i 

(2,42) 


Then 


/,(«)- jA,e  «>e>0 


(2.4?) 


Let  us  place  this  expression  In  (2,4i)  and  Integrate  over  angles 
(dfl  -  2t  sin  ^  d^) : 


eosd  Bln 


J  /vpe"=i>  ^«2a  J  Apt/t;  J  rf(cos^)e"~Ji. 


Introducing  variable  w  »  1/cos  $  and  taking  into  accoui.t  the 
definition  of  the  tabulated  functions  —  exponential  Integral  functions. 


!«■*•$»  »> 


I,  2 .  • . , 


(2.44) 


and  also  replacing  equilibrium  intensity  by  equilibrium  radiation 


density  by  the  formula  -  cU^p/4*',  we  will  obtain 


(2.45) 


or  for  layer  of  finite  optical  thickness  dx. 


(2.46) 


Using  known  property  of  exponential  integrals 


m 

I  ■^1  (*)  ^  =  y  t 


we  will  obtain  for  semi-infinite  body  of  constant  ten^erature 


1B2 


(2.47) 


Aa  we  should  have  expected,  spectral  brightness  Is  equal  to  brightness 
of  Ideal  black  body. 

Brightness  of  layer  of  finite  thickness  and  constant  temperature 
Is  euqal  to 


It  Is  always  less  than  brightness  of  Ideal  black  body  of  the  same 
temperature  and  tends  to  the  latter  as  -►  cd. 

For  optically  thin  layer 

^  1  2t« 


and 


S, 


Syp'ZX^^  2Tv  ^  1. 


(2.50) 


§  8.  ’Effective  or  Luminance  Temperature  of  Surface 
of  a  Nonunlformly  Heated  Body 

Spectral  brightness  of  surface  of  a  nonunlformly  heated  body  la 
very  conveniently  characterized  by  effective  or  luminance  temperature 
^vef*  latter  Is  understood  temperature  of  Ideal  black  body 

sending  from  Its  surface  In  given  section  of  spectrum  precisely  the 
same  radiation  flux  as  the  considered  real  body. 

By  coa^arlng  formulas  (2.46)  and  (2.47),  we  will  obtain  expres¬ 
sion  determining  effective  temperature  In  the  plane  case: 


{2.51) 


or,  substituting  Planck  function  for  U^p, 


(2.52) 

Effective  teiepereture  depende  on  frequency.  Only  in  case  of 


•IT 

-IT — 2  «.«)*;• 
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ideal  black  body  is  it  identical  for  all  frequencies  and  equal  to  tem¬ 
perature  of  substance. 

It  is  possible  to  Introduce  effective  temperature  of  Integrated 
radiation  of  body  over  the  spectrum,  according  to  the  definition 

(2.53) 

wnere  S  is  integrated  flux  going  out  from  surface  of  body.  Obviously, 
effective  temperature  of  integrated  radiation  is  a  certain  average 
magnitude  with  respect  to  spectral  effective  temperatures. 

We  will  see  what  the  connection  is  between  spectrum  of  radiation 
of  body  and  frequency  dependence  of  coefficient  of  absorption. 

We  will  consider  optically  thick  bodyj  radius  of  curvature  of 
surface,  let  us  assume,  will  be  large  as  compared  to  mean  free  paths 
of  radiation,  so  that  body  can  be  considered  as  flat.  Let  us  assume 
that  temperature  falls  toward  the  surface,  as  depicted  in  Pig,  2,7. 

Radiation  flux  of  frequency  v 
going  out  from  surface  is  determined 
by  integral  over  sources  (2.45),  Due  to 
self-absorption,  which  is  taken  into 
account  by  fast  dropping  with  of 
exponential  integral,  main  contribution 
to  integral  is  given  by  layer  on  the 
order  of  meeun  free  path  near  surface 
(with  optical  thickness  on  the  order 
of  miity).  In  other  words,  quanta  going  out  from  surface  of  body  are 

generated  mainly  in  layer  near  surface  with  optical  thickness  on  the 
order  of  unity  (more  exactly,  two-three  units).  This  shell  may  be 
called  radiating.  Quanta  generated  in  deeper  layers  are  practically 


/ 


.Fig,  2,7.  Concerning  the 
question  about  radiation  of 
body  with  ten5)erature  fall¬ 
ing  toward  the  surface. 
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completely  absorbed  before  getting  out  of  body.  Effective  temperature, 
as  follows  from  formula  (2,52),  is  equal  to  certain  average  tempera¬ 
ture  of  radiating  layer. 

Quanta  going  out  from  surface  which  have  those  frequencies  for 
which  absorption  is  stronger,  and  mean  free  path  is  less  are  radiated 
in  layers  closer  to  surface  and  less  heated.  Conversely,  more  weakly 
absorbed  frequencies  emerge  from  deeper  and  more  heated  layers.  Thus, 
if  temperature  of  substance  falls  toward  surface  ('-.s  this  usually 
occurs),  effective  temperature  of  more  strongly  absorbed  frequencies 
is  less  than  for  more  weakly  absorbed  ones.  This  is  schematically 
depicted  in  Pig.  2.7*  on  which  arrows  shown  "place"  from  which  quanta 
of  different  frequencies  are  radiated.  "Places"  are  tentatively 
referred  to  distances  from  surface  equal  to  mean  free  path  of  quanta. 

Spectrum  of  radiation  of  nonunlformly  heated  body  differs  from 
Planck  spectrum  —  more,  the  stronger  the  frequency  and  temperature 
dependence  of  coefficient  of  absorption,  and  the  steeper  the  curve 
of  temperature  near  surface  at  distances  on  the  order  of  mean  free 
paths  of  quanta. 

In  Pig.  2,8  there  is  schematically  depicted  spectrum  of  radiation 
of  body  with  temperature  falling  toward  surface  and  inverse  dependence 
of  coefficient  of  absorption  on  frequency,  with  which  low  frequencies 
are  absorbed  more  strongly  than  high  frequencies. 

On  the  continuous  spectrum  there  are  drawn  discrete  lines  corre¬ 
sponding  to  bound-bound  transitions  in  atoms  or  ions.  Coefficients  of 
absorption  in  lines  al\/aya  are  very  gerat  —  considerably  larger  than 
in  continuous  spectrum.  Therefore^  effective  temperature  in  lines 
practically  exactly  coincides  with  tenperature  at  the  actual  surface 
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of  the  body  (lines  are  "cut”  In  spectrum  of  radiation  of  body). 

For  comparison,  in  Pig,  2.8 

the  dotted  line  shows  Planck  spectrum 

corresponding  to  Integral  effective 

teii5)erature,  which  is  average  with 

respect  to  spectral  temperatures. 

.Fig,  2.8.  Schematic  represen-  In  virtue  of  the  definition  of 
tatlon  of  spectrum  of  radiation 

of  body  with  temperature  de-  Integral  effective  temperature,  areas 

creasing  toward  its  surface. 

Low  frequencies  are  absorbed  bounded  by  solid  and  dotted  curves 

more  strongly  than  high  ones. 

Dotted  llna  shows  Planck  spec-  are  exactly  equal, 
trum  corresponding  to  average 

effective  temperature  of  radla-  In  Chapter  V  we  will  see  that 

tlon.  In  the  spectrum  there 

are  cut  lines  of  selective  ab-  coefficients  of  continuous  absorp- 
sorptlon.  Flux  at  centers  of 

these  lines  is  practically  tlon  at  high  temperatures  are  not 

equal  to  Planck  flux  corre¬ 
sponding  to  temperature  of  sur-  smooth  functions  of  frequency,  but 
face  of  body, 

experience  Jumps,  Accordingly 

there  appear  Jumps  also  in  spectrum  of  radiation  of  body,  (This  is 
not  shown  in  Fig,  2,8,  which  pertains  to  smooth  dependence  of  on  v). 
Frequently,  during  optical  measurements  of  Incondescence  of  heated 
bodies,  there  is  used  idea  of  color  temperature.  Color  temperature 
is  defined  as  the  temperature  of  an  ideal  black  body  which  would  give 
ratio  of  brightnesses  in  two  different  spectral  sections  (for  Instance, 
in  red  and  blue  regions  of  spectrum)  equal  to  that  measured  by  experi¬ 
ment.  Using  definitions  of  effective  and  color  temperatures,  it  is 
easy  to  write  relationship  between  them.  Let  us  assume  that  Ituninance 
temperatures  at  frequencies  and  are  and  T^t  and  color  tem¬ 
perature  is  Considering  for  simplicity  that  both  lines,  and 

Vg,  lie  in  Wien  region  of  spectrum,  l.e.,  hv^/kT^  »  1,  hVri/kT^  »  1, 
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we  will  obtain 


whence 


^11 


(2.54) 


If  temperature  of  body  ib  more  or  less  constant  In  radiating 
layers  for  the  whole  main  spectnim  near  the  surface,  color  tempera¬ 
ture  is  frequently  nearer  to  true  temperature  of  body  than  luminance 
temperatures]  this  circumstance  is  used  in  pyrometry,  during  optical 
measurements  of  temperature  of  bodies. 

Let  us  note  that  in  case  of  a  nonuniformly  heated  "gray"  body, 
for  which  coefficient  of  absorption  does  not  depend  on  frequency, 
yty*  =  effective  temperature  of  different  frequencies  all  the  same 
lepends  on  frequency.  Only  for  very  small  quanta,  lying  in  Rayleigh- 
Jeans  region  of  the  spectrum  hv/kT  «  1,  does  frequency  drop  out  of 
formula  (2,52).  In  this  case  effective  temperatures  for  all  these 
frequencies  turn  out  to  be  identical. 


§  9.  Motion  of  Substance  Taking  into  Account 
Radleuit  Heat  Exchange 

Above  it  was  shown  how  there  can  be  found  field  of  radiation  in 
body  or  radiation  going  out  from  surface  of  body,  if  state  of  substance, 
l.e.,  distribution  of  temperat’ire  and  density  in  the  medium,  are 
known.  Let  us  consider  how  there  is  formulated  problem  of  Joint 
determination  of  state  and  motion  of  substance  and  field  of  radiation 
in  the  case  when  transfer  of  radiation  euid  interaction  of  radiation 
with'  substance  render  an  essential  influence  on  state  euid  motion  of 
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the  medium  (gas).  Thus  motion  of  substance  will  always  be  assumed  to 
be  non-relatlvlstlc,  l.e,,  it  will  be  considered  that  speed  is  much 
less  than  velocity  of  light. 

If  temperature  is  not  too  high,  and  density  of  gas  is  not  too 

low,  energy  density  and  radiation  pressure  are  negligible  as  compared 

to  energy  and  pressure  of  substance.  Let  us  compare  for  estimate 

4aT^ 

density  of  equll.^rium  radiation  U  =  -  with  thermal  energy  of 

P  c 

unit  of  volume  of  monatomic  gas  E  »  •^kT  (n  is  number  of  particles  in 

■5  /-  iQ  3 

1  cm  ).  For  Instance,  at  n  =  2.67*10  ^  1  cm-^,  which  corresponds  to 

number  of  molecules  in  air  of  normal  density,  both  energies  coincide 

at  a  temperature  of  900  000°K.  In  reality,  energy  of  radiation  becomes 

comparable  with  energy  of  substance  at  still  higher  temperatures, 

since  during  heating,  atoms  are  ionized,  which  first,  leads  to 

3 

increase  of  number  of  particles  in  1  cm-^  and,  secondly,  adds  to  the 
thermal  energy  the  energy  expended  in  ionization.*  Thus,  in  real  air 
of  normal  density,  energy  of  radiation  is  comparable  with  Internal 
energy  of  substance  only  at  a  temperature  of  about  2  700  OOO^K.  In 
strongly  rarefied  gas,  energy  of  equilibrium  radiation  becomes  com¬ 
parable  with  energy  of  substance  at  lower  temperatures  (roughly  speak¬ 
ing,  temperature  at  which  both  energies  are  equal  is  proportional  to 
n^/^).  However,  in  this  case,  during  comparison  of  energies  it  is 
necessary  to  use  caution,  since  in  very  rarefied  gas  mean  free  path 
of  radiation  is  great,  and  if  dimensions  of  gas  mass  are  not  great 
enough,  density  of  radiation  may  be  much  less  than  equilibrium  den¬ 
sity  (see  below). 

Pressures  of  radiation  and  substance  are  approximately  in  the 
same  ratio  as  energies.  Indeed,  radiation  pressure  (during  Isotropy 

*About  thermodynamic  functions  of  gases  at  high  temperatures,  see 
Chapter  III. 
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of  field  of  radiation)  «  U/3>  and  pressure  of  substance  p  »  (7  -1)E, 

I  where  at  high  temperatures  adiabatic  index  7  usually  has  value  in- 

1 

Interval  from  5/5  to  ~i.i5  depending  upon  element  composition  of  gas, 
temperature,  and  density. 

Thus,  at  not  too  high  temperatures  and  not  too  low  densities  of 
substance,  energy  density  and  radiation  pressure  practically  do  not 
affect  energy  balance  and  gas-djmamic  motion  of  substance.  The  influ¬ 
ence  of  radiation  on  energy  balance  and  motion  of  gas  is  different: 
losses  of  energy  by  a  heated  body  due  to  radiation  and,  in  general, 
radiant  heat  exchange  in  the  medium  can  become  considerable.  These 
effects  frequently  play  a  role  at  much  lower  temperatures,  when  energy 
and  pressure  of  radiation  are  known  to  be  very  small. 

Cause  of  these  phenomenon  consists  of  sharp  difference  in 
velocities  of  substance  u  under  usual  conditions  and  velocity  of  light 
cj  u  «  c.  Due  to  difference  in  velocities,  energy  flows  of  substance 
and  radiation  can  be  comparable  with  each  other,  even  if  energy  den¬ 
sity  of  radiation  is  much  less  than  energy  density  of  substance.  For 
instance,  in  the  extreme  case,  when  all  quanta  move  in  one  direction, 
energy  flow  of  radiation  is  equal  to  S  «  Uc ;  flux  of  energy  of  sub- 

i 

stance  is  on  the  order  of  Eu,  i.e,,  Uc  can  be  on  the  order  of  or 
greater  than  Eu  even  at  U  «  E  due  to  the  fact  that  c  »  u.  Energy 
flows  of  radiation  and  substance  frequently  are  comparable  even  in 
the  more  real  case,  when  field  of  radiation  is  relatively  isotropic, 
iajid  the  resultant  radiation  flux  S,  which  is  equal  to  difference 
between  unidirectional  fluxes,  is  considerably  less  than  its  limiting 
value  Uc,  which  corresponds  to  sharply  expressed  anisotropy  of  field 
iOf  radiation. 

i - As  will  now  be  shown,  magnitude  of  losses  of  energy  or,  conversely, 

i  C 
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energy  release  in  substance  due  to  Interaction  with  radiation,  are 
determined  by  divergence  of  radiation  flux,  so  that  comparison  of 
energy  flows  of  radiation  and  substance  can  characterize  the  role  of 
radiant  heat  exchange  In  a  medium. 

We  will  find  quantity  of  energy  q  lost  by  a  unit  of  volume  of  mat¬ 
ter  In  1  sec  by  radiation.  It  is  the  difference  between  energy  emitted 
by  substance  and  energy  of  radiation  absorbed  by  substance. 

Difference  between  emission  and  absorption  of  radiation  of  fre¬ 
quency  V  (per  unit  Interval  of  frequencies)  and  direction  ft  (per  unit  of 
solid  angle)  in  1  sec  in  1  cm-'^  stands  in  right  side  of  equation  of 
transfer  of  radiation  (2.28).  In  order  to  obtain  total  resultant 
loss  of  energy  by  substance  in  i  cm-^  in  1  sec  q,  it  Is  necessary  to 
Integrate  this  quantity  over  all  solid  angle  and  over  all  spectrum. 


l.e 


♦  $ 


5?  • 

J  tfv  J  rfQx;  (/v,  -  /v)  =  C  J  <ivx;  (t^vp  -  U). 


(2.55) 


First  term  in  parentheses  corresponds  to  spontaneous  emission, 
and  second  —  to  absorption  after  subtracting  "re-emission. " 

With  help  of  equation  of  continuity  for  radiation  (2.29),  in 
which  according  to  the  earlier  made  remark  about  quasi-steady-state 
character  of  transfer  of  radiation  it  is  possible  to  omit  time  deriva¬ 
tive,  we  will  find  that  resultant  loss  of  energy  is  equal  to  divergence 
of  integrated  flux  of  radiation: 

j  diY5«(2vsdiv5.  (^*5^) 

If  substance  emits  more  than  it  absorbs,  it  loses  energy  by 
radiation  (is  cooled  by  radiation),  and  q  >  0;  if  there  is  absorbed 
more  energy  than  there  is  emitted,  substance  is  heated  by  radiation 
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landl  -los«  of  energy”  1:5  negative,  q  <  0  (l.e,,  energy  release,  which 

1  !  , 

I  Is  pqual  to  -q.  Is  positive), 

^  We  will  form  equations  of  gas  dynamics  taking  Into  account  radiant 
^heat  exchange,  hut  disregarding  energy  and  pressure  of  radiation. 

First  equation  —  equation  of  continuity  —  remains  unchanged, 

Also  equation  of  motion  dees  not  change.  Inasmuch  as  radiation  pressure 

i 

will  he  disregarded.  Only  In  equation  of  energy  should  there  he 
;  Introduced  a  term  of  losses  of  er.ergy  by  radiation  (energy  density  of 
radiation  and  work  of  forces  of  radiation  pressure  will  be  dlsre- 
jgarded).  Equation  of  energy  (l.iO)  will  he  written  In  the  form* 

[®“C* +t)J  -?• 

,or,  replacing  q  by  divergence  of  flux  S, 

+^)- -^’[e“(«+f,+T)+*]  • 


(2.58) 


Thus,  to  total  hydrodynamic  energy  flow  there  Is  added  energy  flow  of 
radiation.  If  we  transform  gas-dynamic  equation  of  energy  to  entropy 
form  (see  §  i  Chapter  I),  we  will  obtain 


qT"-- -g--div5. 


(2.59)  • 


where  Z  Is  specific  entropy  of  substance. 

I  Finding  of  field  of  radiation  and  distribution  of  temperature  In 

jmedlum  under  conditions  when  radiant  heat  exchange  considerably  affects 

^energy  balance  of  substance  Is  connected  with  large  mathematical 

'difficulties.  Differential  equation  of  transfer  with  respect  to 

coordinates  (2.34),  which  describes  field  of  radiation.  Is  formulated 

for  spectral  intensity  of  radiation  propagated  in  definite  direction. 

In  equation  of  energy  balance  (2,57)  there  are  contained  quantities  q 

[o3p-^?whlch  are  integrated  over  spectrum,  as  well  as  over  directl<ms. 

f  '  *it  Is  assumed  that,  besides  radiant  heat  exchange,  no  sources  of 
(energy ,-and ^also  no  other  Irreversible  processes  exist. 


Thus,  system  of  equations  of  transfer  and  energy  has  integrodif- 
ferential  character;  it  contains  double  integration:  over  spectrum 
and  over  angles. 

Mathematical  simplifications  of  integrodifferential  system  pro¬ 
ceed  by  way  of  approximate  description  of  spectral  and  angular  distri¬ 
butions,  in  order  to  avoid  its  "integral  character,"  Influence  of 
spectral  distribution  on  energy  balance  appears  in  connection  with 
dependence  of  coefficient  of  absorption  on  frequency.  Exclusion  of 
spectral  characteristics  from  consideration  is  possible  only  if 
coefficient  of  absorption  does  not  depend  on  frequency:  =  h*. 

In  this  case  of  "gray  substance,"  equation  of  transfer  (2.3^)  after 

integration  over  frequencies  is  written  directly  for  intensity  Inte- 

00 

grated  over  the  spectrum  ^  ^ 

OV/-X' (/,-/),  (2,60) 

and  in  formula  (2,55)#  for  losses  of  energy  by  substance,  it  is  also 
possible  to  produce  integration  over  spectrum: 

,_x' (2.61) 

In  general,  coefficients  of  absorption  in  gasses  at  high  tempera¬ 
tures  very  strongly  depend  on  frequency,  and  the  idea  of  "gray  mate  - 
rial"  constitutes  a  considerable  idealization.  It  is  very  useful 
in  the  sense  that  it  permits  clarification  of  behavior  of  phenomena 
which  are  not  connected  with  spectral  distribution  of  radiation.  How¬ 
ever,  in  certain  important  limiting  cases,  which  we  will  discuss  below, 
introduction  in  the  appropriate  way  of  coefficient  of  absorption  h', 
averaged  over  frequencies,  which  allows  us  to  exclude  from  considera¬ 
tion  spectral  characteristics  of  radiation  and  to  go  over  to  formulas 
(2,6o),  (2,6i),  corresponds  to  the  essence  of  the  matter. 
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i  To  the  question  about  approximate  description  of  angular  distribu 

■  .  I’  ■: 

tio|i  of  field  of  radiation  will  be  dedicated  the  following  two  para- 
grat)hs. 


§  10,  Diffusion  Approximation 

Losses  of  energy  of  substance  by  radiation  q,  as  can  be  seen 

ifrom  formulas  (2,55)>  (2,56),  in  explicit  form  do  not  depend  on 

! 

,  angular  distribution  of  radiation  and  are  determined  only  by  quantl- 

i  ties  Integrated  over  directions:  radiation  density  or  flux.  If  it 

1 

were  possible  to  form  instead  of  equation  of  transfer  for  intensity 
of  radiation  (which  depends  on  direction)  some  other  equations,  which 
would  directly  be  obeyed  by  quantities  Integrated  over  directions, 
density,  and  radiation  flux,  then  question  about  angular  distribution 
of  radiation  in  examining  of  influence  of  radiation  on  state  and  mo¬ 
tion  of  substance  in  general  would  not  appear.  One  such  equation 
already  exists:  this  is  the  exact  equation  of  continuity  (2,29), 
which  in  quasl-steady-state  case  states  that: 

div5;-cx;(Crvp-t^v).  (2.62) 


The  second  relationship,  which  relates  flux  and  density  of  radia¬ 
tion  and  closes  the  system  of  eqxiatlons,  can  be  obtained  only  approxi¬ 
mately,  Equation  (2.62)  was  found  by  means  of  integration  of  equation 
of  transfer  over  angles.  Let  us  multiply  now  equation  of  transfer 
(2.54)  by  unit  direction  vector  0  and  again  Integrate  over  angles, 

I 

'.Noticing  that  Integral  of  term  which  does  not  depend  on  direc- 

itlon,  becomes  zero,  and  taking  into  accoxint  definition  of  flux  (2,5), 
we  will  obtain 


t 

! - —  ? 

1 


(2.65) 
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In  isotropic  field  of  radiation  flux  S, 


V 


J  dft  becomes  zero. 


Integral  in  left  side  of  equality  for  intensity  I^  not  depending  on 


.angle  is  easy  to  calculate* 

J  Q  .QI^.dQ  J  VArfQ  -  jW^. 


(2.64) 


Equality  to  zero  of  this  expression  indicates  that  isotropy  of 
field  of  radiation  is  connected  with  constancy  of  density  in  space. 
If  field  of  radiation  is  anlsotroplcal,  flux  and  integral  (2,65)  are 
different  from  zero.  However,  in  case  of  weak  anisotropy,  in  first 
approximation  Integral  can  be,  as  before,  represented  in  form  (2.64), 
if  we  consider  intensity  weakly  depending  on  angles  to  be  constant. 
This  gives  approximate  relation  of  flux  to  radiation  density 


(2.65) 


v/here  «  1/h^' is  mean  free  path  for  absorption  of  radiation  (cor¬ 
rected  for  stimulated  emission). 

If  we  divide  both  sides  of  equality  (2,65)  by  energy  of  quantum 
hv,  we  will  obtain  relation  between  flux  of  quanta  of  given  frequency 
and  their  density  N^,  which  is  usual  for  process  of  diffusion  of 


partlclesj 


Coefficient  of  "diffusion"  of  quanta  is  analogous  to  coeffi¬ 
cient  of  diffusion  of  atoms  or  molecules;  c  is  velocity  of  "motion"  of 
quanta,  is  their  mean  free  path. 


*We  will  find  i-th  component  of  vector  Integral,  replacing  vector 
operator  fly  by  coordinate  expression  0.  d/dx,  and  considering  sum¬ 
mation  over  the  twice  met  Indices:  ^  ^ 

since  /  Ij^  dO  -  4irly  ■  cU^;  hence  there  follows  (2,64), 

■h.94 


However,  between  diffusion  of  atoms  and  "diffusion"  of  quanta 
there  is  an  essential  distinction.  An  atom  during  collision  does  not 
disappear,  but  only  changes  direction  of  its  motion  (in  an  arbitrary 
way  for  the  case  of  isotropic  scattering);  mean  free  path  included  in 
coefficient  of  diffusion  is  mean  free  path  */ith  respect  to  collisions, 

A  quantum  passing  on  the  average  over  distance  l^,  is  absorbed  by 
substance,  and  \inder  conditions  of  thermodynamic  equilibrium  of  i^ub- 
stance  its  energy  due  to  collisions  with  atoms,  electrons,  etc.,  is 
distributed  in  substance  in  accordance  with  laws  of  statistical  equi 
librium.  At  the  place  of  absorption  there  are  emitted  new  quanta  of 
different  frequencies  and  in  arbitrary  directions.  Considering  pro¬ 
cess  of  "diffusion"  of  quanta  of  given  frequency,  we  distinguish 
among  the  newly  generated  quanta  only  quanta  of  the  same  frequency. 

The  process  pioceeds  as  if  the  quantum  flew,  was  absorbed,  and  then 
again  was  "generated,"  and  after  "generation"  can  fly  with  equal 
probability  in  any  direction,  which  corresponds  to  process  of  isotropic 
scattering  of  atoms  during  collision,* 

Just  as  during  diffusion  of  atoms,  condition  of  applicability  of 
diffusion  approximation  is  smallness  of  density  gradient  of  radiation. 
The  latter  should  cheuige  little  at  a  distance  on  the  order  of  mean 
free  path  of  radiation  For  small  gradients  field  of  radiation  is 

almost  isotropic,  and  this  condition  was  assumed  at  basis  of  derivation 
of  diffusion  equation  (2,65).  Really,  to  a  given  point  quanta  arrive 


*If  we  consider  transfer  of  radiation,  taking  into  account  scat¬ 
tering  of  quanta,  then  during  weak  anisotropy,  as  before,  there  is 
obtained  diffusion  relationship  of  type  (2,65),  in  which  there  stands 
mean  free  path  corresponding  to  total  attenuation  factor,  which  is 
equal  to  sum  of  coefficients  of  absorption  and  scattering.  If  scat¬ 
tering  is  anisotropic,  then,  just  as  during  diffusion  of  atoms,  in- 
stw  id  of  scattering  coefficient  there  appears  transport  coefficient 
Hg(l  -  cos  6),  where  cos  '6  is  average  cosine  of  scattering  angle. 


mainly  from  region  with  dimensions  on  the  order  of  mean  free  p?^th. 

If  radiation  density  in  this  region  is  almost  constant,  then  quanta 
arrive  at  given  point  from  all  directions  equally,  which  leads  to 
isotropy  of  field  of  radiation  in  lt» 

Near  boundary  between  the  medium  and  vacuum,  density  changes 
strongly  at  distance  on  the  order  of  mean  free  path,  and  anisotropy  of 
angular  distribution  of  quanta  is  great  —  quanta  chiefly  fly  from 
body  in  the  direction  of  the  vacuum,  since  they  do  not  proceed  from 
the  vacuum.  Therefore,  near  boundary  with  vacuum,  diffusion  approxi¬ 
mation  can  lead  to  noticeable  errors. 

Gradients  of  density  are  small  and  diffusion  approximation  is 
accurate  in  case  of  optically  thick,  bodies.  If  x  is  characteristic 
scale,  on  which  density  of  radiation  noticeably  changes  (x  is  on  the 
order  of  dimensions  of  body),  then  diffusion  flux  in  order  of  magnitude 
is  equal  to 

The  greater  the  optical  thickness  of  the  body  x/l^  is,  the  less  den¬ 
sity  of  radiation  changes  on  mean  free  path  (this  change  is  on  the 
order  of  ~  smaller  flux  S^,  is  as  compared  to 

quantity  U^c,  and  the  more  accurate  the  diffusion  approximation  is. 

If  optical  thickness  of  body  is  on  the  order  of  unity,  l^/x  ~  1 
and  ~  cUy.  In  case  of  an  optically  thin  body  Z^/x  >  1,  and  flux 
estimated  by  diffusion  formula  would  have  to  become  larger  than  cU^. 

In  reality  this  is  impossible  and  simply  indicates  the  inapplicability 
of  diffusion  formula  for  optically  thin  bodies. 

Flux  never  can  be  larger  than  cU^.  Equality  3^  *  cU^  corre¬ 
sponds  to  the  case  when  all  quanta  fly  strictly  in  one  direction, 
l.e.,  it  corresponds  to  the  most  sharply  expressed  anisotropy.  Quantity 


cUy  sometimes  is  called  kinetic  flux.  Ratio  of  flux  to  kinetic 

Sy/cU^,  which  in  the  diffusion  approximation  is  on  the  order  of  inverse 

optical  thickness  of  body  l^/x,  is  a  mea  ure  of  anisotropy  of  field  of 

radiation:  during  complete  Isotropy  3^/cU^  «  0;  if  all  quanta  fly  in 

one  direction  S^cU^  -  1.  Ratio  S  /cU  always  is  contained  within 
Sv 

limits  0  <  --y—  <  i.  Dependence  of  flux  on  degree  of  anisotropy  of 

cu^ 

angular  distribution  of  radiation  at  a  given  density  of  it  is  schemati¬ 
cally  Illustrated  by  polar  diagram  for  intensity  (Fig,  2.9). 


Fig,  2,9.  Polar  dia¬ 
grams  for  distribution 
of  intensity  of  radia¬ 
tion  over  angle  for 
various  degrees  of  an¬ 
isotropy.  Magnitude 
of  intensity  at  given 
angle  ^  is  character¬ 
ized  by  length  of 
radius-vector  drawn 
from  center.  Length 
of  arrow  characterizes 
value  of  flux.  Equal¬ 
ity  of  radiation  den¬ 
sities  in  all  cases  is 
schematically  described 
by  equality  of  areas  of 
all  figures. 


Areas  of  all  figures  are  identical  and 
correspond  to  density  of  radiation,  and 
lengths  of  arrows  correspond  to  fluxes. 
Fields  of  radiation  of  various  densities  can 
also  lead  to  the  same  flux.  The  greater 
the  density  for  a  given  flux,  the  smaller 
is  Sy/cUy,  and  the  more  Isotropic  should  be 
the  field  of  radiation. 

Equations  of  diffusion  approximation 
(2.62),  (2,65)  constitute  a  system  of  two 
differential  equations  in  two  unknown 
functions  of  coordinates:  density  and  flux 
of  radiation.  To  them  it  is  necessary  to 
assign  boundary  conditions  on  boundaries 
between  media  with  different  optical  pro¬ 
perties  (with  different  "coefficients  of 
diffusion"),  Fro”  the  condition  of  con¬ 
tinuity  of  Intensity  of  radiation  there 


follows  continuity  of  density  and  flux  on  boundaries,  A  discontinuity 


in  density  in  diffusion  approximation  (2,65)  would  imply  an  infinity 
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of  flux,  and  a  discontinuity  in  flux  would  indicate  radiation  build-up, 
i.e,,  a  non-steady-state  character  (see  equation  (2.29)). 

Special  consideration  is  required  by  case 
of  boundary  between  medium  and  vacuum.  Inas¬ 
much  as  quanta  do  not  proceed  from  vacuum^ 
field  of  radiation  on  boundary  with  vacuum 
is  strongly  anisotropic  (all  quanta  fly  only 

Fig.  2.10.  Polar  dia-  in  the  direction  toward  the  vacuum),  and, 
gram  for  distribution 

of  intensity  on  bound-  strictly  speaking,  diffusion  approximation 
ary  x  =  0  of  body  with 

vacuum.  Vacuum  on  the  here  is  inapplicable.  Approximate  condition 
right,  medium  on  the 

left.  on  boundary  can  be  written  proceeding  from 

the  following  consideration.  Let  us  assume  (and  this  for  optically 
thick  bodies  is  not  very  far  from  the  truth)  that  radiation  going  out 
from  surface  of  body  in  a  hemisphere  directed  toward  the  vacuum  is 
distributed  over  angles  isotropically;  in  the  other  hemisphere,  inten¬ 
sity  is  equal  to  zero:  quanta  do  not  arrive  from  the  vacuum  (corre¬ 
sponding  polar  diagram  is  shown  in  Pig.  2.10).  We  obtain  then  that 
on  boundary  with  vacuum 

(2.66) 

where  flux  is  directed  along  outward  normal  to  surface.  Factor  1/2 
appears  as  average  cosine  of  angle  of  directions  of  motion  of  quanta 
for  their  isotropic  distribution  in  the  hemisphere,* 

t/2  . 

♦Really,  S  -  /  01  dH;  S  -  /  cos  {i)  2ir  sin  ^  d$  -  2TrI  - 

hemisphere  0 

Tr/2 

=  but  cU^  =  /  I^dO-  /  2Trsin3'  d$I^  ■  2TrI^,  whence  there 

hemisphere  0 
follows  formula  (2,66). 

Formula  (2,66)  formally  ensues  from  relationships  of  the  diffu¬ 
sion  approximation.  It  is  easy  to  verify  that  the  following  expres¬ 
sion  for  intensity  leads  to  diffusion  equations  (2,62),  (2.65): 
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§  11,  "Forward-Backward”  Approximation 


We  will  consider  one  more  method  of  approximate  consideration  of 
angular  dlstrlLutlon  of  radiation,  which  is  sometimes  applied  in  two- 
dimensional  problems  of  radiation  transfer.  This  method  is  known  as 
the  Schwartzschl.T  d  approximation  or  "forward -backward"  approximation. 
Let  us  combine  all  quanta  moving  in  the  positive  direction  of  x-axls 
at  angles  from  0  to  Tr/2  ("forward")  into  one  group,  and  those  moving 
in  opposite  direction  ("backward")  at  angles  S'  from  to  tt  in  another 
group  (Fig.  2,il),  We  will  approximately  conjider  angular  distribu¬ 
tions  in  each  of  the  two  hemispheres  as  isotropic  and  designate  inten¬ 
sities  In  directions  "forward"  and  "backward"  by  and  Ig  (index  of 
frequency  v  for  brevity  will  be  omitted).  Density  and  flux  of 


[FOOTNOTE  G0NT*D  FROM  PRECEDING  PAGE], 


/»(0)- 


Where  S'  Is  angle  between  direction  0  and  direction  of  flux  Sy,  Tedcing 
x-axls  In  direction  of  flux,  we  will  calculate  unidirectional  flxixes 
In  positive  and  negative  directions  of  x-axis.  We  will  obtain 


I  Sm 


(2.67) 


(It  Is  clear  that  «■  +  3^^,  as  It  must  be).  Applying  these 

formulas  to  boundary  between  body  and  vacuum  (x-axls  Is  directed  toward 
the  vacuum)  and  assuml.,g  that  unidirectional  flux  from  vacuum  S  =«  0, 

CUy 

we  will  obtain  3^  »  l,e.,  formula  (2,66),  Formixlas  (2.67) 

have  greater  force  than  the  expression  for  Intensity.  This  can  easily 
be  verified  If  we  extend  formula  for  Intensity  to  a  point  at  the 
boundary. 


In  direction  of  negative  x-axls,  for  Instance,  cos  tt  »  -1  emd 

CUy 

^y  "  “"5^  which  Is  physically  senseless.  The  whole  fact  Is  that 

diffusion  formula  for  Intensity  is  suitable  only  for  weak  anlsotjropy, 
when  second  term  in  parentheses  is  much  less  than  unity. 
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radiation  thus  are  equal  to 


'  <•  o  '*  * 

J  /,sinddd  +  ^  {  /, sin =  ^ (/,  +  /,),  (2.68) 

f  “p*  * 

5=  Jcosd7rfQ=2n  J  /,cosdsin  0rfd+2n  J  /j cos d sin Orfd =«(/,-/,).  (^•®9) 
b  ll/a 

Hence,  incidentally,  there  is  graphically  represented  the  degree  of 


anisotropy: 


On  bo\indary  between  medium  and  vacuum,  if  x-axis  is  directed 

s  1 

along  outward  normal  to  surface,  we  have  =  0  and  ^ 
condition  (2.66). 

In  order  to  form  equation  for  average  "unidirectional"  intensities 


and  Ig,  we  will  average  transfer  equation  for  plane  case: 

M.*  a  _x- (/,-/) 


(2.70) 


over  one  and  over  the  other  hemisphere.  We  will  obtain  thus  (average 

1 

cosine  cos  ^  *  ±  -g  )? 


(2.71) 


This  pair  of  equations  serves 

/t/\  for  determination  of  average  inten- 

/V  sitles  in  both  hemispheres.  By 

\  **  adding  and  substractlng  them,  it  is 

easy  to  go  over  to  equations  for 

.Fig.  2.11.  Polar  diagram  for  density  and  flux  (1^  »  cU^^/4v,': 
distribution  of  intensity  of 

radiation  in  "forward-backward"  5>-— —  — .  (2.72' 

approximation.  In  this  case  **  4  rf*  - 

flux  is  directed  to  the  left. 


§-»'(tr..  vy.  -7^.  (2.72) 

The  first  of  the  equations  is 


exact  continuity  equation  (2.62),  and  the  second  one  coincides  with 


(iOO 


approximate  equation  of  diffusion  approximation  (2.65),  with  only  the 
difference  that  here  ’’coefficient  of  diffusion”  is  equal  to  l»c/4 
Instead  of  I ’c/5. 

By  considering  equations  (2.71)  as  linear  differential  equations 
in  functions  and  Ig,  it  is  possible  to  write  their  solution  in 
Integral  form: 

*  T 

/i «  J  /,  exp  I  -  2  (T'  -  T)1 2  /j  =  ^  7,  exp  [  -  2  (t  -  t')1  2'dx'. 

Here  coordinate  x  Is  replaced  by  optical  thickness  by  the  formulas: 

.  at 

T-  1**'^** 

By  adding  and  subtracting  expressions  for  and  Ig  and  substi¬ 
tuting  Ip  =  cUp/47r,  we  will  obtain  approximate  Integral  formulas  for 
density  and  flux  in  the  ’’forward-backward”  approximation. 

?  , 

In  general,  the  diffusion  approximation  in  case  of  weak  ajiiso- 
tropy  is  better  founded  than  the  "forward -backward"  approximations, 
which  little  differs  from  it.  However,  density  and  flux  in  diffusion 
approximation  are  impossible  to  represent  in  Integral  form  without 
contradicting  differential  equations,  as  c«ui  be  done  in  "forward- 
backward”  approximation.  Therefore,  sometimes,  when  Integral  form  of 
equations  is  more  convenient,  it  is  more  advsjitageous  to  use  the  latter 
approximation, 

§  12.  Local  Equilibrium  and  Approximation 
of  Radiant  Hiermal  Conduction 

In  an  infinite  medium  with  constant  temperature  in  steady  state. 


(2.7J) 


radiation  Is  thermodynamically  equilibrium.  Intensity  of  it  does  not 
depend  on  direction,  and  is  determined  by  formula  of  Planck.  To  a 
certain  point  of  space  there  arrive  quanta  generated  in  neighborhood 
of  this  point  at  distances  of  not  more  than  several  mean  free  paths; 
quanta  generated  far  off  do  not  reach  the  point ;  they  are  absorbed 
along  their  path.  Consequently,  in  creation  of  equilibrium  intensity 
at  a  given  point,  there  participates  only  its  immediate  environment. 
Even  if  temperature  far  off  is  different  from  temperature  of  this 
neighborhood,  this  in  practice  does  not  affect  intensity  of  radiation 
at  the  considered  point.  This  means  that  if  in  a  sufficiently  extended^ 
optically  thick  medium  temperature  is  not  constant,  but  changes  suf¬ 
ficiently  slowly  with  distance,  so  that  its  changes  are  small  at  dis¬ 
tances  on  the  order  of  mean  free  path  of  radiation,  intensity  at  some 
point  of  space  will  be  very  close  to  equilibrium  on  temperature  which 
corresponds  to  temperature  of  the  given  point.  Thus  intensity  will 
be  nearer  to  equilibrium,  the  less  temperature  changes  at  distances 
on  the  order  of  mean  free  path.  In  particular,  radiation  will  be 
nearer  to  equilibrium  at  those  frequencies  which  are  absorbed  more 
strongly,  and  for  which  mean  free  path  is  less.  If  temperature 
gradient  is  so  small  that  changes  of  temperature  are  small  at  dis¬ 
tances  on  the  order  of  the  largest  of  mean  free  paths  for  all  fre¬ 
quencies  playing  an  Important  role  in  equilibrium  radiation  of  given 
temperature,  then  radiation  will  be  equilibrium  in  practically  the 
whole  spectral  Interval  which  is  characteristic  for  temperature  of  the 
given  point.  Intensity  of  radiation  depending  upon  frequency  will 
thus  be  described  by  Planck  f\inctlon  with  temperature  of  this  point. 

Such  a  state,  when  radiation  at  every  point  of  medium  with 
variable  temperature  is  very  close  to  equilibrium,  radiation,  which 

^02 


corresponds  to  temperature  of  the  point,  is  spoken  of  as  local  thermo¬ 
dynamic  equilibrium  of  radiation  with  substance. 

Condition  of  existence  of  local  equilibriimi  —  smallness  of 
gradients  in  an  extended,  optically  thick  medim  —  serves  at  the  same 
time  as  Justification  of  the  diffusion  approximation  in  examining  of 
radiation  transfer.  In  the  diffusion  appro  imation,  radiation  flux 
is  proportional  to  gradient  of  radiation  density.  But  if  density  of 
radiation  is  close  to  equilibrium,  then  it  is  possible  approximately 
to  replace  true  density  in  formula  for  flux  by  equilibrium  density  at 
given  point.  Thus,  under  conditions  of  local  equilibrium,  spectral 
flux  is  approximately  equal  to 


Total  flux  is 


(2,74) 


€0 


tSU^pdy. 


(2.75) 


We  will  take  from  under  the  integral  sign  a  certain  mean 
free  path,  which  we  will  designate  by  i ,  If  we  consider 
«  U  =»  4aT^/c,  then  formula  (2,75)  gives 

c 


value  of  mean 

CO 


that  /  U  ^  dv  » 
0  ^ 


(2.76) 


Energy  flow  of  radiation  under  conditions  of  local  equilibriimi  is 

proportional  to  temperature  gradient;  l.e.,  radiation  transfer  has  the 

character  of  thermal  conduction  or,  so  to  speak,  radiant  thermal  con- 

l6rrTT^ 

duction,  where  coefficient  of  thermal  conductivity  is  equal  to  ■ 
and  depends  on  temperature. 

Loss  of  energy  of  substance  by  radiation  q  according  to  formula 
(2,56)  is  equal  to  divergence  of  flux  of  radiant  thermal  conduction, 

i- 

exactly  as  in  the  case  of  usual  molecular  thermal  conduction,  and  is 
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determined  only  by  temperature  of  substance  at  given  point,  average 
mean  free  path,  which  for  given  substance  is  function  of  temperature 
and  density,  and  by  their  derivatives  with  respect  to  coordinates. 

Comparison  of  formulas  (2,75)  and  (2.76)  gives  law  of  averaging 
of  mean  free  path  over  spectrum  which  leads  to  correct  value  of  flux 
of  radiant  energy  under  conditions  when  radiant  heat  exchange  has 
character  of  thermal  conduction.  Noticing  that  and  depend  on 
coordinates  only  through  dependence  on  temperature,  we  will  obtain 


dU. 


vp 


i  =  JL_ 


dT 


dv 


dU, 


vp 


dT 


d\ 


dVp 
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dU. 


vp 


dT 


dv 


(2.77) 
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By  differentiating  equilibrium  density  of  radiation  taken  by  the 
Planck  formula  with  respect  to  temperature  and  going  over  in  the 
Integral  to  dimensionless  variable  of  integration  u  =  ~,  we  will 

K 1 

find  law  of  averaging  of  mean  free  path: 


00 


(2.78) 


where  weighting  factor  G(u)  is  equal  to 


G(h)  = 


15  uUr* 
li»(l— «-*)*  * 


(2.79) 


Quantity  l,  obtained  by  means  of  averaging  of  mean  free  path 
with  weighting  factor  G(u),  called  Rosseland  average  mean  free  path  or 
limply  Rosseland  mean  free  path.  If  we  express  mean  free  path 
corrected  for  stimulated  emission,  in  terms  of  coefficient  of  true 
absorption  (^  “  then  formulas  (2.78),  (2.79)  can 

be  rewritten  In  the  form 


(«)**.  G'(u) 


15 

4il4  (1— r-»)S  • 


(2.80) 


Rosseland  weighting  factor  has  maximum  at  hv  «  4kT,  l.e,,  main 
role  in  transfer  of  energy  is  played  hy  large  quanta  with  energy  a 
few  times  higher  than  kT. 

According  to  the  fonmila  (2.76),  radiation  flux  is  greater,  the 
larger  the  coefficient  of  thermal  conductivity,  i.e.,  the  longer  the 
mean  free  path.  One  should  not  forget  that  this  dependence  is  accurate 
only  as  long  as  mean  free  path  is  not  too  great,  in  order  that  there 
is  not  violated  the  condition  of  local  equilibrium  and  formula  (2,76) 
has  meaning.  As  we  will  see  later  in  the  opposite  limiting  case, 
when  mean  free  path  of  radiation  is  larger  than  characteristic  dimen- 
slonr  of  the  body,  radiation  flux,  conversely,  decreases  with  Increase 
of  mean  free  path, 

§  13.  Interrelation  of  Diffusion  Approximation  and 
Approximation  of  Radiant  Thermal  Conduction 

Usually  in  astrophysics  it  is  accepted  to  identify  ideas  of 
diffusion  approximation  and  radiant  thermal  conduction  with  each 
other.  This  is  connected  with  the  fact  that  in  optically  thick  bodies 
with  small  gradients,  such  as  stars  and  stellar  photospheres,  there 
always  are  simultaneously  satisfied  conditions  leading  to  weak 
anisotropy  of  field  of  radiation,  l,e,,  to  diffusion  coupling  of 
flux  with  gradient  of  radiation  density,  and  to  existence  of  local 
equilibrium,  l,e,,  possibility  of  replacement  of  by  U^.  Estimate 
shows  that,  in  general,  for  small  gradients  in  optically  thick  bodies, 
deviation  from  local  equilibrium  is  even  less  than  degree  of  aniso¬ 
tropy,  l,e,,  if  diffusion  approximation  is  accurate,  then  local 
equilibrium  all  the  more  so  exists.  Really,  let  us  assume  that  body 
has  dimensions  on  the  order  of  x,  which  are  the  characteristic  scale 
for  gradients  of  temperature,  density  and  radiation  flux.  From 
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equations  of  diffusion  approximation  (2,62),  (2,65),  It  follows  that 
In  order  of  magnitude 


whence 


If  degree  of  anisotropy,  which  Is  characterized  ratio  of  diffu¬ 
sion  flux  to  kinetic  flux,  S^/cU^  «  Is  small  and  l^/x  «  1,  then 

relative  deviation  of  density  of  radiation  from  equilibrium  Is  a 
quantity  of  the  second  order  of  smallness. 

However,  considering  problems  with  more  complicated  conditions 
than  in  stellar  photospheres,  it  is  convenient  nevertheless  to  draw 
a  clear  line  between  diffusion  approximation  and  radiant  thermal 
conduction  approximation,  meaning  by  the  diffusion  approximation  only 
a  method  of  approximate  description  of  angular  distribution  of  radia¬ 
tion  In  which  radiation  flux  Is  assumed  to  be  proportional  to  gradi¬ 
ent  of  true  density,  even  If  It  very  strongly  differs  from  equilibrium. 
This  can  be  considered  as  a  method  allowing  us  to  clarify  properties 
of  phenomena  of  transfer  of  strongly  non-equlllbrlum  radiation  which 
are  not  connected  with  character  of  angular  distribution  of  quanta, 
since  strict  calculation  of  the  latter  Is  connected  with  large 
mathematical  difficulties.  Diffusion  approximation,  which  leads  In 
certain  cases  to  considerable  errors,  as  a  rule,  nevertheless,  does 
not  distort  qualitative  picture  of  phenomena  of  radiation  transfer, 
even  when  distribution  over  angles  Is  strongly  anisotropic.  This 
permits  us  to  use  It  for  approximate  solution  of  different  problems 
In  which  radiation  Is  essentially  non-equlllbrlum,  and  use  of 


approximation  of  radiant  thermal  conduction,  which  subjects  temperature 
of  substance  to  corresponding  equations,  frequently  contradicts  physi¬ 
cal  meaning. 

Let  us  give  an  example.  Let  us 

T, 

assume,  that  we  are  interested  in 

' '  /’•  field  of  radiation  in  body  with  a 

- - sharp  Jump  of  temperature  on  the  sur- 

Flg.  2,12.  Schematic  profile  face  dividing  highly  heated  and  cold 
of  temperature  in  shock  wave, 

regions,  as  is  shown  in  Fig.  2,12 

(case  which  is  typical  for  a  shock  wave).  In  region  with  high  tempera¬ 
ture,  density  of  radiation  is  great  and  on  the  order  of  equilibrium 
^pl  "  In  region  of  low  temperature  quanta  practically  are  not 

emitted,  and  density  of  radiation  in  it  is  determined  by  flux  going 
out  from  surface  of  heated  region,  i.e.,  density  of  radiation  also 
is  proportional  to  and  much  higher  than  equilibrium  UpQ  ■  4aTQ/c, 
since  »  Tq,  This  case,  as  we  see,  is  extraordinarily  far  from 
local  equilibrium  and  radiant  thermal  conduction.  Meanwhile,  diffusion 
approximation  for  description  of  angular  distribution  leads  to  qualita¬ 
tively  correct  result,  which  is  that  if  cold  medium  absorbs  light, 
then  density  and  radiation  flux  drop  according  to  distance  from  heated 
surface  into  the  cold  medium,  where  scale  of  distance  for  noticeable 
attenuation  of  these  quantities  is  mean  free  path  for  absorption  of 
quanta  in  cold  medium.  Thus,  in  this  case  diffusion  equations  in 
cold  medium  not  emitting  quanta  take  the  form 

"“T’  - r-ir 

or,  in  terms  of  optical  thickness  measured  from  temperature  Jump  t  * 

X  ^ 

-  /  >t»  dx, 
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zon 


c  dV^ 

3  dty  * 
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These  equations  give  solutions  for  density  and  flxxx: 


Ct/y 

/3 


t 


which  qualitatively  correctly  reflects  drop  of  these  quantities. 

Exact  consideration  of  angular  distribution,  which  is  possible 
in  the  given  simple  case,  leads  to  a  somewhat  different  law  of  decrease 
of  flux  and  density  of  radiation  in  cold  region  containing  not  usual, 
but  exponential  Integrals  (see  work  [5])t 

iSy  ~  £,  (Tv),  Uy  Ei  (ty). 


At  optical  distances  from  temperature  Jump  on  the  order  of  one 
or  several  units,  exact  formulas  give  values  of  the  same  order  as 
diffusion  formulas.  If  we  in  the  considered  problem  used  approxima¬ 
tion  of  radiant  thermal  conduction,  then  we  would  have,  in  particular, 
the  temperature  Jump  of  the  substance  being  spread  out  since  with 
temperature  Jump  fl\ix  S  ~  dT/dx  turns  out  to  be  infinite. 

In  general,  diffusion  approximation  always  gives  qualitatively 
reasonable  results.  For  Instance,  in  such  an  extremely  "non-diffusion" 
case  as  when  there  is  extremely  pronounced  anisotropy  of  angular  dis¬ 
tribution  of  quanta,  and  all  quanta  move  in  cold  medium  in  one  direc¬ 
tion,  flux  is  equal  to  3^  =  cU^,  From  exact  continuity  equation 
(2,62)  it  is  obtained  thus  that  flux,  as  during  diffusion,  is  propor- 
tlonal  to  gradient  of  density  directed  along 

light  beam)  with  proportionality  factor  three  times  as  large  as  usual 
coefficient  of  diffusion.  This  case  of  pure  absorption  of  parallel 
beam  of  light  in  a  non-radiating  medium  has  an  exact  solution: 

-•  cV^  ^ Ty ^  x; cCr, 
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which  differs  from  solution  in  diffusion  approximation  only  by  the 
numerical  coefficient  -/J  in  exponent  of  the  exponential  and  coefficient 
i/V^^  in  the  relation  between  flux  and  density. 

Certainly,  quantitative  distinction  for  large  »  1  is  huge, 
but  qualitatively  the  diffusion  approrJLmatlon  gives  a  correct  physical 
result,  and  for  ~  1  even  the  numerical  error  is  not  so  big. 

§  14.  Radiation  Equilibrium  in  Stellar  Photospheres 
Study  of  distributions  of  temperature  and  field  of  radiation 
in  peripheral  layers  (photospheres)  of  stationary  stars  for  the  pur¬ 
pose  of  calculation  of  luminosity  of  stars  was  the  classical  problem 
on  the  basis  of  which  there  was  b\xilt  the  theory  of  radiation  trans¬ 
fer  and  developed  methods  of  solution  of  equation  of  tremsfer.* 

For  us  this  problem  is  interesting  not  only  as  a  classical  object 
for  application  of  theory  of  transfer  of  radiation,  but  also  as  a 
model,  to  which  leads,  as  will  be  shown  in  Chapter  IX,  to  some  extent, 
the  problem  about  cooling  of  a  large  volume  of  heated  air  by  mesuis  of 
radiation.  Stationary  stars  are  h\ige  gas  masses  heated  to  high  tem¬ 
peratures,  which  vary  from  ten  thousand  degrees  on  the  surface  to 
millions  and  tens  of  millions  of  degrees  in  central  regions.  Mechani¬ 
cal  eqxiillbrium  of  gas  is  attained  due  to  balancing  of  forces  of  pres¬ 
sure,  which  tend  to  lead  to  dispersion  of  the  gas  sphere,  by  gravi¬ 
tational  forces  which  prevent  dispersion. 

The  heated  gas  sphere  —  star  —  radiates  from  its  surface.  Loss 
of  energy  is  replenished  by  energy  release  due  to  nuclear  reactions 
which  occur  in  central  regions  of  the  star.  Substance  in  stationary 


»See  detailed  account  of  these  problems  and  references  to  litera¬ 
ture  in  works  of  V.  A.  Ambartaumyaui  [1]  auid  Unsold  [2]. 


stars  is  motionless j  there  is  no  hydrodynamic  motion.  Energy  released 
in  center  is  transferred  to  periphery  of  star  only  hy  radiation  and 

departs  into  space  in  the  form  of  radiation.  Inasmuch  as  in  peripheral 
layers  there  are  no  nuclear  reactions  or  energy  releases,  steady  state 
in  them  is  attained  due  to  full  compensation  of  emission  and  absorption 
of  light  in  every  element  of  volume:  loss  of  energy  of  substance  by 
radiation  q  is  equal  to  zero  and  temperature  at  every  point  is  con¬ 
stant  in  time,* 

Equality  of  emission  and  absorption  of  light  and  absence  of 
losses  by  radiation  are  spoken  of  as  radiation  equilibrium  of  star. 

From  condition  of  radiation  equilibrium  q  =  0,  it  follows  that  diver¬ 
gence  of  radiation  flux  div  S  also  is  equal  to  zero.  Total  flux  of 

o 

radiation  through  spherical  surface  of  any  radius  r,  kvr  S,  is  con¬ 
stant  and  is  equal  to  quantity  of  energy  released  in  center  per/unit 

p 

time  (S  ~  l/r  ),  Distribution  of  temperature  and  density  of  gas  over 
radius  of  star  is  determined  by  means  of  joint  consideration  of 
mechanical  equilibrium  and  radiation  transfer.  However,  in  examining 
of  distributions  in  photosphere,  the  problem  to  some  extent  is  divided 
into  two  stages.  Distribution  of  temperature  over  optical  coordinate 
can  be  found  only  from  consideration  of  radiation  transfer,  without 
knowing  distribution  of  density  over  radius.  Then,  in  case  of  neces¬ 
sity,  it  is  possible  to  go  over  to  distribution  of  temperature  over 
radius  by  making  use  of  the  conditions  of  mechanical  equilibrium  and 

*3teady  state  of  star  and  invariability  of  distributions  of  temper¬ 
ature  and  other  quantities  over  radius  in  time  does  not  mean  that  stars 
do  not  evolve.  When  we  speak  about  steady  state  in  reference  to  prob¬ 
lem  about  radiation  transfer,  we  consider  the  invariability  of  state 
during  a  time  on  the  order  of  the  time  of  heat  transfer  from  center 
of  star  to  surface. 

Let  us  note  that  condition  of  radiation  equilibrium  q  =»  0  replaces 
in  a  given  concrete  problem  the  energy  equation  of  hydrodynamics  (2.57). 
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coefficient  of  absorption  of  light  as  a  function  of  temperature  and 
density. 

We  will  formulate  problem  about  distribution  of  temperature  and 
radiation  transfer  In  photosphere  of  star.  Since  we  are  Interested  In 
surface  layers,  thickness  of  which  are  much  less  than  radius  of  star. 
It  Is  possible  to  disregard  their  curvature  and  to  consider  the  photo¬ 
sphere  to  be  flat.  Let  us  direct  axis  x  along  outward  normal  to  sur¬ 
face  of  star  (Fig.  2.1;?),  and  write  equation  of  radiation  tremsfer  for 
the  plane  casei 


COS^  *  Jtv  (fyp  —  /v)» 


(2.81) 


where  Is  angle  between  direction  of  propagation  of  radiation  and  the 
x-axls.  To  this  equation  Is  added  condition  of  radiation  equillbrlumi 

?  p  “  (2,82) 

««  J  dv  J  dox;  (Ap-A)  -  c  Jdvx;  (c/vp-  c^v)  -  0. 

and  also  the  boxindary  condition  on  the  surface,  for  x  «  0,  which  Is 
that  quanta  do  not  arrive  from  the  vacuum: 

A(*-0,  d)-0  for -=■<♦<«. 

If  coefficient  of  absorption  of  various  frequencies  Hj,(T,  p) 
depends  on  density  of  gas  In  Identical  manner,  l.e..  If  It  can  be 
represented  In  the  form  Hy(T,  p)  -  (p(v,  T)  f(p),  which  usually  Is  the 
case  In  reality,  then  by  means  of  Introduction  In  place  of  x  a  new 
coordinate,  differential  of  which  Is  dy  ■  dx  f(p),  and  which  corre¬ 
sponds  to  optical  coordinate.  It  is  possible  to  exclude  from  problem 
the  question  about  distribution  of  density  of  gas  over  x  and  to  look 
for  distribution  of  temperature  and  Intensity  of  radiation  along  this 
new  optical  coordinate  y.  System  (2.8l)— (2.83)  completely  describes 
these  distributions.  The  pz*oblem  possesses  one  arbitrary 


parameter  —  radiation  flux  S,  which  in  the  plane  case  is  constant 
(q  =  div  S  ^  “  0)»  Flux  S  is  equal  to  flow  of  energy  supplied 
from  infinity  x  =  -oo,  from  within  the  star,  and  actually  is  determined 
by  energy  release  in  center  of  star.  At  the  same  time,  flux  S  con¬ 
stitutes  flow  of  radiant  energy  going  out  from  surface  of  star,  i,e,. 


integral  brightness  of  surface. 


Formulated  problem  in  general  pre- 


P  sents  very  large  mathematical  diffi- 

culties.  The  main  one  of  them  is  that 

- i  - ^ 

X  ^ ^  equation  of  transfer  is  written  for 

% 

spectral  intensity  I^,  whereas  condition 
Ibout^radiatlSn^traSsfer^ln  radiation  equilibrium  has  a  character 


stellar  photospheres. 


which  is  Integral  over  the  spectnim. 


For  simplification  of  problem  we  will  Introduce  into  consideration  a 
certain  coefficient  of  absorption  n'  which  is  average  over  the  spectrum 
(which  is  eqxiivalent  to  the  assumption  about  "grayness"  of  the  medium) 
and  will  integrate  equation  of  transfer  (2,8l)  over  the  spectrum.  We 


will  obtain  for  integral  intensity  I  «  /  I  dv  the  equation 

r\  ^ 


eosO  *  ~  ~  I  ^ ’'p 


tVp  aT* 


(2.84) 


Passing  over  to  the  optical  coordinate,  which  is  measured  from 

X 

surface  into  depth  of  photosphere:  dx  -  -n’dx,  t  »  -/  x’dx,  we  will 

0 

obtain 


(2.85) 


Boundary  condition  (2,85)  now  takes  the  form 


/(t-0,  «)«0  for 


(2.86) 


,(2.87) 


and  condition  of  radiation  equilibrium  (2,82) 

(constajit  flux  S  is  equal  to  S  »  /  coa  ^  I  dO), 

In  spite  of  anisotropy  of  radiation,  integral  of  intensity  over 
angles,  i.e,,  density  of  radiation  at  every  point,  is  equal  to  equi¬ 
librium  quantity  U  ,  More  correctly,  temperature  of  substance  at 
every  point,  which  is  controlled  by  radiation  transfer,  is  established 
in  accordance  with  radiation  density  at  given  point  u  »  U  .  Even  in 

sr 

simplified  formulation  the  problem  of  solution  of  system  (2.85)— (2.87) 
(so-called  Milne  problem)  from  mathematical  point  of  view  is  very 
complicated.  Approximate  solution  of  it  will  be  presented  in  the 
following  paragraph.  Now  we  will  derive  the  Integral  equation 
equivalent  to  this  system,  which  served  as  a  basis  for  finding  of  the 
exact  solution. 

We  will  use  Integral  expression  for  Intensity  of  type  (2,52]^  which 
in  plane  case  can  be  written  in  a  form  which  directly  follows  from 
equation  (2,85)>  if  we  consider  it  as  linear  differential  equation  in 
It 


t 

(2.88) 

/(«,  t)-  -  j  /pcrcoiT-Sr^ 

(2.89) 

First  formula  gives  intensity  of  radiation  propagating  in  the 
direction  toward  the  surface.  Integration  is  conducted  from  t  -  oo, 
inasmuch  as  photosphere  is  assumed  to  be  semi-infinite.  Second  formula 
corresponds  to  radiation  going  into  the  depth;  thus  it  is  considered 
that  quantum  d:)es  not  arrive  from  the  vacuum. 


We  will  calculate  density  of  radiation  U  =  —  /  Idft,  using  dur¬ 
ing  Integration  over  ^  from  0  to  ir/2  the  first  formula,  and  in  the 
Interval  ^  <  ■S'  <  ir  —  the  second  formula; 


0  t  n/2  0 


X  x’-x 


By  changing  order  of  Integration,  introducing  into  first  Integral 
the  new  variable  w  =  1/cos  S,  and  in  the  second  integral  w  =  -1/cos  S-, 
taking  into  account  the  definition  of  exponential  Integrals  (2,44) 


and  replacing  =  cUp/4v,  we  will  obtain 


W  =  4  S  U,E^(x'-x)dx’+±  j  UpEdx-x')dx'. 


(2.90) 


Taking  into  account  condition  of  radiation  equilibrium  U  =  ~  T^, 

we  will  finally  obtain  Integral  equation  for  equilibrium  density  U 


or,  which  is  the  same,  for  T^; 


o> 

“  4-  5  ^p  (I  I) 


(2.91) 


Let  us  write  out  for  reference  purposes  the  Integral  expression 
for  flux  in  the  plane  case,  which  is  calculated  analogously  to 


density;* 


r  ' 

J  UpEt  (t'-t)  dx’ — 1-  J  UpEi{x-  t')*'. 


(2.92) 


From  equation  (2,91)  it  is  clear  that  solution  Up(T)  is  determined 


*For  point  t  =  0  this  formula  already  was  obtained  above  in  §  7 
(2.45). 

It  is  interesting  to  compare  exact  formulas  for  density  and  flux  in 
plane  case  (2,90),  (2.92)  with  those  obtained  in  "forward-backward" 
approximation  (2.75).  The  latter  differ  from  the  first  by  replace¬ 
ment  of  exponential  Integrals  by  usual  ones  €uid  also  in  numerical 
coefficients. 
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with  accuracy  up  to  the  constant  factor.  This  factor  corresponds  to 
arbitrary  value  of  flux  S, 

§  15.  Solution  of  Problem  of  Flat  Photosphere 
Let  us  find  solution  of  problem  formiilated  in  preceding  paragraph 
in  the  diffusion  approximation.  After  averaging  equation  of  diffusion 
approximation  over  spectrum  and  introducing  average  coefficient  of 
absorption  h*  and  mean  free  path  =  i/n*#  we  will  write  these 
equations  in  the  form 

«  Vt  dV 

8  d*'  (2,94) 

or,  replacing  coordinate  x  by  optical  thickness  xt  dx  >■  -H*dx 

(2.95) 


S 


e  dU 
i  dx  • 


(2.96) 


Equation  (2,95)  demonstrates  equivalence  of  conditions  of  radia¬ 
tion  eauilibrium  U  «  U  and  constancy  of  flux  S  ■  const.  In  this 

P 

case  condition  of  radiation  equilibrium  leads  to  strict  equivalence 


of  diffusion  approximation  and  approximation  of  radiant  thermal  con¬ 
duction,  since  due  to  equality  U  «  Upt 


« dUp  4  dT* 
'T  rfT  "  3  dx 


(2.97) 


By  solving  this  equation  and  using  boundary  condition  (2,66)  in 


order  to  express  flux  S  in  terms  of  temperature  of  surface 


5«2ot:. 


(2.98) 


we  will  obtain  distribution  of  temperature  and  density  of  radiation 
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over  optical  thickness 


(2.99) 


4 

Effective  temperature  of  surface  by  definition  S  «  is  equal  to 

Tef  =  V2  Tq  ed  1.2  T^. 

Effective  temperature  is  somewhat  higher  than  true  temperature 
of  surface  Tq.  This  is  understandable:  quanta  going  out  from  sur¬ 
face  are  generated  in  radiating  shell  near  surface  with  thickness  on 
the  order  of  mean  free  path  (optical  thickness  on  the  order  of  unity). 
Temperature  of  radiating  layer  Is  somewhat  higher  than  temperature 
of  surface  (Fig,  2,14);  therefore  "temperature"  of  outgoing  radiation 
is  also  somewhat  higher.  Temperature  of  medium  coincides  with  effec¬ 
tive  temperature  of  radiation  at  optical  depth  t  =  2/3,  It  is  possi¬ 
ble  to  say  that  this  depth  corresponds  approximately  to  middle  of 
radiating  layer. 

For  problem  about  radiation  equilibrium  of  photosphere  which  is 
considered  as  "gray  material, "  which  reduces  to  integral  equation 
(2,91)^  there  has  been  found  an  exact  analytic  solution.  The  problem 
also  has  been  solved  by  different  methods  of  approximation,  which  are 
more  exact  than  the  diffusion  approximation,  (This  problem,  which  is 
one  of  the  few  problems  of  theory  of  transfer  of  radiation  which  it  is 
possible  to  solve  exactly,  serves  usually  as  the  standard  for  check¬ 
ing  different  methods  of  approximation,) 

In  exact  solution,  temperature  of  surface  Tq  for  the  very  same 
flux  S,  i,e,,  with  the  same  effective  temperature  T^^,  turns  out  to 
be  somewhat  less  than  in  the  diffusion  approximation.  In  exact 
solution  Tq  «  Tgf,  Tq  =■  0.811  T^^,  whereas  in  diffusion  approxima-s 
4  1  4 

tion  'Tq  “  "2  "^ef*  *^0  *  0*8^1  Tgf  Distributions  of  temperature  over 


aFig,  2,14,  DlstrllDUtlon  of 
temperature  ever  optical 
coordinate  in  plane  photo¬ 
sphere  In  the  diffusion 
approximation. 


optical  thickness  in  exact  and  diffusion 
solutions  are  very  close  to  one  another 
(they  are  depicted  in  Fig.  2,15),  which 
testifies  to  good  accuracy  of  the  diffu¬ 
sion  approximation.  Error,  given  h> 
diffusion  approximation  is  less,  the 
greater  the  optical  thickness,  i.e.,  the 
further  from  the  boundary,  which  is 


fully  natural.  As  t  -♦ oo  exact  solution  Up(T)  asymptotically  becomes 
diffusion  solution  (2,99)«  IJhis  can  be  shown  directly  on  the  basis 


of  integral  expressions  for  density  and  flux  (2,9i)i  (2.92).  This 


conclusion  is  useful  because  it  shows  how  diffusion  approximation  and 


approximation  of  radiant  thermal  conduction  are  asymptotically  estab¬ 
lished  in  the  exact  equation. 

As  follows  from  diffusion  solution  (2,99),  relative  change  of 
equilibrium  density  Up  on  mean  free  path  decreases  with  distance  from 
surfaces 


AET,  I  i  iO,  1  1 

dT  dx  “2, 


as  T  00, 

Exponentials  Integrals  E^  and  Eg  rapidly  decrease  with  increase 
of  argument,  so  that  actually  in  integrals  (2.91),  (2.92)  only  region 
|t*  -  t|  ~  1  near  point  t  plays  a  role. 

Therefore,  Integration  over  t*  from  zero  to  t  in  second  Integrals 
in  formulas  (2,90),  (2,92)  for  t  »  1  can  be  extended  to  -oo,  or,  which 
is  the  same.  Integration  over  t  -  t*  from  zero  to  t  »  1  can  be 
extended  to  interval  from  0  to  os.  Error  due  to  this  will  be  less, 
the  larger  t  Is. 
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We  will  expand  Up(T*)  near  point  t: 


J  X 


Pig.  2.15.  Comparison 
of  distributions  of  tem¬ 
perature  in  flat  photo¬ 
sphere  which  are  calcu¬ 
lated  in  diffusion 
approximation  (!)  and 
exactly  (II).  For  defi¬ 
niteness  effective  tem¬ 
perature  is  selected 
equal  to  =  10,500°K 

(graph  is  taken  from 
book  [I]). 


=  P,(T)  +  ^  (T' -  -  t).  + . . . 

Inasmuch  as  U  (t*)  Is  a  slow  function, 
as  T  CD  higher  deri^'-atives  of  it  become 
less  and  less.  Substituting  this  expan¬ 
sion  in  (2.90),  (2.91)  and  calculating 
Integrals,  we  will  obtain  from  (2.92)  with 
accuracy  up  to  turns  which  are  proportional 
higher  derivatives  of  U  up  to  t:  S  = 

„  dU  dV 

=  and  from  (2.91) :  - =  0,  l.e. , 

equations  of  diffusion  approximation  and 
radiant  thermal  conduction. 


The  fact  that  integral  density  of  radiation  at  every  point  is 
equal  to  equilibrium  density  corresponding  to  temperature  of  substance 
does  not  at  all  mean  that  the  same  also  pertains  to  spectral  densi¬ 
ties.*  However,  the  further  from  the  surface  into  the  depth  of  the 
photosphere,  the  less  are  the  relative  changes  of  temperature  at 
distances  on  the  order  of  average  mean  free  path,  and  consequently 
also  mean  free  paths  of  various  frequencies.  Therefore,  far  from  the 
surface  there  exists  local  equilibrium  also  at  every  frequency,  and 
by  average  mean  free  path  l •  ■  1/h'  we  should  understand  the  Rosseland 
mean.  In  practice  the  Rosseland  method  of  averaging  can  be  extended 


*In  exactly  the  same  way,  from  the  fact  that  S  =  const  it  does 
not  follow  that  S„  ■  const; 


.. 


to  the  whole  photosphere  up  to  the  actual  surface.  If  we  know  dis¬ 
tribution  of  temperature  over  average  optical  thickness  and  take 
coefficients  of  absorption  depending  on  frequency  (more  exactly,  their 
ratios  to  the  average  possible  formulas  of  §  8 

to  find  spectrum  of  radiation  of  star  (see  [1-3]).  Spectrum,  in  gen¬ 
eral,  does  not  coincide  with  Planck  spectrum  corresponding  to 
but  in  a  number  of  cases  is  close  to  it. 

§  16.  Losses  of  Energy  of  Heated  Body  by  Radiation 
Let  us  consider  losses  of  energy  by  radiation  of  an  extire  body 
on  the  whole.  We  will  consider  usual  bodies  of  finite  dimensions 
heated  in  general  nunxiniformly.  Total  loss  of  energy  by  entire  body 
in  1  sec  Q,  is  obviously  equal  to  the  Integral  of  loss  of  energy  of 
1  cm*^  in  1  sec  over  the  volume  q.  Noticing  that  q  =  div  S,  it  is  pos¬ 
sible  to  write:* 

J  (2.100) 

where  dV  is  element  of  volume  of  body,  and  dS  is  element  of  surface; 

Sq  is  normal  component  of  radiation  fl\ix  on  surface  of  body.  It  is 

4 

possible  to  represent  it  in  the  form  Sq  -  o^^ef'  "^ef  effective 

temperature  of  surface  of  body. 

It  is  not  at  all  obligatory  that  effective  temperature  be  close 
to  average  temperature  of  a  nonuniformly  heated  body  T.  In  cas(-  of 
an  optically  thick  body,  dimensions  x  of  which  are  much  larger  than 
average  mean  free  path  (we  will  say,  corresponding  to  average 

*q  C8UI  change  sign  over  the  extent  of  the  body,  i.e.,  individual 
volumes  me.y  be  cooled,  and  others  may  be  heated  by  radiation. 
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temperature),  flux  in  order  of  magnitude  is  equal  to 

u  - 

St^le-^^LaT*4:aT*; 

For  «  1,  «  T,  Effective  temperature  is  more 

likely  to  be  near  to  temperature  on  the  surface.  Only  in  case  of  a 
not  too  thick  (optically)  bodies  can  effective  temperature  be  close 
to  average  temperature  of  body  (temperature  and  T  can  be  close 
together  also  when  in  the  body,  in  some  special  way,  there  is  main¬ 
tained  constant  temperature). 

Let  us  consider  now  optically  thin  body,  dimensions  of  which  are 
small  as  compared  to  certain  average  mean  free  path  of  quanta,* 

If  optical  thickness  of  body  x/l  is  small,  quanta,  generated  at 
any  point  of  body  almost  freely  emerge  to  the  outside.  Along  the  path 


there  is  absorbed  only  a  fraction  of  the  quanta  on  the  order  of 
x/l  «  1,  Density  of  radiation  in  the  body  constitutes  a  fraction 
on  the  order  of  x/l  of  equilibrium  density,  i,e,,  it  is  considerably 
less  than  equilibrium  (radiation  is  essentially  non-equilibrium). 
Really,  intensity  of  radiation  at  some  point  is  equal,  according  to 


formula  (2,52),  to  the  Integral  over  the  ray  of  density  of  sources 

s 

within  the  body.  Inasmuch  as  body  is  optically  thin,  /  n*  ds  ~ 

s' 

~  x"/l^  «  1,  and  exponential  factor  in  the  formula,  which  takes  into 
account  absorption  of  quanta,  is  close  to  unity.  Then  intensity 
I^  ~  I^,  and  density  of  radiation  after  integration  over  angles 

^  ^  U^.  If  we  Integrate  over  spectrum.  Introducing  a  certain 


*We  designate  average  mean  free  path  in  case  of  an  optically  thin 
body  by  in  order  not  to  confuse  it  with  Rosseland  average  mean  free 
path  l,  which  is  characteristic  for  an  optically  thick  body.  As  we 
will  see  below,  law  of  averaging  of  absorption  over  spectrum  in  case 
of  an  optically  thin  body  differs  from  Rosseland  law. 


aveirage  mean  free  path  i.,  we  will  obtain  that  U  ~  (x/l-)  IL  «  U  . 
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Queuitlty  of  energy  absorbed  in  i  in  i  sec  also  constitutes  a 
fraction  on  the  order  of  x/i^  of  the  energy  emitted  in  i  cm^  in  1  sec 
since  both  quantities  are  related  as  U/Up,  which  may  be  seen  from 
formula  for  q  (2.61), 

Thus,  in  case  of  an  optically  thin  body,  loss  of  energy  by  sub- 
3 

stance  in  1  cm  in  1  sec  reduces,  with  accuracy  up  to  small  quantity 
of  the  order  of  x/i^,  to  the  emitted  energy,  i.e.,  to  integral  emit- 
tance: 

m  o» 

/- j  Adv-e  Jx;i^vpdv.  (2,101) 


If  we  take  mean  value  of  coefficient  of  absorption,  which  we  will 
designate  by  (equal  by  definition  to  reciprocal  of  average  mean 
free  path  l^)  outside  the  Integral  sign,  we  will  obtain  for  integral 
' emission; 

Comparison  of  formulas  (2,102)  and  (2,101)  gives  law  of  averaging 
of  mean  free  path  for  case  of  an  optically  thin  body; 


\  1  (u)  cIb. 


15  '  k* 

Ci(«)»-iri5ZT’  “"IT 


or,  in  terms  of  coefficient  of  true  absorption; 

m 


(2.103) 


(2.104) 


^XvC;(a)(Iu. 

(2.105) 

(2.106) 

This  method  of  averaging,  as  vie  can  see,  differs  from  Rosseland 
method:  during  Rosseland  averaging  by  formula  (2.77) >  there  is 
averaged  mean  free  path,  l.e.,  reciprocal  of  coefficient  of  absorption, 
where  weighting  function  is  proportional  to  derivative  of  Planck  fac¬ 
tion  with  respect  to  temperature.  Integral  emittance  is  characterized 
by  mean  free  path,  which  is  obtained  by  means  of  averaging  the  actual 
coefficient  of  absorption,  with  weight  proportional  to  Planck  function. 

Total  loss  of  energy  by  a  heated  optically  thin  body  is  determined 
by  integral  of  emittance  over  volume: 


Q^^qdV^^JdV. 


(2.107) 


In  distinction  from  an  optically  thick  body,  which  is  cooled  by 
radiation  "from  the  surface,"  cooling  of  an  optically  thin  body  has 
essentially  a  volume  character.  It  is  possible,  of  course,  in  this 
case  to  introduce  idea  of  radiation  flux  from  surface  and  to  write 
equation  (2.107)  in  form  of  integral  over  surface,  since  formula 
q  =»  div  S  always  retains  validity.  However,  in  case  of  volume  cooling, 
such  an  interpretation  of  losses  has  a  purely  formal  character,  whereas 
in  case  of  an  optically  thick  body  outgoing  quanta  in  fact  are  gen¬ 
erated  in  surface  shell.  In  accordance  with  this,  spectrum  of  radia¬ 
tion  of  optically  thick  body  in  some  degree  is  close  to  Planck  spec¬ 
trum  corresponding  to  effective  temperature  T^^.  or  temperature  at  the 
surface.  Spectrum  of  radiation  of  optically  thin  body  can  considerably 
differ  from  Planck  spectrum  corresponding  to  temperature  of  body,  if 
coefficient  of  absorption  of  substance  strongly  depends  on  frequency. 
Spectrum  in  this  case  is  characterized  by  frequency  function  U^p. 

We  will  compare  radleint  losses  of  energy  referred  to  unit  of 
volume  of  body  (rate  of  cooling  of  unit  of  volume)  and  referred  to 


unit  of  surface  (flux  from  surface)  for  cases  of  optically  thick  and 
optically  thin  bodies.  If  dimensions  of  body  are  on  the  order  of  x, 

2  3 

its  surface  is  on  the  order  of  x  ,  and  volume  is  on  order  of  For 

optically  thick  body,  rate  of  cooling  referred  to  surface  is  on  the 
order  of 


(2.108) 

rate  of  cooling  referred  to  volume  is 

^  ^  ri\*aT*^aT* 

(2.109) 

In  case  of  optically  thin  body 

(2.110) 

(2.111) 

Let  us  compare  relative  radiant  losses  of  two  bodies  of  approxi¬ 
mately  identical  average  teiiq>erature,  one  of  which  has  large  dimensions 
(optically  thick),  and  the  other  —  small  dimensions  (optically  thin). 
Densities  of  substance.  Just  as  teo^eratures,  will  be  considered  to 
be  close  to  each  other,  so  that  averaged  mean  free  paths  l  and  l^, 
which  are  functions  only  of  temperature  and  density  of  substance,  are 
of  the  same  order  (difference  between  methods  of  averaging  over  spec¬ 
trum,  as  a  rule,  does  not  introduce  very  large  numerical  differences 
in  magnitudes  of  mean  free  paths;  l  and  usually  differ  by  not  more 
than  a  few  times). 

Prom  relationships  (2.108)  and  (2.110)  it  is  clear  that  in  both 
cases  losses  referred  to  surface,  i.e.,  fluxes  from  the  surface,  are 
less  than  cT  .  Only  a  body  whose  dimensions  are  on  the  order  of  mean 
free  path  (optical  thickness  on  the  order  of  unity)  x  ~  I  ~  Iji*  enlts 
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from  surface  radiation  flux  corresponding  to  an  Ideal  black  body  with 
temperature  on  the  order  of  average  temperature  of  body. 

However,  for  losses  referred  to  volume,  or  which  is  the  same,  to 
mass,  in  case  of  optically  thick  body  mass  rate  of  cooling  is  much 
less  than  in  case  of  optically  thin  body,  for  which  It  is  on  the 
order  of  average  Integral  emittance  J  ~  aT^/l^  over  volume  and  does 
not  depend  on  dimensions  (by  virtue  of  the  volume  character  of  radia¬ 
tion)  . 

Physical  cause  of  this  is  clear:  Quanta  emitted  inside  optically 
thick  body  are  "locked"  in  the  body  and  are  not  able  to  emerge  to  the 
outside,  but  are  absorbed  along  their  path  inside  the  body, 

§  17.  Equations  of  Hydrodynamics  Taking  into  Account  Energy 
and  Pressure  of  Radiation  and  Radiant  Heat  Exchange 

In  §  9  it  was  shown  how  one  should  take  into  account  the 
interaction  of  radiation  with  substance,  which  reduces  to  emission 
and  absorption  of  light.  Then  it  was  assumed  that  energy  and  pressure 
of  radiation  are  small  as  compared  to  energy  and  pressure  of  the 
substance. 

At  very  high  temperatures  or  in  a  strongly  rarefied  gas  (but  for 
large  dimensions  of  the  gas  body  —  larger  than  mean  free  path  of 
radiation),  it  is  Impossible  to  disregard  energy  and  pressure  of  radia¬ 
tion.  It  Is  quite  obvious  that  in  case  of  local  equilibrium  of  radla- 

ii  . 

tlon  with  substance,  when  U  «  =  4aT  /c,  and  radiation  pressure 

p^  =  ^p/^  “  y  crT^/c,  in  equations  of  hydrodynamics  it  is  necessary 
everywhere  to  add  energy  and  pressure  of  radiation  to  Internal  energy 
and  pressure  of  substance,  and  also  to  Introduce  term  of  radiant  ther¬ 
mal  conduction.  Let  us  show  how  this  conclusion  follows  from  general 
equations  describing  system:  substance  plus  radiation, 
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In  order  to  write  In  complete  form  the  equations  expressing  law 
of  conservation  of  momentiim  and  energy  of  system  consisting  of  sub¬ 
stance  and  radiation  (In  general  non-equlllbrlum).  It  Is  convenient 
to  start  with  divergent  form  of  equations  which  are  equivalent  to 
equations  of  "continuity”  for  corresponding  quantities.  For  motion 
of  an  Ideal  gas,  without  taking  Into  account  radiation,  these  equa¬ 
tions  were  formulated  In  Chapter  I  (see  formulas  (1.7)>  (1.10)), 
Equations  for  system  of  substance  plus  radiation  are  easy  to  write  by 
means  of  direct  generalization  of  equations  (1.7)j  (i.lO)  (let  us  note 
that  we  consider  only  non-relatlvlstlc  motions).  To  momentum  density 
of  substance  we  will  add  momentum  density  of  radiation  (},  and  to 
tensor  of  momentum  flux  density  of  substance  we  will  add  tensor  of 
momentum  flux  density  of  radiation  As  It  Is  known,  the  last 

quantity  Is  equivalent  to  tensor  of  Maxwellian  voltage  potentials  of 
an  electromagnetic  field.  In  exactly  the  same  way,  to  energy  density 
of  substance  we  will  add  energy  density  of  radiation  U,  and  to  energy 
current  density  we  will  add  energy  flux  of  radiation  S,  which  Is 
Poyntlng  vector  (we  recall  that  momentum  of  radiation  If  connected 

O 

with  Poyntlng  vector  by  relationship  0  -  S/c  ), 

We  will  obtain  thus  equation  of  momentiua  and  energy  of  system 

•£-(«»i  +  Ci)+4i(ni*+rrt)-o.  (2.112) 

It  C®* ^ C*  ) 

Eqxuitlon  of  continuity  remains,  obviously,  unchanged,  since 
radiation  "does  not  possess”  mass,* 

*If  U  ~  e  «  pc^. 


Equations  (2,112)  and  (2,113)>  which  were  formulated  above  by- 
means  of  simple  generalization  of  equations  of  hydrodynamics  and 
which  have  clear  physical  meaning,  can  be  obtained  also  by  strict 
formal  means,  by  proceeding  from  equation,  of  conservation  written 
for  four-dimensional  energy-momentum  tensor  of  system  of  mass  plus 
radiation,  if  in  the  component  of  the  tensor  pertaining  to  substance 
we  cross  over  to  non-relativistlc  approximation  (we  will  here  not 
perform  this  very  elementary  derivation). 

Quantities  characterizing  radiation  and  contained  in  equations 
(2.112),  (2.113)  can  be  Interpreted  in  two  ways.  In  the  electro¬ 
magnetic,  field  treatment  they  are  expressed  in  terms  of  intensities 
of  electrical  and  magnetic  fields  E  and  H,  namely: 


(2,114) 


It  is  necessary  only  to  consider  that  radiation  is  a  rapidly 
varying  electromagnetic  field;  period  of  electromagnetic  oscillations 
is  Insignificantly  small  as  compared  to  macroscopic  times  of  the  pro¬ 
cess;  therefore,  it  is  implied  that  in  the  above  formulas  there  is  per¬ 
formed  averaging  over  time  for  a  period  which  is  large  as  compared  to 
period  of  oscillations  of  field. 

In  the  quantxun  treatment,  macroscopic  quantities  U,  S,  are 
expressed  in  terms  of  distribution  function  of  quanta.  If 
f(v,  0,  r,  t)  is  distribution  function  at  point  r  at  time  t  depending 
upon  frequency  v  and  direction  of  motion  of  quanta  A,  then,  as  we 
already  know  (see  §  1  of  this  chapter). 
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U^^ktfdQdv, 

5- J  AvcO/dOdv,  (2.115) 

^  QtQkhvfdQdv  *). 

By  means  of  expansion  of  rapidly  varying  electromagnetic  fields 
in  Fourier  integrals,  fields  can  be  represented  in  the  form  of  super¬ 
position  of  harmonic  oscillations  of  different  frequencies.  During 
averaging  over  time  of  terms  which  are  quadratic  with  respect  to 
components  of  fields  and  which  are  contained  in  formulas  for  U,  S^, 

Tij^,  products  of  quantities  referred  to  different  frequencies  disappear, 
and  there  remain  only  quadratic  terms  with  products  of  Fourier  com¬ 
ponents  corresponding  to  the  same  frequency.  Therefore,  energy,  momen¬ 
tum,  fluxes  of  energy  and  momentum  of  radiation  are  represented  in 
the  form  of  a  linear  superposition  of  terms  corresponding  to  various 
frequencies.  This  permits  introduction  of  the  idea  of  intensity  of 
radiation  of  given  frequency  T,  t)  and  expression  of  macroscopic 

quantities  in  terms  of  integrals  of  intensity  over  the  spectnun  and 
also  in  terms  of  directions  of  propagation  of  radiation: 

JOAdOdv. 

T’tt-I  J  QiQ./TdOdv, 

It  also  permits  us  to  cross  over  to  quantum  treatment  of  intensity  as 
the  energy  of  a  quantum  multiplied  by  distribution  function  -  hvcf. 

It  is  known  that  electromagnetic  fields,  frequencies  and  direc¬ 
tions  of  propagation  of  electromagnetic  waves,  and  consequently  also 

♦Energy  of  quantum  is  hv,  momentum  is  flhv/c,  flux  of  i-th  component 
of  momentum  in  k-th  direction  is  c,  whence  there  is  obtained 

formula  for  tensor  of  momentum  flux  T.  . 

iK 


(2.116) 
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Integral  quantities  U,  depend  on  what  system  of  coordinates 

they  are  measured  in. 

Integral  quantities  appearing  in  equations  (2.112)  and  (2.113) 
pertain  to  a  "rest,"  "laboratory"  system  of  coordinates,  in  which  a 
given  particle  of  substance  moves  with  speed  U.  Meanwhile  parameters 

t 

of  radiation  measured  in  a  system  of  coordinates  in  which  the  parti¬ 
cle  Is  at  rest  are  more  suitable.  Really,  in  state  of  full  thermody¬ 
namic  equilibrium,  energy  density  of  radiation  in  a  substance  at 
rest  is  equal  to  the  equilibrium  quantity  Up  *  4aT^/cj  radiation  flux 
relative  to  a  motionless  substance  has  a  diffusion  character,  since 
radiation  "drifts"  together  with  the  moving  substance,  and  total  flux 
Includes  this  "drift." 


Let  us  cross  over  in  equations  (2.112)  and  (2,113)  from  quantities 
U,  S,  to  the  primed  quantities  U‘,  S',  T^j^,  which  are  connected 
with  moving  particles  of  the  medium.  During  motion  of  medium  with 
non-relativlstlc  velocities  u/c  «  1,  when  it  is  possible  to  disregard 
terms  proportional  to  u/c,  the  corresponding  transformation  to  a 
moving  system  of  coordinates  gives  (see  [6]): 


U^U', 

uit/'  +  UfcT'u.  (2  117) 


Let  us  Introduce  the  transformed  quantities  into  equations  (2,112) 
and  (2,113).  Then  let  us  note  that  momentum  of  radiation  0^^  is 
extraordinarily  small  as  compared  to  momentum  of  substance  pu^,  and 
it  can  be  disregarded.*  After  writing  in  explicit  form  the  tensor  of 


*If  energy  of  radiation  is  comparable  with  energy  of  substance, 
l.e,,  U  ~  pu2,  then  momentum  of  radiation,  which  Is  on  the  order  of 

G  ~  u/c,  is  ^  times  less  than  momentum  of  substance  pui 


momentum  flux  of  substance  will  obtain 

(2.118) 

(these  equations  were  obtained  by  S,  Z.  Belen’kly  [7]) 

We  will  consider  the  case  of  local  thermodynamic  equilibrium  of 
radiation  with  substance.  Density  of  radiation  la  equal  thus  to 
the  equilibrium  quantity  U'  »  kaT^/c^  Flux  of  energy  of  radiation 
with  respect  to  substance  Is  approximately  proportional  to  gradient 
of  equilibrium  density  of  radiation.  By  formula  (2,76)  for  radiant 
thermal  conduction 

~  le  a  /AaT*\  16o/T»  dT 
3  ax*  V,  «  ~  3  ax*  * 


Tensor  of  momentum  flux  Is  simplest  of  all  to  obtain  from  formula 
(2.116)  If  we  note  that  under  conditions  of  local  equilibrium  the 
field  of  radiation  Is  almost  Isotropic,  and  Intensity  very  weakly 
depends  on  angle.  We  will  find 


7«> 


‘  Py^lkt 


where  pv 


U* 


4  aT^ 


Is  radiation  pressure. 


3  3  C 

By  substituting  all  these  qxiantltles  Into  equations  (2.118),  we 


will  find  for  case  of  local  equilibrium: 


It  +  ^  (/>  +  Pv)  -=  0, 


(2.119) 


■S'  («® + {“*  (®* + + pO 


le 

3  dx* 


(2.120) 


]» 

Where  U  ■  3p  ■  4aT  /c. 

Eqtiatlons  of  momenttun  and  energy  of  system  take  closed  form, 
since  all  quantities  characterizing  radiation  are  expressed  In  terms 
of  temperature  (and  optical  properties  of  substance). 
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If  radiation  Is  not  In  local  thermodynamic  equilibrium  with  sub¬ 
stance,  then  to  equations  (2,118)  It  Is  necessary  to  add  equation  of 
transfer  of  radiation.  About  radiation  transfer  equation  of  a  moving 
medium,  taking  Into  account  terms  of  the  order  of  u/c,  see  [8], 
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CHAPTER  III 


THERMODYNAMIC  PROPERTIES  OF  GASES  AT  HIGH  TEMPERATURES 
1.  Gas  of  Noninteracting  Particles 

§  1.  Ideal  Gas  with  Constant  Heat  Capacity  and 
Constant  Number  of  Particles 

In  many  real  processes,  macroscopic  parameters,  characterizing 
state  of  gas,  let  us  say,  density  p,  and  specific  internal  energy 
e  or  temperature  T,  change  quite  slowly  as  compared  to  rates  of 
relaxation  processes  leading  to  establishment  of  thermodynamic 
equilibrium.  Under  such  conditions,  a  particle  of  gas  at  every 
moment  of  time  resides  in  a  state  which  is  very  close  to  the 
thermodynamically  equilibrium  state  corresponding  to  instanta¬ 
neous  values  of  macroscopic  parameters.  An  exception  is  very  fast 
processes  such,  for  example,  as  passage  of  gas  through  a  shock 
wave  front.  In  this  chapter  we  will  consider  only  thermodynamically 
equilibrium  states  of  gas. 

For  description  of  hydrodynamic  motion  of  substance  in 
adiabatic  case,  it  is  necessary  to  assign  entropy  or  specific  inter¬ 
nal  energy  as  functions  of  density  and  pressure:  S(p,  p),  £(p,  p). 
In  nonadiabatic  case,  usually  in  equation  of  energy  in  explicit 
form  there  is  contained  temperature  (for  instance,  during 


consideration  of  thermal  conduction  or  radiation),  which  it  is 
necessary  to  relate  with  density  and  pressure  by  means  of  equation 
of  state  p  =  p(p,  T) . 

As  it  is  known,  all  thermodynamic  functions  of  a  substance 
can  be  obtained  with  help  of  one  of  generalized  thermodynamic 
potentials,  which  are  given  in  the  form  of  functions  of  corre¬ 
sponding  variables,  namely:  e(S,  p);  w(S,  p) ;  F(T,  p);  <I>(T,  p), 
where  F  is  free  energy,  w  is  enthalpy,  and  0  is  thermodynamic 
potential  (in  the  narrow  sense). 

During  concrete  calculations  of  thermodynamic  properties  of 
gases,  usually  there  are  directly  calculated  internal  energy  in 
dependence  upon  temperature  and  density  or  temperature  and  pressures 
e(T,  p)  or  e(T,  p).  Thus  it  is  necessary  to  introduce  independ¬ 
ently  equation  of  state,  which  it  is  possible  to  derive  from 
fimctlon  e(S,  p),  but  Impossible  to  find  from  functions  e(T,  p) 
or  e(T,  p). 

Everywhere  that  this  is  not  specially  stipulated,  we  will 
consider  ideal  gases,  in  which,  by  definition,  it  is  possible  to 
disregard  Interaction  between  particles.  In  many  practically 
Important  cases  the  approximation  of  idealness  is  satisfied  with 
great  accuracy  (non-idealness  appears  only  at  sufficiently  high 
densities;  see  about  this  in  §§  11-14), 

Equation  of  state  of  ideal  gas  can  be  written  in  one  of  the 
equivalent  forms: 

where  n  is  number  of  particles  in  i  cm^,  N  is  number  of  particles 
in  1  g,  R  is  universal  gas  constant,*  A  is  gas  constant  calculated 

*R  =  b.jr^io'^  erg/degree»mole  =  1.99  cal/deg»mole,  k  =  1.38»10“^^ 
erg/degree  =  8.31  Joule /degree* mole. 
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for  1  g,  |j,  is  average  molecular  weight,  V  is  specific  volume. 

Number  of  particles  in  1  g  N  or  average  molecular  weight  |i  can 
themselves  deprUiC.  on  temperature  and  density  due  to  dissociation, 
chemical  reactions  or  ionization. 

Internal  energy  of  gas,  and,  together  with  it,  heat  capacity 
at  constant  volume,  in  general  are  composed  of  a  series  of  com¬ 
ponents,  which  correspond  to  different  degrees  of  freedom  of  gas: 
translational  motion,  rotations  and  vibrations  of  molecules, 
electronic  excitation  of  atoms  and  molecules,  and  also  of  components 
corresponding  to  dissociation  of  molecules,  process  of  chemical 
reactions,  ionization.  Subsequently,  for  brevity,  we  will  also 
Include  these  last  factors  in  the  general  idea  of  "degrees  of 
freedom  Just  as  energy,  over  degrees  of  freedom  there  are  summed 
all  the  other  thermodynamic  potentials,  and  also  entropy.  Different 
degrees  of  freedom,  with  the  exception  of  translational  motion  of 
particles,  are  Included  in  thermodynamic  functions  only  starting 
with  more  or  less  definite  values  of  temperatures.  For  degrees  of 
freedom  connected  with  change  of  number  of  particles  (dissociation, 
chemical  reactions,  ionization),  these  temperatures  depend  on 
density  of  gas. 

At  very  low  temperatures,  atoms  and  molecules  are  not  ionized 
or  excited;  chemical  composition  corresponds  to  the  energetically 
most  suitable  state;  thermal  motion  is  limited  to  only  translational 


displacements  of  particles.  Specific  Internal  energy,  measured  from 

3 

zero  temperature,  is  thus  equal  to  =  -^NkT;  specific  heat 

3 

capacity  at  constant  volume  is  Cy  ~ 


In  a  monatomic  gas  the  region  of  temperatures  in  which  thermo 
dynamic  functions  are  determined  purely  by  translational  motion 
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of  atoms  extends  to  very  high  values,  on  the  order  of  several 
thousand  or  even  tens  of  thousands  of  degrees,  until  ionization 
and  excitation  of  electrons  in  atoms  start. 

In  a  molecular  gas  at  the  lowest  temperatures  there  are  excited 
rotations  of  molecules.  This  occurs  usually  at  several  or  ten  degree 
Kelvin.  Energies  of  rotational  quanta  expressed  in  degrees  (i.e., 
divided  by  Boltzmann  constant  k),  are  minute:  for  instance,  for 
oxygen  2.1°K,  for  nitrogen  2.9°K,  for  nitric  oxide  2.4°K.  An 
exception  is  only  the  molecule  of  hydrogen,  for  which  this  magnitude 
is  equal  to  85.4°K.  Even  at  room  temperature  300°K  (and  all  the 
more  so  at  higher  temperatures)  quantum  effects  do  not  play  a  role. 
Rotational  part  of  heat  capacity  is  equal  to  its  classical  value. 

Heat  capacity  c^  =  Nk  for  diatomic  and  linear  polyatomic 

molecules  and  Cy  =  ^Nk  for  nonlinear  polyatomic  molecules. 

Corresponding  components  of  internal  energy  are  equal  to  = 

=  NkT  or  |NkT,, 

Vibrations  in  molecules  are  excited  at  much  higher  temperatures, 
on  the  order  of  several  hundred  or  thousand  degrees;  therefore 
there  exists  a  range  of  temperatures  in  which  thermal  motion  of 
molecular  gas  is  composed  only  of  translational  and  rotational. 

Heat  capacity  in  this  range  is  constant,  and  for  a  diatomic  gas 

(for  instance,  air)  is  equal  to  c^  =  c^  +  c^  =  |Nk,  Corre- 

c 

sponding  internal  energy  e  =  -^NkT, 

Energies  of  vibrational  quanta  expressed  in  degrees,  in 
diatomic  molecules  are  usually  on  the  order  of  several  thousand 
degrees.  For  instance,  for  Og  hv/k  =  2230°K,  for  Ng  —  3340°K,  for 
NO  —  2690°K;  for  triatomlc  molecules  the  lowest  frequency  of 
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vibrations  is  usually  less,  for  instance,  for  NOg  ^  =  9l6°K, 

1960°K,  23iO°K.  At  temperatures  which  are  lower  and  on  the  order 
of  hvAi  vibrational  part  of  heat  capacity  should  be  calculated 
by  quantum  formulas  and  itself  depends  on  temperature.  However, 
at  temperatures  which  are  higher  than  hv/k,  vibrational  heat 
capacity  is  constant  and  is  equal  to  its  classical  value  k  for  one 
vibrational  degree  of  freedom.  Diatomic  molecule  has  one  vibra¬ 
tional  degree  of  freedom,  nonlinear  m-atomic  molecule  has  3ni-6, 
and  linear  molecule  has  3ni-5  degrees  of  freedom. 

Thus,  at  temperatures  higher  than  the  largest  of  values  of 
hv/k,  total  classical  heat  capacity  from  calculation  for  one 
molecule  c^  =  c^  +  c^  is  equal  to  c^  =  |-Nk  +  Nk  + 

+  (3m  -  5)Nk  =  (3m  -  ■|•)Nk  for  linear  m-atomic  molecules  and 
Cy  =  ^Nk  +  |Nk  +  (3m  -  6)Nk  =  (3m  -  2)Nk  lor  nonlinear  molecules. 

For  diatomic  molecules  Cy  =  ^Nk.  Equation  of  adlabat  for  ideal 
gas  with  constant  heat  capacity  and  consteint  number  of  particles  is 
determined  from  general  thermodynamic  relationship: 

TdS^d%-\-pdy^cydT-^NkTy--Q. 

Hence  there  is  obtained  after  integration 

Where  proportionality  factors  depend  only  on  entropy.  Here 
7  =  dp/cy  is  adiabatic  index;  Cp  =  Cy  +  Nk  is  specific  heat  capacity 
at  constant  pressure.  For  Instance,  for  monatomic  gas  7  =  for 
diatomic  gas  with  unexcited  vibrations  —  7  =  ^;  with  completely 
excited  vibrations  —  7  =  ^. 

It  is  necessary,  however,  to  note  that  there  does  not  exist  a 
wide  range  of  temperatures  in  which  vibration  in  molecules  would 
be  completely  excited,  and  heat  capacity  and  adiabatic  index  would 
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be  constant,  since  dissociation  of  molecules  and  chemical  reactions 
frequently  start  at  such  temperatures,  when  the  vibrational  part 
of  heat  capacity  only  attains  its  limiting  classical  value. 


§  2.  Calculations  of  Thermodynamic  Functions 
by  Method  of  Statistical  Sums 

In  the  most  rigorous  and  systematic  way,  all  thermodynamic 
functions  can  be  found  with  help  of  so-called  method  of  statistical 
sums.  Let  us  expound  briefly  basis  of  this  method*  in  order  to 
obtain  expression  for  entropy,  quantum  formula  for  vibrational  energy 
of  molecule,  and  also  in  order  to  apply  it  in  the  subsequent  sections 
to  a  gas  with  variable  number  of  particles. 

According  to  statistical  mechanics,  probability  of  n-th  state 
of  system,  consisting  of  N  particles,  energy  of  which  is  equal  to 
is  proportional  to  the  quantity  exp  (-E^A^).  Sum  of  these 
probabilities  over  all  possible  states  of  system  and  determined 
with  accuracy  up  to  the  constant  factor 


is  called  statistical  sum  of  system. 

For  ideal  Boltzmann  gas  consisting  of  molecules  of  several  types, 
numbers  of  which  are  equal  to  N^,  Ng,.  .  .  ,  statistical  sum  is 
expanded  into  the  product  of  factors  corresponding  to  every  type 
of  particle: 


(3.4) 


*Detalled  derivations  can  be  foiuid  in  courses  of  statistical 
physics,  for  Instance,  in  book  of  L.  D.  Landau  and  E.  M.  Llfshlts  [1]. 
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Here  Z^,  .  .  .  are  statistical  siims  of  one  molecule  of  every 
type,  which  are  expressed  by  formulas  similar  in  form  to  (3.5): 

(5-5) 

where  is  energy  of  molecule  in  k-th  state,  and  summation  is 
produced  over  all  possible  states  of  one  molecule. 


General  formula  for  free  energy  of  system  has  the  form 

F^-kTlnQ. 


(5.6) 


If  we  replace  factorials  in  expression  (3.^)  by  the  formula 
of  Stirling  N1  «  (N/e)^  and  place  obtained  expression  in  (3.6),  we 


will  obtain 


F^-JifAkTla^-Nakrinj^-... 


(5.7) 


Inasmuch  as  free  energy  is  thermodynamic  potential  with 
respect  to  the  variables:  temperature  and  density  (volume),  all 
thermodynamic  functions  can  be  derived  from  formula  (3.7)  if  there 
are  known  statistical  sums  of  molecules  in  dependence  upon 
temperature  T  and  volume  V.  By  general  formulas  of  thermodynamics. 


entropy,  internal  energy  and  pressure  are  equal  to 


(5.8) 

(5.9) 

1 

1 

. 

(3.10) 

If  we  disregard  interaction  between  electronic  states, 
vibrations  and  rotations,  consider  molecule  as  a  rigid  rotator, 
and  consider  vibrations  to  be  harmonic,  energy  of  molecule  can  be 


*As  it  is  easy  to  check  by  means  of  direct  substitution  of 
(3.6),  (3.3)  in  (3.9)  e  =  exp  ( -E^kT ) /Sexp ( -E^A'T ) ,  internal 

energy  is  simply  energy  of  system  averaged  over  all  possible  states. 
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represented  in  the  form  of  Siam  of  energies  corresponding  to 
different  degrees  of  freedom.  Thus,  as  one  may  see  from  formula 
(5.5) >  statistical  sum  of  one  molecule  also  is  expanded  into  the 
product: 

(5,11) 

We  will  give  here  formula  for  statistical  sums  without 
derivation. 


Translational  statistical  sum  of  any  particle  is  equal  to 


(5.12) 


where  M  is  mass  of  particle,  and  V  is  volume,  occupied  by  gas  (if 
by  N  we  understand  naimber  of  particles  in  1  g,  then  V  is  specific 
volume ) . 

Rotational  sum  at  temperatures  much  higher  than  energy  of 


rotational  quantum  divided  by  k  is  equal  to 


'-n— ' 


(5.15) 


for  a  diatomic  or  linear  polyatomic  molecule*  and 


S’**  /  2nlkT  V 


(J.14) 


for  a  nonlinear  polyatomic  molecule. 

Here  I  in  the  first  of  the  formulas  is  moment  of  inertia  of 
linear  molecule,  and  in  the  second  is  geometric  mean  of  three  moments 
of  inertia  of  nonlinear  polyatomic  mole  ' I  =  (I^Igl^)^/^;  a  is 
so-called  symmetry  factor,  which  is  equal  co  the  number  of  permu¬ 
tations  of  identical  atoms  in  the  molecule,  which  are  equivalent 


♦Energy  of  rotational  quantum  hv^^^  =  h  /Stt  I,  so  that 
^rot  =  “• 


239 


to  rotation  of  the  molecule  as  a  whole  Increased  by  one.* 

Quantum  expression  for  statistical  sum  of  harmonic  oscillator 


of  frequency  v  Is: 


Z^oa  *=  (1  —  ® 


(5.15) 


In  this  formula  energy  of  oscillations  Is  measured  from  the 
lowest  quantum  vibrational  level.  It  Is  assumed  that  energy  of 
zero-point  vibrations  hv/2  Is  Included  in  energy  of  ground  state 
of  molecule. 

If  molecule  possesses  several  vibrational  degrees  of  freedom, 
then  its  total  vibrational  s\im  is  represented  In  the  form  of 
product  of  factors  corresponding  to  all  normal  vibrations. 

Finally,  electronic  statistical  siun  retains  its  initial  form: 


(5.16) 


where  is  energy  of  n-th  electronic  quantum  state  of  atom  or 
molecule.  If  levels  are  degenerate,  then  every  component  all  the 
same  Is  contained  In  sum  In  the  form  of  an  i’^dependent  term,  so  that 
numbers  of  identical  terms  are  equal  to  statistical  weights  of 
levels. 

Different  atomic  and  molecular  constants  necessary  for  cal¬ 
culation  of  thermodynamic  functions  of  gases  are  known  usually  from 
spectroscopic  data.  Energies  rotational  and  vibrational  quanta  for 
a  series  of  molecules  already  have  been  given  in  the  preceding  section. 
Energies  of  first  excited  electronic  states  of  atoms  and  molecules 
usually  are  on  the  order  of  several  ev,  i.e.,  e^/k  Is  on  the 


♦For  Instance,  In  diatomic  molecule  consisting  of  identical 
atoms,  0=2,  and  of  different  atoms,  o  -  1. 
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order  of  several  tens  of  thousands  of  degrees;  for  Instance,  for 
atoms  of  0  ^D-term  e^  =  i.96  ev,  e^/k  =  22,800°K;  for  N  ^D°-term 
=  2.37  ev,  ej_/k  =  27i500°K;  for  the  molecules:  Ng  —  A^S^-term 
=  6.1  ev,  ej_A  =  7ii000°K;  for  NO  -  A^S'^’-term  e^  =  5.29  ev, 

£j^/k  =  61,400°K.  The  occur  exceptions;  Thus,  for  a  molecule  of 
0^,  the  first  excited  levels  are  low  —  A^-term  =  O.98  ev, 

£j^A  =  11,300°K;  ^S^-term,  =  1.62  ev,  SgA  =  18,800°K. 

At  not  too  high  temperatures,  when  T  «  e^A#  electronic  sum 
reduces  essentially  to  terms  corresponding  to  ground  electronic 
state.  If  Intervals  between  levels  of  fine  structure  of  ground 
state  (when  such  exists)  are  less  than  kT,*  then  corresponding 
terms  In  can  be  approximately  considered  to  be  Identical. 

By  measuring  energy  £^  from  ground  state  (Eq  =  0),  It  Is  possible 
to  assume  that  Is  equal  to  statistical  weight  of  ground  state 

■X  h 

gQ  (for  instance,  for  atoms:  0  ''^P-term  gQ  =  9;  for  N  (  S)  g^  =  4; 
for  molecules;  0^  (^2)  g^  =  3;  Ng  (^2)  g^  =  1;  NO  (^II)  Sq  =  4). 

Calculation  of  Z^^  at  high  temperatures  will  be  discussed  In 

§  6. 

Inasmuch  as  statistical  sum  of  molecule  Z  Is  equal  to  product 
of  separate  factors  corresponding  to  different  degrees  of  freedom, 
free  energy  of  gas,  and  together  with  It  other  thermodynamic  functions, 
are  represented  in  the  form  of  sum  of  corresponding  terms.  Putting 
expression  for  factors  of  Z  in  formula  (3.7) ^  we  will  obtain  explicit 
expression  of  free  energy  in  terms  of  temperature  and  density; 


*Por  instance,  for  atom  0,  Intervals  for  components  of  funda¬ 
mental  triplet  state  are  equal  to  AeA  =  230°  and  320°K;  for 

NO,  splitting  of  doublet  —  AeA  =  178°K.  For  spectroscopic  sym¬ 
bolism  and  interpretation  of  designations  of  terms  see  §  14 
Chap.  V. 
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the  latter  Is  contained  due  to  the  fact  that  translational  sums 


"trans 


contain  volume  V.  Quantities  Nj/V,  N^/V,  .  .  .  ,  which 


appear  under  the  sign  of  logarithm  xn  formula  (5.7)>  are  numbers 
of  particles  per  unit  of  volume  n^,  n^,  .  .  .  ,  which  are  expres¬ 
sible  In  terms  of  density  of  gas  and  percentage  contents  of  particles 
of  various  types,  which  In  this  case  are  constant. 

Statistical  sum  of  monatomic  gas  consists  only  of  translational 
and  electronic  factors;  putting  It  In  (3.7) >  we  will  find  free 


energy  of  N  Identical  atoms  (we  consider  =  Sq): 

r  =  -JlkT  In  ^  . 


(5.17) 


Specific  entropy  of  monatomic  gas  In  absence  of  Ionization 


and  excitation  of  electrons,  by  formula  (3.8)  Is  equal  to 


5  =  . 


(5.18) 


For  energy  and  pressure  we  obtain  the  already  known  expressions: 

e»l/irA;r,  p^nkT. 

In  an  analogous  way  It  Is  easy  to  obtain  rotational  and 
vibrational  components  of  thermodynamic  functions.  Internal 
energy  of  rotations,  naturally,  coincides  with  formulas,  written  In 
§  1,  and  Internal  energy  of  vibrations  Is  expressed  by  Planck  func¬ 
tion.  Energy  of  N  Identical  oscillators  (diatomic  molecules) 


Is  equal  to 


*^-I 


(5.19) 


In  the  limit  kT  »  tends  to  Its  classical  value  =  NkT, 

heat  capacity  Cy  Nk.  Actually,  energy  and  heat 
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capacity  are  close  to  their  limiting  values  already  at  kT  «  hv. 

For  instance,  for  kT/hv  =  0.5»  Cy/Nk  =  0,724;  for  kT/hv  =  1, 

Cy/Nk  =  0.928;  for  kT/hv  =  2,  Cy/Nk  =  O.979. 

Rotations  and  vibrations  of  molecules  give  no  contribution 
to  pressure.  Formally  this  is  connected  with  the  fact  that 
corresponding  statistical  sums,  and  also  internal  energies  and 
heat  capacities  do  not  depend  on  volume.  Pressure  of  an  ideal 
gas  is  connected  exclusively  with  translational  motion  of  particle 
At  high  temperatures  on  the  order  of  several  thousand  degrees 
when  amplitudes  of  vibrations  of  molecules  become  considerable  as 
compared  to  interatomic  distances,  there  appear  anharmonicity  of 
vibrations  and  interaction  of  vibrations  with  rotations,  Anhar¬ 
monicity  some,what  decreases  vibrational  part  of  heat  capacity. 
Corresponding  corrections  in  first  approximation  are  proportional 
to  temperature.  Usually  these  corrections  are  small  (dissociation 
of  molecules  starts  before  the  corrections  become  large).  For 
calculation  of  corrections  see,  for  Instance,  [2], 

§  3.  Dissociation  of  Diatomic  Molecules 
At  temperatures  on  the  order  of  several  thousand  degrees, 
diatomic  molecules  usually  dissociate  into  atoms.  Polyatomic 
molecules,  in  which  bond  is  weaker,  ^tart  to  disintegrate  at  lower 
temperatures.  Breaking-up  of  molecule  requires  very  great 
expenditure  of  energy;  therefore  dissociation  considerably  affects 
thermodynamic  functions  of  gas. 

Let  us  consider  the  simple  and  at  the  same  time  practically 
important  case  of  a  diatomic  gas  of  molecules  of  one  sort  Ag,  con¬ 
sisting  of  identical  atoms  A,  Let  us  assume  that  at  temperature 
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T  and  density  of  p  there  is  dissociated  into  atoms  fraction  a 
of  initial  molecules  (according  to  the  scheme  Ag  ^  2A).  If  N  is 
number  of  initial  molecules  in  i  g,  then  at  degree  of  dissociation 
a  in  1  g  there  are  contained  N«2a  atoms  and  N(1  -  a)i  molecules; 
total  niomber  of  particles  is  equal  to  N(1  +  a)  ,  so  that  pressure 
of  gas 

p  —  N(i  +  a)QkT.  (5.20) 

For  complete  dissociation  (a  =  1)  it  is  twice  as  large  as  pressure 
at  the  same  T,  and  p,  but  in  the  absence  of  dissociation. 

For  small  dissociation  a  «  1,  change  of  pressure  is  small, 

but  change  of  energy  and  heat  capacity  of  gas  all  the  same  can 

be  considerable.  Let  us  assume  that  e.  is  energy  of  one  molecule 

^2 

at  temperature  T,  and  is  energy  of  one  atom.  Let  us  designate 
energy  necessary  for  breaking~up  of  unexcited  molecule  (i.e.,  in 
reference  of  rotations  and  vibrations  or  at  T  =  0)  by  U.  U  is 
binding  energy  or  energy  of  dissociation  of  molecule;  for  instance, 
for  Ogt  U  =  5.H  ev -♦  118  kilocalories/mole,*  U/k  =  59#^00°K; 

Kg.*  U  =  9.7^  ev  -*■  225  kilocalorie  s/mole,  U/k  =  115,000°K;  NO: 

U  =  6.5  ev  -*■  150  kilocalories/mole,  U/k  =  75,500°K. 

Specific  Internal  energy  of  gas  measured  from  molecular  state 
at  zero  temperature  is  equal  to 

«=»AreA,(l~a)  +  Ar.eA-2a+Arc/a.  (3.21) 

Usually  dissociation  starts  at  temperatures  much  lower  than 
u/k  lower,  the  more  rarefied  the  gas  is.  At  density  of  atmospheric 
air  (n  =  2.67*10  “  molecule s/cm"^ ) ,  dissociation  is  noticeable  already 
at  kT/U  ~  1/20.  This  is  connected  with  large  statistical  weight 
of  state  in  which  molecule  is  broken  up  into  atoms.  Actually,  at 

*1  ev/molecule  corresponds  to  25.05  kilocalorie s/mole. 
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kT  «  U,  molecules  are  broken  up  by  impacts  with  very  energetic 
particles,  which  belong  to  the  extreme  tail  of  the  Boltzmann 
energy  distribution.  In  absence  of  ionization  and  electronic 
excitation  e^  =  ^kT.  If  kT  is  larger  than  energy  of  vibrational 
quanta  hv,  vibrational  energy  of  molecule,  as  follows  from  formula 
(3,19),  is  equal  approximately  to  kT  and  e^  «  ^kT.  Energy  of 
dissociated  gas  (3.21)  noticeably  exceeds  energy  in  absence  of 
dissociation  e  =  Ne.  ,  even  at  small  degrees  of  dissociation 
(a  ~  0.1  and  less),  due  to  the  last  term,  which  corresponds  to 
energy  expended  to  break  up  molecules.  In  exactly  the  same  way, 
heat  capacity  Cy  =  of  dissociating  gas  noticeably  increases. 

It  is  necessary  to  note  that  formulas  (3.20),  (3.21)  are  also 
valid  under  conditions  of  non-equilibrium  dissociation,  when 
degree  of  dissociation  differs  from  its  thermodynamic  equilibrium 
value,  which  corresponds  to  "temperature"  and  density  of  gas. 

By  "temperature"  here  is  Implied  temperature  of  translational  and 
rotational  degrees  of  freedom  of  particles,  which  are  always 
thermodynamic  equlllbrliim.* 

Thermodynamic  equilibrium  degree  of  dissociation  is  uniquely 
determined  by  temperature  and  density  (or  pressure)  of  gas. 
Dependence  of  degree  of  dissociation  on  temperature  and  density 
can  be  derived  from  general  expression  for  free  energy  of  gas  which 
is  a  mixture  of  particles  of  various  types  (3.7) ^  if  we  consider 
that  to  the  equlllbrlvim  composition  of  the  mixture  undergoing 

♦Equilibrium  in  vibrational  degrees  of  freedom  is  established 
more  slowly  than  in  rotational  and  translational,  but  usually 
faster  than  equilibrium  dissociation  is  established.  For  detail 
about  this  see  Chap.  VI. 
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chemical  transformations,  the  particular  case  of  which  is 
dissociation,  there  should  correspond  the  minimum  of  free  energy. 


Let  us  consider  free  energy  F  as  a  function  of  number  of 

particles  and  at  given  temperature,  volume,  and  initial 
2  0 

number  of  molecules  N.  : 

Ag 

rz.  e  ZaC 

-NaJcTIu-^ — NxltT\n  , 

We  will  form  the  variation  6F: 

Af  =  _AArA,(ftnn-^-*r)  -  aa^a  (Ann^-fer) 

Variations  6N^  and  6N^  are  related  to  each  other  by  the  condition 
of  conservation  of  number  of  atoms 


ArA,+^  =  Ar«A,  =  const;  ftArA,= --AA^a. 

By  equating  6F  to  zero  (minimum  of  free  energy)  under  the 
condition  of  conservation  of  number  of  atoms,  we  will  obtain 

(3.22) 


Inasmuch  as  statistical  sums  and  are  proportional  to  volume 
V,  which  is  contained  in  translational  sums,  and  in  other  respects 
depend  only  on  temperature.  Instead  of  (3.22)  it  is  possible  to 


write 


(3.23) 


or,  for  partial  pressures  p^ 


n^kT: 


♦Quantities  in  parentheses  constitute  chemical  potentials  of 
molecules  and  atoms,  taken  with  reverse  sign: 

#/  dP 


2AS 


A-/(r).jkr-jr,(r). 


(3.24) 


Expressions  (3.22)  or  (3.23)#  (3.24)  are  a  particular  case  of 
so-called  law  of  mass  action  for  chemical  equilibrium,  and  quantity 
Kp(T)  Is  called  equilibrium  constant  for  dissociation  reaction. 

It  depends  only  on  temperature  and  molecular  (and  atomic)  constants. 
Putting  In  (3.22)  the  expressions  for  statistical  sums  of  molecules 
Ag  and  atoms  A  and  considering  for  simplicity  that  vibrations  In 
molecules  are  completely  excited,  l.e.,  «  kT/hv  (see  formula 

(3.15))#  and  In  electronic  statistical  sums  there  participate  only 
terms  corresponding  to  ground  states  of  molecule  and  atom,  we  will 
obtain 


mU  /*r  1*0 


4**/. 


OA 


fOAt 


(3.25) 


The  last  two  factors  In  (3.25)  appeared  from  quotient  of 
electron  statistical  sums; 


4  - 

AwrAt  40Ai 


(•••A-»0A»> 

—  kf 


t 


since  difference  between  zero-point  energies  28^^  -  ,  by 

definition.  Is  equal  to  energy  of  dissociation  U. 

Passing  In  (3.25)  from  partial  pressures  to  degree  of  dis¬ 
sociation, 

we  will  obtain 


1 


— i - 


^A  1 
f«At  "5^1 


(3.26) 


where  =  p/M.  is  number  of  initial  molecules  in  1  cm^  of  gas, 

l‘'or  small  degrees  of  dissociation  a  «  1  (when  U/kT  »  1),  as 

-1/2  -U/2kT 

can  be  seen  from  formula  (3.26),  a  ~  p  '  e  ,  i.e.,  a  sharply 

increases  with  increase  of  temperature  and  slowly  increases  during 
rarefaction  of  gas.  Fast  increase  of  degree  of  dissociation  with 
increase  of  temperature  entails  sharp  increase  of  heat  capacity. 

At  high  temperatures,  when  dissociation  is  almost  complete,  a  «  1, 
concentration  of  molecules  1  -  a  is  proportional  to  density 

and  changes  more  slowly  with  temperature,  since  U/kT  now  is  not 
a  very  large  number. 

It  would  seem  that  at  high  temperatures,  after  termination 
of  dissociation,  heat  capacity  of  gas  (which  was  converted  to  a 
monatomic  gas)  should  decrease  and  become  equal  to  3/2  k  per  atom 
or  3  k  per  initial  molecule,  i.e.,  even  less  than  before  dissociation 
(7/2  k  per  molecule).  In  reality,  this  usually  does  not  occur, 
since  after  termination  of  dissociation  with  increase  of  temperature 
(and  sometimes  even  before  termination),  there  starts  ionization 
of  atoms  (and  molecules),  which  introduces  its  own  (considerable) 
contribution  to  heat  capacity. 

Dependence  of  degree  of  dissociation  on  temperature  and  density 
of  gas,  and  also  Influence  of  dissociation  on  thermodynamic 
functions  are  Illustrated  in  Tables  3.1  and  3.2,  which  are  composed 
according  to  tables  of  [3]»  in  which  there  are  given  corresponding 
values  for  air  (79^  Ng  +  21^  0^)  in  region  of  dissociation.* 

*In  Table  5.^^  data  of  [3]  pertain  only  to  temperatures 
lower  than  20,000  K.  Higher  temperatures  are  considered  in  work 
[4]  (see  below). 
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Reaction  of  oxidation  of  nitrogen  Ng  +  Og  ^  2N0,  which  occurs  in 
air  (see  following  section),  does  not  strongly  affect  dissociation 
of  molecules  of  Ng  and  Og  and  thermod3niamic  functions  of  air. 


Table  5.1.  Equilibrium  Composition  of  Air  in  Region 
of  Dissociation  and  Beginning  of  Ionization 

Normal  density  =  1.29*10'”^  g/cm^ 


Nt 

N 

Ot 

0 

NO 

N* 

0* 

NO* 

aooo 

4000 

0000 

8000 

10000 

12000 

15000 

0.788 

0.740 

0.744 

0.571 

0.222 

0.050 

0,008 

0.0004 

0.044 

0.416 

1,124 

1.458 

0,205 

0.100 

0.006 

0,007 

0,015 

0,134 

0,356 

0.303 

0,407 

0,411 

0.007 

0,084 

0,050 

0,024 

0,009 

0,003 

0,0034 

0,020 

0,006 

0,0034 

0,015 

0.0015 

0.001 

p 

Density  p  =  10“  pQ 


T'K 

N« 

N 

Ot 

0 

NO 

N* 

0* 

NO* 

2000 

4000 

6000 

6000 

10000 

12000 

15000 

0,788 

0,777 

0,592 

0,068 

0,004 

0.004 

0.394 

1,440 

1,528 

1,380 

0,858 

0,248 

0,008 

0,002 

0,378 

0,413 

0,416 

0,410 

0,384 

0,282 

0,007 

0.024 

0,005 

0,001 

0,004 

0,046 

0,202 

0,724 

0,001 

0,006 

0,034 

0,136 

0,0001 

0,0002 

Concentrations  of  all  particles  c^  here  are 

defined  as  ratio  of  number  of  particles  of  given 
type  to  initial  number  of  molecules.  At  room  tem¬ 
perature  c„  =  0.791,  c_.  *  0,209,  Data  for  argon 
^2  ^2 

are  not  given,  since  its  role  is  very  small. 

The  latter  are  mainly  determined  by  dissociation  of  Ng#  Og,  so 
that  effects  of  dissociation  and  all  dependences  are  seen  from 
Table  5.2.  For  comparison,  in  the  table  there  are  shown  values 
of  energies  corresponding  to  given  temperatures  on  the  assumption 
that  dissociation  is  absent  (specific  energy  in  this  case  does  not 
dpend  on  density).  Inasmuch  as  ionization  starts  before  dissociation 
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Table  3.2.  Thermodynamic  Functions  of  Air 


_2 

Normal  density  pQ  =  i.29  X  Density  p  =  10  p^ 

X  10“^  g/cm^ 


T*K 

1 

P,  atm 

V 

1*T. 

av/molecule 

T*K 

P,  atm 

y 

-'molecule 

1 

**  molecule 

2000 

0.515 

7,42 

1,335 

0,604 

2000 

0,520 

0,074 

1,330 

4000 

1,52 

15,8 

1,240 

1,21 

4000 

2,09 

0,177 

1,195 

8000 

5.38 

41.7 

1,180 

2,42 

8000 

10,6 

0,575 

1,125 

12000 

12.7 

88 

1,160 

3,92 

12000 

16,6 

0,994 

1,140 

20000 

24 

183 

1,175 

6,04 

20000 

45.3 

2.8 

1,145 

50000 

95 

870 

1,215 

15,1 

50000 

158 

11,6 

1,170 

100000 

276 

2690 

1,225 

30,2 

100000 

499 

37,3 

1,175 

250000 

922 

10870 

1,275 

75.4 

250000 

1080  . 

125 

1,270 

500000 

1450 

23150 

1.370 

151 

500000 

3310 

412 

1,290 

Internal  energies  are  given  in  electron  volts 
per  initial  molecule;  for  air,  1  ev/molecule  =0.8 
kilocalorie s/g.  Effective  adiabatic  index  y  is 


defined  as  7  =  1  .  -  .  In  the  last  colun,.,  for 

7  8V 

comparison,  there  is  given  energy  e  =  -^kT  , 


which  air  would  possess  in  absence  of  processes  of 
dissociation  and  ionization,  but  with  classical 
vibrations  of  molecules. 


of  nitrogen  is  finished,  in  the  table  are  also  shown  concentrations 
of  ions  (for  ionization  see  §  5).  H  is  necessary  to  note  that 
during  exact  calculations  of  dissociation  and  thermodynamic  functions, 
there  are  used  not  simple  formulas  of  type  (3.26),  but  more  exact 
ones,  taking  into  account  excitation  of  highest  electronic  states, 
anharmonicity  of  vibrations,  etc. 

Thus  we  start  with  exact  expressions  (3.22),  calculating 
statistical  sums  on  the  basis  of  spectroscopic  data  on  atoms  and 
molecules.  Description  of  method  of  such  calculations  can  be 
found  in  work  [5]. 
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§  4.  Chemical  Reactions 

Chemical  composition  of  mixture  of  gases  under  ordinary 
conditions,  l.e.,  at  room  temperature,  very  frequently  differs 
from  thermodynamic  equilihrium  composition.  This  is  connected 
with  the  fact  that  for  occurrence  of  chemical  reaction,  even  if 
there  is  then  liberated  heat  and  the  gas  passes  into  an  energetically 
more  favorable  state,  usually  there  is  required  activation  energy 
E.  Chemical  reaction  rate,  which  is  proportional  to  Boltzmann 
factor  at  low  temperatures  and  high  activation  energies, 

when  E/kT  »  is  very  low  and  reaction  practically  does  not 
occur.  Thus,  system  of  mixture  of  gases  is  in  equilibrium,  but 
this  is  not  thermodynamic  equilibrium.  Such  equilibrium  can  be 
called  conditional.  As  a  tjrpical  example  can  serve  a  mixture  of 
hydrogen  and  oxygen  in  composition  Hg  +  2^2*  ^^ich  under  conditions 
of  thermodynamic  equilibrium  at  low  temperatures  would  have  to 
completely  be  turned  into  water  HgO  (energy  of  reaction  is  57.1 
kilocalorles/mole) .  However,  at  usual  temperatures  and  without 
influence  of  external  factors,  this  irreversible  reaction  does 
not  occur,  and  mixture  is  in  state  of  conditional  equilibrium. 

At  high  temperatures  on  the  order  of  several  thousand  degrees 
(for  certain  reactions  at  lower  temperatures),  rate  of  chemical 
transformations  are  high,  and  in  mixture  of  gases  there  is  estab¬ 
lished  chemical  equilibrium.  Plow  of  reversible  reactions  (i.e., 
reactions  which  can  occur  in  both  directions,  in  accordance  with 
condition  of  chemical  equilibrium  at  given  temperature  and  density) 
affects  chemical  composition  and  thermodynamic  functions  of  gases. 

An  example  is  air,  in  which  at  high  temperatures  on  the  order  of 
several  thousand  degrees  there  occurs  oxidation  of  part  of  nitrogen 
by  the  scheme: 
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4n.+|o,+2M-S-5£NO. 


(3.27) 


Reaction  of  oxidation  of  nitrogen  requires  high  activation 
energy,  so  that  at  temperatures  below  '^500°K  it  practically  does 
not  occur  (for  achievement  of  equilibrium  there  are  necessary  very 
long  times);  however,  at  temperatures  ~3000°K  and  above,  equilibrium 
is  established  very  quickly  (at  normal  air  density  in  10”'^  sec  and 
less),  and  it  is  possible  to  speak  about  equilibrium  composition 
of  air,  taking  into  account  formation  of  nitric  oxide.* 

Let  us  consider  chemical  equilibrium  and  Influence  of  it  on 
thermodynamic  properties  of  mixture  of  gases  in  the  example  of  a 
reaction  of  the  type  of  oxidation  of  nitrogen,  i.e.,  of  the  type 

A,+B,:5t2AB.  (3.28) 

Let  us  assume  for  simplicity  that  dissociation  of  molecules 
is  small.  This  assumption  is  justified  at  not  too  high  tem¬ 
peratures;  for  instance,  in  air  at  T  ~  2000-3000°K  dissociation 
of  molecules  Ng#  Og  is  very  small,  and  equilibrium  concentration 
of  nitric  oxide  is  noticeable. 

Let  us  assume  that  in  one  gram  of  initial  mixture  there  are 
0  0 

contained  N.  and  molecules  A„  and  concentrations  of  them 

are  m^  =  /N  and  m^  =  Ng  /N,  where  N  =  total 

number  of  molecules  in  1  g  of  initial  gas.  Let  us  assume  that 
at  temperature  T  and  density  of  gas  p  equilibrium  numbers  of 
molecules  in  1  g  are  equal  to  ,  Ng  ,  N^,  and  concentrations 

*For  detail  about  rates  of  reaction  of  oxidation  of  nitrogen, 
see  Chapter  VI,  §  8,  and  about  kinetics  of  reaction  in  a  shock 
wave,  see  Chap,  VIII,  §  5, 
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=  Nj^/N  are  equal  to  ,  m^.  Numbers  of  molecules  and 

concentrations  are  related  with  each  other  by  conditions  of 
conservation  of  number  of  atoms: 


JVB,  +  yArAB-iV|,. 
*At+y  WAB*w\t»  '"Bi  +  y  W>ab*  wj,. 


(5.29) 

(5.50) 


Let  us  designate  by  of  one  molecule, 

and  by  2U' ,  the  energy  of  reaction,  l.e.,  energy  which  Is  released 
during  transformation  of  the  two  molecules,  Ag  and  Bg,  Into  two 
molecules  AB  (If  reaction  occurs  with  absorption  of  heat,  U’  <  0). 

Then,  If  as  before  we  take  as  zero  energy  the  energy  of  Initial 
mixture  Ag  +  Bg  at  T  =  0,  we  will  obtain  that  specific  Internal 


energy  of  gas  Is  equal  to 


•  »  ATmAtBAa  4*  ^ WBa®Ba + ^ wabBab  AT  Wab  U’  . 


(5.51) 


Total  number  of  particles  In  gas  during  considered  reaction  does 
not  change,  so  that  pressure  at  these  same  T  and  p  Is  not  Influenced 
by  the  reaction.* 

Numbers  of  particles  participating  In  reaction  are  related  with 
each  other  under  conditions  of  equilibrium  by  law  of  mass  action, 
which  It  Is  possible  to  derive  from  general  expression  for  free 
energy  fully  analogously  to  the  way  this  was  done  In  case  of 
dissociation  of  molecules.  For  this  we  seek  minimum  of  free  energy 
for  constant  T,  p  and  numbers  of  Initial  molecules  N^  Ng  ,  but 
variable 


♦Just  as  for  dissociation,  formula  (3.5^)  Is  accurate  In  the 
case  when  chemical  equilibrium  Is  absent  and  concentrations  are 
non-equlllbrlum. 
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As  a  result  we  will  obtain 


(3.32) 


in  full  analogy  with  formula  (3.22)  for  dissociation. 


By  factoring  out  volumes  from  translational  statistical  sums, 

3 

we  will  obtain  for  numbers  of  particles  in  1  cm  or  partial  pres¬ 


sures: 


(3.33) 


where  K’ (T)  is  equilibrium  constant  for  reaction  (3.28).  By  sub- 
P 

stituting  expressions  for  statistical  sums,  as  in  the  case  of 


dissociation,  we  will  obtain 


/T\  A  f  ^AB  ^AB 

y-vZFH)  n.  - 


JA  iO’  • 

*0AB  ^-W 

j'OAt^OBi 


(3.34) 


For  Instance,  for  reaction  of  oxidation  of  nitrogen,  with  good 


accuracy; 


Wo* 


48000 


where  R  =  2  cal/mole* degree. 


Here  it  is  approximately  considered  that  masses,  frequencies 
and  moments  of  inertia  of  all  three  molecules  are  identical; 

U’  =  -21.4  kllocalorles/mole,  ratio  of  statistical  weights  is  equal 
to  16/3  (see  §  2). 

If  gas  constitutes  a  mixture  in  which  there  occurs  a  whole 


*The  factor  4  appeared  from  ratio  of  symmetry  factors 
2 

'^B  '^°AB'  ^  ^A  “  '^B  “  footnote  on  p.  2^0  . 

during  dissociation,  here  it  is  assumed  that 


Just 
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series  of  reactions,  then  for  each  of  reactions  It  Is  possible 
In  an  analogous  way  to  derive  a  iiw  of  mass  action  connecting 
similarly  to  formula  (3.32),  the  numbers  of  particles  participating 
In  the  reaction  and  their  statistical  sums.  Substitution  of 
expressions  for  statistical  sxims  gives  equilibrium  constants. 

Numbers  of  particles  participating  In  many  reactions  are  related 
with  each  other  by  conditions  of  conservation  of  number  of  atoms 
of  every  type,  similar  to  (3.29). 

The  set  of  laws  of  mass  action  for  each  of  reactions  and  con¬ 
ditions  of  conservation  of  number  of  atoms  will  form  a  system  of 
nonlinear  algebraic  equations,  which  determine  chemical  composition, 
l.e.,  numbers  of  different  particles  N^^  In  dependence  upon  tem¬ 
perature  and  density  of  gas  (or  pressure)  and  Initial  atomic 
composition  of  mixture.  As  was  shown  by  one  of  the  authors  [6], 
this  system  has  a  unique  solution;  l.e.,  equilibrium  chemical 
composition  of  mixture  Is  determined  uniquely.  By  forming  expression 
for  energy  of  type  (3,31) ^  we  can  calculate  Internal  energy  of 
mixture.  On  the  basis  of  general  formula  for  free  energy 
P(T,  V,  Nj^)  and  thermodynamic  formulas  (3.9)#  (3.10),  It  Is  also 
possible  to  obtain  expression  for  energy  and  pressure,  and  with 
help  of  formula  (3.8)  —  an  expression  for  entropy  of  mixture. 

As  an  example  of  such  calculations  can  serve  calculation  of 
composition  and  thermodynamic  functions  of  air,  taking  Into  account 
dissociation  of  molecules  of  N^,  0^  and  reactions  of  oxidation  of 
nitrogen  [3#  5].  Other  reactions,  leading  to  formation  of  NO^,  0^, 
etc.,  practically  do  not  affect  calculations,  since  concentrations 
of  these  components  turn  out  to  be  extraordinarily  small. 
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Chemical  composition  and  thermodynamic  functions  of  air  are 
illustrated  in  Tables  3.i  and  3.2. 

§  5.  Ionization  and  Electronic  Excitation 

Just  as  dissociation  of  molecules,  ionization  of  atoms  (and 
molecules)  begins  at  values  of  kT  considerably  smaller  than 
ionization  potential  I.  Cause  of  this  is  the  same  as  in  the  case  of 
dissociation:  statistical  weight  of  free  state  of  electron  is 
very  great. 

Potentials  of  first  ionization  of  majority  of  atoms  and 
molecules  change  from  7  to  15  ev  (l/k  ~  80,000 -170,000°K)  .* 

The  exception  is  mainly  atoms  of  alkali  metals  with  very  low  ion¬ 
ization  potentials.  Ionization  begins  usually  at  temperatures  on 
the  order  of  several  or  ten  thousand  degrees  earlier,  the  lower  the 
ionization  potential  and  the  more  rarefied  the  gas. 

With  increase  of  temperature,  degree  of  ionization  increases, 
and  when  temperature  becomes  on  the  order  of  several  tens  of 
thousands  of  degrees,  practically  all  atoms  turn  out  to  be  singly 
ionized.  In  hydrogen,  process  of  ionization  is  thus  finished;  upon 
further  heating,  the  gas  remains  completely  ionized  and  consists 
of  protons  and  electrons;  every  particle  accomplishes  only  transla¬ 
tional  motion,  and  heat  capacity  is  equal  to  2k  per  particle. 

In  gas  of  heavier  atoms,  after  first  ionization  there  starts 
the  second,  then  the  third,  etc.  Usually  the  following  ionization 
begins  still  before  complete  termination  of  the  preceding  one,  so  that 
at  temperatures  higher  than  several  tens  of  thousands  of  degrees, 

*For  instance  Iq  =  13.6  ev,  =  14.6  ev,  Iq  =  12.1  ev, 
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in  the  gas  there  are  present  ions  with  several  charges,  but  if  gas 
consists  of  mixture  of  several  elements,  then  there  are  present 
ions  with  several  charges  of  every  element. 

Just  as  during  dissociation  of  molecules,  internal  energy  of 
ionized  gas  is  composed  of  energy  of  thermal  motion  of  particles 
(atoms,  ions,  electrons)  and  potential  energy,  which  is  equal  to 
expenditures  in  breaking  away  of  electrons  from  atoms  and  ions. 
Furthermore,  in  region  of  ionization,  a  certain  role  can  be  played 
by  energy  of  electronic  excitation  of  atoms  and  ions. 

Let  us  consider  for  simplicity  a  gas  consisting  of  atoms  of 
one  element,  and  assume,  as  this  most  frequently  occurs,  that  all 
molecules,  if  gas  is  not  monatomic,  in  region  of  noticeable  ion¬ 
ization  are  completely  dissociated  into  atoms.  Let  us  assume  that 
j  g  of  gas  contains  N  atoms.  Let  us  designate  by  potentials 
of  consecutive  ionizations;  is  energy,  necessary  for  breakaway 
of  first  electron  from  neutral  atom,  Ig  is  energy  for  breakaway 
of  electron  from  singly  ionized  atom,  etc.  In  order  to  detach 
from  the  atom  m  electrons,  it  is  necessary  to  expend  the  energy 

Let  us  assume  that  at  given  temperature  T  and  density  p  or  specific 
volume  V,  in  i  g  of  gas  there  are  Nq  neutral  atoms,  singly 
ionized  atoms,  etc.  For  brevity  we  will  call  ion  with  charge  equal 
to  m  an  m-lon;  number  of  m-ions  in  1  g  we  designate  by 
(neutral  atoms  are  a  particular  case  of  m-lons).  Number  of  free 
electrons  will  be  designated  by  N^.  Assuming  that  gas  is  suf¬ 
ficiently  rarefied  and  electrons  obey  statistics  of  Boltzmann,* 

♦Degenerate  electron  gas  will  be  considered  in  §  12. 
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we  have  to  ascribe  to  every  particle  of  gas  a  thermal  energy 
of  translational  motion  3/2  kT.  Furthermore,  m-lon  possesses 
energy  of  electron  excitation 

If  we  measure  Internal  energy  from  non-lonized  state  of  gas 
at  zero  temperature,  then  specific  internal  energy  per  initial 
atom  can  be  written  in  the  form* 

8  =  |Ar(l+a,)A:r  +  Ar2<?m“".  +  ^2^*“'»'  (3.36) 

«i  m* 

where  is  degree  of  ionization  of  gas,  i.e.,  number  of  free 
electrons  per  initial  atom  (a  =  N  /N);  a  =  N  /N  are  concentrations 

XIX  XiX 

of  m-ions.  Concentrations  are  related  with  each  other  by 
conditions  of  conservation  of  number  of  atoms 


(3.37) 

and  conservation  of  number  of  charges 

(3.38) 

Pressure  of  ionized  gas** 

;>  =  Arc(l-+a.)A7’. 

(3.39) 

Equilibrium  concentrations  of  ions  satisfy  equations  which  are 
analogous  to  law  of  mass  action  for  dissociation.  This  is  under¬ 
standable  since  process  of  ionization  can  be  treated  as  the  chemical 
reaction  of  "dissociation"  of  an  atom  or  ion;  for  Instance,  process 
of  breakaway  of  the  m  +  1-st  electron  from  an  m-ion  can  be  written 
in  symbolic  form: 


*If  gas  at  low  temperatures  is  polyatomic  to  e  it  is  necessary 
to  add  energy  of  dissociation. 

**Let  us  note  that,  just  as  for  dissociation,  formulas  (3.36) 
for  energy  and  (3.39)  for  pressure  are  accurate  also  in  the  case 
of  non-equilibrium  ionization,  if  by  T  we  understand  "translational" 
temperature  of  particles. 
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An <4^ *4* wi"*0,  1|  2f  ••• 


(3.40) 


"Law  of  mass  action"  for  this  reaction  is  easy  to  derive  from 
general  expression  for  free  energy,  just  as  this  is  done  for 
reaction  of  dissociation.  Let  us  write  free  energy  of  1  g  of 
ionized  gas 

«l 


where  and  Z  are  statistical  sums  of  m-ion  and  electron, 
m  e 

In  thermodynamic  equilibrium  for  constants  T  and  V,  free 
energy  is  minimum  with  respect  to  numbers  of  particles.  By  forming 
the  variation  6F  with  respect  to  change  of  number  of  m-ions  due  to 
their  ionization  by  the  scheme  (3.40),  considering  then  that 


6N  =  =  -6N  ,  and  numbers  of  all  other  particles  do  not 

m  m+i  e 

change,  and  equating  variation  6F  to  zero,  we  will  obtain 


(^.42) 


Translational  sums  of  both  ions  cancel  out,  since  masses  of  ions 
practically  do  not  differ  from  each  other.  In  the  electronic 
part  of  statistical  sum  of  ion  (atom),  we  will  separate  the  factor 
corresponding  to  zero-point  energy  (ground  state): 

After  designating  difference  between  energies  -  Eq,  which 
is  simply  excitation  energy  of  ion  in  k-th  state,  by  Wj^,  we  will 
write  transformed  electronic  sum  u  in  the  form 

Where  g^,  .  „  are  statistical  weights  0.1  .  .  .of  energy  levels 

/ 
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of  ion;  if  the  latter  are  not  degenerate,  g  =  1. 

Statistical  sum  of  free  electron  consists  of  product  of 
translational  sum  and  statistical  weight  of  free  electron,  which  is 
equal  to  two,  in  accordance  with  two  possible  spin  orientations. 

By  noticing  that  difference  between  zero-point  energies  of  m  +  1-st 
and  m-th  ions  is  equal  to  ionization  potential  of  m-ion 

^0  m+1  ■  ^0  m  ^  ^m+1*  dividing  expression  (3.42)  by 

volume  (n^  =  N^/V),  we  will  obtain 

^ 2 ^  {T)  (3.44) 

(m^  is  mass  of  electron) . 

This  formula  is  known  by  the  name  of  Saha  formula.  By 
multiplying  it  by  kT,  we  can  obtain  relationship  for  partial 


pressures  p^  =  n^^kT,  For  numerical  calculations,  Saha  formula 
can  be  conveniently  rewritten  in  the  form  of  an  equation  relating 


concentrations  of  particles  =  N^^/N  =  n^V/N  =  n^^/Np, 


Equations  (3.45),  (3.37)^  (3.38)  form  a  closed  system  of 
nonlinear  algebraic  equations  for  determination  of  concentrations 
of  ions  and  electrons  in  dependence  upon  temperature  and  density  of 
gas. 

Usually  there  exists  a  certain  range  of  temperatures  in  the 
region  from  8000°  to  30,000°K  in  which  only  the  first  ionization 
is  important,  and  the  second  still  does  not  start  (potential  of 
second  ionization  is  approximately  twice  the  potential  of  the  first). 
In  this  range,  equations  are  simplified,  since  of  all  the  equations 
(3.45)  there  remains  only  one  with  m  =  0,  By  noticing  that  in 


region  of  first  ionization  =  1  -  and  omitting  indices 

for  and  ionization  potential,  we  will  obtain  formula  for  degree 


of  ionization  a  =  =  a  : 

1  e 


«i« 

l^a 


•  •  *  j 

-  Ml  i  r  TiimJtT  \t.-WF 


(5.46) 


which  is  very  similar  to  formula  for  degree  of  dissociation  (5.26). 

For  I/kT  »  i,  a  «  i,  degree  of  ionization  is  proportional 
to  a  ~  i.e.,  very  rapidly  increases  with  increase 

of  temperature  and  slowly  increases  with  decrease  of  density  of 
gas.  For  gas  of  atoms  of  hydrogen,  formula  (5.46)  is  always  accurate. 

Energies  of  excited  levels  of  atoms  and  ions  usually  are  quite 
high,  and  are  comparable  with  ionization  potential.  In  a  number 
of  cases  there  are  low  lying  levels  (and  they,  of  course,  have 
to  be  considered  during  calculation),  but  their  number  is  very 
limited.  More  detail  about  calculation  of  transformed  electronic 
sums  u  will  be  given  in  the  following  section.  Here  we  note  that, 
as  a  rule,  it  is  sufficient  to  consider  only  the  first  several 
terms  in  these  sums,  where  in  most  cases  the  overwhelming  role  is 
played  by  first  term,  and  sum  simply  reduces  to  statistical  weight 
of  ground  state  u  «  gQ.  The  fact  is  that  in  a  not  too  dense  gas, 
electron  in  atom  or  ion  ’’prefers”  to  detach  rather  than  to  occupy 
a  high  energy  level.  In  region  of  single  ionization  T  ~  10#  000*^  to 
20,  OOO'^K,  quantity  I^/kT  usually  is  on  the  order  of  5-10.  If 
we  go  to  higher  temperature,  then  Ij_AT  will  become  a  small  quantity, 
and  simultaneously  singly  ionized  atoms  disappear,  since  second 
ionization  starts,  and  for  the  most  wide-spread  ions  quantity 
Im^lAT  all  the  same  will  be  on  the  order  of  5-10.  Inasmuch  as 
energies  of  excited  levels  in  atoms  have  the  same  order  as  ionization 
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potential,  then  even  the  second  term  in  sum  u  will  he,  let  us  say, 

-5 

on  the  order  of  e  ,  l.e.,  very  small.  Due  to  this,  it  turns  out 
that  in  electronic  sums  u,  for  the  most  wide-spread  Ions,  the  main 
role  is  played  by  the  first  term  g^. 

During  exact  calculations,  usually  there  are  taken  Into  account 
the  first  5  to  10  levels  in  ions  and  atoms,  where  energies  and 
statistical  weights  of  them  are  taken  from  corresponding  tables  [7]. 
There  are  also  tables  of  potentials  of  consecutive  ionizations  of 
different  atoms  [8]. 

Internal  energy  of  gas  can  be  calculated  by  the  formula  (3.36), 
which  follows  from  the  general  expression  for  free  energy  (3.^i)  in 
accordance  with  thermodynamic  formula  (3.9).  Energy  of  electronic 
excitation  W  thus  is  equal  to  (index  of  charge  of  ion  ra  is  omitted): 

V  -S  ,  (5.^7) 

Entropy  according  to  (3.8)  is  obtained  by  means  of  differentiation 
of  free  energy  with  respect  to  temperature: 


» 

-It 


m 

ft  S 

.«rLi  e^v  /2nm,kT\K 


Wm 

fit  tj* 


(3.48) 


If  excitation  can  be  disregarded,  second  term  vanishes  and  =  6q  . 

m 

Most  simple  are  calculations  in  the  region  of  first  ionization, 
where  degree  of  ionization  can  be  calculated  simply  by  the  formula 
(3.46).  The  starting  ionization  gives  a  considerable  contribution 
to  heat  capacity  and  energy  of  gas,  and  consideration  of  it  is 
absolutely  necessary  during  calculation  of  thermodynamic  functions. 
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The  wide  range  of  temperatures  and  densities  in  which  atoms 
are  multiply  ionized  was  encompassed  in  work  of  V.  V.  Selivanov 
and  I.  Ya.  Shlyapintokh  [4],  Authors  calculated  ionization 
composition,*  thermodynamic  functions  and  shock  adiahat  of  air  at 
temperatures  from  20,000  to  500,000°K  and  densities  from  10  to 
10  pQ  (pq  is  normal  air  density).  How  ionization  composition 
and  degree  of  ionization  changes  with  change  of  temperature,  aaid 
also  how  ionization  influences  thermodynamic  functions  can  he  seen 
from  Tables  3.2  and  3.3  for  air,  which  are  based  on  calculations 
of  V.  V.  Selivanov  and  I.  Ya.  Shlyapintokh.** 

At  very  high  temperatures***  (or  very  low  densities),  energy 
and  pressure  of  thermal  radiation  may  turn  out  to  be  comparable  to 
energy  and  pressure  of  the  substance.  Under  conditions  w^ien  radiation 
is  in  thermodynamic  equilibrium  with  substance  (whether  this  con¬ 
dition  is  satisfied  or  not  it  must  be  specially  checked  in  every 
specific  case;  see  Chap.  II),  energy  and  pressure  radiation 
should  be  simply  added  to  energy  and  pressure  of  gas. 

"Specific"  energy  of  equilibrium  radiation  is  equal  to  density 
of  energy  of  radiation  divided  by  density  of  substance: 

(3.49) 

and  pressure  of  radiation 

ioT*  (3.50) 


*Generalization  of  the  above-written  equations  to  the  case 
when  gas  is  a  mixture  of  elements  is  not  difficult. 

**In  Table  3.2,  data  [4]  pertain  only  to  temperatures  of  20,000°K 
and  above. 

***For  air  of  normal  density,  these  are  temperatures  above  a  mil¬ 
lion  degrees. 
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Table  3.3.  Composition  of  Ionized  Air  of  Normal  Density 
=  1.29»10“^  g/cm^  at  High  Temperatures^ 


r>.K 

Atom 

0 

1* 

2‘ 

3* 

4* 

5* 

6* 

• 

20000 

N 

0,589 

0,201 

0 

0,172 

1 

0,036 

v,4o 

50000 

N 

0,018 

0,451 

0.321 

0,001 

1 

1,35 

0 

0,0065 

0,303 

0,048 

100000 

N 

0,012 

0,275 

0,463 

0,04 

2,65 

0 

0,005 

0,09 

0,113 

0,005 

250000 

N 

0,005 

0,183 

0,603 

2,65 

0 

0,005 

t 

0,020 

0,114 

0,074 

500000 

N 

0,017 

0,75 

0,025 

0 

0,010 

0,200 1 

5,2 

*Concentrations  are  defined  as  ratios  of  niunbers 
of  particles  of  given  type  to  number  of  initial  atoms. 

0  are  neutral  atoms,  1"^  are  singly  ionized,  etc. 
e  are  electrons;  N  and  0  are  ions  of  nitrogen  and 
oxygen. 


Entropy  of  radiation  can  be  found  with  help  of  general  thermo¬ 
dynamic  relationships; 


(ir=  - 


3cc  ’ 


IBorT* 
3cq  ' 


(3.51) 


In  work  [4],  thermodynamic  functions  of  air  were  calculated, 
taking  into  account  equilibrium  radiation. 


§  6.  Electronic  Statistical  Sum  and  nole  of 
Excitation  Energy  of  Atoms 

An  Isolated  atom  (ion,  molecule)  located  in  an  infinite 
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space  possesses  infinite  numter  of  energy  levels,  which  converge 
to  continuum,  which  corresponds  to  states  with  detached  electron 
(ionized  states).  Formally  electron  statistical  sum  u  contains 
infinite  number  of  terms  and  diverges.  Average  excitation  energy 
of  atom  W,  calculated  by  formula  (5.47)  with  infinite  number  of  terms, 
is  equal  to  ionization  potential,  since  excitation  energies  of 
higher  states  asymptotically  approach  ionization  potential. 

This  difficulty,  which  appears  during  purely  formal  calculation 

of  u  and  W,  has  only  an  apparent  character.  In  fact  the  atom 

never  is  Isolated,  but  is  located  in  a  gas  of  finite  density. 

Dimensions  of  electronic  orbit  rapidly  increase  during  transition 

to  higher  states  of  electron  in  atom  and  finally  become  comparable 

with  average  distance  between  particles  of  gas,  which  is  equal 

-i  /'5 

approximately  to  r  «  N  ' (here  by  N  we  designate  number  of  par- 

3 

tides  in  1  cm  ).  Trajectories  of  electrons  moving  along  such 
large  orbits  are  distorted  due  to  the  presence  wf  neighboring 
particles,  and  an  electron  which  is  removed  from  atomic  core  to 
a  distance  comparable  with  average  distance  between  particles  of 
gas  essentially  does  not  differ  from  a  free  electron.  Thus, 
finiteness  of  density  of  gas  imposes  a  limitation  on  number  of 
possible  states  of  atom  and  number  of  terms  in  electronic  statistical 
sum,  euid  also  limits  average  excitation  energy  of  atom. 

Let  us  consider  gas  consisting  of  atoms  of  hydrogen.  Results 
of  consideration  of  hydrogen  atoms  have  large  generality,  since 
highly  excited  states  of  any  complicated  atomic  systems  are  very 
similar  to  excited  states  of  an  atom  of  hydrogen.  If  electron  in 
complicated  atom  (ion,  molecule)  moves  along  a  very  great  orbit, 
then  field  in  which  it  is  located  is  very  close  to  Coulomb  field  of 


point  charge  (atomic  core),  and  therefore  structure  of  highly 
excited  states  of  any  atoms  and  ions  is  close  to  that  of  hydrogen. 
In  order  that  we  may  extend  results  of  consideration  to  multiply 
charged  ions,  we  will  into  all  formulas  introduce  charge  of 
"nucleus,"  i.e.,  consider  not  hydrogen  in  the  literal  sense,  but 
hydrogen-like  atoms  which  are  systems  of  positive  "nucleus"  with 
charge  Z  and  an  electron. 

Levels  of  energy  of  hydrogen-like  atom  are  characterized  by 

principal  quantum  number  n  (see  scheme  of  levels  in  Fig.  2.2  in  §  2 

of  Chap.  II).  Energy  of  n-th  level,  measured  from  boundary  of 

2  2 

continuous  spectrum,  is  equal,  as  is  known,  to  e  =  -I^Z  /n  , 

n  n  ^ 

where  Ijj  =  13.5  ev  is  ionization  potential  of  hydrogen.  Absolute 

2  2 

value  of  it  =  I e  I  =  IJL  /n  is  binding  energy  of  electron 
n  '  n '  n 

located  on  n-th  level.  Binding  energy  of  ground  state  n  =  1*  is 
equal  to  ionization  potential; 

Ex  -  IJ?  =  /. 


Excitation  energy  of  n-th  state  is  equal  to  “  ^n  ”  ” 

-  En  =  Transformed  electronic  statistical  sum  of 


Transformed  electronic  statistical  sum  of 


hydrogen-like  atom  has  the  form 


VV,  j_\ 

2 


2 

where  g^  =  2n  is  statistical  weight  of  n-th  level. 

Binding  energy  of  electron  on  n-th  level  is  equal  to  its 
Coulomb  energy  in  field  of  nucleus  at  distance  on  the  order  of 

O 

dimensions  of  orbit,  namely,  =  Ze  /2a,  where  a  is  semi-major 

2  2  2  2  2 

axis  of  elliptic  orbit;  a  =  Ze  /2E^  =  e  n  /ZIjj  =  a^n  /Z,  where 


*In  distinction  from  the  preceding,  here  we  will  assign  to 
ground  state  index  "1,"  and  not  "O,"  In  accordance  with  equality 
to  unity  of  principal  quantum  niunber  n. 

^G6 
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&Q  =  0.55*10"  cm  Is  Bohr  radius.  Statistical  sum  u  in  any  case 
should  be  broken  off  at  that  value  of  n*  at  which  semiaxis  of 
orbit  becomes  comparable  with  average  distance  between  particles 
of  gas,  l.e.,  at  a  =  &Qn*^/Z  =  r,  n*  =  ~  (n*  Is 

less,  the  denser  the  gas).  As  a  numerical  example  we  will  consider 
molecular  hydrogen,  which  at  room  temperature  was  under  atmospheric 
pressure  and  then  was  heated  by  a  strong  shock  wave  to  temperature 
on  the  order  of  tens  of  thousands  of  degrees.  Compression  In  shock 
wave  Is  equal  approximately  to  10,  so  that  under  conditions  of  com¬ 
plete  dissociation  of  molecules,  nuaiber  of  atoms  In  1  cm^  will  be 
N  «  5*i0^^/cm^.  Average  distance  between  atoms  r  «  =  1.3»io"'^ 

cm  and  limiting  value  n*  =  5(Z  =  1).  At  a  temperature  of  T  = 

=  11,600°K  =  1  ev,  statistical  sum  containing  five  terms  Is  equal 
to  u  a  2.00053,  l.e..  Is  practically  not  different  from  statistical 
weight  of  ground  state  g^  =  2.  Average  excitation  energy  of  atom 
calculated  by  formula  (5.47)»  taking  Into  account  five  terms  In  the 
sum.  Is  equal  to  W  =  0,003  ev.  At  shown  values  of  N  and  T,  degree 
of  Ionization  of  hydrogen  Is  a  =  3«10  l,e,.  Ionizing  energy, 

per  atom  Ijja  »  0.04  ev.  Excitation  energy  W  Is  small  as  compared 
to  Ionizing  energy  (W/Ij^a  «  0.075).  At  higher  temperature  T  ■ 

«  23,200°K  »  2  ev  and  the  some  density  u  «  2.212  (also  a  little 
larger  »  2),  W  =  1.16  ev.  Degree  of  Ionization  now  a  »  0.22j 
Ionization  energy  from  calculation  for  one  Initial  atom  Is  equal  to 
Ih®  *  5  ev,  and  excitation  energy,  also  for  one  InltleJ.  atom, 

W(1  -  a)  =  0.9  ev. 

In  this  case  excitation  energy  plays  a  noticeable  role,  but 
still  It  Is  less  than  Ionizing  energy.  It  Is  necessary  to  note 
that  cut-off  of  upper  levels  In  gas  of  finite  density  slmultaneouBly 
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lowers  ionization  potential  exactly  by  a  magnitude  equal  to  value 
of  binding  energy  of  electron  on  bovindary  of  cut-off,  l.e.,  by 
the  amount  AI  =  =  Ze^Sr  =  ZI„c.-/r  =  Z  7.10"'^N"^/^  ev  (N  In 

l/cm^) . 

In  our  example  this  decrease  Is  equal  to  AI  =  0.55  ev,  so  that 
calculated  degrees  of  ionization  are  somewhat  too  low. 

At  very  high  temperatures,  ~50,000°K  and  above,  excitation 
energy  of  remaining  atoms  of  hydrogen  becomes  great,  comparable 
with  ionization  potential,  but  then  degree  of  Ionization  thus 
strongly  Increases  and  actual  niamber  of  neutral  atoms  becomes 
small,  so  that  contribution  of  excitation  energy  to  energy  of  gas 
all  the  same  Is  less  than  contribution  of  Ionizing  energy.  This 
corresponds  to  the  situation  where  It  Is  more  "favorable"  for  the 
electron  to  be  completely  detached  from  the  atom  than  to  occupy 
a  high  excited  level.* 

The  earlier  given  estimate  of  number  of  terms  In  electronic 
sum  most  likely  overstates  the  actual  number  of  levels.  Cut-off 


*Thls  situation  can  be  explained  by  means  of  the  following 
semlqualltatlve  reasoning,  which  is  especially  graphic  In  the 
limiting  case  of  a  gas  of  very  low  density.  Ratio  of  probabilities 
of  free  and  bound  states  of  electron  Is  proportional  to  ratio  of 
translational  and  electronic  statistical  sums  ~  V  ~  1/p). 

Electronic  sum  in  the  limit  of  low  densities,  when  in  It  there 
participates  a  very  large  number  of  terms,  can  roughly  be  represented 
as  follows: 

/*  ’** 

oi  2  2«**"**^  —  J  rfJI  —  H**. 


~  r^^^,  so  that  Z^^  ~  Hence  Z^j.gj^g/Z^^  ~ 

~  Thus,  with  decrease  of  density  In  the  limit  of 

low  densities.  In  spite  of  Increase  of  number  of  possible  bound 
states,  probability  of  breedcaway  of  electron  from  atom  all  the 
sane  Increases  faster. 


But  n* 

~  V^/2 


of  higher  levels  in  atoms  and  ions  is  considerably  affected  by  the 

direct  influence  of  electrostatic  field  of  the  nearest  neighboring 

charge  particle  —  the  Stark-effect, 

Furthermore,  in  a  sufficiently  rarefied  gas,  binding  energy 

of  electron  moving  along  limiting  orbit  with  dimension  a  r,  = 

-i  A 

=  AI  =  7*10  ‘  N  ev  turns  out  to  be  less  than  kT  (in  our  example 
AI  =  0.55  ev,  and  temperatures  were  1  and  2  ev).  Kinetic  energy 
of  electron  in  hydrogen-like  atom  is  equal  to  its  binding  energy 
at  given  level.  It  is  doubtful  whether  it  has  special  meaning  to 
consider  a  bound  electron  which  binding  energy  and  kinetic  energy  are 
less  than  kT.  Practically  every  "collision"  with  free  electron 
will  knock  a  weakly  bound  electron  from  the  atom.  Certain  authors 
therefore  break  off  the  electronic  sums  still  more  sharply,  at  that 
level  where  binding  energy  of  electron  is  equal  to  kT. 

To  problems  connected  with  lowering  of  ionization  potentials 
in  ionized  gas  and  problem  of  calculation  of  electronic  statistical 
sums  there  is  dedicated  a  whole  series  of  works  [9-15,  54],  It 
is  necessary  to  say  that  here  there  does  not  exist  a  single  common 
opinion,  and  various  authors  offer  different  schemes  for  breaking 
off  of  electronic  sums.  Luckily,  calculations  show  that  variation 
in  number  of  terms  considered  in  electronic  sums,  as  a  rule,  little- 
affects  thermodynamic  functions  of  gases.  But  lowering  of  ionization 
potentials  as  a  result  of  cut-off  of  upper  levels  sometimes 
noticeably  affects  ionization  composition  of  gas  (see  work  [14]), 

In  conclusion  of  this  pareigraph,  let  us  note  that  phenomenon  of 
cut-off  of  upper  excited  levels  in  atoms,  ions,  and  molecules  has 
experimental  confirmation.  In  spectra  of  low-pressure  arc  dis¬ 
charges  usually  there  is  not  observed  more  than  5-10  spectral 
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lines  of  Balmer  hydrogen  series,  which  is  connected  with  transitions 
of  electron  from  upper  excited  level  to  ground  level.  Even  in 
spectra  of  gaseous  nebulae,  density  of  which  is  extremely  low  (order 
of  tens  of  particles  per  1  cm^),  there  is  not  observed  more  than 
50-60  Balmer  lines. 

§  7.  Approximate  Method  of  Calculation  In 
Region  of  Multiple  Ionization 

Calculations  of  ionization  equilibrium,  which  are  the  basis 
for  finding  of  thermodynamic  functions  of  gas  at  high  temperatures, 
require  very  great  and  labor-consuming  calculating  work.  For  every 
pair  of  values  of  temperature  and  density,  it  is  necessary  to  solve 
a  nonlinear  system  of  algebraic  equations  for  determination  of 
concentrations  of  ions  of  various  charges,  which  is  still  more 
complicated  if  gas  contains  atoms  of  several  elements.  Essentially, 
within  a  wide  range  of  temperatures  and  densities,  tables  are  composed 
only  for  air.  Certainly,  at  the  contemporary  level  of  computer 
technology,  the  problem  of  large  numerical  calculations  to  a 
considerable  degree  loses  its  severity,  but  still  for  practical 
purposes  it  is  useful  to  have  a  simple  method  of  approximation 
which  would  make  it  possible  rapidly  and  with  minimum  expenditure 
of  labor  to  calculate  degree  of  ionization  and  thermodynamic  functions 
of  any  gas  within  a  wide  range  of  temperatures  and  densities  In  the 
region  of  high  temperatures,  when  atoms  are  multiply  ionized.  In 
this  section  there  will  be  described  such  a  method,  which  was  pro¬ 
posed  by  one  of  the  authors  [15] »  which  in  its  extreme  simplicity 
possesses  accuracy  which  is  fully  sufficient  for  solution  of  majority 
of  practical  problems. 
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We  consider  a  g&B,  consisting 


of  atoms  of  one  element. 

At  the  basis  of  method  of 
approximation  there  are  made  two 
basic  assumptions.  We  will,  first 
of  all,  consider  numbers  of  ions  in 

■5 

1  cm'^  n^jj  and  potentials  of  ioniza¬ 
tion  as  continuous  fimctlons 

of  charge  of  ion  m,  while  connecting 

discrete  values  of  n  and  I 

m  m+i 

by  continuous  curves.  Function  I(n)  is  constructed  by  means  of 
connection  of  points  on  diagram  of  I,  m  (Fig,  3.1)  by  a  continuous 
curve,  let  us  say,  by  means  of  connection  of  neighboring  points  by 
straight  line  segments.  System  of  recursion  formulas  of  Saha  (3.44) 
thus  can  be  transformed  into  a  differential  equation  in  the  function 
n{m),  if  we  Introduce  differentiation  in  place  of  finite  differences: 

ii(m  4-1)  “=«(»»)  4--^,  Am«l. 

Ratio  of  electronic  statistical  sums  of  ions  usually 

changes  in  a  very  Irregular  way  during  transitions  from  one  charge 
m  to  another  for  a  given  element  or  trauisltlon  to  other  elements; 
however,  this  ratio  always  has  the  order  of  unity.  Let  us  assume 
it  to  be  approximately  equal  to  one.  After  this  the  system  of  Saha 
formulas  can  be  written  in  the  form  of  a  differential  equation: 

(3*52) 

cjK-»  deg-*/»  =  6.10*‘ 

Simultaneously  conditions  of  conservation  of  numbers  of  paxticles 


Fig,  3.1.  Transition 
to  continuous  curve 
I(m). 
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and  numbers  of  charges  {3.31) s  (3.38)  will  be  written  in  Integral 


J  n(m)dm  =  n, 

J  mn(m)dfn  =  n,. 


form: 

(3.53) 

(3.54) 

Consideration  of  results  of  exact  calculations.  Just  as 
consideration  of  system  of  Saha  equations  conducted  below,  shows 
that  in  gas  there  are  always  present  in  considerable  number  ions 
of  two,  and  a  maximum  of  three  charges.  Consequently,  distribution 
function  n(m)  has  the  form  of  a  very  narrow  and  sharp  peak  near  a 
certain  value  m^„„,  which,  of  course,  depends  on  temperature  and 
density  of  gas. 

From  this  follows  the  second  assumption.  Let  us  assume, 
approximately,  that  average  value  of  charge  of  ions,  which  coincides 
with  average  number  of  free  electrons  per  initial  atom 


m 


J  mn(m)dm_  n. 


(3.55) 


is  exactly  equal  to  the  value  at  which  distribution  function 

of  ions  n(m)  passes  through  mexlmiun.  It  is  obvious  that  this 
assumption  is  all  the  more  accurately,  the  sharper  and  narrower  the 
peak  of  distribution  n(m)  is. 

Designating  by  T  ionization  potential  of  ions  with  "average" 
charge  m  and  noticing  that  at  point  of  maximum  of  peak,  derivative 
dn/dm  =  0,  we  will  obtain  from  (3.52)  with  help  of  (3.55)  the 
following  expression,  which  relates  m  and  I: 

(3.56) 


-  ."’.-IT 

m  =  — — «  ■  • 


In  order  to  transform  this  expression  into  an  equation  for 
finding  of  average  charge  (or  degree  of  ionization)  in  dependence 

3 

upon  temperature  T  and  density  (number  n  of  initial  atoms  in  1  cm  ), 
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It  Is  necessary  to  determine  relation  between  I  and  m*  Here  there 
Is  a  certain  arbitrariness  connected  with  the  purely  symbolic  question 
In  exact  theory  about  assigning  of  Indices  to  Ionization  potentials. 

If  we  designate  Ionization  potential  of  m-lon  by 
(Ionization  potential  of  neutral  atom  then  formally  we  should 
set  T  =  I(m  +  1).  Sometimes  Ionization  potential  of  m-lon  Is 
designated  by  (Ionization  potential  of  neutral  atom  Iq).  In 
this  case.  In  Saha  formula  (5.^^)  Instead  of  It  Is  necessary 

to  write  Ijj^,  and  formally  It  would  be  necessary  to  set  1  =  I(m). 

Certainly,  If  we  consider  heavy  elements  and  very  high 
temperatures,  when  degree  of  Ionization  Is  so  high  that  m  has  the 
order  of  several  tens,  such  arbitrariness  numerically  does  not 
lead  to  essential  variation  In  number  m  (since  then 

^m+1  "  ^m^* 

However,  In  region  of  small  Ionization,  when  average  charge 

of  Ions  Is  on  the  order  of  several  units,  such  arbitrariness 

noticeably  affects  results  of  calculations  of  m  and  thermodynamic 

functions,  which  Is  connected  with  the  approximate  character  of 

replacement  of  discrete  quantities  by  continuous  functions. 

Comparison  of  results  of  approximate  and  exact  calculations 

shows  that  best  agreement  Is  obtained  If,  as  before,  we  designate 

Ionization  potential  of  m-lon  by  1^^^^^  =  I(m  +  1),  considering 

that  Iq  =  1(0)  =  0,  but  refer  "average”  value  of  potential  I  to 
1  “  —  i 

point  m  +  ^,  l.e.,  consider  I  =  I(m  +  ^).  This  Is  quite  natural, 

If  we  consider  that  In  reality  the  series  of  discrete  values  of  m 
Is  divided  by  finite  Intervals  ^  =  1. 

By  taking  the  logarithm  of  (5,56),  we  will  obtain  simple 
transcendental  equation  for  determination  of  m(T,  n); 
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(5.57) 


Thanks  to  logarithmic  dependence  of  right  side  on  m.  It  is 
sufficient  to  make  two  to  three  successive  approximation  in  order 
to  find  very  exactly  the  root  m  with  help  of  graph  of  function  I(m). 

Let  us  be  convinced  of  the  fact  that  distribution  of  ions  over 
charges  always  has  character  of  a  narrow  peak,  and  find  the  law 
of  decrease  of  sides  of  the  peak  of  distribution  function  n(m). 

By  combining  consecutively  the  written  Saha  formulas  for  various 
m  =  0,  1,  2  ,  .  .  ,  setting  in  them  preliminarily  the  ratio  of 
electronic  statistical  sums  equal  to  one,  and  using  definition  of 
"average"  potential  (3.56),  we  will  obtain: 


tel 

isO 


where  I  =  1,  2,  3  .  .  • 


Let  us  select  m  equal  to  that  value  at  which  n^^^  is  maximum. 

I  approximately  corresponds  to  ionization  potential  of  such  ions, 
so  that  all  terms  in  sums  are  positive,  and  concentrations  of  ions 
decrease  on  both  sides  of  the  maximum.  In  order  to  estimate  law 
of  decrease  and  width  of  peak,  we  will  cross  over  in  these  formulas 
to  continuous  functions  n(m),  I(m).  Expanding  approximately 

/  (m)  ^  7 + (»»  -  m). 


we  will  obtain  Gaussian  distribution  curve 

>  .  _ r  /■  m— m  V' 


with  half -width  of  peak 


»  (m)  B  fimat  OXP  ^  ^  J 

'  {dllim) 


(3.58) 


(3.59) 
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If  we  consider  that  on  the  average  for  various  elements  and 


various  ionizations  ionization  potentials  Increase  with  charge  of 
ion  faster  than  the  charge  itself,-  l.e.,  that  dl/dm  >  l/m,  we  will 


find  that 


(3.60) 


After  substituting  in  this  formula  numerical  values  of  and 
m,  which  are  foimd,  for  instance,  with  help  of  Table  3,3  for  air, 
we  will  see  that  A  <  1,  i.e,,  that  peaJc  indeed  is  narrow,* 

Approximate  formulas  for  thermodynamic  functions  are  obtained 
from  exaot  formulas  if,  in  accordance  with  the  above  made  approxi¬ 
mations,  we  consider  that  distribution  of  ions  n(m)  constitutes  a 
very  narrow  peak  --  almost  a  6-function  near  the  value  of  m,  i,e,, 
if  we  consider  that  all  ions  in  gas  possess  one  non-integer  “average” 
charge  m.  Specific  internal  energy  (3.36)  thus  takes  the  form 

e-|Ar(l+m)*r+Ar(?(m)  (3.61) 

(energy  of  electronic  excitation  will  be  disregarded).  Here 
continuous  function  Q(m)  analogously  to  I  (in)  is  constructed 
graphically  by  means  of  connection  by  a  continuous  curve  of  discrete 
values  of  determined  by  formula  (3.35).  Let  us  note  that  best 
coincidence  with  exact  calculations  is  obtained  if  in  formula  (3.61) 
we  set  5  =  Q(ni),  in  distinction  from  I  =  I(m  +  ^)  .  Pressure  is 
equal  to 

p-»(l  +  w)*r.  (3.62) 


♦The  fact  that  the  peak  of  distribution  n^^^  is  narrow,  on 

the  order  of  the  "finite”  difference  Am  =  1  Itself,  in  general 
deprives  the  transition  to  differentiation  with  respect  to  m  of 
meaning.  However,  actually  the  method  has  turned  out  to  be  better 
than  its  foundation. 
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Specific  entropy  (5.^8)  (if  we  disregard  electronic  excitation  and 
assume  statistical  weight  of  all  ions  to  he  identical  and  equal 
to  g)  is  obtained  equal  to 


S 


(3.63) 


By  considering  S  =  const  and  using  formula  (5.57) *  we  will  obtain 
equation  of  adiabat  in  parametric  form: 

(5.64) 


L  ^('*+4)  5  1 


const. 


As  the  parameter  serves  mj  const  in  the  right  side  is  determined 
by  values  of  Tq,  n^,  through  which  the  adiabat  passes. 

The  above  method  of  calculation  of  degree  of  ionization  and 
thermodynamic  functions  is  easily  generalized  to  the  case  of  a 
mixture  of  gases.  For  Instance,  in  niixture  of  two  elements,  average 
charges  of  ions  of  each  of  the  elements  m^,  mg  are  found  from 
system  of  two  transcendental  equations. 


+<»"»») 


(5.65) 


where  c^,  Cg  are  atomic  concentrations  of  both  elements,  I^,  Ig  are 
curves  of  their  ionization  potentials,  and  n  is  total  number  of  initial 
atoms  in  1  cm^.  Specific  Internal  energy  is  equal  to 

t  K  4  4*  Ciirit  +  Cjm,)AT  +  NctQi  (mi)  +  A' C1Q2  (m)  (5.66) 

etc.  In  many  cases,  however,  it  does  not  have  much  meaning  to 
complicate  calculations  thus.  If  potentials  of  consecutive  ion¬ 
izations  of  atoms  of  various  elements  do  not  strongly  differ  from 
each  other,  it  is  expedient  to  Introduce  "average"  curve  of  potentials 
l(m),  while  considering  all  atoms  as  identical  and  averaging  values 
of  consecutive  potentials  over  all  elements  in  accordance  with  their 
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percentage  content  in  the  mixture. 


Table  5,4,  Comparison  of  Approximate  Cal¬ 
culations  of  Degree  of  Ionization  and  Internal 
Energy  of  Air  with  Exact  Calculations* 


mm 

l+in 

•.-SJ- 

•TOH 

1  » Ik 

lO"* 

30000 

1,68 

16,6 

2,30 

33 

1,77 

23 

2,21 

33 

SO  000 

2,4 

40,5 

3,35 

83 

2,42 

47,8 

3,26 

80 

100000 

3,72 

126 

5,10 

243 

3,75 

140 

5,16 

252 

♦Upper  figures  in  each  pair  are  obtained 
by  method  of  approximation  [l5]j  lower  figures 
are  taken  from  work  of  V.  V.  Sellvanov  and 
I,  Ya.  Shlyapintokh  [4], 


In  Table  5.4  there  are  compared  results  of  approximate 
calculations  of  degree  of  ionization  and  internal  energy  of  air 
with  exact  data  of  V.  V.  Sellvanov  and  I,  Ya.  Shlyapintokh  [4], 

It  is  clear  that  v^ven  for  small  degrees  of  ionization,  where  error 
should  be  especially  great,  method  of  approximation  does  not  give 
bad  accuracy.  At  high  degrees  of  ionization,  error  does  not  exceed 
several  percent. 

The  method  truely  transmits  irregularities  of  change  of  i  and 
e  with  temperature  and  density,  which  correspond  to  sharp  jumps  in 
ionization  potentials  which  appear  during  transitions  from  ions 
with  filled  electron  shells  to  ions  with  unfilled  shells.  Cal¬ 
culations  have  shown  that  the  method  also  gives  good  accuracy  for 
xenon.  Inasmuch  as  curves  of  ionization  potentials  for  all  elements 
are  similar  to  one  another,  it  is  possible  to  rely  on  the  fact 
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that  the  approximate  method  will  provide  sufficient  accuracy  also 
In  the  case  of  any  other  gas. 


§  8.  Interpolation  Formulas  and  Effective  Adiabatic  Index 

A  direct  result  of  calculations  of  thermodynamic  functions 
Is  tables  composed  In  the  form  of  a  grid  of  temperatures  and 
densities  (or  temperatures  and  pressures).  Use  of  tables  during 
solution  of  gas-dynamic  problems  Is  connected  with  large  Incon¬ 
veniences,  It  Is  much  more  pleasant  to  deal  with  simple  Inter¬ 
polation  formulas,  which  more  or  less  accurately  approximate  the 
tabular  data.  Exceptional  Interest  Is  presented  by  such  an 
approximation  of  real  functions,  with  which  adiabatic  Index 
determining  behavior  of  h^-dx^odynamlc  process  approximately  turns  out 
to  be  constant.  Introduction  of  constant  effective  adiabatic  Index 
permits  using  self- similar  and  exact  solutions  of  equations  of  gas 
dynamics,  which,  as  a  rule.  It  Is  possible  to  obtain  only  for  a  gas 
with  constant  heat  capacity. 

Adiabatic  relations  between  some  two  thermodynamic  parameters, 
for  Instance  T  and  p  or  p  and  p,  during  consideration  of  Incomplete 
excitation  of  vibrations,  dissociation,  and  Ionization  no  longer 
are  described  by  equations  of  type  of  Poisson  adlabats.  It  Is 


possible  formally  to  determine  at  every  point  the  Index  7  In  such 
a  way  that  in  neighborhood  of  this  point  true  adlabat  approximately 
coincides  with  equation  of  Poisson  adlabat.  For  this  It  Is  obviously 


necessary  to  set: 


or 


Y'- 


However,  then  Indices  corresponding  to  different  pairs  of 
thermodynamic  parameters  differ  from  each  other.  Therefore,  with 
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Introduction  of  effective  adiabatic  index  7  In  the  interesting 
range  of  T  and  p  or  p  and  p,  it  is  necessary  to  define  it  so 
that  it  best  corresponds  to  nature  of  gas-dynamic  process. 

Third  equation  of  gas  dynamics  in  general  is  the  equation 
of  conservation  of  energy,  and  in  order  to  close  the  system  of 
equations  in  hydrodynamics  of  an  ideal  fluid,*  it  is  sufficient 
to  Introduce  relation  between  specific  Internal  energy  and  pressure 
and  density  e(p,  p).  Usually  this  relation  is  described  by  the 
formula 


Therefore,  for  determination  of  effective  adiabatic  index  in 
the  Interesting  range  of  p  and  p  we  should  compose  a  table  for  the 
combination 

«•  (3.67) 


and  select  «•  certain  constant  value  of  7  -  i,  which  best  approximates 
actually  non-identical  values  of  this  combination.  As  a  result, 
equation  of  adlabat  de  +  p  dV  =  0  (V  =  1/p)  will  take  the  form  of 
Poisson  adlabat  p  ~  p^,  e  ~  p*^"^  with  effective  constant  value  of  7. 

Specific  Internal  energy  in  dependence  upon  temperature  and 
density  is  the  most  conveniently  approximated  by  formula  of  the 
power  type 


•-or*v* 


(3.68) 


with  constant  a,  a  and  0. 

In  region  of  excitation  of  OBclllatlons,  heat  capacity  does  not 
depend  on  density  and  P  =  0.  In  the  region  of  dissociation  and 


*In  hydrodynamics  of  an  ideal  fluid  there  are  not  considered 
viscosity  and  thermal  conduction. 
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and  Ionization,  heat  capacity  always  Increases  with  decrease  of 
density  of  gas,  since  there  Is  then  Increased  degree  of  dissociation 
or  Ionization,  and  corresponding  expenditures  of  energy  Increase, 
Therefore  Index  p  Is  always  positive.  Index  a  is  always  greater 
than  1,  since  heat  capacity  Increases  with  Increase  of  temperature 
in  region  of  Incomplete  excitation  of  vibrations,  as  well  as  In 
regions  of  dissociation  and  Ionization. 

During  approximation  of  function  e(T,  V)  by  formula  (5.68) 
with  constant  indices  a  and  P  and  approximation  of  function  p(e,  p) 
or  p(e,  V)  by  equation  (3.67)  with  constant  index  7,  the  three 
constants  a,  p  and  7  cannot  be  chosen  Independently. 

Functions  p(e,  V)  and  c;(T,  V)  have  to  satisfy  the  general 
the  rmodynamlc  re lat ionship : 

^■5r)v* 

It  is  easy  to  verify  by  means  of  direct  substitution  that  three 
indices  a,  p,  7  are  related  to  each  other  by  the  condition 

(5-69) 

which  holds,  of  course,  only  In  the  case  when  they  are  considered  to  be 
constant.  During  the  described  Interpolation,  which  Is  easy  to 
check  with  help  of  equation  of  adlabat  de  +  p  dV  *  0,  adiabatic 
relations  of  T  and  p  and  e  and  p  also  are  characterized  by  a  single 
adiabatic  Index  7,  Just  as  In  the  case  of  the  Poisson  adlabat: 

y» const. 

This  is  obtained  In  spite  of  the  dependence  of  heat  capacity  on 
temperature  and  volume. 

For  Illustration  of  the  numerical  values  of  adiabatic  Index, 
in  Table  3.2  there  is  presented  the  combination  1  +  p/pe  =  7  In 
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region  of  multiple  Ionization  of  air.  We  see  that  index  7  decreases 
with  decrease  of  density. 

In  ranges  of  temperatures  10,000°-250,000°K  and  densities 
10pq-10  (pq  is  normal  density),  internal  energy  of  air  in 
rough  approximation  can  be  described  by  interpolation  formula 
(3.68)  with  following  values  of  constants: 

av/mole  .  (3.70) 

By  formula  (3.69)  effective  adiabatic  index  is  equal  to  7  =  1.24, 

It  is  important  that  index  7,  determined  by  formula  (3.6?) # 
is  changed  much  less  than  indices  a  and  p  in  formula  (3.68),  This 
situation  is  extremely  favorable,  since  for  analysis  of  adiabatic  ' 
processes  the  relation  e(T,  V)  actually  is  not  needed;  it  is  sufficient 
to  have  relation  e(p,  V)  or  p(e,  V),  which  is  given  by  equation 
(3.67). 

It  is  necessary  to  note  that  effective  adiabatic  index  and 
exponents  a  and  p  in  interpolation  formula  (3.68)  quite  weakly 
change  during  transition  irom  one  gas  to  another  if  we  try  to 
approximate  a  wide  range  of  temperatures  and  densities.  This  is 
understandable,  since  curves  of  ionization  potentials  in  general 
are  always  similar  to  one  another;  they  differ  in  details,  which 
Influence  behavior  of  energy  and  pressure  in  small  regions  of 
variation  of  temperature  and  density  of  gas, 

§  9.  Shock  Adlabat  Under  Conditions  of 
Dissociation  and  Ionization 

Parameters  of  shock  front  in  gas  with  constant  heat  capacity 
were  calculated  in  Chapter  I,  In  case  of  a  strong  wave,  when 
pressure  behind  the  front  is  much  higher  than  initial  p^  »  p^, 
compression  in  front  tends  to  limiting  value  h  =  (7  +  l)/(7  -  1). 
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Thus,  in  a  monatomic  gas  (inert  gases,  vapors  of  metals) 

Cy  =  |Nk,  7  =  5/5  and  h  =  4;  in  a  diatomic  gas  with  non-excited 
vibrations  c^  =  5/2NkT,  7  =  7/5  h  =  6.*  Already  from  the 
formula  for  h  in  case  of  gas  with  constant  heat  capacity,  we  may 
see  that  compression  in  front  is  greater,  the  larger  the  heat 
capacity  is  and  the  nearer  the  adiabatic  index  is  to  unity.  The 
tendency  to  increased  compression  during  increase  of  heat  capacity 
is  retained  in  the  general  case,  when  heat  capacity  depends  on  tem¬ 
perature  and  density.  If  diatomic  gas  is  so  dense  that  vibrations 
are  excited  still  before  beginning  of  dissociation,  then  during 
transition  to  stronger  shock  waves  heat  capacity  behind  the  front 
increases,  tending  to  the  value  c^  =  ^NkT,  adiabatic  index  tends 
to  7  =  and  compression  behind  the  front  is  Increased  to  h  =  8. 

Dissociation  and  Ionization  lead  to  further  Increase  of  com¬ 
pression.  It  is  Important  to  note  that  magnitude  of  compression 
is  affected  only  by  that  part  of  heat  capacity  which  is  connected 
with  potential  and  Internal  energy  of  particles:  energy  of 
dissociation  and  ionization,  rotational  and  vibrational  energy  of 
molecules,  energy  of  electronic  excitation  of  atoms  and  ions. 

Increase  of  specific  heat  capacity  due  to  increase  of  number  of 
particles  in  gas  does  not  affect  compression,  since  simultaneously 
with  increase  of  energy  of  translational  motion  of  particles, 
pressure  of  gas  Increases.  Change  of  number  of  particles  is  not 
directly  reflected  on  adiabatic  index  7,  which  is  determined  by 

^Maximum  compression  in  practice,  which  is  equal  to  6,  is 
attained  in  a  diatomic  gas  with  non-excited  vibrations  only  at  very 
low  initial  temperatures  Tq.  Otherwise,  at  those  temperatures  behind 

the  front  at  which  vibrations  are  still  not  excited,  pressure  ratio 
Pi/Pq  Is  not  large  enough  for  shock  wave  to  be  "strong." 
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compression.  This  Is  easy  to  verify  if  we  represent  Internal 

energy  In  the  form  of  the  sum  e  =  +  Qj  where  In  Q  there  Is 

included  potential  energy  and  energy  of  internal  degrees  of  freedom 

2 

of  particles.  Noticing  that  pressure  p  =  sprang #  we  will  sub¬ 
stitute  these  expressions  in  formula  for  shock  adlabat  (I.7I). 

By  disregarding  initial  energy  and  pressure,  l.e.,  considering 
shock  wave  to  be  strong,  we  will  obtain  after  elementary  calculation 
that  maignltude  of  limiting  compression  is  equal  to 

(3.71) 

^uoer 

This  quantity  differs  from  4,  which  corresponds  to  a  monatomic 
gas  more,  the  greater  the  relative  role  of  potential  and  internal 
energy  is. 

In  region  of  dissociation  and  ionization,  potential  energy 
usually  turns  out  to  be  higher  than  translational  energy  of  particles 
and  compression  in  the  front  is  great,  on  the  order  of  10-12; 
especially  great  is  compression  for  small  initial  density,  when 
degrees  of  dissociation  and  ionization  are  very  high  at  given 
temperature.** 

Compression  in  region  of  ionization  for  heavy  gases  does  not 
remain  constant  during  Increase  of  amplitude  of  wave.  Relative 
contribution  of  potential  energy  after  passage  of  maximum  of  com¬ 
pression,  in  period  of  dissociation  or  first  ionization,  gradually 


*In  article  of  authors  [16]  Instead  of  formula  (5.7^)  there  was 
given  Incorrect  relationship  h  =  h/{l  -  5Q/e.(.j.gj^g)  (formula  (2.5)). 

**Thus,  for  Instance,  when  through  air  with  initial  pressure 

-4 

Pq  =  10  atm  there  are  propagated  shock  waves  with  velocities 

D  ~  -  12  km/sec  (Mach  number  M  ~  20  -  55) »  compression  behind 

front  is  equal  approximately  to  I7. 
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decreases,  since  translational  energy  Increases  faster  than  potential 
energy  due  to  Increase  of  number  of  particles.  Thus  compression 
also  gradually  decreases.  It  occurs  in  this  way  until  all  electrons 
are  detached  from  some  shell  of  the  atoms.  Between  Ionization 
potentials  of  the  last  of  the  electrons  of  this  shell  and  the  first 
of  the  electrons  of  the  following  closed  shell,  there  always  Is  a 
great  gap,  is  gap  Is  especially  great  between  L-  and  K-shells, 
Thus,  for  Instance,  in  nitrogen  this  is  97  ev  and  550  ev.  In  oxygen 
157  ev  and  755  ev.  Therefore,  in  air  there  exists  quite  a  wide 
Interval  of  amplitudes  of  waves,  approximately  In  range  of  tem¬ 
peratures  from  500,000°  to  700,000°K,  when  all  electrons  In  atoms 
of  oxygen  and  nitrogen  filling  L-shells  have  already  been  detached, 
and  Ionization  from  K-shells  still  has  not  begun:  In  gas  there  are 
present  only  hellum-llke  ions.  When  during  further  Increase  of 
amplitude  of  wave  there  starts  breaking  away  of  K-electrons, 
expenditures  of  energy  on  Ionization  again  sharply  Increase,  relative 
contribution  of  potential  energy.  Just  as  In  beginning  of  first 
Ionization,  Is  Increased,  and  compression  passes  through  a  second, 
clearly  pronounced  maximum. 

Pressure  behind  strong  shoch  wave  front,  as  follows  from 
equations  of  conservation  of  momentum  and  mass  (I.6I),  (1,62),  Is 
little  sensitive  to  magnitude  of  compression,  e£.pecially  during 
large  compressions,  and  Is  approximately  proportionally  to  square 
of  velocity  of  propagation  of  wave  D: 

(5.72) 

(for  instance,  at  h  ~  10  with  accuracy  up  to  ~109^). 

With  still  greater  accuracy,  on  the  order  of  l$i^,  specific 
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(3.T?) 


enthalpy  behind  front  Is  proportional  to  square  of  velocity: 

»t— ^(l— 3P-) 

[this  expression  follows  from  fonmilas  (1,61),  (1,62),  (1,64)], 

Temperature,  which  in  gas  with  constant  heat  capacity  Is  also 
proportional  to  square  of  velocity,  under  conditions  of  dissociation 
and  Ionization  increases  with  Increase  of  amplitude  of  wave  much 
more  slowly. 

In  region  of  first  Ionization,  this  occurs  due  to  relative 
Increase  of  expenditures  of  energy  on  Ionization,  l,e,,  of  the 
quantity  Q/s-trang  subsequently,  when  fraction  of  potential 

energy  In  Internal  energy  decreases  as  compared  to  translational 
energy,  delayed  temperature  rise  is  explained  by  Increase  of  number 
of  particles,  to  which  P  proportional: 

Let  us  note  that  after  occurrence  of  total  Ionization,  when 
with  increase  of  amplitude  of  shock  wave  and  temperature  behind  the 
front  increases  and  Q  remains  constant,  compression  during 

Increase  of  amplitude  tends  to  4  (If  we  do  not  consider  thermal 
radiation).  This  one  may  see  from  formula  (J.Jl).  For  instance. 

In  hydrogen.  In  region  of  total  dissociation  and  Ionization  potential 
energy  per  atom  Is  equal  to  15.74  ev  (energy  of  dissociation  of 
Hg  1b  2,24  ev  per  atom;  Ionizing  energy  Is  15.5  ev),  translational 
energy  per  atom  (energy  of  proton  and  electron)  Is  equal  to 
5  kT  =  5  T  ev,  l.e., 

as 4 4“  — * 4  T  — ►  00 

* 
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(total  Ionization  In  hydrogen,  at  atomospherlc  density  before 
the  wave,  occurs  at  T  ~  100,000°K  ~  10  ev). 

For  Illustration  of  the  presented  considerations  about  Influence 
of  dissociation  and  Ionization  on  parameters  behind  shock  front,  we 
present  Table  5#  which  contains  results  of  calculation  of  these 
parameters  for  air  for  normal  Initial  density.  Data  for  low 
temperatures  In  region  of  excitation  of  vibrations  are  taken  from 
book  of  Ya,  B.  Zel'dovlch  [I7]i  calculations  In  region  of  dissociation 
and  beginning  of  first  Ionization  were  made  by  Davis  [18],  Within 
a  wide  range  of  temperatures  from  20,000°  to  500,000°K,  parameters 
of  front  were  calculated  by  V,  V,  Sellvanov  and  I.  Ya.  Shlyaplntokh 
In  work  [4],  already  cited  above. 


Table  3.5.  Parameters  Behiiid  Wave  Front  In  Air  for 
Normal  Conditions  Before  the  Front 

Pq  =  1  atm,  Tq  =  293°K 


TM 

Of  knv/seo 

Ph  atm 

«i/a» 

T*,  E 

Dfkm/seOi 

i 

Pi.  atm 

•i/k 

293 

0,33 

1 

1 

14  000 

9,31 

1000 

11,10 

482 

0,70 

5 

2,84 

20000 

11,8 

1650 

10,10 

705 

0,96 

10 

3,88 

30000 

15,9 

2980 

9,75 

2260 

2,15 

SO 

6,04 

50000 

23,3 

6360 

8,97 

4000 

3,35 

127 

8,58 

100000 

40,1 

19  200 

8,62 

6000 

4,54 

236 

9,75 

250000 

81,6 

76500 

7,80 

8000 

5,64 

366 

10.30 

500  000 

114,0 

143900 

6,27 

10000 

6,97 

561 

11,00 

Calculations  of  parameters  behind  shock  wave  front  In  air  In 

“5 

wide  range  of  Initial  pressures  from  normal  to  p^  ~  10  atm  were 
made  by  I.  B.  Rozhdestvenskly  [19]  and  H,  F.  Gorban*  [20]  (for 
temperatures  behind  the  front  not  exceeding  12,000°K). 

In  a  nuinber  of  works  there  were  calculated  parameters  of  shock 
wave  front  In  other  gases;  In  argon  and  hydrogen  (N.  A.  Prokofyev 
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[21]),  in  argon  (Resler  and  others  [22]),  in  xenon  (Sabol  [23]), 
in  hydrogen  and  xenon  (S.  R.  Kholev  [24]),  Phenomena  in  all  gases 
do  not  differ  from  each  other  qualitatively  and  shock  adlabats  are 
very  similar  to  each  other, 

Calcu-.ated  adlabats  in  argon  and  xenon  agree  well  with  experi¬ 
mental  adlabats  obtained  on  the  basis  of  study  of  shock  waves  in 
shock  tubes.  Regarding  air  —  here  there  Is  satisfactory  agreement 
of  calculations  with  experiment.  It  is  necessary  to  note  that 
behavior  of  shock  adlabat  in  region  of  dissociation  strongly  depends 
on  which  of  the  two  previously  questionable  values  is  ascribed  to 
dissociation  energy  of  nitrogen:  7,38  ev  or  9,74  ev.  Experiments 
of  Christian  and  others  [25]  studying  shock  waves  in  air  with  help 
of  shock  tube  confirmed  that  experimental  shock  adiabat  is  nearer 
to  calculated  adiabat  corresponding  to  dissociation  energy  of 
nitrogen  of  9*7^  ev.  In  favor  of  this  value  witness  experiments 
of  Model,  [26],  who  measured  velocity  of  front  and  (by  an  optical 
method)  temperature  behind  the  front, 

§  10,  Shock  Adiabat  Taking  Into  Account 
Equilibrium  Radiation 

At  very  high  temperatures  (or  very  low  densities  of  gas), 
when  energy  and  pressure  of  equilibrium  radiation  are  comparable 
with  energy  and  pressure  of  substance,  radiation  should  be  considered 
during  calculation  of  shock  adiabat  (of  course,  preliminarily,  we 
should  check  to  see  If  equilibrium  of  radiation  with  substance  under 
specific  conditions  of  the  problem  Is  established. 

Let  us  consider  a  very  strong  shock  wave  propagating  through 
a  cold  gas,  and  assume  that  fluxes  of  radiation  In  both  sides  of 
the  front  are  equal  to  zero.  Let  us  assume  also  that  behind  the 
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shock  wave  front  radiation  is  equilibrium  (without  being  interested 
here  in  the  question  of  the  process  of  establishment  of  equilibrium). 
Thus,  we  consider  problem  from  a  purely  thermodynamic  point  of  view, 
as  this  usually  is  done  during  derivation  of  shock  adiabat.*  Let 
us  stress  that  we  consider  the  non-relatlvistic  case,  when  velocities 
of  shock  wave  and  substance  are  much  less  than  velocity  of  light, 
and  energies  of  substance  and  radiation  are  much  less  than  rest 
energy  of  substance.  Let  us  introduce  into  equations  of  conservation 
of  fluxes  of  momentum  and  energy  on  shock  wave  front  the  energy  and 
pressure  of  radiation  behind  the  front  p^^^  (see  §  13,  Chap.  I 

and  §  17,  Chap  II).  Laws  of  conservation  on  front  will  be  written 
in  the  form 


•1  +  + 


Qju,  =  CoD, 
Pt+/>vi+e»ttJ=Qo^, 
Pi 


Qt  +  «i  ^  2 


\ 

'  -£1  I 

I  2-1 


(5.74) 


In  order  to  simplify  problem  for  the  purpose  of  clarification 
of  role  of  radiation,  we  will  consider  that  gas  possesses  constant 
heat  capacity  and  adiabatic  index  7  and  obeys  usual  equation  of 
state ; 

P^^AqT,  i4  =  const;  e  =  . 


By  substituting  in  (3.7^)  and  p^^  according  to  formulas 
(3.^9) i  (3.50),  expressing  pressure  p^  and  energy  e^  in  terms  of 
temperature  and  eliminating  u^  with  help  of  the  first  of 
equations  (3.7^)*  we  will  obtain  relationships  corresponding  to 
formulas  (3.72),  (3.73),  in  which  radiation  is  not  considered: 


♦This  problem  was  considered  by  Sachs  [27]. 


23S 


(3.75) 


where  h  =  P^/Pq  is  compression  In  front  of  shock  wave.  Let  us 
further  eliminate  D  from  these  equations  and  solve  the  obtained 
expression  for  T^; 

where  hQ  =  (7  +  i)/(7  -  1)  is  limiting  compression  in  strong  shock 

wave  without  taking  into  account  radiation. 

This  relationship  can  be  considered  as  an  equation  determining 

compression  h  in  dependence  upon  euaplitude  of  shock  wave,  which 

can  be  characterized  by  temperature  behind  the  front  T^, 

Quantity  in  left  side  of  equation  (5,76),  which  is  proportional 
3 

to  T£,  is  simply  ratio  of  radiation  pressure  to  pressure  of  substance 
behind  shock  wave  front  Pyj_/Pj_,  Prom  formula  (5.76)  it  follows 
that  if  radiation  pressure  is  relatively  small,  P^,j_/Pj_  «  1*  then 
h  hQ,  l.e.,  compression  is  equal  to  usual  magnitude 
ho  =  (7  +  i)/(7  "  1).  In  the  limit  of  a  very  strong  wave,  when 

IL 

p^,/p^  ~  -*■  CD,  compression  h  tends  to  =  7.  This  result  should 

have  been  expected,  since  equilibrium  radiation  from  thermodynamic 
point  of  view  behaves  as  ideal  gas  with  adiabatic  index  7  »  4/5 
(see  §  5,  Chap.  II),  which  corresponds  to  limiting  compression  in 
shock  wave  equal  to  7. 

Pvl  Pvi 

In  Interval  between  two  limiting  cases  -*•  0  and  ----  -►  cd. 

Pi  Pi 

compression  h  with  Increase  of  euaplK.ude  of  wave  monotonlcally 
changes  from  hQ  »  (7  +  i)/(7  -  1)  to  h^^  ■  7#  independently  of  whether 
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tiQ  >  7  or  IIq  <  7,  i.e.,  independently  of  whether  adiabatic  index 
of  gas,  without  taking  into  acco\mt  radiation  is  less  than  or  larger 
than  4/3. 

In  limiting  case,  when  energy  and  radiation  pressure  are  much 

larger  than  energy  and  pressure  of  substance,  l.e.,  when  second 

terms  in  left  sides  of  equations  (3.75)  are  much  larger  than  the 

first,  temperature  behind  the  front  in  distinction  from 

2 

usual  case  ~  D  ,  without  taking  into  account  radiation  (in  gas 
with  constant  heat  capacity). 

We  recall  that  relative  role  of  energy  and  pressure  of 
equilibrium  radiation  are  greater,  the  less  the  density  of  the  sub¬ 
stance  is:  P^/P  ^/p  (in  gas  with  constant  number  of  particles). 

For  Instar-ce,  in  completely  ionized  hydrogen,  radiation 

6  o 

pressure  is  equal  to  pressure  of  gas  at  T  *=  10°  °K,  if  number  of 
particles  (protons  and  electrons)  n  =  10  ^  l/cm"’^;  if,  however, 
n  =  10^'^  1/cm^,  pressures  are  equal  at  T  =  10^  °K, 

2.  Gas  of  Particles  with  Coulomb  Interaction 
§  11.  Rarifled  Ionized  Gas 

We  will  consider  deviations  of  ionized  gas  from  idealnesses 
which  are  caused  by  Coulomb  Interaction  of  charged  particles.  We 
will  be  limited  in  this  paragraph  to  the  case  of  weak  nonideality, 
when  terms  of  Coulomb  Interaction  in  thermodynamic  functions  can 
be  considered  as  small  corrections  to  terms  corresponding  to  an 
ideal  gas. 

In  order  that  ionized  gas  may  be  considered  as  ideal,  it  is 
necessary  that  energy  of  Coulomb  interaction  of  neighboring  particles 
be  small  as  compared  to  their  energy  of  thermal  motion,  l.e,,  that 
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Q 

there  be  satisfied  the  condition  (Ze)  /tq  «  kT,  where  Z  Is  average 
charge  of  particles  (Ions,  electrons),  and  r^  «  Is  average 

3 

distance  between  them;  n  Is  number  of  particles  In  1  cm  of  gas. 

This  condition  can  be  rewritten  In  the  form 

(3.77) 


1/cm^ 


For  Instance,  for  degree  of  Ionization  on  the  order  of  vinlty 
(Z  ~  1)  and  T  ~  30,000°K,  for  Idealness  It  Is  necessary  that 
n  «  6,2*10  1/cm^  (for  comparison  let  us  remember  that  number 

of  molecules  In  air  of  normal  density  Is  equal  to  2.67*10^^  1/cm^), 

Coulomb  corrections  to  thermodynamic  functions  for  weak 

•• 

nonideality  can  be  calculated  using  method  of  Debye  and  Huckel  as 
this  Is  done  In  book  of  L.  D.  Landau  and  £.  M.  Llfshlts  [1]  (see 
also  work  of  B,  L.  Tlman  [11]),  Around  each  of  Ions  or  electrons 
there  will  be  formed  a  nonunlformly  charged  cloud  of  neighboring 
particles,  where  distribution  of  density  of  charge  In  this  cloud 
is  determined  by  law  of  Boltzmann  In  accordance  with  electrostatic 
potential  created  by  Joint  action  of  central  charge  and  cloud. 
Solution  of  Poisson  equation  for  distribution  of  electrostatic 
potential  over  radius  r  near  central  Ion  with  charge  Z^e  In  first 
approximation  leads  to  formula 

where  d  Is  BO<-called  Debye  radius,  which  characterizes  dimensions 
of  cloud. 


cm 


(3.78) 


(n^  Is  number  of  Ions  with  charge  Z^e  In  1  cm^,  electrons  also  axe 
Included  here  In  concept  of  "ions";  for  them  Z  »  -1), 
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Statistical  consideration  by  method  of  Debye-HUckel  is  valid 
if  in  the  cloud  there  are  contained  many  particles,  i.e.,  if  Debye 


radius  d  is  much  larger  than  average  distance  between  particles 

r^  **  .  Condition  d  »  r^  leads  to  condition  n  «  (-  ■  -I 

°  °  \47re^^/ 


Condition  d  »  r^  leads  to  condition 


=  l.i.lO^I 


/T°\3  1 

\W)  cm' 


which  is  still  more  rigid  than  condition  of 


ideality  of  gas  (3,77).  Thus,  Debye  consideration  assumes  very  weak 
nonideality  of  gas. 

Near  center  at  r  «  d  ^  First  term  is  potential 

created  by  central  ion  Itself,  and  second  term  -cp^  =  -Z^e/d  is 
potential  created  by  surrounding  charges  in  the  place  where  the  given 
ion  is  located.  Coulomb  energy  of  gas  in  volume  V,  according  to 


general  electrostatic  formula,  la  equal  to 


9 


(5.79) 


Correction  to  free  energy  can  be  found  by  means  of  integration  of 


thermodynamic  relationship  E/T*^  =  -S/BT(F/T): 


/iiy« -  ^ ^ ’ 


(5.80) 


where  =  n^V  is  total  number  of  particles  of  1-th  type  in  volume 
V.  Correction  to  pressure: 

Ewf,  (3.81) 

av  3*^  ■ 

On  the  average,  between  particles  there  act  attractive  forces, 
since  every  ion  surrounds  Itself  chiefly  with  charges  of  opposite 
sign.  Therefore,  Coulomb  energy  and  pressure  are  negative. 

Coulomb  interaction  Influences  state  of  gas  in  two  ways.  First, 
it  decreases  energy  and  pressure  (and  also  entropy: 


?3Z 


^coul  - - Second,  and  this  effect  la  the  most 

Important,  It  shifts  Ionization  equilibrium  In  the  direction  of 
higher  degree  of  Ionization. 

Really,  free  electron  In  Interacting  ^as  possesses  negative 
potential  energy,  l.e,.  It  Is  also  as  if  somewhat  bound  with  Ions; 
therefore,  for  breakaway  of  electron  from  atom  or  Ion,  It  Is 
necessary  now  to  expend  somewhat  less  work,  which  corresponds  to 
effective  decrease  of  Ionization  potentials.  Decrease  of  Ionization 
potential  la  determined  by  change  of  not  the  total,  but  only  the 
free  Coulomb  energy,  since  “turning  on”  of  Coulomb  forces  of 
Interaction  changes  entropy  of  system,  whereas  change  of  potential 
energy  coincides  with  change  of  total  energy  only  In  reversible 
process. 

In  order  to  derive  formula  for  Ionization  equilibrium,  taking 
Into  account  Coulomb  Interaction,  we  will  proceed  Just  as  In  §  5. 

Let  us  write  total  free  energy  of  system  In  the  form 

where  Is  expressed  by  formula  (5.41),  and  1b  expressed 

by  (5.80),  and  form  variation  6F  with  respect  to  variation  of 
number  of  m-lons  as  a  result  of  their  Ionization. 


Using  the  condition  *  "®^e  equating 

variation  6F  to  zero,  we  will  obtain  In  place  of  (3.42)  the 
corrected  expression  for  "law  of  mass  action."  In  order  not  to 
confuse  here  statistical  sum  with  charge,  we  will  note  statistical 
sums  by  a  "tilde"  (Z): 


(5.82) 
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where  quaritlty  which  Is  equal  to  change  of  Coulomb  parts 

of  chemical  potentials 

k  I  ..  \ 

^ m+l  •=*  |*m,  Kyjl  —  ^m+  l.KT"  ""  I**.  kJ«’'  l^i.KyJl  =  )r  v’ 

can  be  treated  as  decrease  of  ionization  potential  of  m-ions 
(we  recall  that  ~  exp  ( ) ) . 

Calculation  gives  for  correction  to  ionization  potential  the 
quantity  ^ 

M™..  =  2  (Z™  +  i) «»  /^-  (  S  ,  (3.83) 

where  is  charge  of  m-lon;  essentially,  =  m. 

If  we  take  into  account  definition  of  Debye  radius  (3.78),  (3.83) 
can  be  rewritten  in  the  form 

A/„, , -  —  ^"*^*^*  .  (3.84) 

Decrease  of  ionization  potential  of  m-lon  is  exactly  equal 
to  energy  of  Coulomb  interaction  of  m  +  l**lon,  which  is  obtained 
as  a  result  of  ionlzatl )n  of  m-lon,  with  detached  electron,  if  the 
latter  is  located  at  a  distance  equal  to  Debye  radius. 

In  accordance  with  conditions  of  validity  of  method  of  Debye 
and  HUckel  and  condition  of  weaJc  nonideality,  formula  (3.84)  is 
valid  if  d  »  r^,  l.e.,  AI  «  kT. 

In  region  of  first  ionization,  formula  (3.84)  takes  the  form 
(1  =  0,  1,  e;  Zq  =  0,  =  1,  =  -i); 

(3.85) 

where  a  =  n^/n  =  n^/n  is  degree  of  ionization. 

In  region  of  multiple  ionization,  by  replacing,  as  vt  did  in 

n 

§  7,  all  ions  by  ions  with  the  same  "avereige''  charge  m  =  ^  (n  — 
number  of  Initial  atoms  in  1  cm'^)  and  considering  Z^  =  m  ,  we  will 
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obtain  for  change  of  "average”  ionization  potential: 

a_2(5+l).>[ii^]^  (J.86) 

As  an  example  we  will  consider  air  at  a  temperature  of  T  =» 
a  100,000°K  and  normal  density  n  =  1/cm^,  Without  taking 

Into  account  Coulomb  Interaction,  we  have  under  these  conditions 
degree  of  ionization  m  =  2,72  and  "average"  Ionization  potential 
i  =  60  ev  (I/kT  =  6.9),  Correction  to  "average"  Ionization 
potential  with  this  value  of  m  Is  equal  to  ^  =  5.^  ev  (EI/kT!  = 

=  0,65),  l,e..  Coulomb  Interaction  decreases  "average"  Ionization 
potential  almost  by  10^,  which  corresponds  In  the  following 
approximation  to  Increase  of  degree  of  Ionization  approximately  by 
l¥.* 

Influence  of  Coulomb  corrections  on  shift  of  Ionization 
equilibrium  In  argon  at  T  »  45,000°K  and  p  ~  10‘’^-10^  atm  Is 
considered  In  work  [14],  This  influence  turned  out  to  be  quite 
noticeable,  while  corrections  to  thermodynamic  functions  did  not 
exceed  1^. 


§  12.  Dense  Gas.  Elements  of  Ferml-Dirac 
Quantum  Statistics  for  Electron  Gas, 

Above,  In  examining  of  Ionized  gas.  It  always  was  assumed 
that  free  electrons  obey  classical  Boltzmann  statistics.  Strictly 
speaking,  electron  gas  Is  described  by  Ferml-Dirac,  quantum 
statistics  which  only  In  case  of  sufficiently  high  temperatures  or 
sufficiently  low  densities  becomes  Boltzmann  statistics.  This 


♦Formally,  under  the  considered  conditions,  we  are  at  the  limit 

of  applicability  of  this  method,  since  ST  »  5.4  ev  Is  only  a  little 
less  than  kT  =  0,6  ev. 
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transformation  occurs  If  temperature  of  electron  gas  Is  much 
higher  than  so-called  degeneracy  temperature  Tq,  which  is 

3 

determined  by  number  of  electrons  in  i  cm  n: 


deg. 


(7.87) 


For  usual  gas  densities  and  temperatures,  at  which  due  to 
ionization  there  appear  free  electrons,  condition  T  »  Tq  is  much 
more  than  satisfied.  For  instance,  for  density  of  atmospheric  air 
and  approximately  single  ionization  of  atc^ns  n  =  5.5^  x  iO^^  i/cm^, 
degeneracy  temperature  Tq  =  6iO°K,  temperature  of  gas  thus 
T  ~  55/000°K,  so  that  T/Tq  60.  Condition  of  applicability  of 
Boltzmann  statistics  can  be  unsatisfied  either  at  very  low  tem¬ 
peratures,  or  at  high  densities  of  electron  gas.  First  case,  in 
consideration  of  gases,  usually  does  not  occur,  since  at  low 
temperatures  gases  are  not  ionized. 

Regarding,  however,  the  second  case,  in  a  number  of  processes 
there  will  be  formed  a  very  dense,  highly  heated  gas,  in  which 
there  are  present  electrons.  Usually  such  a  situation  occurs  when 
an  initially  solid  body  is  rapidly  heated  to  very  high  temperatures, 
on  the  order  of  tens  or  hundreds  of  thousands  of  degrees,*  and 


*For  instance,  during  Impacts  of  meteorites  flying  with  high 
velocities  on  the  order  of  several  tens  of  km/sec  against  surface 
of  a  planet,  during  explosions  of  wires  by  an  electrical  current, 
during  heating  of  anode  needles  in  pulse  X-ray  tubes  by  electron 
Impact  (see  work  of  V,  A.  Tsukerman  and  M.  A.  Manakova  [28]), 
during  heating  of  solid  body  by  powerful  shock  wave,  and  others. 
We  do  not  dwell  here  on  such  a  classical  object  for  application 
of  quantum  statistics  as  free  electrons  in  metals  under  usual 
conditions. 


essentially  is  turned  Into  a  dense  gas,  since  at  such  temperatures 
energy  of  thermal  motion  frequently  exceeds  "binding  energy  of  atoms 
In  solid  or  liquid  substance. 

For  density  on  the  order  of  density  of  solid  body  and,  nximber 
of  free  electrons  per  atom  on  the  order  of  unity,  degeneracy 
temperature  Is  equal  to  several  tens  of  thousands  of  degrees  (for 
Instance,  for  n  =  5*10^^  1/cm^  Tq  =  59>000°K),  l.e,,  even  at  a 
temperature  of  one  hundred  thousand  degrees,  it  Is  In  no  way 
possible  to  describe  electrons  by  Boltzmann  statistics. 

It  Is  necessary  to  note  that  for  densities  on  the  order  of 
density  of  solid  body  and  temperatures  of  tens  or  hundreds  of 
thousands  of  degrees,  energy  of  Coulomb  Interaction  of  charged 
particles,  electrons,  and  Ions  Is  comparable  with  their  kinetic 
energy,  and  the  electron  —  ion  gas  Is  essentially  nonideal,* 

Problem  of  determination  of  thermodynamic  properties  of  gas 
under  such  conditions  Is  approximately  solved  by  method  which 
constitutes  a  generalization  of  method  of  Thomas  —  Fermi  for 
statistical  description  of  atom  in  case  of  temperature  different 
from  zero.  In  order  to  expound  the  essence  of  this  method  it  will 
be  necessary  for  us  to  recall  the  basic  ideas  of  Ferml-Dlrac 
quantum  statistics  (for  greater  detail  see,  for  instance  [1]), 

22 

♦For  instance,  for  n  •-  ^*10  and  Z  *  1,  Coulomb  energy 

e^/r  «  e^n^'^^  is  equal  to  kT  at  T  *  60,000°K,  Kinetic  energy 
of  free  electrons,  which  is  determined  not  simply  by  temperature, 
but  also  by  degeneracy  temperature  Tq,  is  also  comparable  to 

Coulomb  energy,  inasmuch  as  Tq  is  thus  equal  to  59>000°K. 
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Let  us  consider  a  free*  electron  gas  at  zero  temperature 
(so-called  completely  degenerate  gas).  Number  of  quantum  states 
In  element  of  volume  dV  and  Interval  of  absolute  values  of  electron 
momenta  from  p  to  p  +  dp  (number  of  cells  In  phase  space  of 
coordinates  and  momenta)  is  equal  to  ^irp  dp  dV/h"^.  In  each  cell 
there  can  be  found  two  electrons  with  oppositely  directed  spins, 
so  that  total  number  of  quantum  states  in  given  Interval  dpdV  is 
Sttp  dp  dV/h'^.  According  to  the  Pauli  principle,  in  every  quantum 
state,  with  given  direction  of  spin,  there  can  be  not  more  than  one 
electron, 

N  electrons  located  in  volume  V  (n  =  H/V  Is  number  of  electrons 

-X 

in  1  cm  )  fill  all  of  the  lowest  energy  states  with  momenta  from 


0  to  Pq,  so  that 


p* 

0 


gnp>dp  _ 

- 3W  "• 


Prom  this  there  follows  the  expression  for  maximum  kinetic 

2 

energy  of  electrons  Eq  =  p^  —  so-called  (maximum)  Fermi  energy: 

I  I  e  2  (5.88) 

Degeneracy  temperature  (5.87)  is  defined  as  Tq  =  £qA.  Kinetic 
energy  of  N  electrons  in  volume  V  is  equal  to: 


(3.89) 


*Free  in  the  sense  that  forces  do  not  act  on  electrons.  At 
the  same  time  it  is  assumed  that  electron  gas  does  not  spread  out. 
Actually  this  can  be  imagined  as  an  electrically  neutral  mixture 
of  ions  and  electrons,  in  which  average  self-consistent  field 
is  considered  to  be  equal  to  zero  (everywhere,  besides  at 
boundaries  of  the  body). 


(Average  kinetic  energy  of  one  electron  is  equal  to 

Inasmuch  as  electrons  are  assumed  to  be  free^  then  kinetic 
energy  at  the  same  time  is  also  equal  to  total  energy  Ej^  =  E,  and 
in  virtue  of  thermodynamic  relationship  TdS  »  dE  +  PdV,  referred 
to  zero  temperature,  pressure  of  free  degenerate  electron  gas  Is 


equal  to 


P-- 


TT"  2oUy  ^ 


(5.90) 


Pressure  Is  proportional  to  density  to  the  5/5  power. 

Relationship  between  pressure  and  kinetic  energy  P  »  2/5.Ej^/V’ 
Is  the  same  as  In  a  monatomic  Boltzmann  gas.  This  Is  understandable 
since  "kinetic”  pressure  Is  determined  by  transfer  of  momentum 
by  particles,  and  Its  relation  to  kinetic  energy  of  particles  Is 
purely  mechanical,  not  depending  on  type  of  statistics  which  the 
particles  obey. 

With  Increase  of  temperature,  electrons  which  earlier  filled 


the  lowest  energy  levels  pass  into  higher  quantum  states.  In 
quantum  statistics  of  Ferml-Dirac,  it  Is  proven  that  distribution 
function  of  particles  over  queuitum  states,  i.e,,  average  number 
of  electrons  In  quantum  state  with  energy  e.  Is 


(5.91) 


where  p.  Is  a  constant  depending  on  temperature  and  density  of 
electrons,  an  constituting  the  chemical  potential  of  an  electron 


gas.  In  free  electron  gas  energy  e  is  equal  to  kinetic  energy 
2 

gap  /Sm^o  At  zero  temperature,  distribution  function  Is  equal 


to  1  If  e  < 


and  Is  equal  to  0  if 
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e  >  M- 


'-M-  +  e 


=  +00 


^ ,  i.e . , 


we  obtain  the  already  found  above 


distribution,  where,  as  we  may  see  from  this  reasoning,  chemical 
potential  of  free  gas  coincides  with  Fermi  energy  e^.  At  tem¬ 
perature  different  from  zero,  distribution  is  "spread  out,"  as 
shown  in  Fig.  3.2. 


Number  of  electrons  in  1  cm 
with  momenta  in  interval  from 


p  to  p  +  dp  is 


(3.92) 


e  +1 


Fig.  3.2.  Distribution 

function  for  electron  j  ^  ^  ^ 

gas  according  to  Fermi  —  total  number  of  electrons 


Dirac  statistics. 


per  unit  of  volume  is  equal  to 


5  0  e  +1 


(3.93) 


Thus  formula  determines  in  implicit  form  the  chemical  potential 
4  as  a  function  of  temperature  and  density. 


Kinetic  energy  of  electrons  per  unit  of  volume  is  equal  to 


0  •  .  »T  I  « 


(3.94) 


Statistics  can  be  applied  also  to  electron  gas  located  in  a 
potential  field.  It  is  clear  that  the  field  must  change  in  space 
quite  slowly,  so  that  in  elementary  volume  dV,  throughout  which  the 
field  can  be  considered  to  be  constant,  there  are  sufficiently  many 
particles.  Otherwise,  application  of  statistics  to  particles  loses 
its  meaning.*  If  we  designate  electrostatic  potential  of  field  at 


♦Field  should  change  little  at  a  distance  on  the  order  of  wave 
length  of  electron. 
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point  r  by  (p(r) ,  then  energy  of  electron  e  can  be  vrrltten  in  the 


form 


(3.95) 


In  statistical  mechanics  It  Is  proven  that  If  gas  Is  located 
In  a  field,  then  In  state  of  equlllbrlTim  Its  chemical  potential 
|i  must  be  Identical  at  different  points.  Otherwise  particles  will 
flow  from  one  place  to  another. 

If  we  consider  an  electron  gas  located  In  a  field  at  zero 
temperature,  then,  according  to  formulas  (5.9I),  (3.95),  distribution 
function  f  as  before  Is  equal  to  1  If  e  =  p^/Sm^  -  e<p(r)  <  |i,  and 

p 

Is  equal  to  0  If  e  =  p  /2m^  -  e(p(r)  >  |i.  Thus,  maximum  kinetic 
energy  of  electron  at  given  point  r  Is  equal  to  EQ(r)  =  [J.  +  e(p(r). 

It  now  depends  on  coordinate,  but  maximum  total  energy  of  electron 
PQ/2mg  -  e<p(r)  =  Eq  -  e<p(r)  *  u,  which  Is  equal  to  chemical 
potential,  does  not  depend  on  the  point  (If  It  depended  on 
coordinate,  electrons  would  flow  from  place  with  higher  to  place 
with  lower  maximum  energy) . 

Formulas  (3.92)  to  (3.9^)  are  also  valid  for  a  gas  located  In 
a  field  If  by  e  we  understand  quantity  (3.95).  Formula  (3.95)  uow 
gives  Implicit  relation  of  density  of  gas  at  point  r,  n(r)  to 
quantity  EQ(r)  =  u  +  e<p(r),  l.e.,  to  potential  at  given  point 
and  temperature  T.  At  T  =  0  this  relation,  as  before.  Is  expressed 
by  formula  (3.88). 


§  13.  Thomas-Ferml  Model  of  Atom  and  Strong 
Compression  of  a  Cold  Substance 

During  description  of  a  dense  gas  according  to  method  of 

Thomas-Ferml,  there  Is  not  made  a  distinction  between  "free”  and 

"bound"  electrons,  and  gas  Is  considered  to  consist  not  of  Ions  and 
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electrons,  as  at  small  densities,  but  of  nuclei  and  electrons. 
Nuclei  obey  Boltzmann  statistics  and  Introduce  their  own 
contribution  to  total  pressure  and  total  specific  thermal  energy. 

At  high  temperatures  this  contribution  corresponds  to  a  usual 
monatomic  gas: 

(n  Is  number  of  nuclei  In  1  cm^,  p  Is  density  of  substance). 

All  of  the  energy  of  Interaction  of  particles  will  be  ascribed  to 
electrons.  For  calculation  of  electronic  parts  of  energy  and 
pressure,  gas  Is  divided  Into  atomic  cells,  each  of  which  contains 
nucleus  with  charge  Ze  and  Z  electrons.  For  simplicity  the  cell 
Is  considered  to  be  spherical.  Volume  of  It  V  Is  taken  equal  to 
average  volume  In  substance  per  nucleus:  V  =  1/n^,  and  radius 
Tq  =  (3V/4r)^/^  =  , 

Between  atomic  cells  In  Thomas-Ferml  model  there  do  not 
act  cohesive  forces,  so  that  this  model  does  not  describe  bonds 
of  atoms  In  a  solid  body.  Cells  exert  on  one  another  a  positive 
pressure,  which  coincides  with  pressure  of  electron  gas,  l.e.,  model 
describes  only  repulsive  forces  and  "thermal"  pressure.  Therefore, 
model  gives  reasonable  results  either  for  large  densities,  for  a 
strongly  compressed  solid  body,  when  repulsive  forces  sharply 
predominate  over  attractive  forces  of  atoms,  or  at  high  temperatures 
when  cohesive  forces  can  be  disregarded.  From  what  has  been  said. 

It  follows  that  In  the  model  of  Thoiras-Ferral,  energies  of 
"ionization,"  "excitation"  and  "thermal  motion"  of  electrons  no 
longer  are  calculated  separately,  as  In  examining  of  rarefied 
gases.  They  automatically  are  Included  In  total  electron  energy 


02 


of  the  atomic  cell.  In  order  to  separate  from  it  the  "thermal" 
part  of  energy,  which  Is  specially  related  with  existence  of  tem¬ 
perature,  from  total  energy  we  should  eliminate  energy  of  cell  of 
the  very  same  volume,  hut  corresponding  to  zero  temperature.  The 
same  pertains  also  to  pressure. 

Let  us  first  consider  atomic  cell  at  zero  temperature,  l.e., 
the  statistical  model  of  atom  according  to  Thomas  and  Fermi.* 

At  the  basis  of  this  model  lies  the  assumption  that  In  complicated 
atoms  with  large  number  of  electrons,  majority  of  electrons  possess 
high  principal  quantum  numbers  and  their  motion  Is  quaslc lassie al. 

Electrons  In  atom  are  considered  as  a  gas  located  In  a 
self-consistent  electrostatic  field  quite  slowly  changing  over 
radius**  <p(r)  ,  which  Is  caused  by  charges  of  nucleus  and  electrons 


themselves.  Thereby  there  Is  considered  nonideality  of  the 
electron  gas.  To  this  gas  there  Is  applied  Fermi -Dirac  statistics. 

i:axlmum  kinetic  energy  of  electron  at  given  distance  from 
nucleus  reQ(r)  =  p,  +  e9(r)  Is  related  with  density  of  electrons 
at  this  point  by  formula  (5.88),  so  that  density  Is  expressed  In 
terms  of  potential  by  formula 


9 


I  ..if 


(3.96) 


Electrostatic  potential  'P(r)  satisfies  Poisson  equation: 

|r^(r)|  -  <Jien  (r), 


(3.97) 


which  after  substitution  of  (5.96)  and  Introduction  of  new  "potential" 


*To  detailed  account  of  this  question  Is  dedicated  the  book 
of  Gambosh  [29].  Short  and  clear  account  can  be  found  In  book  of 
L.  D.  Landau  and  E.  M.  Llfshlts  [50]. 

**Posslbllltles  of  statistical  description  of  electron  gas  In 
a  field  were  discussed  In  the  preceding  section. 
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^  =  9  +  1^/e  (potential  is  determined  with  accuracy  up  to  the 
additive  constant)  takes  the  form: 


2  5  S 

3-,  J-.2  ? 


t  dt  _  32.2’n»  ^ 

7  *r('t)  =  — 3 - p-r- 


(5.98) 


To  equation  (5.98)  there  are  attached  boundary  conditions.  In 
the  center,  as  r  -♦  0,  field  becomes  Coulomb  field  of  nucleus,  i.e.. 


(p(r)  =  —  as  r— ^0. 


(3.99) 


Inasmuch  as  cell  is  electrically  neutral,  on  the  boundary  its 
field  is  equal  to  zero  (outside  of  the  cell  potential  is  constant): 

-^  =  0  for  (3.100) 


This  condition  is  equivalent  to  the  obvious  relationship 


Z  =  \n(f)  dr. 


(3.101) 


By  introduction  of  dimensionless  variables 


V«o  _  0.885ao 


(3.102) 


2  2  2  ••8 

where  ag  =  h  /4Tr  m^e  =  0.529*10‘’  cm  is  Bohr  radius  and 


(5.103) 


equation  (3.98)  is  reduced  to  universal  form 


(3.104) 


Boundary  conditions  (3.99)^  (3.100)  take  the  form: 

Dimensionless  form  of  equations  demonstrates  character  of 
similarity  with  respect  to  number  of  electrons  Z,  Namely, 
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distribution  of  density  over  radius  according  to  (3.96),  (3.102), 
(3.103)  can  be  written  In  the  form 

»_o,885.., 

3/2 

where  function  f  Is  proportional  to  (xA)  . 

Solution  of  equation  (3.104) 
with  corresponding  boundary 
conditions  (this  Is  done  by  means 
of  numerical  Integration)  gives 
distribution  of  potential  and 
density  of  electrons  over  radius, 
after  which  It  Is  possible  to 
calculate  all  quantities  which 
are  Interesting  to  us. 


Fig.  3.3.  Schematic 
distribution  of 
electron  density 
In  free  atom. 


Electron  density  In  free  neutral  atom  which  Is  not  compressed 
by  external  forces,  as  the  solution  shows,  extends  to  Infinity: 

X”»0,  n-*0  as  x  — ♦oo*  (Fig.  3.3).  If  as  zero  potential  energy  Is 
taken  the  state  In  which  all  charges  are  separated  to  Infinity,  we 
should  set  potential  cp  equal  to  zero  at  Infinity.  Chemical  potential 
thus  becomes  zero.  Pressure  on  boundary  of  free  atom  which  Is  not 
compressed  by  external  forces,  and  consequently  also  pressure**  In 


*Inasmuch  as  field  of  electrically  neutral  atom  should  decrease 

at  Infinity  faster  than  r  ,  "potential"  f  decreases  faster  than 

r"  ;  boundary  condition  In  this  case  takes  form  r^  ~  x  0  as 

r  -►  00. 

**Pressure  In  system  of  Interacting  particles  Is  composed  of 
two  parts:  kinetic,  connected  with  motion  of  particles  and  their 
kinetic  energy  by  usual  relationship  Pj^  =  2nej^/3,  where  n  Is  number 

of  particles  In  1  cm^,  and  is  their  mean  kinetic  energy;  and 

"potential"  energy,  vdilch  is  equivalent  to  forces  acting  on  particles 
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all  of  space  are  equal  to  zero.  According  to  the  virial  theorem 
for  an  unfounded  Coulomb  field,  total  kinetic  and  potential  energies 
of  particles  are  connected  by  the  relationship  2E^  =  -E^.  Total 

K  p 

energy  of  atom  E°°  =  E?  +  E®  =  -E^  =  Virial  theorem  in  this 

K  p  K  p 

case,  in  essence,  expresses  the  fact  that  kinetic  repulsion  of 
electrons  is  exactly  balanced  by  Coulomb  attraction  of  them  toward 


the  nucleus,  due  to  which  total  pressure,  which  is  equal  to  sum  of 
"kinetic"  and  "potential,"  at  every  point  is  equal  to  zero.  Although 
electron  density,  in  principle,  extends  to  infinity,  main  charge  is 


concentrated  in  a  finite  voliime  According  to  (5.105),  as  the 

linear  scale  of  this  region  serves  Bohr  radius  aQ,  where  ~  Z 


(see  Fig.  5.3).  This  follows  also  from  virial  theorem.  Potential 
energy  of  atom  in  order  of  magnitude  is  equal  to  Ep  ~  -e^Z 
Kinetic  energy  according  to  (5.88),  (5.89)  is  on  the  order  of 


From  condition  of  mechanical  equilibrium  or  virial  theorem  we  will 

in,  G  -y 

find  ~  ( — 5“)^^  ~  ^0^  •  Total  energy  of  atom  is  on  the  order 

of  E®  =  Ep/2  ~  -e^  z'^/^/aQ  ~  .  Exact  value  of  E®  = 

=  -20. 8z'^'^^  ev;  this  is,  in  absolute  value,  the  energy  which  it  is 
necessary  to  expend  in  order  to  separate  all  charges  of  an  atom 


[FOOTNOTE  CONT'D  FROM  PRECEDING  PAGE] 

(in  the  given  case  Coulomb  forces).  Formally  this  separation  follows 
rrom  the  relationship  (at  zero  temperature)  P  =  -dE/^V  = 

=  -SE, /^V  -  SE„/^V  =  P.  +  P  .  Kinetic  pressure  is  always  positive, 
k  P  P 

potential  pressure  Pp  >  0,  if  particles  are  repulsed,  and  Pp  <  0, 
if  they  are  attracted. 
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to  Infinity  (energy  of  total  ionization  of  atom) 


Let  us  consider  now  a  "com¬ 
pressed”  atom,  i.e.,  an  atomic 
cell  of  finite  volume  V,  Now 

pressure  (equal  to  "external" 

2 

force  acting  on  1  cm  of  surface 
of  cell  is  different  from  zero 
and  positive.  Consequently,  also 
electron  density  on  boundary  of 
cell  is  finite  (Pig.  3.4),  Really, 
field  on  boundary  of  cell  is 
lacking.  Electrons  at  the  boundary 
behave  as  free  electrons  and  all  of  the  pressure  at  the  boundary  is 
of  "kinetic"  orgln.  "Kinetic"  pressure,  by  definition,  is  equal 

p 

to  transfer  of  normal  component  of  momentum  to  1  cm  of  surface 
of  cell  in  i  sec.  Inasmuch  as  electrons  are  distributed  over 
directions  of  motion  isotropically, 

J>- (3.106) 

where  p(p,  r^)  is  distribution  function  over  momenta  at  boundary 
of  cell  Tq,  and  v  «  p/m^  is  velocity  of  electrons.  Pressure, 
as  we  should  have  expected,  is  equal  to 


Pig.  3.4.  Schematic 
dlstrlbtulon  of  elec¬ 
tron  density  3ji  "com¬ 
pressed"  atom  —  in 
atomic  cell  of  radius 


P  *  y  ('■*)  ••  ('■»)* 


(3.107) 


where  ej^(rQ)  =  ^eQ(rQ)  is  average  kinetic  energy  of  electron  at 
boundary  of  cell.  Pressures  at  all  points  are  identical; 
p  *  P.  +  P  =  const,  although  "kinetic"  and  "potential"  components 

K  P 

change  from  point  to  point.  "Kinetic"  pressure  Pj^  at  any  point 
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is  expressed  in  terms  of  kinetic  energy  by  a  formula  of  type 
(5.107). 


By  expressing  total  kinetic  and  potential  energies  of  the 
entire  cell  E,  and  by  integrals  over  volume  of  cell  of  energy 

K  p 

densities,  which  are  proportional  to  electron  density,  it  is 
possible  by  means  of  direct  calculation,  to  be  convinced  that* 


PV.|£.+i£,. 


(5.108) 


Equation  (3.108)  can  be  derived  from  virial  theorem  applied 

to  system  of  particles  located  in  Coulomb  field  and  occupying 

finite  volume.**  In  particular,  for  a  free  atom  P  =  0  and 

2E?  =  -E^,  as  it  was  already  said  above. 

K  P 


*During  calculation  of  potential  energy,  it  is  necessary  to 
break  potential  into  two  terms,  which  correspond  to  potential 
of  nucleus  and  potential  of  electrons  cp  =  cp  +  cp  i  cp  =  Ze/r: 

cl  0 


£p«Fp,+£p,«  — y4ne  ^  £**n(r)<p,(r)— 4ne1  r*  rfr  n  (/•)«(>»  (r)  = 


(5.109) 


Factor  1/2  in  E^^  is  introduced  because  energy  of  interaction  of 

every  electron  with  every  other  one  in  the  integral  is  taken 
into  account  twice.  In  order  that  potential  energy  be  measured 
from  the  value  corresponding  to  separation  of  all  electrons  to 
infinity,  it  is  necessary  to  set  potential  on  boundary  of  neutral 
cell  <p(rQ)  equal  to  zero.  Inasmuch  as  density  on  boundary  of 

compressed  atom  is  different  from  zero  (it  is  proportional  to  pres¬ 
sure),  chemical  potential,  in  virtue  of  definition  of  cp(rQ)  =  0, 

according  to  (3.96)*  is  not  equal  to  zero  and  is  positive. 

**Virlal  theorem  for  motion  of  system  of  particles  in  Coulomb 
field  states:  2£»«/=»  — where  r^  is  radius  vector  of 

i-th  electron,  and  is  force  acting  on  it.  Averaging  is  carried 
out  over  all  positions  of  electrons  (or  over  time).  By  dividing 
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hfiff  ii  rji'i'-iaf  imiOTiMii 


During  compression  of  atom,  pressure  and  density  on  boundary 
increase.  Also  energy  of  cell  increases,  in  virtue  of  relationship 
dE  =  -P  dV  (p  >  0).  Physically  this  is  obvious  if  we  consider  that 
the  electron  cloud  which  is  not  restrained  by  external  forces 
while  tending  to  reduce  energy  of  system  to  a  minimum  spreads  out 
to  infinity.  If  we  are  interested  in  energy  of  compression  of 
cell,  then  it  is  necessary  to  measure  from  energy  of  free  atom, 
i.e.,  from  total  energy  of  cell  E(V)  it  is  necessary  to  subtraxit 
energy  of  atom  E°°.  Inasmuch  as  pressure  in  free  atom  is  equal 
to  zero,  then  from  pressure  it  is  not  necessary  to  subtract 
anything. 

Here  we  should  stress  that  Thomas-Fermi  model  is  essence 
describes  only  repulsive  forces  acting  between  atoms  (atomic  cells), 
which  are  equivalent  to  positive  pressure,  and  does  not  describe 
attractive  forces,  which  appear  only  during  calculation  of  exchange 
energy.  Therefore,  the  model  cannot  provide  for  binding  of  atoms  in 
a  solid  body.  In  order  to  compress  atomic  cell  to  its  dimensions 
in  a  solid  body  in  Thomas-Fermi  model,  it  is  necessary  to  expend 


[FOOTNOTE  CONT’D  FROM  PRECEDING  PAGE] 

vlrial  I  into  three  components  corresponding  to  forces  acting 
on  electron  from  other  electrons  I^_,  nucleus  I^_,  and  boundary 

6  Bl 

Iq,  and  producing  simple  transformations  (see  [5i]),  we  will  obtain 


s 


I? 


,p,*w,l=4Rr^=3J»V. 


jV  V  nin-rj)  __  e*  V  V  * 
ti  i  J 


-B, 


By  substituting  all  these  terms  into  virial  theorem,  we  will  obtain 

(5.108). 
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work  eigalnst  forces  of  pressure,  and  energy  of  such  a  cell  is 
larger  than  energy  of  free  atom,  whereas  in  reality  pressure  in 
solid  body  at  zero  temperature  is  equal  to  zero,  and  energy  of 
hound  state  of  atom  is  less  than  energy  of  free  atom. 

During  small  compressions  of  free  atom  In  the  considered 
model,  when  volume  V  »  electron  density  Is  redistributed 

only  near  boxindary  (Pig.  3.5)  t  pressure  and  energy  AE  =  E  - 
are  small.  Approximate  dependence  of  pressure  on  volume  of  cell 
can  be  obtained  by  assuming  that  density  on  boundary  r^  Is  the 
same  In  first  approximation  as  density  at  point  r  =  r^  In  a  free 
atom.  As  It  Is  easy  to  verify,  asymptotic  solution  of  equation 
(3.104)  for  free  atom  as  x  cn  has  the  form  x  -  x"^. 

According  to  (5.105)  and 

(5.102),  density  on  boundary 

} 

n(r,)  -  ~ 

and  pressure  according  to  formula 
(5.107)  P  ~  nsQ  ~  n^/^  ~  V“^0/5 
and  does  not  depend  on  Z. 

Considerable  Increase  of 
pressure  and  energy  starts  during 
large  compressions,  when  volume 
of  atomic  cell  becomes  on  the 
order  of  and  less  than  effective 
volume  which  Is  occupied 

by  the  main  part  of  the  electrons  In  the  atom.  Electrons  now 
occupy  the  whole  volume  of  the  cell  (see  Pig.  5.5 )i  and  average  dis¬ 
tance  between  particles  r  is  on  the  order  of  and  average  density 


5’ig.  5.5.  Redistribution 
of  electron  density  during 
compression  of  atom, 
n  ,  n  ,  n  ,  n  are 
schematic  distributions 
In  cells  of  radii  rQ,  r''. 


'  ^0 


distribution  in  free  atom 
(r.  =  oo). 
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n  ~  ZA.  Thus  Ej^  ~  ~  and  E^  ~  -z^A  ~  Z^y-^/^. 

As  can  be  seen  from  these  relationships,  during  compression, 
kinetic  energy  Increases  faster  theui  potential  energy,  and  In  the 
limit  of  small  volumes,  l.e.,  large  densities  of  substance, 

^k  ®p*  ^  ~  ^  ~  ^k'^*  pressure  becomes  "kinetic"  and 

limiting  law  has  the  form 

(5.110) 

Pressure  of  strongly  compressed  cold  substance  Is  proportional 

to  density  of  substance  p  (to  which  average  density  of  electrons  n 

Is  proportional)  to  the  5/3  power,  as  for  a  free  degenerate  electron 

2/'5 

gas.  Specific  energy  accordingly  Is  proportional  to  e  ~  p 

It  Is  necessary  to  say  that  actually  these  limiting  laws 
become  valid  only  at  very  high  densities,  which  by  about  ten  times 
exceed  density  of  usual  solid  bodies.  Actual  dependences  of 
pressure  and  energy  of  cold  compression  of  solid  bodies  on  density 
will  be  discussed  In  Chapter  XI, 

§  14,  Calculation  of  Thermodynamic  Functions  of  Highly 
Heated  Dense  Gas  by  Thomas-Ferml  Method 

General  scheme  of  thermodynamic  description  of  a  dense  gas  at 
high  temperatures  In  the  model  of  Thomas-Ferml  was  presented  In 
beginning  of  preceding  section.  Generalization  of  equations  of 
model  of  cold  atomic  cell  to  the  case  of  temperature  different 
from  zero  Is  made  elementarily.  At  the  basis  lies  the  Poisson 
equation  (3.97)  for  electrostatic  potential  In  cell  9(r),*  which 

-H-Let  us  note  that  Poisson  equation  lies  at  basis  of  calculation  of  Coulomb 
interaction  of  given  Ion  with  electron-ion  cloud  forming  around  it  in  method  of 
Debye-Huckel.  However,  in  distinction  frcm  this  method,  here  Coulcods  energy  la  not 
assumed  to  be  small  as  compared  to  kinetic  energy,  and  for  density  of  charges  there 
Is  written  an  exact  expression  and,  furthermore,  for  description  of  electrons  there 
are  used  distribution  functions  not  of  Boltanann,  but  of  Fermi-Dirac, 
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as  before  satisfies  boundary  conditions  (3.99)  and  (5.100),  and 
also  Is  assumed  to  be  equal  to  zero  on  boundary  of  cell  In  order 
to  provide  an  expedient  reference  for  potential  energy.  However, 
Instead  of  simple  relationship  (3.96)  connecting  electron  density 
n(r)  with  potential,  now  there  appears  Integral  relationship  (3.93) 
with  distribution  function  f (p)  ,  which  depends  on  temperature 
according  to  formula  (3.9^)*  where  energy  of  electron  Is  expressed, 
as  before,  by  formula  (3.95). 

Just  as  before,  the  normalization  condition  (3,101)  Is  valid. 
Total  kinetic  energy  of  cell  is  calculated  by  means  of  Integration 
of  density  of  kinetic  energy  (3.9^)  over  volume  of  cell,  but  potential 
energy  is  expressed  In  terms  of  electron  density  and  potential  by 
formula  (3.109). 

For  pressure  formula  (3.106)  is  accurate.  If  by  p(p,  r^)  we 
now  ui'iderstand  distribution  function  over  momenta,  which  depends  on 
temperature  according  to  formula  (3.92).  As  before  we  have  the 
vlrial  theorem,  leading  to  relationship  (3.108),  which  follows 
directly  from  expressions  for  P,  and  E^, 

Certain  difficulties  are  presented  by  calculation  of  entropy 
of  cell  S.  Direct  calculation  of  it  with  help  of  thermodynamic 
relationships  and  expressions  for  energy  E  and  pressure  P  of  cell 
was  made  by  Brachman  [32],  Less  rigorously,  by  means  of 
approximate  calculation  of  statistical  sum.  Latter  [3i]  found 
entropy.  Entropy  of  cell  is  equal  to 

j^-|- +  ^Po~ ^1*]  •  (3.m) 

where  E^^  and  Ep^^  are  potential  energies  of  Interaction  of  electrons 
with  each  other  and  with  nuclei  (see  formula  (3.109)).  For 
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determination  of  chemical  potential  as  function  of  T  and  V  serves 
normalization  condition  (3,101). 

It  Is  possible  to  show  that  as  T  0  the  expression  In 
parentheses  tends  to  zero  faster  than  T,  so  that  S  -*■  0  In  accordance 
with  theorem  of  Nernst. 

System  of  equations  for  determination  of  functions  <p(r)  and 
n(r),  and  also  expressions  for  energy,  pressure  and  entropy  can  be 
transformed  to  dimensionless  variables  (as  scale  of  length  there 
is  Introduced  radius  of  cell  r^),  where,  as  at  zero  temperature, 
model  allows  similarity  transformation  with  respect  to  Z,  At  zero 
temperature  distribution  of  density  was  expressed  by  formula 
(3.105),  whence  It  follows  that  density  on  boundary  of  cell  can  be 
represented  In  the  form  n(rQ)  *  Z^P(V*Z)  (r^Z^/^  -*•  V»Z);  pressure, 
according  to  (3.107)#  In  the  form  P  «  Z^®/^P^(V*Z);  and  energy, 
according  to  (3.108),  in  the  form  E  - 

At  temperature  different  from  zero  these  sj^larlty  relations 
are  generalized  In  such  a  way  that  temperature  always  Is  contained 
in  the  form  of  combination  TZ  so  that 

>•  4  T  4 

Entropy  and  chemical  potential  always  appear  In  the  form  of 

-1 

combinations  SZ  ,  ^J:Z 

Equations  of  Thomas-Ferml  model  were- solved  numerically 
with  help  of  electronic  computer,  and  results  of  calculation  of 
thermodynamic  functions  within  a  wide  range  of  variables  VZ 
and  TZ"^/^  (densities  and  temperatures)  axe  given  In  the  form  of 
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graphs  In  the  article  of  Latter  [5^].* 

From  energy  E  there  was  subtracted  energy  of  cold  free  atom 
(accordingly  from  Ej^  and  Ep  there  were  subtracted  E®  and  E^). 

Consideration  of  results  of  calculations  shows  that  with 
Increase  of  temperature  In  cell  of  given  volume,  kinetic  and 
total  energies  and  pressure  monotonlcally  Incrviase. 

Potential  energy  changes  little  —  only  due  to  redistribution 

of  electron  density,  which  with  Increase  of  temperature  Is 

equalized  over  the  volume  of  the  cell.  In  the  limit  of  very  high 

temperatures,  when  there  Is  plotted  degeneracy  of  an  electron 

gas  (for  kT  »  see  formula  (3.87)),  energy  and  pressure 

e 

tend  to  their  natural  values: 

P>^-^kT^nkT. 

If  we  isothermally  compress  atomic  cell,  pressure  In  It  mono¬ 
tonlcally  Increases,  and  Indeed,  more  slowly  than  In  case  of  zero 
temperature,  which  may  be  seen  at  least  from  the  fact  that  In  the 
limit  of  high  temperatures  P  ~  lA»  whereas  at  T  =  0  and 
V  -*■  0  P  ~  Energy  at  not  too  high  temperatures  has  a  flat 

minimum,  depending  upon  volume:  Increase  of  energy  during 
rarefaction  Is  connected  with  the  fact  that  for  large  dimensions  of 
cell,  electrons,  due  to  presence  of  temperature  and  "thermal" 

*Even  before  the  work  of  Latter,  a  number  of  authors  [33] 
tried  to  consider  by  method  of  perturbation  theory  a  temperature 
correction  to  solutions  for  zero  temperature.  However,  such  a 
procedure  entails  numerical  calculations  which  are  not  much  less 
complicated,  than  solution  of  exact  equations,  and  encompasses 
a  temperature  range  which  Is  much  narrower. 
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pressure,  tend  to  occupy  somewhat  larger  volume  than  In  case  of  a 
cold  cell,  which  leads  to  certain  Increase  of  potential  energy. 

As  aji  example  of  temperature  dependence  of  energy,  we  will 
Indicate  that  energy  of  cell  for  one  atom  of  Iron,  at  normal 
density  of  solid  Iron,  can  he  approximated  In  Interval  of  tem¬ 
peratures  from  20,000°  to  50,000°K  by  Interpolation  formula 

£«0,865fU*  ev/atom 

(from  energy  of  cell  there  Is  eliminated  energy  E°°;  temperature  Is 
measured  In  ev) . 

At  densities  less  than  density  of  solid  state,  energy  weakly 

0  I'S 

depends  on  volume,  roughly  speaking,  as  E  ~  V  *  In  order  to 
obtain  total  energy  and  pressure  of  substance,  to  electron  components 
corresponding  to  atomic  cell  E  and  P  It  Is  necessary  to  add  nuclear 
components  (see  beginning  of  §  15),  l,e.,  to  assume  that 

n^kT  +  P,  (K,  T),  P,  =  P, 

E  f  T)  psr  «totn{  Ef^E^ 


For  density  equal  to  density  of  solid  body.  It  Is  possible 
to  somewhat  Improve  these  results  by  eliminating  from  pressure 
and  energy  quantities  corresponding  to  cold  cell  of  the  same  volume 
(since  In  reality  pressure  In  real  solid  body  at  zero  temperature 
Is  equal  to  zero),  and  adding  to  energy  the  binding  energy  of  atoms 
of  the  solid  body  (heat  of  evaporation  U) 

f«i,-|-ftr+£.(F,r)-£,(K,6)+y  per  atom. 

Thus  energy  Is  measured  from  normal  state  of  solid  body. 
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CHAPTER  IV 

SHOCK  TUBES 

§  1.  Use  of  Shock  Tube  for  Study  of  Physicochemical  Kinetics 

In  the  preceding  chapter  were  mentioned  different  physicochemical 
processes  which  occur  in  gases  at  temperatures  of  the  order  of  a 
thousand  or  several  thousand  degrees  and  higher,  such  as  excitation 
of  molecular  vibrations,  dissociation  of  molecules,  chemical  reactions, 
ionization,  emission  of  light.  We  considered  the  influence  of  these 
processes  on  thermodynamic  properties  of  gases,  absolutely  not  being 
interested  by  their  kinetics,  speeds  of  reactions,  times  of  establish¬ 
ing  thermodynamic  equilibrium. 

Meanwhile  questions  of  kinetics  have  a  large,  frequently  decisive 
value,  if  the  over-all  gas-dynamic  process  occurs  so  rapidly  that 
thermodynamic  equilibrium  cannot  be  established,  and  state  of  gas 
particles  is  essentially  unbalanced. 

These  questions  are  especially  timely  in  connection  with  problems 
of  entrance  of  rockets  and  artificial  satellites  into  the  atmosphere, 
supersonic  flows  in  powerful  jet  engines,  strong  explosions,  powerful 
electric  discharges,  etc. 

In  distinction  from  thermodynamic  properties  of  gases,  which  are 
comparatively  easily  calculated  by  theoretical  methods,  our  information 
about  effective  cross-sections  of  elementary  processes  ajid  speeds  of 
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various  physicochemical  treuisformations  is  dravm  mainly  from  experiment. 
The  tool  most  convenient  and  widely  applied  at  present  for  production 
in  laboratory  of  high  temperatures  and  investigation  of  physicochemical 
processes  in  gases  is  the  shock  tube.  A  shock  tube  serves  for  creation 
of  a  shock  wave  in  the  gas  which  heats  the  gas  to  the  needed  temper¬ 
ature  .  * 

As  we  know,  in  a  shock  wave  initially  cold  gas  is  practically 
instantly  heated  to  a  high  temperature**  which  may  be  regulated,  chang¬ 
ing  intensity  of  shock  wave.  Then  in  the  heated  gas  particle  begin 
different  processes:  excitation  of  molecular  vibrations,  dissociation, 
ionization,  etc.,  role  and  speed  of  which  depend  on  temperature  (and 
density) .  Gradually  these  relaxation  processes  lead  to  establishment 
of  thermodynamic  equilibrium,  corresponding  to  amplitude  of  shock  wave. 
Thus,  for  a  shock  wave  there  exists  an  vuibalanced  shell  (which  it  is 
possible  to  include  in  the  idea  of  front  of  shock  wave) ,  where  relaxa¬ 
tion  processes  develop;  this  shell  is  also  Investigated  by  experiment. 
Theory  permits  connecting  distribution  of  density  and  temperature  in 
relaxation  shell  with  speeds  of  reactions;  therefore,  measurement  of 
distributions  by  experiment  makes  it  possible  to  determine  speed  of 
relaxation  processes.  (In  certain  cases  is  possible  direct  recording 
of  kinetics  of  reaction.) 

We  will  deal  in  detail  with  the  structure  of  relaxation  layer 
in  front  of  shock  wave  in  Chapter  VII.  In  Chapter  VI  will  be  considered 
different  physicochemical  processes  occurlng  in  heated  gases,  and 
estimates  of  their  speed.  Inasmuch  as  many  actual  data  about  speeds 

*There  also  exist  other  methods  of  obtaining  shock  waves:  with  the 
help  of  explosions,  powerful  electric  discharges,  etc. 

**By  "temperature"  here  is  understood  temperature  of  forward  degrees 
of  freedom  of  atoms  and  molecules. 
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are  obtained  with  the  help  of  the  shock  tube,  it  is  expedient  to  see 


preliminarily  how  this  Important  device  works. 


Let  us  stress  that  our  account,  pur¬ 
suing  a  purely  auxiliary  purpose,  will  be 
extraordinarily  short.  It  in  no  way 
reflects  the  real  volume  of  experimental 
work  which  is  truly  huge.  For  more 
detailed  familiarization  with  questions 
of  construction  and  work  of  shock  tubes, 
and  tlso  with  experimental  methods  of 
investigations  and  measurements  of  differ¬ 
ent  magnitudes,  it  is  possible  to  recom¬ 
mend  survey  articles  [1,  2]  and  books  [3^ 


Fig.  4.1.  Action  of 
shock  tube,  a)  diagram 
of  tube  before  opera¬ 
tion;  b)  profile  of 
pressure  before  break¬ 
ing  of  diaphragm;  c), 

d)  profiles  of  pressure 
and  temperature  in  cer¬ 
tain  moment  t^  after 

breaking  of  diaphragm; 

e)  ,  f)  profiles  of  pres¬ 
sure  and  temperature  at 
time  tg  after  reflection 
of  shock  wave  from  closed 
end  of  pipe.  All  profiles 
are  given  schematically. 

Arrows  for  shock  waves 
show  direction  of  prop¬ 
agation  of  shock  wave. 
Other  arrows  show  direc¬ 
tion  of  motion  of  gas. 

KEY:  (a)  diaphragm;  (b) 

working  gas;  (c)  investi¬ 
gated  gas;  (d)  initial 
state . 


4].  In  the  same  place  the  reader  will 
also  find  reference  to  original  works. 

Here  these  references  are  not  numerous 
and  have  a  more  or  less  random  character. 

We  will  not  remain  on  other  methods 
of  obtaining  high  temperatures  (see  [l6]). 
Let  us  note  only  the  very  interesting 
works  of  Yu.  N.  Ryabinin  [17]  on  adiabatic 
compression  of  gases.  Gas  in  a  pipe  was 
compressed  by  a  "flying"  piston  hundreds 
of  times  up  to  pressures  in  10,000  atm. 
and  adiabatically  was  heated  up  to  temp¬ 
eratures  ~9000°K.  With  the  help  of 


installation  he  created,  Ryabinin  studied 


thermodynamic  and  optical  properties  and  electrical  conductivity  of 
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high-heated  gases. 


§  2.  Principles  of  Action 

A  shock  tube  is  a  long  pipe,  usually  round  or  of  a  right -angle 
cross  section,  which  is  divided  by  a  thin  diaphragm  into  two  parts. 

One  of  them,  the  chamber  of  low  pressure,  is  filled  by  the  investigated 
gas.  Into  the  second  part,  the  chamber  of  high  pressure,  is  forced 
the  working  gas.  Dimensions  of  the  tube  are  different.  Usually  its 
length  is  several  meters,  but  the  internal  diameter  is  of  the  order 
of  several  centimeters.  The  length  of  the  chamber  of  low  pressure  is 
a  few  times  larger  than  the  length  of  the  chamber  of  high  pressure. 
Pressure  of  investigated  gas,  as  a  rule,  does  not  exceed  atmospheric, 
and  most  frequently  is  lower,  of  the  order  of  several  centimeters  of 
mercury.  In  the  chamber  of  high  pressure  it  is  attempted  to  create 
a  possibly  larger  pressure,  of  the  order  of  several  tens  or  hundreds 
of  atmospheres. 

At  the  needed  moment  the  diaphragm,  with  the  help  of  a  special 
device,  quickly  bursts  and  the  strongly  compressed  working  gas  rushes 
into  the  chamber  of  low  pressure.  Along  the  investigated  gas  spreads 
a  shock  wave,  but  along  the  working  gas  runs  a  wave  of  rarefaction. 
Profiles  of  pressure  before  and  after  break  of  diaphragm,  and  also 
profile  of  temperature  after  breeik  of  diaphragm  are  schematically 
shown  in  Pig.  4.1. 

On  the  figure  are  not  shown  the  parts  of  distribution  of  magnitude 
in  front  of  shock  wave,  which  is  represented  in  the  form  of  a  "class¬ 
ical"  shock  wave.  After  the  shock  wave  reaches  the  end  of  the  tube, 
usually  a  closed  motionless  cover,  it  is  reflected  and  flows  toward 
the  working  gas.  Pressure  and  temperature  in  the  reflected  shock  wave 
sharply  Jump  as  compared  to  values  in  the  Incident  wave.  Gas  in  the 
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reflected  shock  wave  is  motionless  with  respect 
to  walls  of  pipe,  x,  t-Diagram  of  process  is 
shown  in  Fig.  4.2. 

§  5.  Elementary  Theory  of  Shock  Tube 
Parameters  of  incident  shock  wave  are  easy 
to  estimate,  considering  the  collapse  of  the 
arbitrary  Initial  break  (see  §  24,  Ch.  I).  We 
will  consider  for  simplicity  that  investigated 
and  working  gases  possess  constant  adiabatic 
indices  7  and  7’  correspondingly,  we  will  con¬ 
sider  only  strong  shock  waves.*  Let  us  ascribe  to  the  magnitudes  in 
undisturbed  investigated  gas  the  index  "O",  the  index  "l"  to  the 
magnitudes  after  front  of  shock  wave,  the  index  "2"  to  the  magnitudes 
in  the  working  gas,  having  passed  through  the  wave  of  rarefaction,  and 

the  index  "3"  to  magnitudes  in  the  undisturbed  wave  of  rarefaction 
working  gas. 

By  the  formulas  of  (1.111)  for  a  strong  shock  wave  we  have 

(u  —  molecular  weight  of  Investigated  gas). 

On  contact  boundary  between  the  two  gases  pressure  aind  speed  are 
continuous,  so  that  Pg  ■  "  Pj  Ug  »  u^  ■  u  (density  and  temperature 

on  contact  experience  a  discontinuity).  The  contact  boundary,  which 
moves  with  speed  u,  serves  as  a  "piston",  pushing  the  shock  wave.  By 
the  known  formula  (see  §  10  Ch.  I)  speed  of  working  gas,  having  passed 
through  the  wave  of  rarefaction,  equals 

■— (^*2) 
where  speed  of  sound  Cg  and  c^  are  connected  by  the  condition  of 

*Is  assumed  also  that  the  mass  of  the  diaphragm  may  be  disregarded, 
l.e.,  times  are  considered  when  the  shock  wave  encompasses  a  suffi¬ 
ciently  large  mass  of  Investigated  gas. 


for  motion  in  shock 
tube,  shown  in  Fig. 
4.1.  OA  —  shock  wavei, 
OC  —  contact  discon¬ 
tinuity,  fan  between 
OE  and  OD  —  wave  of 
rarefaction  in  work¬ 
ing  gas,  AB  —  reflec¬ 
ted  shock  wave. 
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adiabaclty  of  expansion; 


•» 


Expressing  p  =  p^  by  u  =»  according  to  the  formulas  of  (4.1)  we  will 
obtain  an  equation  from  which  can  be  found  speed  of  "piston"  at  known 
initial  values  of  parameters: 


y-1 


3ti 

|l  _  j*  Y'(Y+1)  go 


('t-3) 


Speed  of  sound  o,  equals  where  u'  is  molecular  weight  of 

working  gas.  Intensity  of  shock  wave  is  completely  determined  by 
speed  of  "piston"  u.  In  particular,  temperature  after  the  front  equals 

iut 

The  most  powerful  shock  wave,  other  things  being  equal,  will  be 
formed  if  ratio  of  initial  densities  Pq/Pj  is  small,  so  tha  the 
working  gas,  after  break  of  diaphragm,  flows  practically  into  a 
vacuum,  with  maximum  speed  of  outflow 


(4.4) 


The  corresponding  upper  limit  of  temperature  for  the  front  of  the 
shock  wave  equals 


»  _  2y'(Y-1)  H  ^ 

(Y'-l)*  (^-5) 

From  the  last  formula  it  is  clear  that  for  creation  of  high  temp¬ 
eratures  it  is  necessary  to  use  a  light  working  gas,  while  the  highest 
temperatures  appear  in  heavy  monatomic  gases  (the  less  the  heat  capa¬ 
city,  the  bigger  the  magnitude  7  -  1  =  R/cy,  vhJch  is  in  the  numerator 
of  formula  (4.5))i 

The  most  profitable  of  all  to  use  as  a  working  gas  is  hydrogen 


(^x'  =  2,  7'  -  7/5,  T 


1  max  "  ®*75(7  -  1)m.T^),*  helium  is  also  used 
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(H'  =  4,  7'-  5/3,  -  1.87(7  -  l)nTj). 

Achievement  of  highest  possible  speed  (4.4)  requires  an  exception¬ 
ally  small  ratio  of  initial  densities  of  gases  Pq/p^  (extraordinarily 
large  pressure  drop  py'pQ) .  Under  real  values  of  pressure  drop  the 
investigated  gas  renders  an  essential  "resistance"  to  the  outflow  of 
working  gas  and  speed  u,  calculated  by  equation  (4.3) ^  turns  out  to 
be  a  few  times  less  than  speed  of  outflow  into  the  vacuum.  Temperature 
in  the  shock  wave  is  lowered  still  more  sharply. 

Let  us  consider  a  specific  example.  Let  us  assiime  that  hydrogen 
serves  as  the  working  gas  and  argon  is  investigated  (p,  =  40,  y  =  5/3)  . 

Initial  temperatures  of  both  gases  are  identical  and  are  equal  to  room 

t 

temperature:  Tq  =  =  300°K.  Ratio  of  initial  pressures  P^^Pq  =  7600, 

we  will  say,  p^  =  5  inm  Hg,  p^  =  50  atm.  We  obtain:  u  =  3.9  km/sec, 

D  =  5.2  km/sec,  Mach  number  M  =  ^  =  l6,  T.  =  4lT^  =  12,300°K, 

Cq  J-  2 

p^  =  320Pq  =2.1  atm.  Upper  limit  of  speed  =9.4  km/sec.* 

In  fact,  temperature  in  shock  wave  will  be  somewhat  lower  than 
12,300°K,  since  v.'ith  such  a  temperature  consumption  of  energy  on 
lonizatj.on  of  argon  already  plays  a  certain  role,  which  somewhat  lowers 
effective  adiabatic  index  of  argon  y.  For  more  exact  calculations 
it  is  necessary  to  use  the  actual  shock  adiabat  of  gas,  taking  into 
account  ionization.  Values  of  speed  of  gas  u,  calculated  by  equation 
(4.3) >  and  also  values  of  speed  of  front,  pressure,  internal  energy 
in  shock  wave  are  little  sensitive  to  assumptions  relative  to  thcr..;o- 
dynamic  properties  of  the  investigated  gas.  Calculation  of  temperature 
without  taking  into  account  consiunption  of  energy  on  ionization, 
dissoc  i.ation,  etc.  can  give  strongly  oversized  figures. 

♦Calculation  of  T.  by  formula  (4.5)  which  for  adiabatic  index 

Q  J-  lUcLA 

7  “  5/3  gives  70, 000°K,  has  no  meaning,  since  at  such  high  temperatures 
the  essential  role  played  by  ionization  and  actual  temperature  is  much 
lower. 
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During  investigation  of  air  in  a  shock  tube  with  hydrogen  as  the 
working  gas  speeds  of  front  up  to  4  km/sec  are  obtained,  (Mach  number 
of  order  12)  and  temperature  after  front  of  shock  wave  of  the  order 
of  4000°K.  There  are  different  methods  of  increase  of  effectiveness 
of  shock  tubes,  making  it  possible  to  increase  somewhat  the  parameters 
of  shock  wave.  In  particular,  it  is  profitable  to  increase  initial 
temperature  of  working  gas  (see  formula  (4. 5) ) .  For  this  an  explosive 
mixture  of  hydrogen  with  oxygen  is  frequently  used  as  the  working  gas 
(the  mixture  is  usually  diluted  by  a  light  neutral  gas  —  helium) .  At 
the  needed  moment  the  mixture  is  ignited  and  as  a  result  of  the  reaction 
the  working  gas  is  heated.  In  such  a  way  we  obtain  in  air  speeds  D 
of  the  order  of  5  km/sec  (Mach  number  of  order  15)  and  temperatures 
of  the  order  of  6000°K.  Constructions  of  shock  tubes  have  been  devel¬ 
oped  with  a  variable  cross-section  and  others  (see  [4]). 

Let  us  calculate  now  parameters  of  reflected  shock  wave,  as  before 
considering  that  heat  capacity  and  adiabatic  index  are  constant.  To 
parameters  of  the  reflected  wave  we  will  ascribe  the  index  "4,"  and  a 
"1"  to  parameters  of  the  Incident  wave,  as  also  earlier.  Using  formula 
(1.69),  connecting  difference  of  pressures,  specific  volume  and  speeds 
with  respect  to  both  sides  of  front  of  shock  wave.  Difference  of 
speeds,  which  is  speed  of  gas  after  front  with  respect  to  gas  before 
front,  in  incident  and  reflected  waves  is  identical.  Assuming  that 
the  incident  wave  is  strong,  we  will  obtain  hence  equation 

u* -  0»* - /»,)  (F,  - F*)  ^  Pi  (Vo-  Vi), 

Equation  of  shock  adlabat  (1.76)  for  reflected  wave  (which  is 
not  strong)  has  the  form 

Noticing  that  Vq/V^  ■  (7  +  l)/(7  -  1)  and  excluding  from  these 

3?5 


It— i)>i+(r+*)/4 


two  equations  will  find  pressure  ratio  on  front  of  reflectea 

wave  after  which  we  will  calculate  density  ratio  and  temp¬ 

eratures.  We  obtain 

ft  3Y-<  Qt  •  Y  ^4  3y-< 

ft  Y-1  ’  Cl  Y-1  *  Ti  Y  ‘ 

During  numerical  estimation  it  is  necessary  to  show  caution.  The 
fact  is  that  in  reflected  wave  temperatures  usually  so  are  high  that 
heat  capacity  of  gas  due  to  dissociation,  ionization,  etc.,  is  not 
constant.  Strictly  speaking,  parameters  of  reflected  wave  should  be 
calculated  using  real  thermodynamic  functions  of  gas.  However,  for 
a  rough  estimate  it  is  possible  to  use  formulas  (4.6),  selecting  for 
the  adiabatic  index  a  certain  effective  value.  In  rarefied  gas  in 
the  region  of  dissociation  or  ionization  it  is  possible  to  take  for 
an  estimate,  for  instance,  y  =  1.20.  This  gives:  Pi^/p^  13,  p^/p^  6, 

T|^/Ti  2.17.  In  heavy  monatomic  gases  tens  of  thousands  of  degrees, 
can  be  obtained  in  reflected  shock  wave.  In  air  at  initial  pressure 
Pq  =  10  mm  Hg  and  speed  of  Incident  wave  D  «  5  km/sec  when  T^  «  5800°K, 
pf/pO  lOi  in  reflected  wave  T^^  «  8600°K,  p^/p^  7  (these  data  are 

obtained  taking  into  account  real  thermodynamic  properties) .  The 
real  process  in  a  shock  tube  is  much  more  complicated  than  is  sketched 
by  the  idealized  system  given  above.  The  shock  wave  becomes 
stationary  not  immediately  after  the  diaphragm  breaks,  but  only  after 
a  certain  time.  Friction  against  walls,  interaction  with  boundary 
layer,  especially  in  reflected  shock  wave,  irregularity  of  heating 
with  respect  to  cross-section  of  tube,  loss  of  energy  through  walls 
and  on  radiation  (at  very  high  temperatures),  mixing  of  gases  near 
contact  discontinuity  and  many  other  effects  play  a  role  (see  in 
reference  to  this  [2,  4,  5];  in  the  same  place  are  references  to  many 
original  works) . 
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§  4.  Electromagnetic  Shock  Tubes. 

Shock  tubes.  In  which  a  shock  wave  In  the  investigated  gas  is 


obtained  during  a  sudden,  expansion  of  initially  compressed  working 
gas,  are  widely  used  for  investigation  of  different  high-temperature 
processes.  However,  maximum  speeds  of  the  shock  wave  (Mach  number), 
and  consequently  also  temperatures  which  are  attained  even  in  Improved 
constructions  based  on  the  shown  principle,  are  very  limited. 


Fig.  4.5.  Diagram 
of  T-form  of  Fow¬ 
ler  tube. 


Recently  new  types  of  shock  tubes  were  pro¬ 
posed,  at  the  basis  of  which  lie  other  principles. 
In  these  devices,  which  are  frequently  called 
electromagnetic  or  magnetic  shock  tubes,  for 
creation  of  intense  shock  waves  effects  of  heating 
of  gas  during  an  electric  discharge  and  accelera¬ 


tion  of  it  under  action  of  magnetic  intensities  are  used.  The  early 


construction  of  Fowler  and  his  colleagues  [6]  is  the  T-form  tube  shown 


in  Fig,  4.3.  The  tube  is  filled  by  the  investigated  gas  under  low 


pressure,  of  the  order  of  a  millimeter  of  mercury.  Into  the  cross 
beam  of  the  "T"  are  Introduced  electrodes  and  through  the  gas 


is  discharged  a  capacitor  battery.  Gas  in  the  discharge  is  rapidly 
heated  to  a  high  temperature  and  under  the  action  of  high  pressure 
with  great  speed  spills  into  the  "vertical"  tube,  pushing  before  Itself 
a  shock  wave. 


In  distinction  from  Fowler  tube,  where  electric  discharge  is  used 
as  a  means  of  rapidly  heating  the  gas,  in  the  T-form  tube  built  by 
Kolb  [7]  for  acceleration  of  gas  —  plasma.  The  phenomenon  of  electro¬ 
magnetic  interaction  of  currents  is  used.  A  busbar,  along  which  flows 
a  return  current  in  the  electrical  discharge  circuit,  maxmally  nearing 
the  discharge  part  of  the  tube,  as  was  shown  in  Fig.  4.4.  As  is  known, 
parallel  conductors  with  oppositely  directed  currents  are  repelled 
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from  each  other.  This  may  he  considered  as  the  result  of  influence 
of  the  magnetic  field  of  one  current  on  the  conductor  with  the  other 
current.  The  force  acting  per  unit  of  volume  of  conductor  with  the 
current,  is  determined  hy  vector  product  of  density  of  current  J  and 
magnetic  field  strength  Hi  f  =  —  [j  H]  (permeability  of  plasma  is 
very  close  to  unity) .  This  force  is  perpendicular  to  directions  of 
current  and  magnetic  field.  In  this  case  the  magnetic  field  of  return 
current,  current  along  the  busbar  repels  the  plasma  with  a  discharge 
current  flowing  along  it  in  the  direction  of  the  vertical  tube,  addi¬ 
tionally  accelerating  it.  As  is  said,  a  "magnetic  piston"  acts  on 
the  plasma.  The  plasma  spills  into  the  vertical  tube  with  a  still 
higher  speed,  creating  in  the  latter  an  even  more  powerful  shock  wave 
than  in  the  absence  of  a  magnetic  field.  Dimensions  of  magnetic 
shock  tube  are  small i  radius  is  approximately  1.5  cm;  length  of  vertical 
part  is  12  cm.  In  one  of  the  typical  experiments  of  Kolb,  a  tube  was 
filled  by  deuterium  with  an  initial  pressure  of  0.7  mm  Hg.  Capacitance 
of  capacitor  battery  was  C  =  0.52  p,f;  it  was  charged  to  V  =  50  kv. 

As  an  oscillogram  of  discharge  current  showed  frequency  of  discharge 
was  equal  to  v  =  TOO  kc.  With  these  parameters  was  attained  maximum 
speed  of  shock  wave,  D  =  90  km/sec  (at  a  distance  of  5.5  cm  from  the 
discharge  part  of  the  tube) .  The  wave  is  weakened  according  to  prop¬ 
agation,  for  Instance,  at  a  distance  of  9  cm  its  speed  drops  to 
75  km/sec.  Temperature  after  the  front  of  the  shock  wave  at  D  =  90 
km/sec  equalled  approximately  120,000°K.'* 

With  a  simple  estimate  we  will  ascertain  that  magnetic  intensity 
with  the  shown  parameters  indeed  can  accelerate  the  plasma  to  such  a 

♦This  temperature  is  calculated  with  respect  to  speed  of  front  with 
the  help  of  shock  adiabat  taking  into  account  effects  of  dissociation, 
but  without  taking  into  account  radiation  flux  from  front,  since  it 
is  small  due  to  transparency  of  gas. 
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high  speed.  Without  talcing  into  account  damping  (which  is  small)  dis¬ 
charge  current  from  moment  of  rupture  is  changed  according  to  the 

sinusoidal  law  I  »  I _ sin  a>t,  where  o)  »  2tv,  and  »  V(C/L)^/^  » 

“  VCco  (L  is  self -inductance  of  circuit,  and  in  this  case  equals  0.1 
millihenry).  Maximum  current  equals  I  -  115,000  amp  =  1.5*10^  c/lO 
units  of  the  CGS  electrostatic  system.  Current  I,  flowing  along  the 
busbar,  creates  at  distance  r  from  it  magnetic  field  H  =  2I/cr.  As 
average  distance  between  busbar  and  plasma  it  is  possible  to  take 

radius  of  tube.  Magnetic  field  acts  on  plasma  as  a  piston  with  pressure 

2 

H  /Stt.  Speed  u,  which  plasma  obtains  under  action  of  such  pressure, 

2  2 

is  determined  by  evident  relationship  H  /Stt  »«  pu  ,  where  p  is  density; 
hence  u  »  H/  V^vp  ■  I/cr  V^vp .  As  I  we  will  take  average  current 

I  - 

Putting  in  formula  for  speed  r  •  1.5  cm,  p  »  0.74*10’^  g/cm^ 

(this  is  the  density  of  deuterium  under  a  pressure  Pq  -  0.7  mm  Hg 
and  room  temperature)  and  magnitude  of  current,  we  will  obtain 
u  ■  80  km/sec.  Thus,  the  magnetic  piston  accelerates  the  plasma  to 
a  speed  of  the  order  of  the  observed  (D_-„  90  km/sec) .  Let  us  note 

that  time  of  action  of  magnetic  piston,  which  is  of  the  order 

••7 

t  r/u  1.9 ’10  sec,  is  less  than  a  quarter  of  the  period  of  dis¬ 
charge  T/4  1/4  V  m  5.6*  10 sec.  The  whole  process  of  acceleration 

of  plasma  occurs  in  the  first  quarter  of  the  period  of  discharge, 
while  the  current  does  not  grow  to  maximum  value.  In  calculation 
which  was  made,  we  disregarded  acceleration  owing  to  purely  thermal 
expansion  of  plasma  heated  by  discharge  current.  Estimates  show  that 
indeed  the  basic  role  in  acceleration  is  played  by  magnetic  pressure, 
but  not  thermal  pressure.  For  an  Increase  of  magnetic  pressure  acting 
on  the  plasma,  in  certain  experiments  to  the  magnetic  field  of  the 
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return  current  (which  for  I  =  =  80,000  amp  and  r  =  1.5  cm  equalled 

approximately  llyOOO  oe)  was  added  still  an  external  magnetic  field 
of  the  same  tHve:.tion  ('-15,000  oe)  .  In  the  Kolb  T-form  tube  It 
very  important  to  obtain  a  high  speed  of  build-up  of  current  and  a 
large  amplitude  of  current  (high  frequency  of  discharge),  i.e.,  it  is 
necessary  to  take  special  measures  for  maximum  decrease  of  self¬ 
inductance  of  circuit.* 


Cr 


J  f- 


Fig.  4.4  Diagram  of 
electromagnetic  Kolb 
tube . 


Fig.  4.5. 

Diagram  of  Kolb 
and  Poltavchenko 
tube.  Elec¬ 
trodes  are  shaded. 


By  the  principle  of  the  "magnetic  piston"  also  acts  the  other 
tube,  built  by  S.  P.  Poltavchenko  and  D.  S.  Poltavchenko  [9],  whose 
diagram  is  shown  in  Fig.  4.5.  The  discharge  current  flows  in  a  radial 
direction  between  the  electrodes,  one  of  which  is  a  rod  located  on 
axis  of  tube,  and  the  other  is  a  cylinder  near  surface  of  tube.  Radial 
discharge  current  interacts  with  concentric  magnetic  current  field, 
flowing  along  the  central  electrode.  A  pondermotive  force  is  directed 
along  axis  of  tube  and  accelerates  plasma  in  this  direction.  Along 
the  tube  spreads  a  shock  wave.  A  characteristic  is  ejection  of  plasma 
from  interelectrode  region,  breaking  away  of  it  from  "bottom"  of  tube 
under  the  influence  of  magnetic  field,  which  acts  like  a  piston. 


*Let  us  indicate  [8  ],  whose  authors  obtained  intense  shock  waves  in 
a  T-form  tube  filled  by  hydrogen  and  helium,  and  investigated  the  glow 
of  heated  gas  in  filaments. 
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Experiments  were  made  in  air.  The  most  intense  shock  wave  with 
Mach  number  M  *»•  250,  D  ••  80  km/sec,  -  150,000°K  was  obtained  with 

the  following  parameters!  C  »  2400  mf,  V  -  5  hv,  I  «  560,000  a  (the 
tube  was  made  from  plexiglas  and  had  a  diameter  from  2  to  5  cm  and  a 
length  from  50  to  90  cm) .  The  wave  rather  rapidly  attenuates  during 
propagation  along  pipe.  Weakly  attenuating  shock  waves,  but  then 
smaller  amplitude,  (D  <  10  km/sec)  are  obtained  on  the  device  of  S.  R. 
Kholev  and  L.  I.  Krestnikova  [10]. 

Principle  of  action  of  the  above  tube  of  S.  R.  Kholev  and  D.  S. 
Poltavcheko  has  much  in  common  with  principle  of  action  of  the  dough¬ 
nut  tube  built  by  Patrick  [11], 

Josephson  [12]  described  a  tube  with  a  conical  hood.  To  the 
cylindrical  pipe  is  Joined  a  conical  hood  (Fig.  4.6).  On  its  end  is 
located  central  electrode.  The  second  electrode  is  the  ring  on  the 
Joint  of  cylindrical  and  conical  parts  of  tube.  Along  the  generatrix 
of  the  cone  go  busbars  for  return  current.  During  discharge  there 
occurs  magnetic  con^ression  of  plasma  to  the  axis  —  "pinch  effect"  — 

1  where  radial  compression  starts  near  central  electrode 
and  gradually  includes  layers  closer  to  the  central. 

Then  the  accelerated  plasma  is  ejected  into  a  cylindrical 
tube,  forml^  a  shock  wave  in  it.  In  [15]  such  a  tube 
was  used  for  acceleration  of  strongly  rarefied  air  to 
speeds  of  the  order  of  12  knv/sec  (M  ••  40,  T^  ••  12,000°K) 
and  investigation  of  flow  around  models  simulating 
rocket  heads. 

More  specifically,  questions  of  construction  of 
electromagnetic  shock  tubes  and  work  with  them  can  be 
found  in  the  collection  of  translations  [14]. 


Fig.  4.6. 
Diagram  of 
tube  with 


conical  head. 
Electrodes 
are  shaded. 
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§  5.  Methods  of  Measurements  of  Different  Magnitudes 

Up  to  the  present  time  there  have  been  developed  and  widely  used 
various  methods  of  observation  of  fast-flowing  processes  in  shock  tubes 
and  measurement  of  different  magnitudes:  speed  of  front  of  shock  wave, 
density,  temperature,  and  others.  A  description  of  these  methods  and 
an  account  of  results  obtained  with  their  help  is  the  subject  of 
extensive  literature.  Many  questions  can  be  met  in  [3,  4]  and  surveys 
[1,  2];  in  the  same  place  are  niimerous  references  to  journalistic 
articles. 

Here  we  will  not  remain  on  a  detailed  consideration  of  methods 
of  experiment  and  we  will  only  briefly  enumerate  the  basic  ones.  We 
hold  the  basic  classification  of  methods  accepted  in  survey  [2]. 

1.  High-speed  photographic  survey.  The  gas-dynamic  process  can 
be  photographed  either  thanks  to  intrinsic  radiation  of  gas  heated 
to  a  high-temperature,  or  in  light  of  an  outside  source.  Chambers 
have  been  developed  and  applied  which  permit  filming  of  the  rapid 
processes  with  a  frequency  up  to  a  million  frames  per  second.*  Widely 
applied  also  is  the  method  of  photo-scanning  at  which  a  beam  of  light, 
being  reflected  from  a  revolving  mirror,  continuously  runs  along  the 
film,  so  that  a  moving  luminescent  object  (let  us  say,  front  of  shock 
wave)  describes  on  the  film  a  continuous  slanted  line.  By  slope  of 
the  line  one  can  determine  speed  of  object. 

2.  Measurement  of  density.  Measurement  of  distribution  of  density 
of  gas  in  an  unbalanced  layer  after  the  shock  wave  has  an  especially 
important  value,  since  distribution  of  density  is  connected  with  speeds 
of  relaxation  processes  (see  Ch.  VII).  Namely,  in  such  a  way  were 

*For  references  to  works  of  Soviet  scientists  ajid  designers  — 
creators  of  unique  high-speed  chambers,  see  in  Chapter  XI. 
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basically  determined  speeds  of  excitation  of  vibrations  and  dissociation 
of  molecules  at  high  temperatures. 

For  measurement  of  distribution  of  density  mainly  the  Interference 
method  is  applied,  at  the  basis  of  which  lies  the  fact  that  the  refrac¬ 
tive  index  of  a  gas  is  changed  with  a  change  of  its  density.  On  the 
change  of  refractive  Indices  during  motion  of  compressible  gas  are 
based  other  important  optical  methods  of  observation  of  field  of  flow: 
the  schlieren  method  and  the  shadow  method.  However, the  most  exact 
quantitative  data  on  distribution  of  density  is  given  by  the  inter¬ 
ference  method.* 

In  the  works  of  Corning  and  others  [5]  distribution  of  density 
in  front  of  weak  shock  waves  was  determined  according  to  reflection 
of  light  from  surface  of  front.  Initial  density  of  gas  was  selected 
in  such  a  mauiner  that  thickness  of  front  of  shock  wave  was  comparable 
with  wave  length  of  light.  Under  this  condition  the  coefficient  of 
reflection  depends  on  thickness  of  transition  layer  and  distribution 
of  density  (i.e.,  refractive  index)  in  it.  Thus  were  measured  thick¬ 
ness  of  front  and  speed  of  excitation  of  rotations  of  molecules  in 
weak  shock  waves. 

Distribution  of  density  of  gas  was  measured  also  according  to 
scattering  of  electron  beam,  by  absorption  of  x-rays. 

3.  Measurement  of  concentration  of  components  of  gas.  In  a  number 
of  cases,  when  in  an  unbalanced  layer  after  the  shock  wave  there  is 
dissociation  of  molecules  or  a  chemical  reaction,  it  is  possible  to 
watch  directly  for  change  of  concentration  of  specific  particles. 

This  is  usually  possible,  if  any  particles  possess  absorption  of  light, 
sharply  expressed  as  compared  to  other  particles.  Thus,  for  instance, 

*The  shown  optical  methods,  in  which  light  Is  used  from  an  outside 
source,  usually  are  applied  at  not  too  high  a  tes^terature,  when  intrin¬ 
sic  radiation  of  the  heated  gas  Is  small. 


was  studied  the  dissociation  of  molecules  of  bromine  and  iodine  in  a 
shock  wave,  dissociation  of  molecules  of  oxygen,  etc.  Molecules  of 
bromine  and  iodine  strongly  absorb  visible  light,  whereas  their  atoms 
do  not  absorb;  molecules  of  oxygen  possess  characteristic  system  of 
absorption  bands  in  ultraviolet  region  (see  Ch.  V) . 

4.  Measurement  of  emission  and  absorption  of  light.  In  many  works 
spectral  measurements  were  made  of  emission  rate  of  light  by  gas  heated 
from  a  shock  wave.  Knowing  density  of  gas  and  temperature,  it  is 
possible  thus  to  determine  radiating  ability  at  various  temperatures 
and  in  various  sections  of  the  spectrum.  Light  is  usually  registered 

by  photographic  methods  or  with  the  help  of  photomultipliers.  According 
to  radiating  ability,  using  Kirchhoff's  law  (see  Ch.  V)  coefficient 
of  absorption  of  light  in  heated  gas  can  also  be  found.  Coefficients 
of  absorption  sometimes  are  also  measured  directly,  according  to  weak¬ 
ening  of  beam  of  light  from  outside  source  during  passage  through  gas. 

5.  Measurement  of  temperature.  For  measurement  of  high  tempera¬ 
tures  optical  methods  are  most  frequently  applied.  Literature  on 
methods  of  optical  pyrometry  is  huge.  We  recommend,  in  particular, 
collection  of  translation  [15];  see  also  survey  [l6]. 

6.  Measurement  of  concentration  of  electrons  and  electrical 
conductivity.  For  measurement  of  degree  of  ionization  of  gas  and 
concentration  of  electrons  in  shock  wave  the  probe  method  of  Langmuir, 
which  is  applied  during  the  study  of  gas  discharges,  is  frequently 
used.  Applied  also  is  the  method  of  absorption  and  reflection  of 
mlcroradiowaves .  Concentration  of  electrons  is  measured  also  accord¬ 
ing  to  glow  of  gas  (for  instance,  intensity  of  recombination  glow  is 
proportional  to  the  square  of  concentration  of  electrons) .  Magnetic 
methods,  in  particular,  based  on  effect  of  displacement  of  moving 
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plasma  of  an  external  magnetic  field  are  applied;  displacement  depends 
on  electrical  conductivity.  Determining  electrical  conductivity,  it 
is  possible  to  calculate  concentration  of  electrons. 

7.  Measurement  of  pressure.  Pressure  most  frequently  is  measured 
with  the  help  of  piezoelectric  transducers  with  a  sensing  device  from 
barium  titanate. 

8,  Measurement  of  speed  of  front  of  shock  wave.  The  simplest  of 
all  to  measure  is  speed,  recording  by  one  or  another  method  the  moments 
of  passage  of  a  shock  wave  of  specific  cross  sections  (at  known  dis¬ 
tances  from  each  other)  in  a  tube.  For  registration  piezopressure 
transducers,  ionization  transducers,  different  electromechanical 
transducers,  and  others,  are  used. 

Very  high  speeds  which  are  obtained  in  electromagnetic  shock  tubes, 
are  usually  measured  with  the  help  of  photo-scanning  (see  paragraph  1) . 


335 


Literature 


1.  S.  S.  Penner,  F.  Harslibarger,  and  V.  Valley.  Problems  of 
rocket,  tech..  No.  6  (1958);  No.  1  (1959). 

2.  S.  A.  Losev  and  A.  I.  Osltpov.  UFN,  595  (196l). 

5.  Physical  measurements  in  gas  dynamics  and  during  burning. 
Translation  of  9th  volume  of  the  series  "Aerodynamics  of  high  speeds 
and  jet  enginneering, "  IL,  1957. 

4.  Shoe?:  tubes.  Collection  of  translations  of  articles  edited 
by  Kh.  A.  Rakhmatallin  and  S.  S.  Semenov,  IL,  I962. 

5.  R.  A.  Strelow  and  A.  Kochen.  Problems  of  rocket,  tech..  No. 
9  (1959). 

6.  R.  G.  Fowler,  W.  R.  Atkinson,  W.  D.  Compton,  and  R.  J.  Lee. 
Phys.  Rev.,  88,  137  (1952);  R.  G.  Fowler,  W.  R.  Atkinson,  and  L.  W. 
Marks.  Phys.  Rev., 07,  966  (1952). 

7.  A.  C.  Kolb.  Phys.  Rev.,107,  545,  1197  (1957). 

8.  W.  *Wle&e,  H.  F.  Berg,  and  H.  R.  Griem.  Phys.  Rev.,  120,  1079 

(i960). 

9.  S.  R.  Kholev  and  D.  S.  Poltavchenko.  DAN,  151,  IO96  (i960). 

10.  S.  R.  Kholev  and  L.  I.  Krestnikova.  News  of  Institutes  of 

Higher  Learning,  Physics,  1,  29  (i960). 

11.  R.  M.  Patrick.  Phys.  Fluids  2,  599  (1959). 

12.  V.  Josephson.  J.  Appl.  Phys., 29,  50,  1958. 

13.  R.  V.  Zimmer.  Problems  of  rocket,  tech..  No.  4,  44  (i960). 

14.  Moving  plasma.  Collection  of  translations.  IL,  196I. 

15.  Optical  pyrometry  of  plasma.  Collection  of  translations. 

IL,  i960. 

16.  V.  Lochte-Holtgreven.  UFN,  72,  No,  3  (I960). 

17.  Yu.  N.  Ryabinln.  Gases  at  large  densities  and  temperatures. 
Fizmatgiz,  1959. 


336 


CHAPTER  V 


ABSORPTION  AND  EMISSION  OF  RADIATION  IN 
GASES  AT  HIGH  TEMPERATURES 

§  i.  Introduction.  Types  of  Electron  Transfer 

In  Chapter  II  It  was  shown  that  the  basic  optical  characteristic 
of  a  gas,  which  determines  degree  of  blackness  of  a  heated  body,  inten¬ 
sity  and  radiation  spectrum,  energy  balance  of  substance  in  conditions 
of  radiant  heat  exchange,  is  the  coefficient  of  absorption  of  light,* 
Knowing  the  coefficient  of  absorption,  with  the  help  of  Klrchhoff  law, 
which  serves  as  an  expression  of  the  general  principle  of  detailed 
equilibrium,  light  emlssivity  of  a  substance  can  also  be  found. 

In  §  2  Chapter  II  was  given  a  short  survey  and  classification 
of  different  mechanisms  of  absorption  and  radiation. 

In  accordance  with  the  general  scheme  of  possible  energy  states 
of  the  atomic  system,  the  simplest  of  which  is  a  system  from  one  proton 
and  one  electron,  in  the  bound  state  forming  an  atom  of  hydrogen,  all 
possible  electron  transfers  accompanying  absorption  and  radiation  of 
light  were  subdivided  into  three  types.  Thus; 

1)  free-free  transfers  (bremsstrahlung  and  absorption  of  light); 

2)  bound-free  transfers  (photoelectric  absorption) ; 

*We  recall  that,  speaking  of  "light,"  "light  quanta,"  "optical" 
properties,  we  consider  radiation  of  any  frequencies,  and  not  only 
those  belonging  to  the  visible  part  of  the  spectrum. 
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,3)  bound-bound  (discrete)  transfers. 

Free-free  and  bound-free  transfers  lead  to  formation  of  a  contin¬ 


uous  (solid)  absorption  spectrum  and  radiation  of  light. 

Bound-bound  transfers  in  atoms  give  a  line  spectra.  As  a  result, 

bound-bound  transitions  in  molecules  form  band  spectra.  Band  spectra 

consist  of  a  great  nuiTiber  of  spectral  lines  closely  located  one  to 

another  with  respect  to  frequency.  In  certain  conditions  the  separate 

lines  are  so  closely  adjacent  that  they  even  part:.ally  overlap  and  an 

almost  continuous  (quasi -continuous)  spectrum  is  obtained. 

Prom  the  point  of  view  of  energy,  there  is  a  fundamental  interest 

in  continuous  (quasi-cont inuous)  spectra. 

Let  us  imagine,  for  instance,  a  body  heated  to  constant  temperature 

T.  If  it  is  an  ideal  black  body,  then  from  its  surface  emerges  a 

radiation  flux  with  plank  distribution  with  respect  to  the  spectrum. 

A  spectral  flux  as  a  function  of  frequency  v  is  shown  in  Fig.  5.1  by 

the  dotted  curve.  The  area  bound  by  this  curve  gives  total  quantity 

2 

of  radiant  energy  emitted  from  1  cm  of  the  surface  of  a  body  in  1 

4 

sec  and  equal  to  oT  .  Let  us  assume  now  that  a  substeoice,  absolutely 

transparent  in  the  continuous  spectrum,  absorbs  and  radiates  only 

line  spectrum,  while  in  frequency  lines  radiation  is  in  thermodynamic 

equilibrium  with  substance.  Spectral  radiation  flux  from  the  surface 

of  a  body  is  shown  now  by  a  system  of  separate  narrow  lines  whose 

height  corresponds  to  Planck  function,  as  is  shown  in  Fig.  5.1  i>y 

solid  curves.  The  uOtal  quantity  of  radiant  energy  outgoing  from 
2 

1  cm  of  the  surface  of  a  body  in  1  sec  is  numerically  equal  to  the 

shaded  area  of  these  lines,  which  due  to  small  width  of  lines,  is  much 

4 

less  than  total  plank  flux  oT  .  Losses  of  energy  of  body  on  radiation, 
and  also  brightness  of  glow  of  surface  in  the  considered  case  is  much 
less  than  if  the  spectrum  was  continuous. 
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Exactly  as  In  many  cases,  line  spectra  play  a  small  role  as  com¬ 
pared  to  continuous  spectra,  in  transfer  of  radiant  energy  inside  a 
body.  Therefore,  basic  attention  in  this  chapter  will  be  allotted 
not  to  line  spectra,  but  to  continuous  and  quasi-continuous  molecular 
spectra. 

At  high  temperatures,  when  molecules 
are  dissociated  and  a  gas  consists  of  atoms, 
and  at  still  higher  temperatures  when  a 
gas  consists  of  ions  and  electrons,  a  contin¬ 
uous  spectrum  of  absorption  and  emission 

Fig.  5.1.  Emission  appears  as  a  result  of  bound-free  and  free- 

spectrum  of  a  heated 

body,  absolutely  trans-  free  transfers.  Calculation  of  probabilities 
parent  in  the  contin¬ 
uous  spectrum,  but  of  electron  transfers,  with  whose  help  can 

opaque  in  lines.  Dotted 

curve  corresponds  to  be  found  coefficients  of  absorption  (and 

plank  spectrum  at  a 

given  temperature.  emission)  of  light  in  the  case  of  many- 

electron  atoms  (complex  atomic  systems),  constitutes  a  very  difficult 
quant urn -mechanical  problem.  It  requires  special  consideration  in 
every  specific  case,  for  every  atom  or  ion  and  even  for  every  quantum 
state  of  system.  Such  calculations  are  made  only  for  a  few  particular 
cases . 

A  comparatively  simple  calculation  can  be  conducted  only  for  the 
simplest,  hydrogen-like  system,  i.e.,  for  transfers  of  a  single  electron 
in  a  Coulomb  field  of  positive  charge  Ze.  Practically,  even  in  examin¬ 
ing  absorption  and  emission  of  light  in  gases  consisting  of  complex 
atoms  or  ions,  frequently  it  is  necessary  to  use  formulas  derived  for 
hydrogen-like  systems. 

Here  the  atom  or  ion  is  in  the  form  of  some  "atomic  remainder" 
with  positive  point  charge  Ze,  in  the  field  of  which  moves  an  "optical" 
electron,  transient  during  absorption  or  emission  of  light  quantum 

339 


from  one  energy  state  to  another.  As  will  be  shown  below,  in  a  number 
of  practically  important  cases,  such  an  approximation  turns  out  to  be  to 
a  certain  degree  justified. 

During  calculation  of  coefficients  of  molecular  absorption  usually 
it  is  possible  to  determine  the  coefficient  as  a  fxinction  of  frequency 
and  temperature  with  an  accuracy  up  to  a  certain  factor  —  strength  of 
oscillation  for  a  given  electron  transition,  which,  as  a  rule,  is 
found  from  experiment . 

In  subsequent  paragraphs  of  this  chapter  we  will  consider  in 
detail  different  mechanisms  of  absoip)tion  and  emission  of  light  in 
gases  at  high  temperatures  and  the  calculated  corresponding  coefficients 
of  absorption.  We  will  be  interested  basically  in  the  physical  side 
of  matter,  not  remaining  in  detail  on  different  approximate  methods 
of  Improvement  of  calculation  formulas  for  coefficients  of  absorption. 

Very  frequently  in  absorption  and  emission  of  light  in  gas  during 
all  given  conditions  a  whole  series  of  mechanisms  participates.  All 
of  them  act  Independently  from  each  other.  Total  absorption  coeffi¬ 
cients  and  radiating  abilities  in  every  spectral  section  are  composed 
of  magnitudes,  corresponding  to  different  mechanisms.  Therefore, 
consecutive  and  Independent  consideration  of  separate  mechanisms  is 
fully  natural.  At  the  end  of  the  chapter,  as  the  most  important 
example  of  such  joint  action  of  many  mechanisms,  from  a  practical  point 
of  view,  the  optical  properties  of  heated  air  will  be  considered. 

1.  Continuous  Spectrum 

§  2.  Bremsstrahlung  of  Electron  in  Coulomb  Field  of  Ion 

As  is  known  from  classical  electrodynamics,  a  free  electron, 
moving  in  an  external  electrical  field,  let  us  say,  in  a  Coulomb  field 
of  an  ion  with  positive  charge  Ze,  radiates  light.  It  loses  part  of 
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its  kinetic  energy,  and  is  "braked,"  which  is  why  such  radiation  is 
called  braking.* 

The  quantity  of  radiant  energy  S,  emitted  by  an  electron  in  1  sec 
is  determined  by  its  acceleration  w; 


S 


(5.1) 


Total  radiation  for  the  whole  electron  transit  time  past  the  ion 
equal  to  the  integral  with  respect  to  time  from  this  expression: 

(5.2) 

Spectral  composition  of  radiation  can  be  found  by  expanding  g- 
vector  w  into  a  Fourier  integral  and  putting  the  expansion  in  formula 


(5.2). 

We  will  obtain 


(5.3) 

where 

is  Fourier  component  of  g-vector  w(t) . 

Magnitude 

(5.4) 

constitutes  the  quantity  of  radiant  energy  of  frequency  v,  emitted 
during  the  transit  of  an  electron  past  the  ion  and  happening  on  a  unit 
Interval  of  frequencies.** 

According  to  classical  mechanics,  in  the  absence  of  losses  of 


*Ed.  note.  The  Russian  term  for  bremsstrahlxmg  Includes  the  word 
for  "braking"  or  "decelerating,"  whereas  the  English  term  does  not. 

**In  accordance  with  astrophyslcal  traditions  we  will  always  use 
not  angular  frequency  oi  ■  2tv,  but  ordinary  v. 
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energy  on  radiation  the  free  electron  (sum  of  kinetic  and  potential 
energies  of  which  is  positive)  flies  past  the  ion  along  a  specific 
hyperbolic  orbit,  characterized  by  impact  parameter  p,  the  meaning  of 
which  is  clear  from  Pig.  5.2. 

The  total  quantity  of  radiated  energy  and  spectral 
composition  of  radiation  may  be  approximately  cal¬ 
culated  by  the  formulas  of  (5.2) -(5.4),  taking  as 
acceleration  w(t)  the  magnitude  corresponding  to 
motion  of  electron  without  radiation.* 

Let  us  assume  that  onto  an  ion  from  infinity 
drops  a  parallel  beam  of  electrons  whose  initial  speed 
on  infinity  equals  v  and  density  is  constant 
(electron  stream  equals  N^v) .  Through  an  elementary 
ring  with  an  area  of  2irp  dp  near  the  ion  in  1  sec 
pass  NgV2Trp  dp  electrons.  Each  of  them  radiates  an  energy  of  AE  erg. 
7.adiation  of  these  electrons  in  1  sec  equals  AENgVSirp.dp  erg/sec. 
Radiation  in  1  sec  of  electrons  passing  the  ion  along  all  possible 
orbits,  will  be  obtained  if  one  Integrates  this  expression  with  respect 

to  p  from  0  to  cd.  Total  energy  content  of  radiation  calculated  on  one 

-2  -1 

ion  and  a  single  electron  stream  N^v  =»  1  cm  sec  ,  is 

09 

^  J  A£.2nQ(fQ  (erg  •  cm  (5.5) 

f 

It  is  possible  to  speak  also  about  content  of  energy  radiated  in 
an  interval  of  frequencies  from  to  v  +  dv,  about  so-called  effective 

Vasco 

radiation  rfj,  (  ^  dq^=qy).  In  accordance  with  determination  (5.5) 
effective  radiation,  i.e.,  content  of  energy  radiated  in  interval  of 
frequencies  dv  from  calculation  on  one  ion  and  single  electron  stream 

♦This  corresponds  to  the  assumption  about  the  fact  that  radiation 
is  small. 


electron  dur¬ 
ing  transit 
past  positive 
ion. 
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equals 


^  S,fiitQdQ($pe-eM*), 


(5.6) 


By  effective  radiation  is  determined  spectral  radiating  ability 
of  a  substance  due  to  bremsstrahlung. 

•  If  in  1  cm-^  there  are  N.  ions  of  a  specific  kind  and  dN  electrons 

*1  6 

with  velocities  from  v  to  v  +  dv,  then  energy  content  in  Interval  of 

■5 

frequencies  from  v  to  v  +  dv,  emitted  in  1  sec  in  1  cm-^  as  a  result 
of  the  deceleration  of  these  electrons  in  a  field  of  ions,  equals 
dNgV-dq^  erg/cm^sec. 

Let  us  estimate  effective  electron  emission  in  a  Coulomb  field 

of  an  ion.  If  electron  is  at  distance  r  from  the  ion  (radius  vector 

r),  from  the  ion  force  -Ze^r/r^  acts  on  it.  Acceleration  caused  by 

2/3 

this  force  is  equal  to  w  =  -Ze  r/r^m,  where  m  is  mass  of  electron. 

Let  us  assume  that  the  electron  possesses  initial  velocity  v  and  flies 
past  the  ion  on  impact  parameter  p.  Time  of  action  of  force  is  of  the 
order  t  p/v,  and  acceleration  during  this  time  is  of  the  order 
w  Ze  /p  m.  In  the  expansion  of  vector  of  acceleration  into  a 
Fourier  Integral  a  basic  role  is  played  by  frequency  of  the  order 
V  ~  l/2Trt  y/2rp,*  It  is  possible  to  say  that  frequency  v  basically 
is  radiated  by  those  electrons  which  fly  past  the  ion  on  Impact  para¬ 
meter  p  ~  v/2t{v,  and  frequencies  in  Interval  from  v  to  v  +  dv  are 
emitted  mainly  by  electrons  with  Impact  parameters  Included  in  the 
interval  dv. 

Energy  emitted  by  each  such  electron  is  of  the  order 


2  ZM 

3  * 


♦For  larger  accuracy  we  will  preserve  the  numerical  coefficient  2Tr. 
(A  basic  role  in  the  expansion  is  played  by  "circular"  frequencies, 
such  that  cut  ~  1.) 
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Effective  radiation  of  frequency  v  corresponds  to  electron  emission 


with  impact  parameter  from  p  to  p  +  dp,  connected  with  frequencies  by 
the  method  shown  above,  so  that 

(5.7) 


Consecutive  calculation  of  effective  radiation  by  the  formulas 
(5.6),  (5.4)  with  g-vector,  found  from  solution  of  mechanical  problem 
about  motion  of  electron  along  a  hyperbolic  orbit  near  an  ion,  is 
made  in  the  book  by  L.  D.  Landau  and  Ye.  M.  Lifshits  [1].  It  gives; 


dq, 


3  yz  «*«•*'* 
32ji  ZM  , 


^  dv  whenv  »- 


2nZe* 


3  Jn*e9i;* 


In 


l,78nvZ«* 


(fv  wheny 


mu* 
2HZe*  * 


(5.8) 

(5.9) 


As  is  evident,  with  large  frequencies  the  exact  result  differs 
from  a  simple  estimate  (5*7)  by  only  the  numerical  factor  y/T  =  2.3. 
With  small  frequencies  the  exact  formula  differs  from  the  simple 
estimate,  besides  by  a  numerical  factor,  also  by  a  logarithmic  factor 
depending  on  frequency.  The  fact  is  that  small  frequencies  are 
radiated  during  far  collisions  with  large  impact  parameters  p,  while 
when  V  -*•  0,  p  oo  collisions  with  parameters  p  >  give  relatively 
even  greater  and  larger  contribution  in  radiation  of  frequency  v  as 
compared  to  collisions  with  parameters  p  which  are  only  consid¬ 

ered  at  the  conclusion  of  simple  formula  (5.7). 

Divergence  of  effective  radiation  on  the  side  of  small  frequencies 
is  characteristic  for  a  Coulomb  field  slowly  dropping  with  distance, 
thanks  to  which  distant  collisions  obtain  so  essential  a  role.  This 
divergence  is  removed  during  calculation  of  shielding,  always  existing 
in  a  real  gas.  Actually  with  respect  to  p  in  formula  (5.6)  one  should 
integrate  not  ^  infinitum,  but,  let  us  say,  to  Debye  radius  d,  which 
will  limit  radiation  on  the  part  of  small  frequencies  to  frequency 
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’'min  ~ 


It  Is  necessary,  however,  to  note  that  Integral  radiation 
q  =  /  dq^  along  spectrum  converges  on  the  part  of  small  frequencies. 


since  dq^  divergence  is  only  logarithmic  and  contribution  of  peak 
dq^  when  v -*■  0  in  Integral  with  respect  to  v  is  small.  Therefore,  if 
one  were  Interested  in  integral  radiation,  the  question  on  impact 
parameters  p  from  above,  and  frequencies  —  from  below,  is  not  so 
essential. 

Radiation  of  large  frequencies  in  the  classical  theory  does  not 
depend  on  frequency,  and  effective  radiation  on  unit  interval  of  fre¬ 
quencies  dq^dv  remains  final  even  when  v  -*■  co,*  Formally,  total 
radiation  q  -  /dq^  diverges  on  the  part  of  large  frequencies. 

This  contradictory  theory  is  connected  with  imperfection  of 
classical  presentations  about  motion  of  electron  and  is  removed  in  the 
quantum  theory.  Large  frequencies,  as  we  have  seen,  are  radiated 
during  transit  of  electron  past  ion  on  small  Impact  parameters.  But 
according  to  quantum  mechanical  concepts,  an  electron  possessing  ini¬ 
tial  momentum  p  =  mv  cannot  be  localized  more  exactly  than  is  dictated 
by  the  indeterminancy  principle  Arhp  ~  h/2Tr.  Inasmuch  as  uncertainty 
in  momentum  cannot  exceed  the  actual  momentum,  there  is  no  meaning  in 
talk  about  impact  parameters  smaller  than  ~  h/27rmv.  Maximum 

frequency  radiated  with  such  minimum  impact  parameters  in  order  of 
magnitude,  equals  ^/^^^min  ~  limitation  of  radiated 

frequency  from  above  has  a  very  graphic  physical  meaning.  In  the 
quantum  theory  bremsstrahlung  is  presented  in  the  following  way.  A 
free  electron,  possessing  initial  energy  E  =  mv  /2,  flying  past  an 
ion,  can  emit  light  quantum  hv.  If  after  emission  of  quantum  it 

*This  is  accurate  only  under  the  condition  that  colliding  particles 
possess  opposite  charges  (electron  —  positive  ion) .  During  interaction 
of  particles  with  charges  of  one  sign  dq^dv  -♦  0  when  v  -»• »». 
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remains  free,  i.e.,  departing  from  the  ion,  it  possesses  positive  energy 

E^,  then,  obviously,  the  electron  cannot  emit  quantum  exceeding  initial 

E  mv^ 

energy  E.  Thus,  v  =  >:  =  oTT'f  which  with  an  accuracy  of  immaterial 

ino.x  n  d.ii 

factor  1/2  coincides  with  limitation  of  frequency  dictated  by  indeter¬ 
minancy  principle. 

In  quantum  mechanics  a  free  electron  is  presented  as  a  plane  wave 
and  the  idea  of  Impact  parameter  does  not  have  a  strictly  defined  mean¬ 
ing.  Is  possible  to  speak  about  emission  probability  of  quantum  of  one 
or  another  frequency,  more  correctly,  about  effective  cross  section  of 

emission  of  quanta  with  energies  from  hv  to  hv  +  d  (hv) .  The  content 
of  energy  radiated  in  interval  of  frequencies  dv  by  a  single  electron 
stream  interacting  with  one  ion  is  equal  to  the  product  of  energy  of 
quantum  hv  by  effective  cross  section  of  emission  da^.  This  magnitude 
also  corresponds  to  effective  radiation  of  classical  theory: 

AV'do*  (erg^CBi^),  (5*10) 

In  light  of  corresponding  of  principle  the  effective  radiation  of 
frequency  v  is  connected  with  transition  of  electron  from  one  "station¬ 
ary  hyperbolic  orbit,"  correspond-tng  to  energy  of  electron  E,  to 
another,  corresponding  to  energy  E*  =  E  —  hv.  Effective  cross  section 
da^,  and  consequently  also  effective  radiation  dq^  are  calculated  in 
quantum  mechanics  by  the  usual  methods,  through  matrix  elements  of 
energy  of  Interaction  of  electron  with  ion. 

However,  before  presenting  the  result  of  quantum-mechanical 

calculation  of  bremsstrahlung,  we  will  see  what  are  the  limits  of 

applicability  of  classical  formulas  (5.8),  (5.9)  and  when,  properly, 

it  IS  necessary  to  replace  them  by  quantum-mechanical  formulas. 

According  to  classical  conclusion,  formula  (5*8)  for  large  fre- 

"5  2 

quencies  is  accurate  under  the  condition  v  »  mvv^TrZe  .  Cf  course. 


there  is  no  meaning  in  extending  it  to  frequencies  exceeding  upper 

2 

limit  dictated  by  quantum  energy  concepts,  -  E/h  *  mv  /2h.  Let 

IHaX 

US  rewrite  these  limitations  put  on  frequency  in  formula  (5.8)>  in 
the  form 

i-— I->-r^‘riSi23-*=li23‘*  (5.11) 

2 

But  inequality  hv/mZe  «  1  with  an  accuracy  of  two  constitutes  nothing 
else  but  condition  of  quasiclassicality  of  motion  of  electron  in  a 
Coulomb  field  (see,  for  instance,  [2]) 

(5.12) 

Therefore  classical  formula  (5.8)  for  effective  radiation  of 
frequency  v,  limited  from  above  and  from  below  by  inequalities  (5.11), 
may  be  approximately  used  In  addition  to  all  those  velocities  of 
electrons  which  satisfy  inequality  (5.12).  If  condition  of  quasi¬ 
classicality  (5.12)  holds,  then  domain  of  applicability  of  formula 

2 

(5.8)  spreads  to  very  small  frequencies,  such  that  hv/E  hv/mZe  «  1. 
Inasmuch  as  usually  there  is  interest  in  quanta  which  are  not  very 
small  as  compared  with  kT,  i.e.,  with  energies  of  electrons,  and 
contribution  of  peak  when  v  -*  0  in  integral  radiation  is  small,  formula 
(5.8)  may  be  successfully  extended  to  v  =  0,  replacing  formula  (5.9) 
and  thereby  removing  formally  divergence  dq^  when  v  -*■  0. 

Let  us  convert  condition  of  quasiclassicality  (5.12),  which  is 
condition  of  applicability  of  formula  (5.8),  thus,  in  order  to  obtain 
the  condition  put  on  energy  of  electron, 

—  •^*=/«Z*-13,5Z*  ev,  (5.13) 

2  2  2 

where  Eq  =  h  /kw  me  is  Bohr  radius,  and  I^  =  13.5  ev  is  the  potential 
lonlzat Lon  of  an  atom  of  hydrogen.* 

♦Condition  of  quasiclassicality  for  motion  of  electron  in  Coulomb 
field  is  equivalent  to  condition  of  smallness  of  energy  of  electron  as 
compared  to  its  energy  on  first  Bohr  orbit. 
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For  Instance,  in  the  case  of  hydrogen  plasma  formula  (5-8)  Is 

accurate  up  to  temperatures  of  the  order  of  10  ev  ~  100,000°K;  in  gas 

from  heavier  elements  it  is  accurate  to  still  higher  temperatures, 

since  due  to  multiple  ionization  charges  of  Z  ions  increase.  Thus,  in 

6  o 

air  of  normal  density  at  T  =  10°  °K  Z  «=  6  and  average  energy  of 

electrons  is  four  times  less  than  the  "quasiclassical"  limit. 

At  very  high  temperatures,  when  there  are  inequalities  opposite 

to  the  conditions  of  quaslclassicality  (5.12),  (5.13)>  the  Born 

approximation  in  quantum  mechanics*  is  accurate.  For  unrelativistic 

2 

energies  (E  «  me  =  500  kev  calculation  of  effective  radiation  in 
Born  approximation  gives  the  expression  (see  [3]): 


32«  2M 
3  mMtfi 


ln(VI±J0EE)Ldv, 


dq^  automatically  turns  into  zero  when  hv  =  E  and  weakly,  logarithm¬ 
ically,  depends  on  frequency  in  whole  interval  of  frequencies  from 
0  to 

ni3irX 

It  is  remarkable  that  the  quantum  formula  leads  to  values  of 
effective  radiation  very  close  to  those  given  by  the  classical  formula 
(5.8)  (with  the  exception,  of  course,  of  frequencies  very  small  and 
very  close  to  maximum).  This  may  be  seen  from  Table  5.1i  in  which 
are  presented  values  of  the  ratio 


\dv  Am.,/  V  rfv  A«e«  n  i 


hv  V 

depending  upon  dimensionless  value  x  =  -V  "  ^ - ■ 

^max 


♦For  Born  approximation  it  is  necessary  that  not  only  at  initial, 
but  also  at  terminal  velocity  of  electron  conditions  (5.12),  (5.15) 
hold;  otherwise  one  should  use  exact  wave  functions  of  electron  in 
Coulomb  field,  which  introduces  known  Coulomb  factor  into  resultant 
formulas  [2,  5]. 


?48 


Table  5.1. 


•• 

9 

s  0  0.1 

0.2 

0.S 

0.4 

0,5 

0.6 

0,7 

0,8 

0.9  1 

f  00  2,01 

1.61 

1.34 

1.13 

0,97 

0,81 

0,68 

0,53 

0.36  0 

Integral  radiation,  calculated  by  quantum  formula,  is  written  in 
the  following  form: 

^BitX  1 

j  (■^6")™..“^- 


Thus,  it  is  possible  to  use  classical  formula  (5.8)  with  good 
approximation  for  practically  any  non-relativistic  temperatures. 

§  3.  ,  Free- Free  Transitions  in  Heated  Gas 
Let  us  find  radiating  ability  of  ionized  gas,  connected  with 
b  rems  st  r  alilung . 

3 

Let  us  assume  that  in  1  cm  gas  there  are  N_|_  positive  ions  with 

charge  Ze  and  N  electrons  with  Maxwellian,  distribution  with  respect 
®  00 

to  velocities  f(v’)dv‘  (/  f(v’)dv’  «  1).  The  temperature  of  the 
electron  gas  will  be  designated  by  T.  Energy  which  is  radiated  by 
electrons  possessing  velocities  from  v*  to  v'  +  dv',  in  1  cm  in  1  sec 
for  the  interval  of  frequencies  from  v  to  v  +  dv  is  equal  to 


,*  (5. 14) 

The  content  of  energy  spontaneously  radiated  as  a  result  of  free- 
free  transitions  in  interval  dv  in  1  cm^  for  1  sec  will  be  obtained, 
if  one  integrates  expression  (5.14)  with  respect  to  velocities  of 


electrons  from  v  to  od,  where  v„.  is  minimum  velocity  of  electrons 

nixxx  2  niin 

able  to  radiate  quantum  hv;  =  hv.  Using  formula  (5.8)  for 

effective  radiation  and  integrating,  we  will  find  spectral  radiating 


ability  connected  with  the  deceleration  mechanism; 


*Is  assumed  that  velocities  of  ions  are  very  small  as  compared  to 
velocities  of  electrons. 


349 


(5.15) 


Emission  of  large  quanta  hv  »  kT  is  exponentially  small.  This 
is  connected  with  the  fact  that  large  quanta  are  radiated  by  electrons 
with  high  energies,  concentrated  in  tail  of  Maxwellian  distribution 
with  respect  to  velocities. 

Integral  radiating  ability  for  bremsstrahlung  is  equal  to 


p  C  r  j  32«  /  2nkT  V  w  « 


i,42.io-*’z*r2iv,i\r.  erg/c, 


im^sec 


(5.16) 


(T°  —  temperature  in  Kelvin  degrees) . 

Integral  deceleration  emission  rather  weakly  depends  on  temperature 
(it  is  proportional  to  Yf). 

If  in  the  gas  are  ions  of  various  Z  charges,  then  formulas  (5.15), 
(5.16)  should  be  summed  over  all  sorts  of  ions. 

Now  we  will  find  coefficient  of  deceleration  absorption  of  light. 
For  this  we  will  use  principle  of  detailed  balancing.  If  is 
equilibrium  spectral  density  of  radiation,  determined  by  formula  of 
Planck  (2.10), 


Wt  _  1 

- )w - » 

•^—1 


(5.17) 


and  is  the  spectral  coefficient  of  true  deceleration  absorption, 
calculated  on  one  ion  and  one  electron  moving  with  velocity  v,  then 
the  quantity  of  radiation  in  the  interval  of  frequencies  from  v  to 
V  +  dv,  absorbed  during  thermodynamic  equilibrium  in  i  sec  for  1  cm^ 
by  electrons  with  velocities  from  v  to  v  +  dv,  equals 

_  fcv 

rfv .  e  /  (o)dp. «,  (1  — 


(5.18) 


Factor  (1  -  e"^)  considers  effective  decrease  of  absorption 
owing  to  forced  emission  (over -radiation;  see  §  4  Ch.  II),  In  conditions 
of  thermodynamic  equilibrium  absorption  and  emission  accurately 
compensate  one  another,  l.e,,  expressions  (5.l8)  and  (5.14)  are  equal. 
Velocities  of  electrons  emitting  quantum  hv  and  absorbing  these  quanta. 


are  connected  by  the  law  of  conservation  of  energy 


(5.19) 


Noticing  that  v  dv  =■  v  •  dv '  and  using  formula  (5.8)  for  dq^  we 
will  find  from  equalities  (5.14)  and  (5.18) » 


4*  2M 


(5.20) 


This  formula  was  obtained  by  ICramers  in  1923.  Multiplying  a^  by 
N.N  and,  using  Maxwellian  distribution  function,  avera^glng  with  res- 
pect  to  velocities  of  electrons,  we  will  obtain  spectral  coefficient 
of  true  deceleration  absorption  in  gas  at  a  temperature  of  electrons  T» 

i 

•  4  “  3*®®  *  lO*— ^  N,N,  CM-' 

*-■ 5^.  (5.21) 


Remembering  determination  of  average  coefficient  of  absorption, 
characterizing  radiating  ability  (2,102),  we  will  calculate  this 


magnitude  for  deceleration  mechanism; 


'  ji»l 


(5.22) 


Corresponding  average  range  is  equal  to 


(5.25) 


Let  us  calculate  average  Rosseland  path  (2.80)  for  the  case  when 
gas  is  completely  ionized  and  deceleration  mechanism  of  absorption  is 
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unique  (and  all  ions  possess  identical  Z  charge) 

7 

Rosseland  path  i  for  deceleration  mechanism  is  equal  to  spectral 
run  with  energy  of  quanta  hv  =  5.8kT.  As  can  be  seen,  in  transfer 
of  radiant  energy  by  means  of  thermal  conduction  with  deceleration 
mechanism  of  absorption  a  basic  role  is  played  by  very  large  quanta 
found  in  the  Wien  region  of  the  spectrum.  Conversely,  during  volume 
radiation  a  basic  role  is  played  by  small  quanta.  Average  coefficient 
is  equal  to  spectral  coefficient  (1  -  corrected  on 

forced  emission,  corresponding  to  hv  =  1.75kT. 

In  order  to  imagine  the  order  of  magnitudes  of  optical  character¬ 
istics  of  plasma,  corresponding  to  deceleration  mechanism,  we  will 
give  a  specific  example. 

Let  us  consider  hydrogen  at  density  p  =  g/cm^  (such  den¬ 

sity  corresponds  to  a  pressure  of  10  mm  Hg  at  room  temperature)  and 
temperature  T  =  100,000°K.  In  these  conditions  hydrogen  is  completely 
dissociated  and  is  completely  ionized,  so  that  N_|_  =  =  7*10^^  cm"^. 

The  coefficient  of  absorption  of  red  light  X  =  65OO  A  here  equals 

"3  -1 

=  5.7’ 10  cm  ,  and  range  =  1/h^  =  175  cm. 

The  Rosseland  path  I  =  5.1*10^  cm.  The  mean  path  characterizing 
radiating  ability,  =  O.gS-lO^  cm. 

If  dimensions  of  body  are  much  less  than  "ength  l^,  then  the  body 
emits  as  a  volume  radiator  (see  §  I6  Ch  II)  and  speed  losses 
of  energy  on  radiation  equal 


11 

where  e  is  specific  internal  energy.  In  our  example  J  =  2.2*10 
erg/cm^  sec.  Taking  into  account  energy  of  dissociation  and  ionization 
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e  =  41.6  ev/atom,  pe  =  4.66*lo'^  erg/cm^.  Initial  scale  of  time  of 
radiant  cooling  t  =  pe/J  =»  2.12*10  ^  sec 

§  4.  Effective  Capture  Cross  Section  of  an  Electron 
by  an  Ion  with  Emission  of  Quantum 

Let  us  consider  the  capture  of  a  free  electron  by  a  hydrogen-llke 
"Ion"  with  quantum  emission  and  formation  of  a  hydrogen-llke  "atom." 

We  will,  as  in  §  2,  originate  from  semlclassical  presentations.  In 
classical  mechanics  without  taking  into  account  radiation  the  transi¬ 
tion  from  free  states  of  an  electron  to  bound  states  is  continuous. 

The  state  or  orbit  of  an  electron  are  characterized  by  magnitude  of 
total  energy  of  electron  —  ion  system  E  and  (in  general)  Instead  of 
"impact  distance"  p  is  angular  momentum,  also  determining  geometric 
parameters  of  trajectory.  With  decrease  of  energy  and  constant  moment 
he  hyperbolic  orbits,  corresponding  to  positive  energy  E  >  0,  contin¬ 
uously  change  to  parabolic  orbits  (E  =  0)  and  further,  in  a  bound  state 
of  the  system,  characterized  by  negative  energy,  E  <  0,  into  elliptic 
orbits  (Fig.  5.3).  In  light  of  correspondence  principle  the  capture 
of  a  free  electron  and  quantum  emission,  whose  energy  exceeds  initial 
kinetic  energy  of  electron  E,  are  connected  with  transition  of  electron 
from  a  hyperbolic  trajectory  to  an  elliptic  trajectory. 

In  classical  mechanics  energy 
of  an  electron  —  ion  system  can  be 
arbitrary.  In  quantum  mechanics 
the  energy  spectrum  of  a  system  is 
continuous  only  if  the  electron  is 
free  and  E  >  0.  In  the  bound  state, 
when  E, <  0,  energy  can  take  only 
discrete  values.  Energy  levels 
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of  hydrogen-like  atom  are  characterized  by  the  prime  quantum  niimber 


n,  going  through  values  from  1  to  oo. 


E>  _  /^* 

if.-* - JJ- 


--sr. 


<■  21I.W 

2a,  ““  S*~ 


(5.25) 


I  =  1^Z‘^  =  |E^|  is  the  absolute  value  of  energy  of  the  ground  state  ^ 
i.e.,  ionization  potential.  Binding  energy  of  electron  in  n-th  quantum 
state  equals  -E^  =  ^  diagram  of  levels  of  an  atom  of 

hydrogen  is  depicted  in  Pig.  2.2  in  §  2  Ch.  II.  As  is  known, 
during  motion  of  a  bound  electron  in  a  Coulomb  field  of  an  ion  its 
kinetic  energy  on  the  average  with  respect  to  time  is  equal  to  half 
of  the  potential  taken  with  the  opposite  sign,  and  is  equal  to  the 
total,  also  taken  with  reverse  sign:  =  -E^^^./2  =  -E(E  = 

+  Ep^^) .  Consequently,  on  the  average  with  respect  to  time 

„  /  /,Z* 


From  this  formula,  taking  into  account  inequality  (5.15)  it  is  clear 
that  motion  of  an  electron  in  strongly  excited  quantum  states  with 
large  quantum  number  n  is  quasiclassic. 

In  examining  bremsstrahlung, in  §  2  we  applied  classical 
formula  (5  8)  for  effective  radiation,  describing  by  it  "transitions" 
of  an  electron  from  one  hyperbolic  orbit  to  another,  corresponding 
to  less  energy,  while  they  extended  the  formula  up  to  transitions  to 
an  orbit  with  infinitely  small  positive  energy,  almost  parabolic, 
which  corresponded  to  radiation  of  maximum  frequency  =  E/h.  Here, 

p 

of  course,  initial  energy  E  was  assumed  sufficiently  small,  E  «  , 

V  «  27rZe  /h,  so  that  motion  in  initial  state  was  quasiclassic.  Motion 
in  f'nal  state  is  all  the  more  quasiclassic,  since  an  electron 
during  transition  loses  kinetic  energy  and  decelerates.  Inasmuch  as 
small  negative  energies,  as  we  just  now  saw,  also  correspond  to  small 
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velocities  and  corresponding  elliptic  orbits  are  also  close  to  para¬ 
bolic  (but  only  on  the  part  of  negative  energies),  it  Is  natural  to 
extend  formula  (5.8)  also  to  the  case  of  radiation  of  frequencies 
somewhat  in  excess  of  v  l.e.,  to  the  case  of  capture  of  an  electron 
on  high  levels.  One  should  consider  here  that  the  final  state  of  an 
electron  falls  in  the  discrete  spectrum.  Effective  radiation  in  certain 
small,  but  finite  Interval  of  frequencies  Av,  Aq^  =  (dq^/dv)Av,  is 
equal  according  to  quantum  treatment  to  hvAa^,  where  Aa^  is  effective 
cross-section  for  emission  of  quanta  in  small  interval  Av.  But  now 
emission  of  quanta  from  hv  to  hv  +  A(hv)  corresponds  to  capture  on  a 
defined  finite  number  of  levels  An  and  effective  capture  cross  section 
of  them  Aa  can  be  presented  in  the  form  of  product  O-^An  where  o  „ 
is  the  mean  cross  section  of  capture  on  any  of  the  levels  in  this 
interval.  This  cross  section  depends  on  average  number  n  in  small 
int  e  rval  An .  Thus , 

(5-26) 

Using  formula  (5.25)  for  determination  of  energy  distance  between 

dE 

levels  for  large  n*  =  2.1^ fr?  and  formula  (5.8)  for 

effective  radiation,  we  will  obtain  effective  capture  cross  section 

2 

on  level  n  of  a  free  electron  possessing  initial  energy  E  »  mv  /2i 


lyj  If ' 


2,M0-* 


E  ncr'*’ 


(5.27) 


Energy  of  quantum  emitted  during  capture  of  electron  on  level  n 
equals 

(5.28) 

As  quantum-mechanical  calculations  show  (see  following  paragraph), 
semiclasslcal  formula  (5.27)  gives  good  results  also  in  reference  to 
capture  on  deep  levels,  including  also  on  ground  levels  (n  =  l),  in 
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spite  of  the  fact  that  motion  of  electron  in  the  ground  state  is  no 

— P 

mV*"  2 

longer  quasiclassic  ).* 

Let  us  calculate  with  the  help  of  formula  (5.27)  the  total  effec¬ 
tive  cross  section  of  photocapture  of  electron  with  given  energy 

p 

E  =  mv  /2  on  all  levels  of  hydrogen-like  ion.  For  this  one  should  sum 
cross  section  over  the  formula  (5.27)  for  all  n  from  1  to  oo  taking 
into  account  the  fact  that  quanta  of  different  energies  are  emitted, 
which  are  given  by  formula  (5.28); 


/■z* 


2-^ 


2310-»Z* 


(5.29) 


Fig.  5. •4-.  Diagram 
explaining  relation¬ 
ship  between  energy 
intervals  of  I'inal 
states  of  electron 
during  deceleration 
and  capture  by  ion. 
KET;  (a)  decelera¬ 
tion,  (b)  capture. 


Here  cp  designates  sum  over  n.  In  rough 
approximation  for  small  energies  of  electrons 

n* 

£  <  /bZ*.  «p  (  2  +  where  n*  %(/,Z*/£)Vi. 

n»t 

For  small  (but  also  not  very  small)  energies 

2 

of  electrons,  when  E  is  less  than  I^Z  ,  but 

comparable  with  this  magnitude,  the  sum  of  cp 

is  of  the  order  1  and  capture  cross  section 

-21  2^  2 

equals  approximately  a  «  5*10  ^ —  cm  . 

^  ^ev 

It  is  interesting  to  compare  integral 
effective  radiation  of  free  electron  with  given 


energy  E  during  deceleration  in  field  of  hydrogen-like  ion  with  Integral 


radiation  during  photocapture,  i.e.,  magnitudes  **  ^°dec 

and  q^g^p  =  ^Avcjen.  first  magnitude  according  to  (5.8)  equals 

n 

q^ec  “  S/h,  and  the  second,  in  virtue  of  the  actual  derivation 

of  cross  section  (see  formula  (5.26)),  q.(,g_p  “  m  X  ,  where 

constant  (dq^/dv),  is  determined  by  formula  (5.8).  Both  magnitudes, 

qdec  ^cap^  proportional  to  energy  intervals  of  possible  final 

*Inltlal  motion  of  free  electron  is  assumed  to  be  quaslclassical, 
i.e.,  initial  energy  3 


states  of  electron  (Pig.  5.4)  and  relate  to  one  another  as  these 
intervals: 

fMx/fnpa  2*/£. 

§  5.  Effective  Cross  Section  of  Bound-Free 
Absorption  of  Light  by  Atoms  and  Ions 

Let  us  consider  the  process  which  is  opposite  to  that  of  photo¬ 
capture  —  photo -ionization  of  a  hydrogen-like  atom,  i.e.,  absorption 
of  quantum  with  transition  of  electron  into  continuous  spectrum. 

As  in  calculation  of  deceleration  absorption,  we  will  use  principle 

of  detailed  balancing. 

■5 

In  1  cm  in  1  sec  there  are 

NJi^iv)dvva^  (5.50) 

acts  of  photo-capture  of  electrons  with  velocities  from  v  to  v  +  dv  on 
n-th  level  of  ions.  Quanta  are  emitted  with  frequencies  from  v  to 
V  +  dv,  which  are  connected  with  velocity  of  an  electron  by  relation¬ 
ship  (5.28). 

The  number  of  reverse  processes!  acts  of  photo-ionization  of 
"atoms"  remaining  in  n-th  quantum  state,  by  quanta  with  frequencies 
from  V  to  V  +  dv,  equals 

Ar|,-j^rfv*e»aw(l— e  ^),  (5.31) 

where  is  the  effective  absorption  cross  section  of  quantum  hv  by 
an  atom  in  the  n-th  state,  N  is  the  number  of  such  atoms  in  1  cm^: 
factor  (1  -  as  earlier,  considers  forced  emission.  In 

conditions  of  total  thermodynamic  equilibrium  f(v)  is  function  of 
Maxwellian  distribution  of  electrons,  U  is  Planck  function;  the 
number  of  excited  atoms  is  expressed  by  Boltzmann  formula! 

(5.32) 
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2 

Where  =  2n  is  static  weight  of  n-th  level  of  hydrogen-like  atom, 

3 

and  is  the  number  of  atoms  in  1  cm  remaining  in  the  ground  state; 

g.  =  2;  E  -  E.  =  (1  - 4)  =  I  (1  - is  the  excitation  energy 

of  the  n-th  state. 

The  numbers  of  free  electrons,  ions,  and  "neutral"  atoms  (if 
Z  >  1,  then  "neutral"  hydrogen-like  atom  is  an  ion  with  charge  2-1) 
are  connected  by  the  equation  of  Saha  (see  formula  (5,44)  in  §  5 
Ch.  Ill): 


jy+JV,  2«mkT\iu^  -4f 

-R — * 


(5.55) 


while  in  this  case  the  electron  statistical  sum  of  an  ion  u_^  =  1.  The 
number  of  "neutral"  atoms  in  1  cm^  N  =  uN^/g^,  where  u  is  the  electron 
statistical  sum  of  an  atom. 

Equating  the  numbers  of  direct  and  reverse  processes  to  each  other 
(5.50),  (5.31)  taking  into  account  all  remarks  on  magnitudes  in  the 
formulas,  we  will  find  effective  absorption  cross  section  of  quantum 
hv  by  a  hydrogen-like  atom,  the  charge  of  the  "atomic"  remainder  of 
which  equals  Z  and  which  is  in  the  n-th  quantvun  state: 

(5.54) 


Here  through  designates  minimum  frequency  of  quantum,  which  is  able 

2  2 

to  pull  electron  from  n--^  1  level:  hv^  =  I^^Z  /n  ,  (see  formula  (5.28)), 
A  characteristic  peculiarity  of  the  cross  section  is  the  inverse 
cubic  dependence  on  frequency  ~  The  cross  section  is  max¬ 
imum  for  threshold  of  absorption  when  v  =  Formula  (5.54)  is 

known  in  literature  under  the  name  of  the  Kramer  formula. 

Somewhat  more  strict,  quantum-mechanical  consideration  of  photo¬ 
ionization  of  hydrogen-like  atoms  from  high  levels  leads  to  a  formula 
differing  from  (5.54)  by  correction  factor  [4]i 


358 
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In  the  majority  of  cases  having  a  practical  interest  this  factor  is 
very  close  to  unity,  so  that  it,  as  a  rule,  cannot  be  considered. 

Semiclassical  formula  (5.5^) >  by  its  very  own  derivation  is 
accurate  only  for  highly  excited  states  of  n  »  1;  nonetheless  it  gives 
good  results  even  when  it  is  applied  to  photo-ionization  from  ground 
level  n  =  1. 

Quantum-mechanical  calculations  of  effective  cross  section  of 
photoeffect  with  K-shell  of  atoms,  i.e.,  for  ground  state  of  hydrogen¬ 
like  atom,  carried  out  with  exact  wave  functions  of  free  electron, 
in  a  Coulomb  field  give  [5]  (from  calculation  on  one  electron,  as 
also  (5.33)) t 


f  yt 

- jf— 

5,42.10^w 
— V — 


(f)*' 


v-vt<v,; 

v>v,. 


(5.35) 

(5.36) 

(5.37) 


The  first  of  the  formulas  corresponds  to  region  near  boundary  of 

absorption,  the  last  one  —  when  energy  of  liberated  electron  is 

2 

considerably  larger  than  binding  energy  hv^  »  ,  which  corresponds 

to  transition  to  Born  approximation. 

Comparison  of  formula  (5.3^),  in  which  we  will  put  n  »  1,  with 
formulas  (5-35) ^  (5.36)  shows  that  on  boundary  of  absorption,  when 
V  =  v^,  "semiclassical  cross  section"  (5-34)  equals  7.9.10~^®/Z^  cm^ 
and  in  all  is  larger  than  quantum  (5.35).  When  ~  i.e., 

when  energy  of  liberated  electron  is  of  the  order  of  the  binding 
energy  of  it  in  the  ground  state  of  the  atom,  formulas  (5.34),  (5.35) 
coincide  with  55^  accuracy  and  even  giv®  identical  dependence  on 
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frequency.  There  is  strong  deviation  only  when  hv  »  I^jZ  ,  when  energy 

2 

of  liberated  electron  E  »  Ij^Z  ,  i.e.,  in  Born  region,  where  position 
is  opposite  to  quasi-classical. 

As  will  be  seen  further,  such  large  quanta  always  are  in  far 
Wien  region  of  spectrum  and  under  conditions  close  to  thermal  equilib¬ 
rium,  do  not  play  a  practical  role.  Thus,  semiclassical  formula  (5.34) 
may  be  approximately  extended  to  photo-ionization  from  all  levels  of 
hydrogen-like  atoms.  Exactly  so,  the  formula  for  photo -capture  (5.27) 
is  applicable  for  capture  of  electron  on  all  levels  up  to  ground  level, 
as  was  used  in  the  preceding  section  during  calculation  of  total 
capture  cross  section. 

Let  us  consider  briefly  what  it  is  possible  to  expect  from  appli¬ 
cation  of  formulas  derived  for  hydrogen-like  atoms  to  complex  atomic 
systems . 

Small  quanta,  considerably  smaller  than  ionization  potential  I 
of  atom  or  ion,  are  absorbed  (knocking  out  an  electron)  only  by  highly 
excited  atoms  (ions)  whose  excitation  energy  is  not  less  than  I  -  hv. 
But  in  strongly  excited  states  the  optical  electron  moves  along  a  great 
orbit,  in  whose  region  the  field  of  "atomic  remainder"  is  very  close 
to  a  Coulomb  field,  created  by  a  chur">'  equal  to  the  charge  of  the 
"remainder."  Therefore,  it  is  possible  to  trust  that  in  this  case 
approximation  of  "hydrogen  similarity"  is  justified.  Unfortunately, 
there  are  no  exact  quantum-mechanical  calculations  of  absorption  by 
highly  excited  atoms  and  ions,  which  could  confirm  this  rather  probable 
assiimption. 

The  available  calculations,  which  are  not  numerous,  pertain  mainly 
to  photoeffect  from  ground  state  of  atoms  (for  ions,  data  are  even 
less) . 
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In  this  case  the  field  in  which  absorbing  electron  moves  is 
created  by  a  complex  system  of  charges  of  the  nucleus  and  remaining 
electrons,  the  dimensions  of  which  are  the  same  as  the  "orbit"  of 
the  electron,  and,  of  course,  the  field  strongly  differs  from  a  Coulomb 
field.  Exactly  so,  the  wave  function  of  an  electron  strongly  differs 
from  the  wave  function  of  the  S-state  of  a  hydrogen-like  atom.  For 
a  number  of  atoms  effective  cross  sections  of  photo-ionization  from  the 
ground  state  very  strongly  differ  from  corresponding  cross  section 

-1 8 

for  an  atom  of  hydrogen,  equal  according  to  (5.54)  to  =  7.9*10" 

^  2  l8  2 

cm  (on  boundary  of  absorption  a*  =  7.9*10”  cm'^),  for  others 

they  are  very  close  on  boundary  of  absorption,  but  have  another 

dependence  on  frequency.  Thus,  for  instance,  for  oxygen  and  fluorine 

on  boundary  of  absorption  the  cross  sections  are  equal  approximately 
-i8  2 

2.5.10  cm  ,  and  then  hardly  depend  on  frequency  up  to  v  2v^.  For 

nitrogen  on  boundary  a*  ■  7.5*10"^^  cm^,  and  for  carbon  a*  =  10*10“^® 

2  -■5 

cm  ,  but  the  cross  sections  drop  with  increase  of  v  slower  than  , 

as  for  hydrogen-like  atoms  ;  for  lithium  a*  =  5.7*10”^®,  for  calcium 
-I8  2 

a*  =  25.10  cm  .  Especially  great  j.s  the  distinction  from  "hydrogen- 

—  i  ft  p 

likeness"  for  alkali  metals.  For  sodiuiii  a*  *  0.51*10”  cm  . 

-18  2 

Experimental  values  for  rubidium  a*  -  0.1-10  cm  ,  for  cesium 
-I8  2 

a*  »  0.6*10  cm  .  A  more  detailed  survey  of  available  data  can  be 
found  in  an  article  by  Beyta  [7].  Fortunately,  as  we  will  see  below, 
in  sufficiently  rarefied  gases  in  states  which  are  close  to  thermo¬ 
dynamic  equilibrium,  the  role  of  large  quanta,  exceeding  ionization 
potentials  of  atoms  and  ions,  is  comparatively  small,  so  that  strong 
divergences  in  this  case  do  not  make  senseless  use  of  approximation 
of  "hydrogen-similarity. " 

In  certain  cases  there  Is  a  large  value  in  photo-capture  of 

♦Graphs  for  cross  sections  of  photo -ionization  from  ground  state  of 
0,  N,  P,  C  are  given  in  [6], 
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electrons  by  neutral  atoms  with  formation  of  negative  ions  and,  corres¬ 
pondingly,  photoelectric  absorption  of  quanta  by  negative  ions.  This 
pertains  to  negative  ions  of  hydrogen,  playing  the  most  Important  role 
in  absorption  of  light  in  stellar  atmospheres,  and  negative  ions  of 
oxygen,  essential  for  absorption  of  light  in  air  in  certain  conditions. 
Binding  energies  of  ionization  potentials  of  negative  ions,  determining 
lower  bound  of  absorption  equal  0,75  ev  for  hydrogen,  1.45 

ev  for  atomic  ions  of  opcygen  0  of  the  order  of  several  tenth  ev  for 

molecular  ions  Og-  Dependence  of  cross  section  on  frequency  has 

-•5 

nothing  in  common  with  the  law  that  v  In  Fig.  5.5  are  presented 
results  of  quantum-mechanical  calculations  of  effective  cross  section 
of  photo-lonlzatlon  of  O”.  The  graph  is  taken  from  [8].  Around 
theoretically  calculated  curve  are  shown  experimental  points  according 
to  measurements  [9].  Data  on  absorption  by  H”  ions  can  be  found  in 
[6]. 


Fig.  5.5.  Effective  absorption 
cross  section  of  light  by  nega¬ 
tive  0"  ions  of  oxygen. 


§  6.  Coefficient  of  Continuous  Absorption 
in  Gas  from  Hydrogen-Like  Atoms 

Let  us  calculate  coefficient  of  bound-free  absorption  of  hv  quanta 
by  hydrogen-like  atoms,  whose  "nucleus"  charge  equals  Z.  At  a  given 

3G2 


For  large  n,  wnen  index  in  exponent  does 
not  depend  practically  on  n,  the  number 

2 

of  atoms  is  simply  proportional  to  n 
(gn  -  2n^) . 

Inasmuch  as  effective  cross  section 

Pig.  5.6.  "Paling''  of  components  In  sum  (5.58)  when 

absorption.  Dotted  curves  n  oo  decrease  in  proportion  to  l/n^,  so 
correspond  to  absorption 

by  atoms  in  given  quantum  that  contribution  in  absorption  of  light 
state.  Solid  curve  is 

total  coefficient  of  of  a  given  frequency  of  all  the  higher 

absorption.  The  figure 

is  schematic.  and  higher  levels  very  rapidly  decreases, 

and  actual  infinite  sum  converges.* 

We  will  be  interested  by  temperatures  at  which  degree  of  ioniza¬ 
tion  is  small.  As  was  shown  in  §  5  Ch.  Ill,  noticeable  ionization  in 
not  too  dense  a  gas  starts  when  kT  is  still  much  less  than  ionization 
potential  I.  The  number  of  excited  atoms  here  is  minute,  sjjice  for 
excitation  even  the  lowest  state  n  «  2  energy  close  to  ionization 
potential  and  equal  to  5/4  I  is  necessary. 

Thus,  when  kT  «  I  the  number  of  atoms  in  the  ground  state 
is  very  close  to  full  number  of  atoms  N  «  ZN^  and  in  formula  of 
Boltzmann  (5.32)  it  is  possible  to  set  approximately  *»  N.  Under 
this  condition  setting  and  by  the  formulas  of  (5-32),  (5.34) 
in  expression  (5.38)  and  introducing  designations: 

(5.39) 

*In  real  gas  due  to  interaction  of  atoms  and  ions  uppir  levels  will 
be  cutaway  (see  §  6  Ch.  Ill),  so  that  in  fact  the  number  of  members  in 
sum  (5.38)  is  finite.  In  this  case  there  is  no  necessity  to  cut  the 
s\un  with  respect  to  n  since  the  sum  converges  rapidly. 
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We  will  obtain  coefficient  of  bo\ind-free  absorption  in  the  form 


*^  3/3  *  ^ 


(5.40) 


In  order  to  obtain  full  coefficient  of  continuous  absorption,  to 


one  should  join  coefficient  of  deceleration  absorption  by  free  electrons 


in  field  of  ionized  atoms  —  "hydrogen-like  ions"  —  which  is  given  by 
formula  (5.21).  Expressing  in  this  formula  the  product  N_j_Ng  by  the 
number  of  "neutral"  atoms  according  to  the  formula  of  Saha (5.55) 
and  considering  that  u  «=  g^  =  2,  N  «  N^,  we  will  rewrite  the  coefficient 


of  deceleration  absorption  in  the  form 


.  16a*  Z>^kTN  .--sr  64a‘  «-*» 

3  y 3  5*.  • 


3  y^3  3*ev*  2xi 


(5.41) 


Total  coefficient  Mj,  “  equals 


a*/!  ' • 


(5.42) 


This  formula  is  considerably  simplified  if  energy  of  quantum  is 


small  as  compared  to  ionization  potential,  so  that  quantvun  is  absorbed 


only  by  highly  excited  atoms  (n*  is  great).  Inasmuch  as  levels  rapidly 


condense  with  growth  of  n,  summation  with  a  large  n  can  be  replaced 


by  integration  ("differential"  corresponds  to  An  =  1).  Integration 


with  respect  to  n  is  equivalent  to  Integration  with  respect  to  spectrum 


of  energy  states  with  replacement  of  discrete  spectrum  by  continuous. 


in  accordance  with  equality  dn/n^  <*  -1/2 


As  the  lower  limit  of  the  integral  with  respect  to  x^,  one  should. 


obviously,  take  dimensionless  energy  of  quajitum  x  »  hv/kT.  Thus, 


(5.43) 


*It  is  frequently  called  the  Kramer  —  Unsold  formula. 


364 


If  one  were  to  formally  extend  summation  or  integration  to 
"negative  binding  energies"  or,  which  is  the  same,  to  energy  of 
"excitation"  x^  -  x^,  exceeding  ionization  potential,  then  the  integral 
with  respect  to  x^  from  0  to  -oo  yields  magnitude  e"^V2x^,  accurate 
to  corresponding  free-free  transitions.  This  should  have  been  expected, 
since  the  states  of  an  atom  with  "excitation"  exceeding  the  ionization 
potential  are  states  with  a  detached  electron,  and  continuous  transition 
from  bound  state  of  electron  to  free  state  was  from  the  very  beginning 
assumed  on  the  basis  of  derivation  of  effective  cross  section  of  bound- 
free  absorption. 

Putting  expression  (5.^3)  in  formula  (5.42),  removing  in  the 

p 

coefficient  standing  before  the  brackets,  factor  l/kT  ■  IjjZ  /kT  and 
reducing  it  by  magnitude  x^,  contained  in  denominator  of  (5.43),  we 
will  obtain  final  formula  for  coefficient  of  absorption  of  small  quanta 
hv  «  I:* 


^  •  llRl 


,0.96.10- 


(5.M) 


21, 

Coefficient  of  absorption  is  'proportional  not  to  Z  ,  as  it 

p 

can  appear  by  looking  at  formula  (5.40),  but  only  to  Z  .  In  order  to 

li 

explain  this,  we  will  remember,  what  the  origin  is  of  factor  Z  in 

2 

formula  (5-40).  One  factor  Z  enters  into  the  coefficient  in  connec¬ 
tion  with  proportionality  of  effective  absorption  cross  section  to 
the  square  of  "acceleration"  of  electron  in  Coulomb  field  (according 
to  classical  treatment)  or  square  of  matrix  element  of  energy  of  inter¬ 
action  with  "nucleus"  (according  to  quantum  treatment).  The  other 
2 

factor  Z  appeared  due  to  proportionality  of  absorption  cross  section 

distance  between  levels,  which  in  turn  is  proportional  to 

2 

total  energy  interval  of  bound  states,  I  »  IjjZ  . 

*It  is  frequently  called  the  Kramer  —  InsBld  formula. 
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Cross  section  indeed,  is  proportional  to  the  energy  distance 

between  levels,  since  the  cross  section  of  photo-capture  is  proportional 
to  this  distance  (see  formula  (5.21)),  which  is  connected  with  absorp¬ 
tion  cross  section  by  the  principle  of  detailed  balancing.  During 
summation  of  partial  coefficient  over  levels  or,  which 

is  the  same,  during  integration  with  respect  to  energy  interval  of 

bound  states  participating  in  absorption  of  given  quantiAm,  the  last 
2 

dependence  on  Z  disappears.  The  remark  on  dependence  of  on  Z  Is 
essential  for  transition  to  multiply  charged  ions  (see  below). 

As  can  be  seen  from  formulas  (5.42),  (5.43) >  bound-free  transi¬ 
tions  and  free-free  transitions  introduce  into  total  coefficient  of 
continuous  absorption  fractions,  which  are  related  to  one  another 
as 

It  follows  from  this  that  in  absorption  of  large  quanta  hv  «  kT 
a  basic  role  is  played  by  bound-free  transitions,  but  in  absorption 
of  little  quanta  h^  «  kT,  free-free  transitions  play  a  basic  role. 

§  7.  Continuous  Absorption  of  Light  in  Monatomic 
Gas  in  Region  of  First  Ionization 

Let  us  consider  continuous  absorption  of  light  in  monatomic 
gases,  such  as  inert  gases  (argon,  xenon,  and  others)  or  vapor  of 
metals,  in  region  of  first  ionization.  We  will  assume  the  gas  to  be 
monatomic  in  order  to  exclude  from  consideration  quasi -continuous 
molecular  spectra  (if  dissociation  of  molecules  is  almost  total,  then, 
obviously,  any  gas  is  monatomic) . 

The  region  of  first  ionization  lies  in  range  of  temperatures  of 
the  order  of  6000-30,000°K  (depending  upon  ionization  potential  of 
atoms  ajid  density  of  gas)  and  presents  great  interest  in  connection 
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with  numerous  laboratory  investigations  and  practical  applications. 

At  higher  temperatures  second  and  subsequent  ionizations  begin,  which 
must  be  considered  in  examining  absorption;  this  will  be  done  in  the 
following  section. 

Let  us  consider  a  strongly  excited  atom  as  a  hydrogen-like  system: 
an  "optical"  electron  (which  is  one  of  the  outer  valence  electrons) 
moves  along  a  great  orbit  in  field  of  nucleus  and  remaining  electrons. 

If  dimensions  of  this  system  of  charges,  forming  "atomic  remainder," 
are  small  as  compared  to  dimensions  of  orbit  of  "optical"  electron, 
which  is  exactly  what  happens  in  the  case  of  great  excitations  of 
atom,  then  it  may  be  presented  as  point  charge  Z  =  1,  creating  a 
Coulomb  field  (if  we  deal  not  with  a  neutral  atom,  but  with  an  ion, 
then  Z  per  unit  is  greater  than  charge  of  ion;  see  following  paragraph) . 

Extending  results  obtained  for  hydrogen-like  atoms  to  complex 
atoms,  it  is  natural  by  ionization  potential  in  formulas  to  understand 
the  true  potential  of  a  given  atom. 

Really,  the  basic  factor  determining  temperature  dependence  of 
coefficient  of  absorption  of  queuita,  considerably  smaller  than  ion¬ 
ization  potential,  is  Boltzmeuin  factor  exp  [-(I  -  hv)/kT],  to  which 
is  proportional  the  number  of  atoms,  excited  somewhat,  so  that  quajitum 
is  in  state  to  pull  an  electron  from  them.  This  factor,  undoubtedly 
assists  absolutely  regardless  of  whether  it  is  a  hydrogen-like  atom 
or  a  complex  atom.  One  of  the  co-factors  of  Boltzmann  factor,  exp 
(-l/kT),  describes  the  degree  of  ionization,  or  more  exactly,  product 
N  N  ,  to  which  is  proportional  coefficient  of  deceleration  absorption, 

i”  6 

furthermore  Independently  of  the  type  of  atom. 

In  complex  atoms  each  of  the  "hydrogen-like"  levels  with  given 
prime  quantum  number  n  Is  split  somewhat  In  accordance  with  its  own 
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statistical  weight.  This  is  connected  with  the  fact  that  in  complex 
atoms  due  to  deflections  of  field  from  Coulomb  field  I -degeneration 
is  absent,  and  energy  of  levels  with  given  prime  quantum  number  n, 
but  different  orbital  nximbers  I  do  not  coincide  (in  distinction  from 
hydrogen-like  atoms) . 

If  one  were  to  consider  such  "reproduction"  of  levels  in  complex 
atoms,  which  leads  to  appearance  of  a  large  number  more  closely  located 
"teeth"  in  "paling"  of  curve  k(v),  then  replacement  of  summation  over 
levels  by  integration  or  replacement  of  "paling"  by  an  averaged  smooth 
curve  is  even  more  natural  than  in  the  case  of  hydrogen-like  atoms 
(UnsSld  [10]). 

Absorption  of  small  quanta,  considerably  smaller  than  ionization 
potential,  apparently,  should  be  not  badly  described  by  formula  (5.44), 
derived  for  hydrogen- like  atoms,  where  for  neutral  atoms  one  should 
consider  Z  equal  to  one.  Really,  the  high  levels,  only  from  which 
electrons  are  pulled  by  small  quanta,  in  complex  atoms  are  very  close 
to  "hydrogen-like, "  since  the  field  at  large  distances  from  the  atomic 
remainder  is  very  close  to  a  Coulomb  field. 

Regarding  large  quanta,  which  are  absorbed  by  atoms,  which  are  in 
ground  or  low  states,  use  here  of  formula  (5.44)  can,  of  course,  lead 
to  considerable  errors.* 

Formula  (5.44)  becomes  in  general,  senseless  when  energies  of 
quanta  exceed  ionization  potential  hv  >  I,  x  >  x^.  In  this  case  in 
the  sum  over  n  participate  all  levels  from  n  =  1  to  oo  and  formula 
(5.45)  with  variable  lower  limit  of  integration  loses  its  meaning. 

The  sum  over  levels  in  this  case  is  simply  constant  and  does  not  depend 

*See  §  5>  p.  3t>0,  where  results  are  given  of  calculation  of  absorp¬ 
tion  cross  section  of  quanta  by  certain  atoms,  which  are  in  the  ground 
state . 
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on  V  (from  x) .  An  overwhelming  role  In  absorption  of  quanta  hv  >  I  is 
played  by  atoms  which  are  In  the  ground  state,  and  approximately  the 
sum  may  be  considered  equal  to  first  member,  l.e.,  unity.  This  gives 


approximate  formula 


when  *>X|,  Av>/, 

which  should  replace  formula  (5.^^)  when  hv  >  I. 


(5.45) 


Let  us  find  average  Rosseland  run  of  monatomic  gas  In  region 
of  first  ionization.  The  Rosseland  run  is  determined  by  reciprocal 
of  coefficient  of  absorption,  l.e.,  transmission. 

Spectral  range  characterizing  transmission  Is  schemat¬ 

ically  depicted  in  Fig.  5.7*  Frequency  domains  of  transmission  are 
opposite  regions  of  absorption  and  are  near  discontinuities  on  the 
side  of  smaller  frequencies.  In  energy  band  of  hv  quanta,  exceeding 
ionization  potential,  there  Is  practically  no  transmission,  since 
these  quanta  are  very  strongly  absorbed  by  atoms  remaining  in  the 
ground  state. 

A  basic  contribution  In  transfer  of  radiant  energy  is  given  by 


quanta  corresponding  to  maximum  of  weighting  function  in  Rosseland 
integral  (2.80)  x  =  hv/kT  «  4.  If  temperature  Is  considerably  less 
than  ionization  potential,  as  usually  occurs  In  region  of  first  ion¬ 
ization  of  a  not  too  dense  gas,  absorption  of  such  quanta  can  approx¬ 
imately  be  described  by  formula  (5.44),  which  is  more  exact  the  less 
hv  is  and  which  it  is  possible  to  use  for  calculation  of  mean  path 
("paling"  of  transmission  by  this  formula  is  replaced  by  smooth  curve 
x-'^e  ,  depicted  in  Fig.  5.7  hy  the  dotted  line). 

Inasmuch  as  large  frequencies  x  >  x^  introduce  practically  no 
contribution  in  Rosseland  Integral  (2,80),  it  is  possible  to  calculate 
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Fig.  5.7.  ’’Paling”  of  trans¬ 
mission.  Solid  curve  is 
range  as  a  function  of  fre¬ 
quency.  The  dotted  curve 
is  a  run,  smoothed  along 
teeth.  Figure  is  schematic. 


this  integral,  extending  formula 

(5.44) ,  having  a  meaning  only  when 
X  <  x^,  also  to  X  >  x^.  Actually, 
formula  (5.44)  formally  ensures  very 
rapid  damping  of  transmission  when 

X  >  x^,  X  -►  CO.  Putting  expression 

(5.44)  in  Rosseland  Integral  (2.80), 
we  will  obtain  Rosseland  path  * 


/ -0,9.10* CM. 


(5.46) 


It  is  necessary  to  note  that  if  one  were  to  calculate  Rosseland 
path  with  coefficient  of  absorption,  taken  not  by  formula  (5.44),  but 
according  to  the  "exact"  formula  for  hydrogen-like  atoms  (5.42),  i.e., 
without  replacement  of  "paling"  of  transmission  by  a  smooth  curve, 
values  of  the  path  are  obtained  five  larger  than  formula  (5.46)  gives 
(when  ^  ~  10) . 

Let  us  make,  for  example,  calculations  of  Rosseland  path  by  the 
formula  of  (5.46).  For  hydrogen  when  T  =  11,600°K  =  1  ev,  N  =  10 
we  will  obtain  I  =  100  cm  (degree  of  ionization  under  these  conditions 
equals  0.02) . 

If  one  were  to  formally  calculate  by  the  formula  of  (2.105)  with 
the  help  of  formulas  (5.44),  (5.45)  average  coefficient  of  absorption, 
characterizing  integral  radiating  ability  of  gas  then  for  corres¬ 
ponding  path  length  we  will  obtain 


*The  integral  appearing  here 


J  e quals  0 . 87 . 
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It  is  necessary,  however,  to  note  that  this  formula  can  contain 

a  large  error,  since  in  integral  (2.105)  a  basic  role  is  played  by 

the  region  of  large  frequencies  x  y  for  which  approximation  of 

hydrogen  likeness  is  the  worst  of  all  (basically  large  quanta  are  emitted 

during  capture  of  electrons  on  ground  levels  of  atoms) . 

Coefficient  of  continuous  absorption  of  small  quanta,  much  smaller 

than  ionization  potential  kT  «  I,  in  region  of  first  ionization  when 

kT  «  I  depends  on  temperature  basically  according  to  the  law  h 

~  exp(-l/kT)j  i.e.j  very  sharply.  Correspondingly  mean  path  is 

proportional  to  I  exp(l/kT).  Boltzmann  temperature  dependence  of 

absorption  is  characteristic  both  for  is  bound-free  treuisitions,  and 

also  for  deceleration  absorption  in  field  of  ions,  l.e.,  for  both 

components  h’  and  h"  in  h,  (since  h”  N.N^  ~  e^/^^) . 

In  a  number  of  works  are  proposed  methods  to  improve  Kramer  emd 

Kramer  -  UnsOld  formulas,  derived  for  hydrogen-like  atoms,  during 

application  of  them  to  complex  atoms.  Instead  of  charge  of  "atomic 

remainder"  Z,  UnsSld  [11]  introduces  effective  charge  Z,*  which  is 

2  2 

determined  in  such  a  way  that  magnitude  corresponds 

to  actual  energy  level  of  complex  atom  with  given  prime  and  orbital 

quantum  numbers  n  and  1.  Furthermore,  the  Kramer  formula  is 

multiplied  by  7/2q.  ..here  7  is  equal  to  ratio  of  number  of  sublevels 

of  a  complex  atom  for  given  n  and  I  to  analogous  magnitude  for  hydrogen, 

and  2q  is  the  s;atistlcal  sum  of  the  atom.  UnsBld  [11]  and  others  [12] 

2 

recommend  taking  for  all  levels  Z*  •»  4-7^  corresponding  to  energy 
of  ground  state  of  atom. 

Burgess  and  Seaton  [13],  using  monoelectron  semi-empirical  wave 
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functions,  found  with  the  help  of  the  method  of  quantum  defect,* 
obtained  general  expression  for  cross  section  of  photo-ionization  of 
arbitrary  atom  or  ion. 

L.  M.  Biberman  and  Q.  E.  Norman  [14],  using  as  a  basis  the  formula 

of  Burgess  and  Seaton,  developed  method  of  approximation  of  calculation 

of  coefficient  of  continuous  absorption  for  non  hydrogen-like  atoms. 

The  coefficient  of  absorption  is  presented  by  them  in  the  form  of  a 

2 

formula  of  the  Kramer  —  Unsfild  type  in  which  factor  Z  is  replaced 
by  some  function  of  frequency  and,  in  general,  temperature  i{v,  T) . 

This  function  was  calculated  by  them  for  0,  N,  C  atoms  (it  approximately 
does  not  depend  on  temperature).  Very  high  levels  of  atoms  always 
are  "hydrogen-like,"  therefore  very  little  quanta  are  absorbed  Just  as 
in  hydrogen:  when  hv  -♦  0  4  1  (when  Z  «  1) . 

With  Increase  of  energy  of  quantum  from  zero  to  hv  ^  4  ev  coeffi¬ 
cient  4  monotonically  decreases  for  these  atoms  to  a  magnitude  '^1/5. 

In  [15J  functions  are  calculated  for  a  number  of  other  atoms  (Li,  Al, 

Hg,  Kr,  Xe,  Ar) .  For  instance,  for  argon  in  visible  region  of  spectrum 
hv  ~  2-5  ev,  4  1.5-2.  Magnitude  4  changes  irregularly  from  atom 

to  atom. 

Let  us  stress  once  again  that  the  theory  of  continuous  absorption 
of  light  by  complex  atoms  and  ions  at  present  is  in  a  very  imperfect 
state  and  existing  methods  of  calculation  of  coefficients  of  absorp¬ 
tion,  apparently,  give  the  only  true  order  of  magnitude. 

There  are  experimental  Indications  of  the  fact  that  the  Kramer  — 

♦The  quantum  defect  is  the  magnitude  An(E^  j)  =  n  -  n*,  where  n 
is  the  prime  quantum  number  for  level  E^  ^  of  an  atom,  and  n*  is  the 
effective  number,  such  that  The  quantum  defect  character¬ 

izes  deflection  of  energy  level  of  con^jlex  atom  or  ion  from  energy  of 
the  corresponding  level  of  a  hydrogen-like  atom. 
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UnsfJld  theory  gives  fair  results  in  application  to  inert  gases.  Thus, 
in  the  work  of  A.  P.  Dronov,  A.  G.  Sviridov  ajid  N.  N.  Sobolev  [42] 
the  continuous  spectrum  of  glow  of  krypton  and  xenon  was  studied  in 
a  shock  tube  was  studied.  The  measured  Intensities  will  satisfactorily 
agree  with  the  calculated  ones  according  to  the  Kramer  —  UnsSld  theory. 

It  is  necessary  to  note  the  existence  of  one  more  raechajilsm,  which 
at  sufficiently  low  temperatures  certainly  should  play  a  predominant 
role  in  continuous  absorption.  It  is  free-free  treuisltlons  (decelera¬ 
tion  absorption)  in  field  of  neutral  atoms.  The  electrical  field  of 
a  neutral  atom,  in  distinction  from  the  field  of  an  ion,  extraordinarily 
rapidly  drops  with  distance  and,  essentially,  is  concentrated  only 
in  region  of  order  of  dimensions  of  atom.  Nevertheless,  a  free  electron, 
flying  from  an  atom  at  very  close  distance,  so  to  say,  piercing  the 
atom,  is  subjected  to  the  action  of  this  field  and  can  absorb  quantum. 

The  coefficient  of  deceleration  absorption  in  a  field  of  neutral 
atoms  is  proportional  to  NN^.  At  a  small  degree  of  ionization, 

i.e.,  at  low  temperatures,  when  the  number  of  neutral  atoms  is  prac¬ 
tically  constant,  h”*  ~  exp(-I/2kT),  whereas  coefficient  of 

continuous  absorption,  considered  above,  is  proportional  to 
~  exp(-l/kT).  It  is  clear  that  at  sufficiently  low  temperatures  ajid 
a  sufficiently  small  degree  of  ionization  the  first  magnitude  has  to 
become  larger  than  the  second  while  relatively  greater  the  lower  the 
temperature: 

Calculations  of  deceleration  absorption  in  the  field  of  neutral 
atoms  of  hydrogen  were  made  by  Chandrasekhar  ajid  Breen  [l6].  These 
calculations  show  that,  as  one  should  have  expected,  coefficient  h”* , 
belonging  to  one  atom,  is  much  less  theui  the  coefficient  of  free-free 
absorption  in  field  of  ions  h*,  relative  to  one  ion.  Thus,  for 


instance,  when  T  =  7200°K  for  light  with  wave  length  X  =  5965  A 
coefficient  k'”  ,  calculated  on  one  atom  and  one  electron,  h'**/NN  » 

=  2.5*10  cm  ,  whereas  coefficient  calculated  on  one  ion  and 
one  electron,  equals  by  formula  (5«2l)  H”/N_j_Ng  =  3*10”^®  cm^.  Exper¬ 
imental  data  for  air  (see  §  21)  also  indicate  that  effectiveness  of 
field  of  neutral  atom  with  respect  to  deceleration  absorption  by  free 
electrons  is  approximately  an  order  less  than  effectiveness  of  field 
of  ion. 

There  is  an  indication  that  in  the  case  of  heavy  atoms,  such  as 
mercury,  free-free  absorption  in  the  field  of  a  neutral  atom  sharply 
Increases  as  compared  to  light  atoms  (L.  M.  Biberman  and  V.  Ye.  Romanov 
[17])  and  that  in  heavy  moii-vtomic  gases  this  mechanism  can  play  an 
essential  role  even  during  a  not  very  small  degree  of  ionization. 
However,  the  quantitative  side  of  this  question  at  present  is  still 
not  clear. 


§  8.  Mean  Paths  of  Radiation  During  Multiple 
Ionization  of  Atoms  of  Gas 

At  high  temperatures,  of  the  order  of  several  tens  of  thousands  of 
degrees  eind  higher,  atoms  of  gas  are  repeatedly  ionized.  Molecules 
with  such  temperatures  are  completely  dissociated  so  that  all  gases 
are  "monatomic"  and  behave  in  the  relation  of  absorption  light  in  an 
identical  way.  Let  us  find  mean  paths  of  radiation  in  repeatedly 
ionized  gas.  (Results  put  forth  below  were  obtained  in  the  work  of 
author  [I8]).  For  simplicity  we  will  consider  a  gas  consisting  of 
atoms  of  one  element. 

Calculations  of  ionization  equilibrium  show  that  for  every  pair 
of  values  of  temperature  and  density  in  gas  ions  of  only  two-three 
charges  (see  §  7  Ch.  Ill)  assist  in  considerable  quantity.  Each  of 
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these  ions  introduces  its  own  contribution  in  continuous  absorption, 
participating  both  in  bovind-free,  and  also  in  free-free  transitions. 

The  saiiie  calculations  Indicate  that  in  a  gas  of  not  too  great  a  density, 
ionization  potentials  of  ions  assisting  in  large  quantity,  are  always 
much  larger  than  kT.  For  instance,  in  air  with  a  density  100  times 
smaller  than  normal,  the  "average”  ionization  potential  of  ions  I 
(corresponding  to  ions  with  "average"  charge  at  a  given  temperature 
and  density)  is  approximately  11  times  more  than  kT.  Consequently, 
quantum  with  energies  hv,  3-5  times  exceeding  kT,  which  play  a  main 
role  in  transfer  of  radiant  energy,  are  absorbed  not  from  ground,  but 
from  excited  levels  of  ions.  As  also  in  the  case  of  neutral  atoms, 
this  can  serve  as  base  for  transfer  of  formulas  derived  for  hydrogen¬ 
like  atoms  to  multiply  charged  ions.  Moreover,  for  multiply -charged 
ions  the  approximation  of  hydrogen  similarity  is  even  more  Justified 
than  for  neutral  atoms,  since  the  field  of  "atomic  remainder"  of  a 
multiply  charged  ion  is  nearer  to  a  Coulomb  field  the  larger  the 
charge  of  the  "remainder"  is. 

Let  us  consider  continuous  absorption  by  multiply  charged  ions 
as  absorption  by  hydrogen-like  atoms  with  corresponding  charge.  Let 
us  assume  that  in  gas  containing  N  nuclei  in  1  cm^  at  temperature  T, 
in  1  cm^  is  N  m  times  ionized  atoms  (for  brevity,  we  will  call  them 
m-lons) .  We  will  set  forth  the  total  coefficient  of  bound-free  absorp¬ 
tion  by  m-ions  and  free-free  absorption  in  field  of  m  +  1-lon  by 
formulas  (5.^^)>  (5.^5) >  in  which  we  use  charge  Z  equal  to  charge  of 
"atomic  remainder"  of  m-lons,  Z  ■  m  +  1,  and  as  ionization  potential 


we  .7ill  take  the  true  potential  of  an  m-ion  — 


Assembly  of 


bound-free  and  free-free  coefficients  for  multiply  charged  ions  fully 


corresponds  to  the  same  assembly  in  region  of  first  ionization.  Actu¬ 
ally,  coefficient  of  free-free  absorption  in  field  of  m  +  1-ions  is 
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proportional  to  the  product  which,  as  earlier,  by  the  formula 

of  Saha  (3.44)  is  expressed  through  the  number  of  m-lons  Let  us 

write  the  total  coefficient  of  absorption  in  the  form 

’m.  ,  (*).  (5.48) 

where 

*i«  -  X  -  ht/kr, 

in  F  (x)  is  Included  frequency  dependence 
m'  ' 

/g^(^M^when  (5*49) 

For  quanta  exceeding  ionization  potential,  we  will  put  in 
accordance  with  (5.45) 

wh«n  *>»!*.  (5.50) 

In  order  to  obtain  total  coefficient  of  absorption  of  frequency 
V,  one  should  sum  partial  coefficient  over  all  sorts  of  ions,  l.e., 
over  charge  m: 

’  (5.51) 

Let  us  find  before  average  coefficient  of  absorption  charac¬ 
terizing  integral  radiating  ability. 

Putting  spectral  coefficient  in  formula  (2.105)  calculating 
the  integral  over  the  spectrum,  we  will  obtain 

(5.52) 

m 

Now  we  will  find  average  Rosseland  path,  for  which  we  will  place 
in  formula  (2.80); 

i_y*r  €*<»><■  •  , 

• )  (5-53) 

Here  G’(x)  is  Rosseland  weighting  factor.  In  this  expression  it  is 
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impossible  without  additional  considerations  to  be  free  of  integration 
over  the  spectrum,  as  during  calculation  of  yi^,  since  here  is  averaged 
not  coefficient  of  absorption,  which  is  additive  but  is  reciprocal. 
However,  integration  nevertheless  may  be  conducted  approximately. 
According  to  the  formula  of  (5.49)  all  ions  in  their  own  band  of  trans¬ 
mission,  i.e.,  when  x  <  x^(hv  <  >  with  change  of  frequency  absorb 

light  equally.  Actually  the  upper  limit  of  integral  (5.55)  is  least 
of  boundaries  of  transmission,  which  possess  ions  assisting  in  gas 
in  so  considerable  a  quantity  that  they  give  a  noticeable  contribution 
in  absorption. 

As  was  noted  above,  for  every  pair  of  values  of  temperature  euid 
density  of  gas  ions  of  on.ly  two-three  charges  assist  considerably. 


Inasmuch  as  average  Ionization  potential  I  is  considerably  larger  than 
kT,  boundaries  of  transmission  of  these  ions  x^  lie  beyond  the  limits 
of  that  region  of  the  spectrum  which  gives  an  essential  .;ontribution 
in  integral  (5.55).  Therefore  it  is  possible  to  approximately  disregard 
dependence  of  function  Fjj^(x)  on  m  and  to  carry  it  after  the  sign  of 
sum  over  m,  and  furthermore,  to  extend  expression  (5.49)  for  Fjjj(^) 
also  to  values  of  x  >  just  as  was  done  in  the  preceding  section. 

With  these  simplifications  the  integral  is  turned  into  precisely  the 
same  as  and  in  case  of  neutral  atoms  (see  footnote  on  p.570  ).  We 
obtain 


j  o.wy«  i 


(5.54) 


For  approximate  calculation  of  sujns  over  charges  of  ions  in 

formulas  (5.52),  (5.54)  we  will  use  the  method  applied  in  §  7  Ch.  Ill 

during  calculation  of  thermodynamic  functions  of  gases  in  region  of 

multiple  ionization.  We  will  consider  distribution  of  ions  N  as  a 

m 


377 


temperature  In  gas  are  present  atoms  excited  to  all  possible  energies. 
If  is  the  number  of  atoms  in  i  cm^,  being  in  n-th  quantum  state, 
and  is  the  effective  absorption  cross  section  of  hv  quantum  by 
these  atoms,  then  coefficient  of  absorption  equals* 

(5»38) 

•• 

The  lower  limit  in  this  sum  is  determined  from  the  condition  that 
energy  of  quantum  is  larger  than  binding  energy  of  electron  in  atom, 
hv  >  |E^1.  Otherwise  quantum  cannot  force  out  electron  and,  conse¬ 
quently,  atoms  excited  to  states  with  n  <  n,*  for  which  |E^|  >  hv, 
do  not  participate  in  absorption  of  hv  quanta.  In  particular,  if 

energy  of  quantum  exceeds  binding  energy  of  electron  in  the  groimd 

2 

state  of  the  atom,  l.e.,  ionization  potential  I  =  I^jZ  ,  then  in  absorp¬ 
tion  participate  all  atoms  (n*  =  i) .  In  absorption  of  very  little 
quanta  hv  «  I^Z  participate  only  highly  excited  atoms  (n*  »  1) . 

The  absorption  curve  depending  upon  frequency  has  the  character 
of  "paling,"  as  is  shown  in  Fig.  5.6.  As  soon  as  energy  hv,  increasing 
attains  binding  energy  of  electron  in  any  state  |E^|,  atoms  excited 
before  this  level,  are  Included  in  absorption  and  coefficient  of  absorp 

tion  grows  by  Jumps.  Then,  up  to  Inclusion  of  the  following  level, 

-3  -3 

decreases  ,  in  conformity  with  the  law  v  Every  level 

introduces  its  own  "tooth"  into  paling  (dotted  lines  in  Fig.  5.6) 

and  total  coefficient  of  absorption  is  obtained  by  means  of  summa¬ 
tion  of  all  "teeth"  (solid  line  in  Fig.  5.6). 

If  the  gas  is  in  a  state  of  thermodynamic  equilibrium,  the  number 
of  atoms  in  the  n-th  state  is  determined  by  Boltzmann  formula  (5.32) 

♦Let  us  note  here  the  coefficient  of  bound-free  absorption  by  a 
dash  in  order  to  distinguish  it  from  the  coefficient  of  free-free 
absorption,  which  will  be  marked  by  two  dashes. 
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0 -function  around  its  "average"  charge  m,  which  is  determined  by  equa¬ 
tion  (3.57). 

As  was  shown  in  §  7  Ch.  Ill,  distribution  function  of  ions  N  has 

m 

the  character  of  a  sharp  peak,  described  by  Gaussian  curve  N 

m 

2  2 

exp[-(m  -  in)  /A  ]  (see  formula  (3.58). 

-x^m 

If  one  were  to  expand  factor  e  ,  which  is  in  the  sum  of  (5.52), 

(5.5^)  j  near  mean  value  we  find  that  this  factor  depends  on  m  -  in 

according  to  the  law  e^m*  i.e . ,  weaker  than  Therefore, 

application  of  shown  approximate  method  of  calculation  of  sum  over 

m  in  this  case,  just  as  in  §  7  Ch.  Ill,  is  possible.  Carrying  mean 

values  of  coefficients  for  in  components  of  sums  after  sign  of 

summation  and  taking  into  account  that  »  N,  we  obtain 

,  031T« 

«  jra+it*’ 

,  kv  ^ 

where  *  x^  ■  T/kT. 

Using  formula  (3.56)  for  replacement  of  exponent  and  putting  in 
numerical  value  of  a,  we  obtain  finally; 


k 


4.4.iOWr*T 


(5.55) 

(5.56) 


Average  charge  m  and  average  relative  ionization  potential  = 

=  T/kT,  depending  upon  temperature  and  density,  are  determined  by  means 
of  solution  of  equation  (3.57). 

As  a  check  shows,  error  connected  with  approximate  calculation  of 


sums  over  m,  is  minute;  in  any  case  it  is  less  than  possible  errors 
connected  with  use  of  approximation  of  hydrogen- similarity  in  examining 
of  complex  ions.  It  is  possible,  however,  to  trust  that  obtained 
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formulas  (5.55),  (5.56)  give  correct  order  of  magnitude  of  mean  paths 
and  truly  describe  dependence  of  them  on  temperature  and  density  of 
gas. 

For  Illustration  of  numerical  values  of  mean  paths  In  Table  5.2 
are  given  results  of  calculation  for  air.*  Unfortunately,  dependences 
l(T,  N)  and  \  N)  in  a  wide  range  of  change  of  variables  cannot 
more  or  less  exactly  be  described  by  interpolation  formula  of  expo¬ 
nential  type,  very  convenient  for  practical  purposes.  In  rough  approx¬ 
imation  indices  of  degree  in  the  law  I  ~  t“n"^  are  such;  a  1.5-5j 
P  -  i.6-1.9. 

If  one  were  to  investigate  dependence  of  mean  path  on  temperature, 
starting  from  low  temperatures,  then  it  will  develop  that  function 
I (T)  has  a  minimum. 


Table  5.2.  Mean  Paths  of  Radiation  in  Air  in 
Region  of  Multiple  Ionization 


T, 

WW„er 

;  /»ner 

•  10‘*cm"3 

1 

I0"» 

I0*» 

20000 

m 

1.4 

1.85 

2,35 

1,  e» 

0.(»3 

2.8 

170 

It,  CM 

0,02 

0,8 

39 

100  ooo 

m 

2,72 

3,47 

4  1 

1,  CM 

0,13 

7 

470 

Ij,  CM 

0,05 

2 

110 

2SOOOO 

in 

4.85 

5,15 

5.2 

1,  CM 

0.72 

61,5 

6000 

l|,  €M 

0,24 

15,6 

1200 

SOOOOO 

m 

5,2 

5.4 

5,85 

i.  CM 

8.8 

010 

50000 

ti’  €M 

2,0 

140 

9500 

In  region  of  single  ionization,  \^hen  ftf  < /,,  (see 

formula  (5.46)),  l.e.,  very  rapidly  decreases  with  Increase  of  temper¬ 
ature.  The  path  becomes  minimum  in  the  region  where  second  ionization 

begins  (in  air  when  T  ~  20, 000-40, 000°K) .  After  that  it  increases 

7/2 

during  temperature  rise,  at  first  slower  than  T  '  ,  and  then,  during 

*In  the  table  given  in  [l8],  error  was  allowed.  All  values  of  paths 
I  and  l±  were  understated  uniformly  by  10  times. 
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■ . . .  ""I 

total  ionization  when  there  remains  only  the  deceleration  mechanism,  1 

in  proportion  to  (see  formula  (5.24)).  It  is  necessary  to  note 

that  growth  of  Rosseland  path  is  not  Infinite:  with  very  small  ahsorp-  < 

tlons  light  scattering  becomes  essential  (see  §  2  Ch.  II),  which  was  ■ 

not  considered  in  calculations.  The  range  for  Compton  scattering  of 
2 

quanta  hv  «  me  =  500  kev  in  air  of  normal  density  equals  57  m.  This 
also  is  the  upper  limit  of  the  Rosseland  path  at  normal  air  density. 

Let  us  stress  that  character  of  dependencies  Z (T,  N) ,  l^(T,  N)  and 
order  of  magnitude  of  paths  in  region  of  multiple  ionization  for  all 
gases  are  approximately  identical,  since  potentials  of  consecutive 
ionizations  for  all  elements  are  more  or  less  similar  to  one  another. 

Let  us  estimate,  for  example,  radiating  ability  and  speed  of 
radiant  cooling  of  a  transparent  particle  of  air  with  dimensions 
R  «  When  T  =  50,000°K  and  N  =  =  59  cm,  J  =  = 

*  5.6*10^^  erg/cm^sec.  Internal  energy  of  air  in  these  conditions 
e  ■=  85  ev/atom.  Initial  scale  of  time  of  cooling  t  =»  Ne/J  is  t  = 

=  1.9*10“^  sec  =•  -J). 

2.  Line  Spectrum  of  Atoms 

§  9-  Classical  Theory  of  Spectral  Lines 
Line  spectra  are  emitted  and  are  absorbed  as  a  result  of  bound- 
bound  trajisltlons  in  atoms  (ions),  i.e.,  during  transitions  of  an  atom 
from  one  energy  state  to  another. 

In  the  classical  theory  a  model  of  radiating  atom  is  an  elastically 
bound  electron,  which  vibrates  near  a  certain  position  of  equilibrium. 

In  zero  approximation,  without  taking  into  account  losses  of  energy  on 
radiation,  such  a  system  constitutes  a  harmonious  oscillator.  Inasmuch 
as  a  vibrating  electron  moves  acceleratedly,  it  radiates  light.  If 
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loss  of  energy  after  a  period  of  one  vibration  is  very  small  as  com¬ 
pared  to  the  actual  energy  of  vibrations  W,  then  speed  of  radiation 
can  be  calculated  after  the  general  formula  (5.1) ^  placing  in  it 


acceleration  of  harmonious  oscillator.  Let  us  designate  by  the 
natural  frequency  of  the  oscillator.  If  r  is  coordinate  of  electron. 


counted  off  from  position  of  equilibrium,  then  acceleration  is 
2  2 

w  =  4ir  VqT.  Time  average  speed  of  loss  of  energy  of  electron  on 
radiation  according  to  (5.1)  equals 


TT* 


-s - - 


(5.58) 


where  d  =  er  is  the  dipole  moment.  Syinbol  <>  signifies  time  average. 

2 

Expressing  average  square  of  deflection  of  electron  <r  >  by  energy  of 


oscillator  W,  we  will  obtain  the  energy  radiated  in  1  sec; 


ame*  " 


(5.59) 


The  combination 

(5.60) 

is  the  reciprocal  of  the  time  during  which  energy  of  oscillator 

decreases  e  times  (if  initial  energy  of  oscillator  equals  Wq,  then 

W  =  WQe”"^^)  .  The  magnitude  7  is  called  the  attentuation  constant. 

The  condition  of  weak  damping  7  «  v^,  lying  at  the  basis  of 

derivation  of  formula  (5.58),  is  always  executed  with  great  accuracy.* 

,  o  1 4  -1 

Thus,  for  instance,  for  violet  light  X  =  4,000  A,  v  =  7.5*10  sec 
(hv  =  5.1  ev) ,  and  7  =  1.4*10°  sec”  ;  t  =  I/7  =  O.T’IO”  sec. 

If  we  calculate  losses  of  energy  on  radiation,  then  in  the  follow¬ 
ing  approximation  the  osclllatoi'  accomplishes  no  longer  harmonious, 
but  damped  oscillations,  whose  amplitude  is  proportional  to  j/W  = 

yi 

“  |/^®^*  Consequently,  radiated  now  is  not  natural  frequency  v^, 

♦Using  quantum  ideas,  this  condition  can  be  rewritten  in  the  form 

i^"***"&  Miy. 
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but  the  whole  spectrum  of  frequencies.  In  order  to  find  spectral 


composition  of  radiation,  it  is  necessary  to  expand  into  a  Fourier 
integral  the  acceleration  of  the  oscillator  (is  assumed  that  when 
t  <  0  there  is  no  motion  and  r  =  0,  w  0) .  Energy  radiated  through¬ 
out  the  time  in  spectral  Interval  dv,  S^dv,  will  be  determined  through 
Pourier-compoiient  of  acceleration  by  formuls  (5.4).  Calculation,  which 
can  be  found  in  [19]>  yields  when  v  -  Vq  «  v^i 


<•— >‘+C^) 


(5.61) 


It  is  easy  to  check,  integrating  this  expression  over  the  whole 
spectrum  from  v  «  0  to  v  ■  co,  that  total  energy  is  equal  to  initial 
energy  of  oscillatorj 

••  •  • 

J  j  ^  j  dt  -  W,. 


Is  possible  to  speaJt  about  energy  radiated  by  oscillator  in 


frequency  Interval  dv  in  1  sec.  This  magnitude  equals  78^  dv,  where 
in  expression  (5.6l)  instead  of  Wq  it  is  necessary  in  this  case  to 
write  ¥  as  energy  of  oscillator  in  given  moment  of  time. 

Spectral  distribution  of  radiation  of  fading  oscillator,  which  is 
expressed  by  formula  (5.6I),  is  depicted  in  Fig.  5.8.  Half -width  of 
peak,  so  called  natural  width,  whose  meaning  is  clear  from  Fig.  5.8, 
equals  Av  =  7/2Tr. 


In  scale  of  wave  lengths  the  natural  width  does  not  depend  on 

2 

wave  length  and  equals  AX  =»  ^  ^  Pq  =  1.2»10"^  ^(^0  “ 

=  — ^  =  2.8*10"^^  cm  —  "radius  of  electron)." 

Above  was  considered  the  inadvertent  emission  of  light  to  a  once 
excited  oscillator.  Let  us  assume  that  now  on  the  oscillator  from 


without  falls  monochromatic  light  wave  of  frequency  v  with  amplitude 
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constant  in  time.  Under  action  of  electrical  field  of  wave  the  elas¬ 
tically  bound  electron  performs  forced  vibrations.  If  there  was  no 
damping,  the  light  wave  in  a  short  time  after  the  moment  of  its 
"inclusion"  would  excite  the  oscillator,  imparting  to  it  a  specific 
energy,  and  after  that  (on  the  average  with  respect  to  time)  would 
not  produce  work.  If,  however,  there  is  damping,  forced  vibrations 
are  accompanied  by  continuous  radiation  of  energy  by  oscillator.  This 
energy  is  drawn  out  owing  to  work  producible  by  external  field. 

Let  us  find  work  accomplished  by  periodic  field  of  light  wave 
above  oscillator.  Let  us  solve  for  this  the  equation  of  motion  of  an 
oscillator: 

mr  +  » (2nvo)*r + mv'’  “ 


Fig.  5.8.  Form  of  line 
of  absorption. 


Here  Eq  is  the  amplitude  of  electric  field 
strength.  Term  m7r  considers  "frictional 
force"  connected  with  damping.  Solution 
of  this  equation  has  the  form 


r—r**' 


.itxvt 


1  •• 


(5.62) 


Work  accomplished  by  external  force 
in  1  sec  is  equal  to  product  of  force  by 


speed  f.  Multiplying  equation  of  motion  by  r  and  averaging  with  res¬ 
pect  to  time,  as  a  result  of  which  terms  <i*  f>  and  <r  f>  disappear, 
we  will  find  that  work  in  1  sec  equals 


—  2n*in'Yv*  |  rj  j.  (5.65) 

2 

It  is  determined  by  modulus  of  complex  value  r  . 

Work  is  equal  to  energy  which  is  taken  away  by  oscillator  from 
Ixght  wave  in  1  sec,  i.e.,  is  absorbed  by  oscillator. 

Leaving  for  now  the  question  about  further  fate  of  the  absorbed 
energy,  we  will  calculate  effective  absorption  cross  section.  It,  by 

.  G04 


lif 


definition,  equals  the  energy  absorbed  in  1  sec  divided  by  average 


energy  flow  of  light  wave  with  respect  to  time.  Average  flux  equals 
c  2 

^  Eq.  Thus,  we  will  obtain  effective  absorption  cross  section  of 
light  of  frequency  v.  At  frequencies  v,  not  too  far  from  resonance 
|v  -  VqI  «  Vq,  it  is  equal  to 


If  damping  of  vibrations  of  oscillator  is  connected  exclusively 
with  radiation,  then  all  energy  is  expended  on  emission  of  light.  In 
this  case  we  deal  essentially,  not  with  absorption  of  light,  but  with 
its  scattering  (in  classical  theory).  The  attenuation  constant  here 
is  expressed  by  formula  (5.60).* 

For  effective  attenuation  cross  section  of  incident  light  wave 
by  oscillator  we  will  obtain  in  this  case  by  formula  (5.64): 

t 

rz>  CJi*.  1 

(5.65) 


^  i  .  ..  7.2.!0-* 


In  center  of  line  the  effective  cross  section  is  equal  to  a 

3  2  — q  2  2  max 

-  ^  ^  or  a  =7.2*10  V(hv  )  .cm  (X  «  c/v  is  wave  length  of 
majc 

light).  This  cross  section  is  very  great.  For  visible  light  hv  ~ 

”9  2 

~  2-3  ev  10  ^  cm  ,  which  corresponds  to  mean  free  path  of 

light  I  ^  10"^*^  cm  during  atmospheric  density  of  atoms  N  ~  10^^  l/cm^. 

An  excited  oscillator  can  lose  its  own  energy  also  because  of 

collisions  of  atoms  with  each  other.  In  this  case  absorbed  energy 

of  light  wave  partially  passes  into  heat.  It  is  possible  to  show  (see 

[19]) j  that  also  in  this  case  vibrations  of  oscillator  are  described 

by  formula  (5.62),  but  only  by  y  should  one  now  understand  not  natural 

•Putting  in  (5.58)  the  solution  of  (5.62),  we  will  obtain  5- 

.  Equating  this  expression  (5.65),  we  will  obtain  formxxla 
(5.60)  for  attenuation  constant, 
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width  line  (5.60),  but  sum  of  natural  width  and  magnitude 
where  is  average  time  between  collisions  leading  to  "deactivation" 

of  oscillator.  Formula  (5.64)  preserves  its  own  form  in  exactly  the 
same  way  for  effective  absorption  cross  section,  if  by  7  we  understand 
total  line  width,  widened  due  to  collisions. 

The  fate  of  absorbed  energy  of  light  is  determined  by  relationship 

between  natural  width  7  and  reverse  time  between  collisions  2/t  , . 

'  col 

If  7  »  2/’^col^  which  occurs  in  a  very  rarefied  gas,  then  absorbed 
energy  is  illuminated  (light  is  dispersed);  if,  however,  7  «  — 

energy  passes  basically  into  heat  (absorption  in  the  literal  meaning 
of  the  word) .  There  exist  also  other  mechanisms  of  broadening  spectral 
lines  in  gas  (see  [6,  10,  19]). 

Let  us  assume  that  in  an  "atom"  there  are  f^^  oscillators  with 

■5 

frequency  Vqj^,  and  number  of  atoms  in  1  cm-^  equals  N.  Total  coefficient 
of  absorption  of  light  of  frequency  v  then  equals 

—  AT  ^  /hOvk.  (5.66) 

Usually  individual  lines  will  stand  from  each  other  at  a 
distance  much  larger  than  the  line  width.  An  overwhelming  role  in 
absorption  of  light  of  a  given  frequency  is  played  by  oscillators 
with  natural  frequency  Vq,  the  closest  to  the  absorbed,  and  in  sum 
(5.66)  there  remains  actually  only  one  term.  Inasmuch  as  lines  are 
extraordinarily  narrow,  there  are  absorbed,  essentially,  only  fre¬ 
quencies  very  close  to  natural  frequencies  of  oscillators:  absorption 
has  a  selective  character.  Let  us  assume  that  on  the  atoms  falls  a 


continuous  spectrum  of  radiation  with  density  of  energy  U^,  which,  as 
usually  occurs,  changes  little  in  Interval  of  frequencies  of  the  order 


of  the  line  width.  Total  energy  content  absorbed  in  1  sec  in  1  cm^  by 

00  00 

oscillators  with  frequency  v^,  equals  /  U  dv c  Na  f  =  U  cNf  /  a  dv 


(index  k  is  omitted).  Absorption  on  one  atom  is  characterized  by  a 
magnitude  obtained  by  means  of  integration  of  cross  section  of  (5.64). 
For  one  line  the  integral  from  the  cross  section  with  respect  to  fre¬ 
quency,  i.e.,  area  of  line,  equals 

m 

/  J  2,64.10^/  (5.67) 

• 

This  is  constant,  depending  only  on  number  of  oscillators  f  and  not 
depending  on  line  width.  Therefore,  if  line  is  widened,  for  instance, 
owing  to  collisions,  then  effective  cross  section  now  will  be  less 
than  for  a  line  with  natural  width. 

Absorption  of  light  by  oscillator  depends  on  frequency  exactly 
as  radiation  does  (cf.  formula  (5.6l)  and  (5.64)).  This  Is  in  accord¬ 
ance  with  principle  of  detailed  balancing,  fulfillment  of  which  is  easy 
to  check  by  means  of  direct  calculation.* 

§  10.  Quantum  Theory  of  Spectral  Lines. 

Vibration  Strength 

Let  us  consider  radiation  and  absorption  of  light  from  the  quantum- 
mechanical  point  of  view. 

Between  results  of  quantum  and  classical  theories  there  is  a  deep- 
seated  parallelism.  In  zero  approximation  of  quantum  theory  of  atom, 
corresponding  to  steady  states,  only  strictly  defined  levels  of  energy 
of  atom  are  possible  (analogous  to  constancy  of  energy  of  sustained 
vibrations  of  classical).  In  the  following  approximation  appears 
possibility  of  transitions  between  energy  states  of  atom.  In  virtue 
of  the  fact  that  states  are  non-stat ionary,  according  to  indeterminancy 

*7Sy  dv  =  UyC  dv  Cyj  this  relationship  is  satisfied,  if  one  places 

w  and  Uy  thermodynamic  equilibrium  values  of  energy  of  oscillator 

^three-dimensional)  and  density  of  radiation,  either  according  to  the 

classical  theory!  W  ■  JkT,  U  ■  Sirv^kT/e^  or  according  to  the  quantum 
theory.  ^ 
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principle  levels  of  energy  (besides  ground)  turn  out  to  be  blurred  on 
magnitude  AE  ~  h/At,  where  At  -  "life"  of  atom  in  considered  state  - 
equal  to  reciprocal  of  probability  of  spontaneous  transitions  to  lower 
levels.  But  blurring  of  levels  leads  also  to  blurring  of  lines  on  a 
magnitude  of  the  order  Av  AE/h  l/At,  l.e.,  order  of  constant 
"damping"  l/At,  as  also  in  classical  theory.  Width  of  n-th  energy 
level  is  equal,  in  accordance  with  what  was  said,  to  the  sum  of  prob¬ 
abilities  of  transitions  to  all  lower  levels, 

(5.68) 

•“1 

where  sec  is  the  probability  of  spontaneous  transition  n  -►  n’ , 

so  called  coefficient  of  Einstein  for  emission. 

Quantum  mechanics  gives  for  speed  of  radiation  the  magnitude 

(5.69) 

where  |d|  is  matrix  element  of  dipole  moment.  Expression  (5.59)  is 
very  similar  to  classical  expression  (5.58);  the  difference  consists 
only  in  replacement  of  mean  square  of  dipole  moment  by  doubled  square 
of  matrix  element  of  the  same  moment.  Numerical  values  of  probability 
of  radiation  A^i ,  have  the  same  order  as  classical  "probability," 
l.e,,  attenuation  constant  7. 


Table  5.3.  Probability  of  Transitions  in  Atom 
of  Hydrogen  in  Units  of  10®  sec~^ 


Initial 

state 

rinal 

state 

N-t 

Sum 

Life 

XO"®  seo 

fc  » 

"P 

_ 

. 

0 

it 

M' 

r.3s. 

0.25 

0,16 

3 

Averatje 

4., 09 

3f 

mp 

0.063 

0.063 

16 

w 

1.04 

0.22 

1,06 

0,54 

u 

•P 

— 

0.64 

0.64 

1.56 

1 

Avera^ 

0.5S 

0.43 

0,48 

1.02 

In  Table  5.3  are  given  values  of  A^i  for  certain  transitions  in 
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atom  of  hydrogen*  (for  a  diagram  of  levels  see  in  Fig.  2.2  and  5.9). 
Knowing  coefficients  of  probability  it  is  easy  to  calculate 

intensity  of  corresponding  lines  of  emission.  Namely,  if  is  the 


number  of  atoms  in  i  cm"^,  remaining  in  n-th  state,  which  can  be  cal¬ 
culated  by  the  formula  of  Boltzmann,  then  energy  radiated  in  line 

in  1  cm^  in  1  sec  equals  N  i t . 

^  n  nn  nn 

The  principle  of  detailed  balancing  establishes  a  bond  between 
probabilities  of  absorption  and  emission  of  light  for  given  transition 
n  n’ .  Energy  absorbed  in  i  sec  in  1  cm^  by  atoms  which  are  in 
state  n*  with  their  transition  into  n-th  state,  equals 


where  a  is  the  effective  absorption  cross  section  of  frequency  v 
^n  n 

within  limits  of  given  transition  n*-*  n,  and  is  the  coefficient 

characterizing  total  absorption  in  given  line  (so-called  coefficient 
of  Einstein  for  absorption) .  It  is  proportional  to  "area"  of  line 

(5.70) 

Multiplying  speed  of  absorption  by  (1  -  in  order  to 

consider  forced  emission  (see  §  4  Gh.  II),  equating  obtained  expression 
of  speed  of  emission  and  substituting  density  of  radiation  according 
to  the  formula  of  Planck,  and  number  of  atoms  according  to  the 
formula  of  Boltzmajin,  we  will  obtain  bond  of  coefficients  of  Einstein: 


(5.71) 


Here  g^,  g^i  are  statistical  weight  of  i-  and  n' -energy  states  of 

atom.  Usually  it  is  accepted  to  characterize  absorbing  ability  of 

atom  in  given  line  ,  determined  by  area  of  line  /  dv,  by 

the  number  f  i„,  equal  to  that  number  of  classical  oscillators  with 
n  n  ^ 


•These  data  are  tedcen  from  book  of  Bete  and  Solplter  [5]  . 
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Fig.  5.9.  Diagram 
of  levels  of  atom 
of  hydrogen. 


natural  frequency  which  would  give  the  same 


effect  as  the  considered  atom.  This  number  f  1 

n  n 

is  called  oscillator  strength  for  a  given  transi¬ 
tion  and  now  no  longer  is  an  integer.  Comparing 
area  of  line  by  formulas  (5.70)  and  (5.67)  and 
considering  (5.71),  (5.60),  we  will  find  bond 
between  oscillator  strength  and  coefficients  of 
Einstein,  which,  in  essence,  are  determinations 
of  idea  of  oscillator  strength: 

{5-72) 
(5.77) 


Regarding  distribution  of  absorption  with  respect  to  frequency 
within  limits  of  line,  the  quantum  theory  leads  to  the  same. dependence 
of  probability  of  absorption  of  quajitum  on  frequency,  as  the  classical 
formula  for  cross  section  a^.  Standardizing  this  probability  in  the 
appropriate  way,  it  is  possible  to  write  the  quantum  formula  for 
absorption  cross  section  in  a  form  analogous  to  that  of  the  classical 
formula  (5.64)  (we  will  transpose  indices  n  and  n’,  i.e.,  will  desig¬ 
nate  by  n  the  lower  state  from  which  transition  is  accomplished  with 
absorption  of  quantum). 


(5.74) 


If  one  were  to  substitute  here  the  value  of  f^i  according  to 
formula  (5.75) ^  using  expression  for  7,  and  to  consider  that  c/v  »  X, 
the  cross  section  can  be  written  in  the  form 


♦Let  us  note  that  the  number  determined  by  formulas  (5.72)  or 

(5.75)  constitutes  average  oscillator  strength  calculated  on  one  degree 
of  freedom  of  electron.  Pull  oscillator  strength  is  three  times  larger 
in  accordeince  with  the  fact  that  an  electron  in  an  atom  possesses  three 
degrees  of  freedom. 
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(r,../4ji)* 


where  cross  section  in  center  of  line: 


X*  tn 

2*  fn'  ffin' 


Line  width  (natural)  in  quantum  theory  is  put  together  from 
probabilities  of  transitions  (5.68):  +  ^n'**  accordance 

with  determinations  of  oscillator  strength  and  coefficient  of  Einstein 
®nn’  (5.72),  (5.70),  area  of  line  equals 


2,64.10r»/„.  cn.2.3*c-i. 


It  absolutely  does  not  depend  on  line  width  in  which  in  the 

presence  of  collisions  is  included  also  the  term  2/t^qj^.  This  is 
very  natural,  since  area  of  line  by  the  principle  of  detailed  balancing 
is  simply  connected  with  probability  of  spontaneous  emission,  which, 
of  course,  cannot  depend  on  such  external  causes  as  collision  of  atoms, 
and  is  determined  only  by  structure  of  the  actual  atom. 

Usually  in  real  gas  there  exists  a  series- of  causes  according  to 
which  spectral  lines  expand:  collision  of  atoms  with  each  other, 

Doppler  effect,  Stark-effect . **  Thus,  broadening  due  to  collisions 
adds  to  natural  line  width  7  a  magnitude  equal  to  doubled  probability 
of  collisions  instance,  in  air  during  normal  con¬ 
ditions  the  time  between  collisions  of  molecules  ~  0.74.10"^  sec 

Q  .1 

and  7(,q2.  “  2. 7 -10^  sec  ,***which  is  an  order  larger  than  attenuation 

*In  width  of  levels  r^,,are  included  also  probabilities  corres¬ 
ponding  to  forced  emission.  These  terms  are  proportional  to  density  of 
radiation  and  are  essential  only  with  sufficiently  large  densities. 

**For  greater  detail  about  broadening  of  lines,  see  [6,  10,  19]. 

#**Strlctly  speaking,  one  should  take  into  account  not  any  collisions, 
but  only  those  which  lead  to  deactivation  of  excited  atoms. 
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constant  7  for  ultraviolet  radiation.  Correspondingly,  line  width 

also  increases  by  an  order,  Doppler  broadening  equals  approximately 

Av  =  vv/c,  where  v  is  rate  of  thermal  motion.  When  v  =  4.6*10^  cm/sec 

(velocity  of  molecules  of  air  at  normal  temperature)  for  line  X  =  4,000 
®  14  -1  9  -i 

A  7.5*10  sec  ,  Av  =  1,15.10^  sec  ,  l.e.,  also  considerably 
larger  than  natural  width. 

§  11.  Absorption  Spectnun  of  Hydrogen-Like  Atoms 
•  Let  us  assume  that  on  a  gas  from  hydrogen-like  atoms  (in  partic¬ 
ular,  on  atomic  hydrogen)  from  without  falls  light  with  a  continuous 
spectrum  in  which  all  frequencies  are  represented.  Let  us  consider 
which  of  these  frequencies  will  be  absorbed  by  atoms  remaining  in  a 

specific  n-th,  state,  and  what  intensity  of  absorption  will  be. 

Atoms  selectively  absorb  frequencies  ^  corresponding  to  tran¬ 
sitions  of  electron  from  n-th  level  to  higher  levels  n'>  n.  Having  in 

mind  formula  (5.25)  for  energy  level,  we  will  find  bond  of  these  fre¬ 
quencies  with  quantum  numbers  n  and  n’ ,  so-called  series  formula  of 
Balmer; 

T  ’  (5-75) 

where  =  I^Z^/h  =  Frequency  =  Ijj/b  =  5.27*10^^  sec~^ 

corresponds  to  ionization  potential  of  an  atom  of  hydrogen.  It  is 
frequently  used  as  the  unit  of  frequency  called  "Rydberg."  During 
growth  of  n'  levels  and  correspondingly,  lines  are  rapidly  com¬ 

pressed  and  in  limit  n’-»  oo  pass  into  continuum  (continuous  spectrum), 
since  during  absorption  of  frequencies  exceeding  upper  limit  of  series 
^n  =  ^n  QQ  =  ,  ionization  occurs,  and  f.-'nal  state  of  electron  falls 

into  continuous  spectrum  of  energies.  Spectrum  of  absorption  from 
given  level  o*  atom  n  is  depicted  in  Fig.  5.10  (in  the  same  place  for 
comparison  is  given  diagram  of  levels).  For  definity  it  is  assumed 


392 


1 

that  n  a  1,  i.e.,  figure  depicts  absorption  spectrum  of  cold  gas  from 

hydrogen-like  atoms,  in  which  all  atoms  are  in  the  ground  state.  In 

heated  gas  levels  are  excited  and  absorption  spectrvim  constitutes 

totality  of  series  corresponding  to  absorption  by  atoms  which  are  in 

different  states.  4 

Near  upper  boundary  of  series, 

where  lines  are  strongly  compressed, 

overlapping  of  individual  lines  begins. 

This  occurs  when  frequency  distance 

between  lines,  which  decreases  when 

n*-^  OD,  becomes  comparable  with  width  of 

lines*  Overlapping  of  lines  promotes 

their  broadening  owing  to  collisions, 

Doppler  effect  etc. 

It  is  easy  to  see  that  overlapping  of  atomic  lines  begins  during 

such  large  quantum  numbers  n*  and  v  =  v  series,  so  close  from  upper 

n  n2D 

boundary  that  all  this  frequency  domain  of  overlapped  levels  is  very 
narrow  and  practically  does  not  play  a  role.  In  real  atomic  gas  it  I 

i 

never  exists  due  to  cutting  of  upper  levels  owing  to  interaction  of  ! 

1 

atoms  and  effective  lowering  of  ionization  potential.  Thus,  for 

Q 

Instance,  for  width  of  lines  Av  ~  10-^  sec  their  overlapping  starts 
when  n*«=s  200,  at  distance  Av*  »  v^/n*^  =*  2.5  x  10"^v^  from  boundary  | 

of  continuous  spectrum  (in  scale  of  wave  lengths  AX*  «  0.02A).  i 

I 

Actually  overlapping  of  individual  lines  can  appear  only  during  | 

absorption  of  light  by  molecules,  where  the  number  of  lines  is  much 
larger  than  in  atoms,  and  they  are  located  much  nearer  to  one  another 
(see  more  about  this  lower). 

Let  us  consider  transitions  n  n*  with  absorption  of  light  between 


Fig.  5.10.  Absorption  spec¬ 
trvim  of  light  by  atom  of 


hydrogen  which  is  in  the 
ground  state.  On  the  left 
is  diagram  of  transitions. 
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high  levels  with  large  quantum  numbers.  Motion  of  electron  on  such 
levels  is  quasiclassic,  and  absorption  of  light  accompanied  by  n  -►  n' 
transitions  from  n,  n'»  1,  can  be  studied  using  semlclasslcal  concepts. 

In  spectral  region  corresponding  to  transitions  from  n,  n*»  1, 
where  lines  are  located  very  frequently  and  are  almost  overlapped,  it 
is  natural  to  smooth  dependence  of  effective  absorption  cross  section 
on  frequency  by  means  of  introduction  of  averaged  cross  section. 
Averaging  should  be  done  in  such  a  way  that  total  area  of  lines,  which 
characterizes  flux  depression  of  external  radiation  with  continuous 
spectrum,  remains  constant. 

Let  us  consider  the  small  spectral  interval  from  v  to  v  +  Av 
such  that  in  it  is  contained  many  lines,  but  these  lines  differ  little 
from  each  other.  Furthermore,  we  will  assume  that  the  interval  Av  is 
much  larger  than  width  of  Individual  line.  Effective  absorption  cross 
section  of  frequency  v  by  atoms  which  are  in  the  n-th  state  is  equal 


to  a  =  2  a  I . 
vn  vnn' 

We  will  average  the  cross  section  in  Interval  Av: 


^  C 

^  =  ffw  Av  =  2  3  "  S  ^ 

Let  us  average  also  oscillator  strengths,  determining  average  value 
^nn'  ^  ^nn'  given  Interval  Av.  If  in  interval  of  frequen¬ 

cies  from  V  to  V  +  Av  are  contained  lines  corresponding  to  final  states 
from  n*  to  n*  +  An*,  the  number  of  which  is  equal  to  An’,  then  mean 
cross  section  can  be  written  in  the  form 

(5-76) 


The  number  of  lines  on  a  unit  spectral  Interval  can  be  calculated  by 


means  of  differentiation  of  Balmer  formula  (5.75): 


(5.77) 
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In  §  4  we  found  effective  cross  section  for  bound-free  transitions, 
extending  the  classical  expression  for  effective  radiation  during  free- 
free  transitions  to  the  case  when  one  of  the  states  falls  in  the  dis¬ 
crete  spectrum.  Justification  for  such  an  operation  is  those  consid¬ 
erations  that  in  states  with  large  quantum  numbers  n  motion  of  an 
electron  is  quasiclassic  and  that  motion  along  "elliptic"  orbit,  corres¬ 
ponding  to  large  n  and  small  negative  energy,  is  very  close  to  motion 
along  "hyperbolic"  orbit  with  small  positive  energy.  Let  us  take  one 
more  step  and  consider  in  that  same  approximation  the  case  when  both 
states  are  in  the  discrete  spectrum  with  large  quantum  numbers. 

Let  us  consider  transitions  from  n-th  level  during  absorption  of 
quantum  in  the  framework  of  the  same  semlclasslcal  concepts.  With 
increase  of  frequency  an  electron  in  the  final  state  falls  on  an 
"elliptic"  orbit,  more  and  more  approaching  parabolic;  when 
it  falls  on  a  parabolic  orbit,  and  at  frequency  v,  only  a  little  exceed- 
ing  it  falls  on  a  "hyperbolic"  orbit,  close  to  parabolic.  Inasmuch 
as  motion  of  electron  in  final  state  changes  continuously,  one  should 
expect  that  mean  effective  absorption  cross  section  of  light  by  atoms 
in  n-th  state,  also  will  be  continuous  during  transition  from 

discrete  spectrum  to  continuum. 

Let  us  extend  expression  (5.54)  for  cross  section  of  photo-ioniza¬ 
tion  from  n-th  level  to  absorption  of  frequencies  of  somewhat  lower 
bound  of  photo-ionization—  and  equate  the  cross  section  of  (5.54) 

to  the  expression  for  mean  cross  section  in  the  case  of  bound-bound 
transitions  (5.76) . 

Remembering  determination  of  potential  ionization  of  an  atom  of 
hydrogen  1^^  by  formula  (5.25)  and  the  expression  for  frequency  boundary 
of  series  ■  v^/n  (see  (5.75) )>  we  will  find  average  oscillator 

♦Just  as  in  §  4  we  extended  the  expression  for  effective  brems- 
strahlung  to  frequencies  aomeirtiat  exceeding  the  highest  possible  during 
a  free-free  treuisitlon  eutid,  thus,  described  the  photo-capture. 
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strength  f'jj(v)  for  transition  from  n-th  level  to  one  of  the  n' -levels, 
included  in  the  narrow  interval  An',  Av.  Designating  it  by  t  and 
frequency  v  by  ,  we  obtain 


3n/3«‘Vv^.y  v„„. 


Av 
Ab'  • 


Substituting  here  average  distance  between  levels  Av/An',  calculated 
by  formula  (5.77)  ^  and  replacing  frequency  of  transition  accord¬ 

ing  to  the  formula  of  Balmer  (5.75) ^  we  will  obtain  finally  oscillator 
strength  f^i  for  transition  n n' : 

4  _  32  1  1  1 

"an  K3  (5.78) 


For  transitions  to  levels  n'»  n  we  will  find  asymptotic  formula; 


<  _  32  «  1,96« 


(5.79) 


As  can  be  seen,  oscillator  strengths  depend  only  on  quantum  numbers 
n,  n'. 

In  Table  5.4  are  presented  oscillator  strengths  for  certain  tran¬ 
sitions  in  an  atom  of  hydrogen,  calculated  by  quantum-mechanical  means 


[5]. 


It  is  ren5arkable  that  semiclass ical  formulas  (5.78),  (5.79), 
derived  for  the  case  n,  n*»  1,  give  a  fair  estimate  even  for  tran¬ 
sitions  between  levels  with  small  quantum  numbers,  and  also  for  tran¬ 
sitions  from  ground  level.  For  instance,  semiclassical  values  f>,2  “ 


^  A  r\\i  X  .  «  .£» 


in 


^  —  I  3  n  1 -  n  . 

I  =  li  j  axia  uttu-Lti 


^12  ~  0.4l6,  f^^  =  0.079,  asymptotic  f^^i  =  1.6.n*"^.  We  here  meet 

the  same  position  as  during  comparison  of  semiclassical  and  quantvim 

\ 

cross  sections  of  photo -ionization  from  ground  level  of  hydrogen-like 
atom. 
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Table  5.4.  Oscillator  Strengths  for  an  Atom  of  Hydrogen* 


K 

Initial  stata 

la 

2t 

if  ■ 

1 

Final  stata 

V 

V 

ns 

nd 

4 

8 

from  n  a  9  ta  QO^  J 

0,4182 

0.0701 

0.0290 

0.0139 

0,0078 

0,0048 

0,0032 

0,0101 

0^ 

0.102 

0,042 

0.022 

0,013 

0,006 

0,026 

—0,139 

0,014 

0.0031 

0,0012 

0,0006 

0,0003 

0,0002 

0,0007 

0,122 

0,044 

0,022 

0,012 

0.006 

0.053 

As^ptotlc  formula 

i.e-»-* 

3,7.a-« 

0,1 

3,3ji-* 

Line  spectrum 

0,5641 

0,638 

-0,119 

0,923 

Continuous  speotna 

0.4350 

0,362 

0.008 

0,188 

'  Sun  i 

1,000 

1,000 

-0,111 

1,111 

♦Negative  oscillator  strengths  correspond  to  tran¬ 
sitions  with  emission  of  quantum.  See  §  12. 


§  12.  Oscillator  Strengths  for  Continuum. 

Theorem  of  Sums 

In  the  preceding  sections  we  saw  that  probabi.lity  of  transitions 
between  discrete  levels  of  atom  with  absorption  of  light  quanta  are 
characterized  by  oscillator  strengths.  By  oscillator  strength  is 
determined  area  of  line  of  absorption,  l.e..  Integral  with  respect 
to  frequencies  from  effective  absorption  cross  section  of  light  of 
frequency  v  in  a  given  line. 

By  analogy  it  is  possible  to  introduce  idea  of  oscillator  strength 
also  for  bound-free  transitions,  characterizing  by  magnitude  f^  the 
integral  with  respect  to  frequencies  from  effective  absorption  cross 
section  of  light  with  transition  of  electron  from  n-th  level  of  atom 
into  continuous  spectrum.  If  is  the  effective  cross  section  of 
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bound-free  absorption  of  frequency  v  with  such  transition,  then 

(5.80) 

% 

where  Integration  with  respect  to  frequencies  Is  conducted  from  lowest 
frequency  at  which  transition  into  continuous  spectrum  is  possible. 

Let  us  calculate  oscillator  strength  f^  for  bound-free  absorption 
by  hydrogen-like  atoms. 

Using  semlcla.ssical  formula  (5.3^)  for  and  noticing  that 
2  2 

=  IjjZ  /hn  ,  we  will  obtain  after  integration 

j  _  8  1  0,49  .  _  . 

'““3ii/3»“  »  •  (5.81) 

Results  of  quant\im-mechanical  calculation  for  an  atom  of  hydrogen 
are  presented  in  Table  5.^.  For  instance,  for  n  =  1  the  exact  value 
of  f^  =  0.436,  and  by  formula  (5.8l)  f^  =  0.49. 

In  the  classical  theory  every  electron  participating  in  radiation 
and  absorption  of  light  is  replaced  by  an  oscillator.  The  sum  of 
numbers  of  oscillators,  consequently,  is  equal  to  the  prime  number  of 
electrons  in  the  atom.  The  quantum  analog  of  this  position  is  the 
theorem  of  sum  of  forces  of  oscillators,  according  to  which  sum  2f^« 
with  respect  to  all  allowed  transitions  in  an  atom  from  given  state 
n  is  equal  to  the  number  of  electrons.  If  one  were  to  be  limited  only 
to  transitions  with  participation  of  external,  optical  electrons,  then 
the  sum  is  equal  to  the  number  of  the  latter.  In  particular,  in  the 
case  of  a  hydrogen-like  atom  the  sum  is  equal  to  one.  In  the  sum 
with  respect  to  final  states  are  included  also  transitions  into 
continuous  spectrum,  i.e.,  the  term  f^,  which,  as  will  be  seen 
below,  can  be  presented  in  the  form  of  an  integral  with  respect  to 
final  states  of  continuous  spectrum.  Furthermore,  in  the  sim  are 
Included  also  terms  corresponding  to  transitions  to  lower  levels 
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n'<  n,  i.e.,  transitions  with  emission  of  light.  Corresponding  termr 
of  the  sum  are  negative  and  are  determined  by  probabilities  of  A^i 
transitions  (see  [5]).  Data  in  Table  5.4,  of  course,  satisfy  the  rule 
of  sums,  which  can  be  checked  by  means  of  direct  calculation. 

In  describing  bound-free  transitions  (continuum),  and  also  bound- 
bound  transitions  between  densely  located  levels  in  band  spectra  of 
molecules  (quasicontinuum)  we  frequently  use  the  idea  of  differential 
oscillator  strength  or  oscillator  strength  calculated  on  unit  interval 
of  frequencies.  Formally,  differential  oscillator  strength  ^  is 
determined  in  the  following  way.  If  is  absorption  cross  section 
of  frequency  v  during  transition  from  n-th  level,  then 

0— (#).»'  -*•‘<>■“[7^].-’  (5.82) 

(v/Vj^  is  frequency  measured  in  Rybergs) . 

Hence,  total  oscillator  strength  for  the  whole  continuum  is  defined 
as 

(5.83) 

>  .  % 

in  accordance  with  formula  (5.80). 

Let  us  calculate  differential  oscillator  strength  for  bound-free 
absorption  from  n-th  level  of  hydrogen-like  atom.  Comparing  formula 
(5.34)  with  determination  (5.82),  we  will  find 

Integrating  this  expression  with  respect  to  v  from  to  00,  naturally, 
we  will  come  to  formula  (5.81) . 

If  absorption  spectrum  constitutes  totality  of  meiny  lines,  then 
by  cross  section  one  should  understand  mean  cross  section 
(see  formula  (5.76)),  and  the  differential  oscillator  strength  is  equal 
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to  average  oscillator  strength  of  one  transition,  multiplied  by  the 
number  of  lines  in  a  unit  Interval  of  frequencies: 

%■  (5-S5) 

In  Table  5.5j  taken  from  the  book  of  Unsold  [10],  are  given 
forces  of  oscillators  of  atoms  of  hydrogen  and  alkali  metals  for 
continuous  spectrum,  corresponding  to  absorption  from  ground  level. 
There  are  also  values  of  differential  oscillator  strength  for  boundary 
of  absorption  (df/dv)^  when  v  =  (v  is  measured  in  Rybergs) . 

These  data  are  obtained  by  means  of  quantum-mechanical  calcula¬ 
tions.  They  show  degree  of  "non-hydrogen  likeness"  of  atoms  of  alkali 
metals . 

Table  5.5.  Oscillator  Strengths  for 
Continuous  Spectrum  f  and  Differential 

Force  ^  for  Boundaries  of  Main  Series 

(v  in  Rybergs) 


Atom 

A  A 

margin 

/ 

d/ 

dv 

/(ev) 

H 

912 

0,436 

0,78 

13,5 

U 

2281 

0,24 

0,46 

5,4 

-Na 

2442 

0,0021 

0,038 

5,05 

K 

2857 

0,0024 

4,32 

§  15.  Remarks  About  Energy  Role  of  Lines  in  Radiation 
of  Heated  Body  and  Radiant  Transfer  of  Energy 

Above  it  was  noted  that  energy  role  of  line  spectrum  in  heated 
gas  is  small  as  compared  to  role  of  continuous  spectrum.  During  cal¬ 
culation  of  average  Rosseland  path  and  speed  of  volume  cooling  only 
transitions  giving  a  continuous  absorption  spectrum  were  taken  into 
account.  Now,  after  we  have  met  regularities  of  line  spectrum,  it  is 
possible  to  explain  what  causes  a  similar  position.  Let  us  consider 
radiation  of  optically  thin  volume  of  rarefied  gas.  According  to  the 
law  of  Klrchhoff  radiating  ability  is  proportional  to  coefficient 
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of  absorption  and  speed  of  radiant  cooling  is  proportional  to 
integral  over  the  whole  spectnim  from  coefficient  of  absorption  taken 
with  a  specific  weight  (see  formula  (2.105)).  Let  us  return  to  Fig. 
5.6,  on  which  is  shown  "paling”  of  continuous  absorption,  and  more 
intently  we  consider  only  one,  mein  "tooth"  corresponding  to  absorption 
from  ground  level  n  =  1  (Fig.  5.11).  Before  the  "tooth"  of  photo- 
ionization  at  frequencies  lower  than  the  bound  of  continuous  absorp¬ 
tion  v^,  are  located  lines  of  absorption.  The  area  of  all  these  lines 
(and  integral  of  radiation  is  characterized  namely  by  the  area  /  dv, 
if  one  were  to  digress  from  weighting  function  comparatively  slowly 
changing  with  frequency)  is  by  no  means  small.  Really,  curve  of 
average  absorption  cross  section  near  boundary  of  continuous  absorp- 
tlon  continues  in  the  direction  of  frequencies  lower  than  bound  in 
proportion  to  v“^  (see  §  11),  i.e.,  mean  cross  section  in  region  of 
lines  is  not  at  all  small  and  even  larger  them  cross  section  in 
continuum  (dotted  line  in  Fig.  5.11).  Other  evidence  of  significance 
of  area  of  lines  is  the  fact  that  oscillator  strength  for  continuum 
of  main  series  of  an  atom  of  hydrogen  (n  =  1)  equals,  as  follows  from 
formula  (5.8l),  0.49  (or,  more  exactly,  from  Table  5.4,  0.4^6).  Thus, 
approximately  half  of  oscillator  strengths,  and  consequently  also  area 
of  absorption  curve,  belongs  to  continuous  spectrum,  and  the  other 
half  belongs  to  lines  (sum  of  oscillator  strengths  is  equal  to  one). 

So  large  an  area  of  lines  is  due  to  their  colossal  height,  which 
compensates  smallness  of  width.  Let  us  consider,  for  Instance,  line 
hv  =  10  ev,  which  widens  100  times  as  compared  to  natural  width  owing 
to  Doppler-ef f ect .  Effective  cross  section  in  the  center  has  ein  order 
of  10  cm  (see  formula  (5.65))  which  is  100  times  more  than  the 
cross  section  of  photo-ionization  (see  (5.54)).  This  signifies  simply 


that  shell  of  gas,  optically  transparent  for  continuous  spectrum, 
most  likely  is  opaque  for  frequencies  cori'e spending  to  lines;  these 


frequencies  are  "locked"  in  gas  shell,  are  in 
thermodynamic  equilibrium  with  substance,  and 
their  flow  from  surface  of  body  is  not  deter¬ 
mined  by  radiating  ability;  it  does  not  exceed 
Planck  flow.  Role  of  lines  powerfully  compares 
with  role  of  continuous  spectrum  only  under  the 


Pig.  5.11  Effec¬ 
tive  absorption 
cross  section  of 
light  by  an  atom 
of  hydrogen  from 
ground  state.  Tran¬ 
sition  of  discrete 
spectrum  into  con¬ 
tinuum.  Dotted  line 
shows  averaged  cross 
section  with  res¬ 
pect  to  lines  in 
region  of  discrete 
spectrum.  Figure 
is  schematic. 


condition  that  the  body  will  be  transparent  also 
in  lines.  Optical  thickness  of  layer  for  contin 
uous  spectrum  will  become  of  the  order  of  ratio 
of  cross  sections  of  photo-ionization  and  selec¬ 
tive  absorption  in  line,  i.e.,  extraordinarily 
-5 

small,  <10  in  given  example.* 

Regarding  the  Rosseland  path,  as  one 
may  see  from  Fig.  5.12,  it  influences  not 


Fig.  5.12.  Concerning 
the  question  of  influ¬ 
ence  of  lines  on  mag¬ 
nitude  of  path. 


so  much  the  area  of  absorption  curve,  but 
total  width  of  lines,  since  owing  to  great 
magnitude  of  absorption  in  line  from  inte¬ 
gral  with  respect  to  spectrum  corresponding 
sections  will  be  simply  completely  cut 
(range  in  line  is  practically  equal  to  zero) 
independently  of  magnitude  of  absorption. 
Total  width  of  lines  is  small  as  compared 


to  total  spectral  interval  participating  in  transfer. 


♦For  the  energy  role  of  lines  in  radiation  of  hydrogen  plasma 
see  [49]. 
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It  is  necessary  to  note  that  in  gas  of  great  density,  when  broad¬ 
ening  of  lines  is  very  great,  their  role  can  become  noticeable  for. 
transfer  of  radiant  energy;  the  lines  ceui  noticeably  lower  the  Rosse- 
land  path. 


3.  Striped  Spectrum  of  Molecules 

§  14.  Energy  Levels  of  Diatomic  Molecules 
It  makes  sense  to  consider  absorption  of  light  by  molecules  at 
temperatures  lower  than  12,000-8,000°K,  since  at  higher  temperatures 
molecules  completely  dissociate  into  atoms. 

The  energy  of  an  atom  is  determined  only  by  its  electron  state. 

The  energy  of  a  molecule,  besides  the  electron  state,  depends  even  on 
intensity  of  vibrational  and  rotational  motion.  Therefore,  the  number 
of  energy  levels  and  number  of  allowed  transitions  between  them  for 
molecules  is  much  larger  than  for  atoms;  the  molecular  spectra  is 
considerably  more  complicated  than  the  atomic  spectra.  Sometimes 
individual  lines  in  the  spectrum  are  located  so  close  to  each  other 
and  their  number  is  so  big  that  in  certain  sections  they  form  an  almost 
continuous  spectrum.  At  high  temperatures  or  densities  of  gas  due 
strong  broadening  the  lines  can  even  overlap.  Therefore,  striped 
molecular  spectra  of  radiation  and  absorption  in  certain  conditions 
render  an  essential  energy  influence  analogous  to  that  of  continuous 
spectra.  Molecular  spectra  have  a  large  value  for  absorption  and 
emission  of  light  in  air  at  temperatures  of  the  order  of  several 
thousands  and  tens  of  thousands  of  degrees. 

We  will  consider  the  simplest  and  at  the  same  time  the  practically 
important  case  of  diatomic  molecules.  In  the  first  approximation 
electron,  vibrational,  and  rotational  motion  in  a  molecule  occur 
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Independently  and  total  energy  of  the  molecule  can  be  presented  in 
the  form  of  the  sum  of  corresponding  components.  During  not  too 
Intense  vibrations  the  latter  are  close  to  harmonious  and  their  energy 
equals 

(5.86) 

where  is  the  wave  niimber  measured  in  cm”  (usually  in 

spectroscopy  it  is  accepted  to  use  instead  of  frequencies  v  sec  the 
1  "i 

wave  numbers  =  v/c  cm  )  ;*  v  =  0,  1,  2.  .  .  is  vibrational  quantum 
number.  Energy  of  rotation  is  characterized  by  rotary  quantum  number 
J  =  0,  1,  2,  .  .  .  and  moment  of  inertia  of  molecule  I: 

(5.87) 

2  - 1 
where  =  h/87r  cl  is  the  constant  of  rotation,  measured  in  cm  . 

Thus,  if  U  is  electron  energy  in  a  given  state,  then  in  first 

approximation  total  energy  of  molecule  equals** 

(5.88) 

In  the  following  approximations  to  expression  (5.88)  are  added 
terms  considering  the  anharmonicity  of  vibrations,  interaction  of 
vibrations  with  rotation,  etc.  (see  [20,  4l]);  we  will  not  remain  on 
this. 

Wave  numbers  of  emitted  or  absorbed  radiation  l/X  =  v/c  (in 
spectroscopy  it  is  sometimes  referred  to  as  "frequency,"  measuring 
"frequency"  in  cm  )  are  determined  by  difference  of  energies  of  initial 

*To  wave  nvuaber  1  cm”  correspond;  wave  length  X  ■  10°  A,  frequency 

i  n  «■  i  n 

V  »  5*10  sec’  ,  energy  of  quantum  hv  =»  I/806O  ev,  hv/k  ■  1.55°K. 

♦♦Rotational  energy  in  formulas  (5.87),  (5.88)  is  determined  with 
aui  accuracy  of  constant  depending  on  type  or  bond  between  rotational 
and  electron  states;  on  the  type  of  bond  depends  also  the  exact  meaning 
of  rotational  quemtvua  nvuaber.  The  constant  has  the  order  hcB  and  it 

can  be  Included  in  U  ,  writing  energy  in  the  form  of  (5.88);  for 

reference  to  this,  see  [20], 


404 


and  final  states.  Subsequently  the  upper  state  always  will  be  desig¬ 
nated  by  one  prime,  and  the  lower  by  twoi 

+  IjK/7/'+ (^'+1)1.  (5-89) 

Between  differences  of  electron,  vibrational,  and  rotational 
energies  (the  scale  of  the  last  two  are  the  magnitudes  hco)  and  hcB  ) 
there  always  exists  the  relationship 

^  >  <ft« > Bt,  (5»90) 

where  1/Xqq  =  (U^  +  03^/2  -  u”  -  cDg/2)/hc  is  the  wave  number  correspond¬ 
ing  to  electron  transition  in  absence  of  vibrations  and  rotations.  In 
the  accuracy  of  inequalities  (5.90)  one  can  be  certain,  considering 
Table  5.6,  in  which  are  presented  spectroscopic  constants  of  the  most 
important  stf.tes  and  transitions  in  molecules  Og,  Ng,  Ng,  NO.* 

The  arrangement  of  levels  of  a  molecule  has  the  form  shown  in 
Fig.  5.13.  The  dotted  line  shows  electron  energies  of  levels  A  and  B. 
The  first  actual  levels  of  the  molecule,  corresponding  to  absence  of 
vibrations  (v  =  0) ,  lie  somewhat  higher  due  to  zero-point  energy  of 
vibrations.  To  each  electron  state  corresponds  a  great  number  of 
vibrational  levels,  and  to  each  of  the  vibrational  levels  in  turn 
correspond  a  great  number  of  rotational  levels.  Vibrational  levels 
during  growth  of  excitation  are  somewhat  compressed  due  to  anharmonlcity 

and  in  limit  v  -♦  go  pass  into  continuum,  corresponding  to  dissociation. 
Rotational  levels,  conversely,  diverge  during  growth  of  J  (for  not 
too  large  J  numbers,  when  approximation  (5.87)**  is  accurate). 

♦Different  electron  states  of  a  molecule  differ  by  forms  of  poten¬ 
tial  curves  describing  Interaction  of  atoms  depending  upon  internuclear 
distance,  and  also  mean  internuclear  distances  (i.e.,  during  transition 
from  one  electron  state  to  another  frequency  of  vibrations,  moment  of 
inertia,  and  constant  of  rotation  change).  The  table  is  taken  from  [8]. 

♦♦During  very  strong  rotations  (extraordinarily  large  J)  change  of 
potential  curve  of  molecule  owing  to  centrifugal  forces  becomes 
essential.  In  limit  J -♦  00  rotational  levels,  Just  as  vibrational, 
start  to  compress  and  pass  into  continuum. 
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Table  5.6.  Spectroscopic  Constants  of  the  Most  Impor¬ 
tant  Molecules 


Molecule 

State 

Electron 

energy 

U  ,  ev 
e 

1 

.  he  ' 

ev 

1 

rransitior 

1 

1 

«l^.  Cffl"^ 

B,.  01)1*1 

Tranbltion  and  nam 
or  system  of  banos 

B-*X 

o» 

B»2' 

6,11 

6,11 

49363 

700,4 

0,819 

Schumann- kunge 

0 

0 

1580 

1,446 

Nj 

c»n 

11,1 

3,69 

29670 

2035 

1,826 

C-*It  . 

u 

2nd  positive 

B»U^ 

7,4 

1,18 

9557 

1734 

1,638 

B-*A 

i 

1st  positive 

6.17 

6,17 

!  49757 

1460 

1,440 

Ar-*Z 

Forbidden  band 

Vegard-Kaplan 

0 

2360 

2,010 

NO 

B*n 

5,63 

5,63 

45440 

1038 

1,127 

B->X 

6- band 

x*s*- 

5,48 

5.47 

44138 

2371 

1,995 

A-*X 

1 

Y-band 

i 

j:»n 

0 

1904 

1,705 

3,16 

25566 

2420 

2,083 

B-*X 

1st  negative 

jr*i: 

2207 

1,932 

t 

A  diagram  of  levels  of  a  molecule  of 
nitrogen  with  indication  of  terms  and  their 
energies,  and  also  vibrational  states,  is 
presented  in  Fig.  5.1^-  For  molecules  of 
oxygen  and  nitrogen  oxide  we  present  a 
diagram  of  potential  curves  on  which  are 
also  shown  terms  and  energy.  Subsequently 
we  frequently  will  have  to  use  designations 
of  different  electron  states  of  molecules, 


Fig.  5.15.  Energy  level 

diagram  and  transitions  therefore,  we  will  recall  briefly  the  basic 
in  a  diatomic  molecule. 

Vertical  lines  show  positions  of  spectroscopic  symbolism, 

d  if f erent  bands . 

An  electron  state  is  characterized 

by  projection  of  orbital  moment  of  electrons  onto  axis  of  molecule  or 
quantum  number  A,  total  spin  of  electrons  S,  and  properties  of  symmetry. 


■  „  rti-iirtitiiilitiilMf-*-'- 
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States  with  A  =  0,  1,  2,  .  .  .  are  designated  by  Greek  letters  2,  n, 

A,  .  .  .  Projection  of  spin  onto  axis  can  take  2S  +  1  values,  in 

accordance  with  which  every  term  is  split.  Multiplicity  of  term  2S  +  1 

3  2 

is  indicated  on  the  left  above,  for  instance,  •'^2,  IlfS  =  1,  S  =  l/2 
correspondingly) . 

During  reflection  into  the  plane  passing  through  axis  of  molecule, 
projection  of  electron  orbital  moment  changes  sign;  in  conformity  with 
this  terms  with  orbital  moment  different  from  zero  are  doubly  degener¬ 
ated,  more  exact;  they  are  split  into  two  due  to  existence  of  inter¬ 
action  between  rotation  of  molecule  and  motion  of  electrons.  This 
phenomenon  is  called  A-doubllng  ( "lambda" -doubling) . 

If  however  A  =  0,  reflection  does  not  at  all  change  the  electron 

energy;  wave  function  is  multiplied  by  +1  or  -1.  This  property  of 

« 

symmetry  2  of  terms  is  indicated  on  the  upper  right:  2*^,  2”. 

If  the  molecule  consists  of  identical  atoms,  there  appears  one 

more  property  of  symmetry,  namely,  energy  is  Invariemt  relative  to 

simultaneous  change  of  sign  of  coordinates  of  all  electrons  and  nuclei. 

The  wave  function  is  multiplied  by  +1  or  -i,  which  is  designated  by 

Indices  g  and  u  on  the  lower  right,  for  Instance  2  ,  II  . 

g  "u 

As  a  rule,  the  ground  state  of  diatomic  molecules  possesses  full 
symmetry  and  the  basic  term  is  *2^.  An  exception  compose  is  the  O2  mole- 

O 

cule,  for  which  the  basic  term  is  2  ,  and  the  NO  molecule  with  basic 

g 

2 

term  H. 


Consecutive  electron  states  are  designated  by  letters:  X  (ground 
state).  A,  B,  C  .  .  .  or  a,  b,  c  .  .  .  In  the  case  of  ionized  mole¬ 
cules  a  prime  is  added  to  the  letters:  A*,  b’.  .  .  Thus,  for  instance, 
the  first  excitation  (metastable)  state  of  Ng  is  A^2^. 
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Fig.  5.1^.  Diagram  of  levels  of  molecule  of 
nit rogen. 

Permissible  transitions  between  different  electron  states  (dipole 
transitions  with  emission  or  absorption  of  light)  are  subordinate  to 
certain  selection  rules.  These  rules  depend  on  type  of  bond  between 
orbital  motion  of  electrons,  their  spin  and  rotation  of  molecule.  In 
many  important  cases  of  selection  the  rule  is  the  following;  M  =  0  ±  Ij 
multiplicity  2S  +  1  does  not  change;  transitions  ^  z"  and  transitions 
g  -*■  g,  u  -►  u  are  forbidden  (the  last  two  rules  do  not  depend  on  type 
of  bond) 
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§  15.  Structure  of  Molecular  Spectra 

Totality  of  transitions  between  two  electron  states  B-A  will 
form  a  series  of  bands  corresponding  to  transitions  between  two  given 
vibrational  states  v'-vl* 

Frequencies  of  quanta  radiated  or  absorbed  during  electron  tran¬ 
sitions  of  molecules,  lie  usually  in  ultraviolet  or  visible  parts  of 
the  spectrum.  Transitions  without  change  of  electron  state  correspond 
to  frequencies  belonging  to  infrared  region  of  the  spectrum;  we  will 
not  be  Interested  In  them.  Each  of  the  bands  consists  of  many  closely 
located  lines,  corresponding  to  transitions  between  various  rotational 
states.  Rotational  transitions  obey  selection  rules,  which  In  consid¬ 
erable  degree  simplify  the  spectrum.  Namely,  transitions  are  possible 
with  the  following  changes  of  rotational  quantum  number:  AJ  =  j’-  j"  = 
=  0,  +1,  where  transition  0-0  Is  forbidden,  in  the  case  of  2  Z-tran- 

s it  ions  also  transitions  AJ  »  0  are  absent.  In  Fig.  5.13  vertical 
lines  show  transitions  between  different  vibrational  states  of  two 
electron  levels  (bands  v’-v’S  0-0,  1-0,  etc.).  In  Fig.  5.15  one  band 
v’-v”  Is  specially  separated  and  its  rotational  structure  Is  shown. 

It  Is  assumed  that  at  least  In  one  of  the  states  B  or  A  A  ^  0,  so  that 
AJ  =  0  transitions  exist.  The  series  of  lines  with  AJ  =  0,  +1,  -1  are 
called  Q-,  R-,  P-branches  correspondingly. 

If  vibrational  levels  in  different  electron  states  were  disposed 

with  equal  accuracy,  l.e.,  frequencies  co’  and  cd",  would  coincide,  and 

0  ^ 

compression  due  to  anharmonlclty  would  occur  identically,  then  bands 
with  Identical  value  of  difference  Av  =  v’  -  v”,  as  one  may  see  from 
Fig.  5.13^  would  be  exactly  superimposed.  Actually  the  location  of 
levels  in  various  electron  states  differ  somewhat  from  each  other, 
where  difference  of  frequencies  of  oscillations  co*  -  oj”  Is  usually 
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considerably  less  than  the  frequencies  themselves.  Therefore,  bands 
with  identical  difference  Av  are  close  to  each  other,  forming  so-called 


sequence  of  bands,  whereas  bands  with  different  Av  will  stand  at 
larger  frequency  distances.  This  position  is  Illustrated  by  photog¬ 


raphy  of  emission  spectrum  of  so-called  second  positive  system  of 
nitrogen*  (transition  C^n  -*■  b\  ;  see  diagram  of  levels.  Fig.  5.1^). 

On  this  photography  (Fig.  5.16)  is  scale  of 
wave  lengths  and  niwibers  of  vibrational  tran¬ 
sitions  are  shown  (first  figure  corresponds 
to  upper  electron  state) .  As  can  be  seen  from 
photography,  distance  between  neighboring  bands 
of  sequence  Av  =-2,  for  instance,  are  equal 
approximately  to  50  Aj  distance  between  the 
nearest  bands  of  neighboring  sequences  is 
larger,  for  Av  =-2  and  Av  =  -1  it  equals 
approximately  230  A.  With  increase  of  frequency 
bands  compress  in  accordance  with  compression 
of  vibrational  levels  when  v  -*■  co  and  finally 
pass  into  continuum,  connected  with  dissociation 
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Fig,  5.15.  Rotational 
structure  of  bands. 
Diagram  of  transi¬ 
tions  corresponding 
to  Q-,  P-,  and  R- 
branches . 


r 


.uj 

mT:asm 


LlJ 

i3 


Fig.  5.16.  Emission  spectrum  of  second  positive 
system  of  nitrogen.  Photography  is  taken  from  [20a]. 
KEYj  (a)  1  pos.  group  Ng;  (b)  2  pos.  group  Ng. 


*The  system  of  bands  corresponding  to  different  electron  transitions 
carry  usually  some  name.  The  most  Important  systems  are  shown  on  the 
diagram  of  levels. 
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of  molecule. 


Location  of  lines 


in  rotational  structure  of  band  is  easy  to 


Fig.  5.1?.  Dependence  of  wave 
number  in  P-,  Q-  and  R-branched 
band  from  rotary  quantum  niunber 
J”  for  the  case  B*  >  B”  (red 
edge).  ®  ® 


establish,  using  formula  (5.89)  and  rules  of  sampling:  J'  -  J"  »  0, 
+1,  -1.  We  obtain  for  three  branches  the  following  regularities: 


P:  7'>i^  (5.90) 

Q:  +  7'>1;  (5. 91) 

B:  y'-j'+i,  |-j^+(b;-b;)7*«+(3b;-b;)7'+2b;,  7'>o.  (5.92) 

Here  lA^i^it  is  a  constant,  the  wave  number  which  corresponds  to 
electron-vibrational  transition  in  absence  of  rotational  structure 
(without  third  term  in  formula  (5.89)).  Rotational  structure  depends 
on  which  of  two  rotational  constants  is  larger:  B^  or  B”.  Dependencies 
of  wave  numbers  l/X  on  quantum  number  J"  and  spectrum  are  schematically 
depicted  for  both  cases  in  Figs.  5.17  and  5.18  (so-called  Fortra 
diagrams).  From  Fig.  5.17  it  is  clear  that  when  B^  >  B”  the  spectrum 
has  a  low-frequency  boundary,  where  the  lines  are  compressed  ("red" 
edge) i  the  lines  spread  in  the  direction  of  high  frequencies  and 
distances  between  them  Increase.  When  B’  <  B"  ,  conversely,  "violet" 
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edge  and  lines  spread  in  the  direction  of  low  frequencies.  In  region 

of  "frequency"  edge  distances  between  lines  of  the  order 
"1 

(*=0.2  cm  for  2nd  positive  system  N2  which  corresponds  in  scale 
of  wave  lengths  AX  0.2  A).  In  region  of  rarefaction  of  lines  when 
J"  »  1  all  branches  behave  approximately  according  to  the  law 

(5.93) 


and  distances  between  lines  A(l/X)  grow  in  proportion  to  J". 


Fig.  5.18.  Dependence  of 
wave  number  in  P-,  Q- 
and  R-branched  bands  on 
rotational  quantum  num¬ 
ber  j"  for  the  case 
^  ®e  edge) . 


J7i5i4i 

'  « 

Fig.  5.19.  Spectrum  in  band  0-2  of  second 
positive  system  of  nitrogen.  Photography 
is  taken  from  [20a]. 

For  illustration  of  rotational  struc¬ 
ture  we  conduct  photography  (Fig.  5-19)^ 
on  which  is  resolved  band  0-2  of  second 


positive  system  Ng.  For  the  transition  -*•  of  nitrogen 

(see  Table  ^.6)  and  the  band  is  shaded  in  the  "red"  side  ("red"  edge). 


Each  of  the  lines  of  the  rotational  structure  on  this  photography 


consists  of  three,  in  accordance  with  multiplet  splitting  of  levels. 
A-doubling  on  photography  is  not  resolved  (it  is  usually  less  than 
1  cm  which  corresponds  in  scale  of  wave  lengths  when  X  «  3800  A  to  AX  < 
<  1  A)  . 

As  was  already  noted  above,  electron  transitions  in  molecules, 


as  also  in  atoms,  correspond  to  ultraviolet  or  visible  regions  of 
spectrum.  If  the  nearest  unforbidden  transition  of  their  ground  state 
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into  an  excited  state  corresponds  to  ultraviolet  quanta,  the  gas  is 
transparent  and  is  colorless,  as  for  instance,  Ng,  Og,  NO.  In  certain 
molecules,  such  as  Brg,  Jg,  the  nearest  electron  level  with  the  allowed 
transition  from  ground  state  is  located  rather  low,  and  the  molecule 
absorbs  visible  light.  Such  gases  are  strongly  colored.  In  the 
direction  of  large  frequencies  of  absorption  bands  of  molecules  spread 
usually  into  the  far  ultraviolet  region  of  the  spectrum  and  pass  then 
into  a  continuiim. 

§  i6.  Pranck-Condon  Principle 

Electron  transitions  in  a  molecule  are  connected  with  simultaneous 
change  at  once  of  three  characteristics  of  its  state.  A  great  number 
of  all  possible  combinations  of  initial  and  final  states  is  limited 
by  rules  of  sampling.  However,  selection  rules  are  extended  only  to 
change  of  electron  and  rotational  parameters  of  molecule  and  nothing 


Fig.  5.20.  Potential  curves  of  an  Op 
molecule .  ^ 
KEYi  (a)  volts. 


refers  to  possible  change  of  state  of  vibrations.  In  order  to  establish 
what  combinations  of  vibrational  quantum  numbers  during  transitions  are 
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the  most  probable,  we  will  turn  to  diagram  of  curves  of  potential 
energy  of  molecule,  disregarding  rotation. 

Potential  energy  of  molecule  depends  on  internuclear  distance. 

At  approach  of  nuclei  repulsive  force  predominate,  during  withdrawal, 
attractive  force  predominate.  At  certain  distance  r^  repulsive  force 
and  attraction  forces  balance  one  another  and  potential  energy  at  this 
point  is  minimum.  The  absolute  magnitude  of  minimiwi  of  potential  energy 
corresponds  to  energy  of  electron  state  U^.  The  difference  between 
energy  at  infinite  withdrawal  of  nuclei  and  this  magnitude  gives  energy 
of  dissociation  (with  an  accuracy  up  to  energy  of  zero  vibrations). 

Form  and  position  of  potential  curve  depend  on  electron  state,  so  that 
every  molecule  belongs  to  several  curves.  In  Figs.  5.20  and  5.21  are 
shown  potential  curves  of  molecules  of  0^  and  NO,  built  on  the  basis 
of  spectroscopic  data.*  On  the  figures  are  drawn  horizontal  lines, 
corresponding  to  levels  of  oscillatory  energy  in  each  of  the  electron 
states. 

From  the  classical  point  of  view  the  internuclear  distance  at  a 

‘given  energy  of  vibrations  periodically  changes  near  position  of 

equilibrium  r^.  The  change  occurs  in  the  interval  between  points  in 

which  the  horizontal  line  corresponding  to  energy  of  vibrations. 

Intersects  the  potential  curve.  In  intersection  points  speed  of 

relative  motion  of  nuclei  turns  into  zero,  since  direction  of  motion 

changes  and  in  these  positions  (points  of  return)  the  molecule  remains 

longest  of  all.  Conversely,  it  goes  past  the  position  of  equilibrium 

very  rapidly,  since  speed  here  is  maximum. 

Therefore,  spontaneous  transition  from  upper  electron  state  into 

lower  most  frequently  occurs  when  nuclei  occupy  extreme  positions. 

Reconstruction  of  electron  shell  during  transition  with  emission  of 

quantum  occurs  so  fast  that  during  that  time  neither  position  of  nuclei 
*Flgures  are  taken  from  [20,  21], 
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nor  their  kinetic  energies  can  cheuige.  Really,  duration  of  reconstruc¬ 
tion  is  measured  by  the  time  during  which  electron  passes  a  distance 

of  the  order  of  dimen¬ 
sions  of  molecule,  i.e,, 
sec  (when  veloc- 

Q 

ity  of  an  electron  ~10° 
cm/sec  and  dimensions 

Q 

of  molecule  cm) . 

Distance  between  nuclei 

noticeably  changes  during 

the  time  of  order  of 

period  of  vibrations, 

i.e.,  during  the  t Ime 

M./cOgC  ^  sec 

(when  (Og  1000  cm  , 

which  pertains  to  light 

molecules;  in  heavy 

molecules  o  is  still 
e 

Pig.  5,21.  Potential  curves  of  1?0  moleciile. 

KEY;  (a)  dissociation  range;  (b)  inter-  less,  and  the  period  of 
nuclear  distances. 

vibrations  is  larger.* 

Electron  transition  into  lower  state  is  accomplished  at  a  constant 
internuclear  distance,  i.e.,  mainly  along  verticals  conducted  from 
points  of  return  on  diagram  of  potential  curves  (Fig.  5*22) . 

In  final  state  molecule  arrives  with  zero  velocity  i.e.,  starts 

•Probability  of  unforbidden  electron  tremsltions  from  upper  state 

Q  A 

into  lower  state  in  atoms  and  molecules  is  of  the  order  of  10  sec“^. 

Q 

Thus,  an  excited  molecule  during  a  time  of  the  order  of  10"  sec  (for 

which  atoms  accomplish  much,  ~10^  vibrations)  is  In  upper  state,  but 

then  during  the  time  sec  it  transfers  Into  the  lower  state, 

emitting  light  quantum. 
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vibrational  motion  with  new  vibrational  energy  also  from  points  of 
return. 


Thus,  the  easiest  transitions  of  all  are  accomplished  into  such 
lower  vibrational  states  for  which  one  of  the  points  of  return  is 
located  on  the  same  intemuclear  distance  as  one  of  the  points  of 

return  in  the  upper  state.  This  position, 
known  under  the  name  of  the  principle  of 
Frank -Condon,  is  illustrated  by  Fig.  5.22, 
on  which  are  verticals  of  the  most  prob¬ 
able  transitions  of  their  upper  state 
v‘  =4  into  lower  v"  =  0  and  v"  =6. 

Conversely,  transitions  for  which 
verticals  from  peaks  of  return  fall  in 
the  middle  of  segment  of  the  lower  level 
or  in  general,  go  beyond  the  limits  of 
the  segment  limited  by  the  potential  curve 
(as,  for  instance,  transition  2-6,  shown 
in  Fig.  5.22  by  the  dotted  line),  are  doubtful. 

§  17.  Probabilities  of  'tolecular  Transitions 
with  Emission  of  Light 

Let  us  consider  transition  of  molecule  from  upper  state  into  lower 
state  from  the  quantum-mechanical  point  of  view. 

The  probability  of  a  spontaneous  dipole  transition  with  emission 
of  light  quantum  is  proportional  to  the  square  of  matrix  element  of 
dipole  moment  of  system  d  and  is  described  by  general  formula  (5.69). 
Let  us  consider  the  transition  from  upper  state  Bv'J'M*  into  lower 
state  Av"j"M''.  Indices  B  and  A  designate  electron  states  of  molecule; 
v’,  v”  are  vibrational  states,  and  J’,  J"  are  rotational  quantum 


Fig.  5.22.  Diagram  uf 
potential  curves  an^'  tran¬ 
sitions,  Illustrating 
Franck-Condon  principle. 


numbers.  M  is  "magnetic”  quantum  number  determining  magnitude  of 
projection  of  rotational  moment  onto  axis  of  molecule.  It  can  take 
2J  +  i  values:  M  ■  J,  J  -  1,  ,  .  >  J.  Rotational  energy  does  not 

depend  on  it,  and  wave  function  of  system  does  depend.  Matrix 
element  equals 

■■  ^  'fmtrn' d  dt,  (5.94) 

where  Integration  is  produced  with  respect  to  all  coordinates  on 
which  wave  function  of  system  depends. 

¥e  will  as  before  originate  from  simplified  model  of  molecule,  in 
which  motion  of  electrons,  vibration,  and  rotation  are  assumed  to  be 
not  dependent  on  each  other.  The  full  wave  function  can  be  presented 
in  the  form  of  the  product  of  three  wave  functions  ^rot* 

describing  electrons,  vibrational  motion  and  rotational  motion.  They 
depend  on  corresponding  coordinates t  on  coordinates  of  electrons, 
Yvib  01^  Internuclear  distance,  on  angles  of  turn  of  molecule, 

and  also  on  corresponding  quantum  numbers.  For  Instance,  for  upper 
state: 

^ a  »•.  B  tipy*.  Jf'»  (5.95) 

Yvib  depends  on  electron  state,  since  frequency  of  vibrations  depend 
on  the  latter. 

Let  us  present  dipole  moment  of  system  d  ■  2e^r^  (sum  is  extended 
to  all  particles)  in  the  form  of  sum  of  electron  and  nuclear  moments 
d  »  d.  +  d^.  Electron  wave  functions,  by  definition,  are  orthogonal 
in  different  electron  states  (nuclear  coordinates  enter  into  them 
only  as  parameters).  Upon  substitution  of  d  and  Y  into  integral  (5.95) 
in  the  term  with  nuclear  moment  is  eliminated  factor 
which  turns  into  zero  when  B  A,  so  that  matrix  element  disappears 
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from  nuclear  moment.  Inasmuch  as  and  do  not  depend  on 

coordinates  of  electrons,  the  remaining  matrix  element  from  electron 
moment  can  be  presented  in  the  form  of  product: 

^  J  S’Koa’^Koa*  ^  =  Dia'/^Koa'^ipi  (  5  •  J^) 


where  in  rotational  matrix  element  entered  only  direction  of  averaged 
electron  dipole  moment  —  unit  vector  n,  which  is  averaged  with  respect 
to  "turns"  of  molecule,  ^or  brevity  we  omitted  here  indices  —  quantum 
numbers  for  wave  functions  and  differentials) .  The  condition  that 
be  different  than  zero  also  gives  selection  rule  for  change  of 
rotational  quantum  numbers  during  transition. 

Energy  of  molecule  in  our  approximation  does  not  depend  on  direc¬ 
tion  of  rotational  moment;  therefore,  in  order  to  obtain  probability 
of  transition  from  one  energy  state,  Bv’J*,  into  another,  Av"J", 
probability  must  be  averaged  with  respect  to  all  possible  directions 


of  rotational  moment  in  initial  state  and  summed  over  directions  in 


the  final  state.  Thus,  probability  of  transition  in  units  sec  accord¬ 


ing  to  (5.69)  equals:* 


where 


jBtV  _  6ln<  .j  nt 


ft'*-- — j  ^  taoa «'('') |*» 


(5.97) 

(5.93) 

(5.99) 


Intensity  of  corresponding  line  in  spectrum  in  erg/cm^-sec  equals 
the  product  of  probability  of  transition  A(l/sec),  energy  of  quantum 


♦Strictly  speaking,  electron  matrix  element  depends  on  inter- 

nuclear  distance  r  (it  is  calculated  in  a  specific  moment  of  time,  at 
fixed  internuclear  distance  which  enters  into  electron  wave  functions). 

By  magnitude  which  enters  in  formula  for  probability  of  transition 

(5.97) >  one  should  imply  certain  value  average  with  respect  to  r^ 

let  us  say,  corresponding  to  position  of  equilibrium  r  in  upper  elec¬ 
tron  state,  ® 
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hv(erg)  and  number  of  molecules  N(l/cm^)  remaining  in  upper  quantum 
state:  I  =  hvNA  (for  brevity  indices  are  emitted). 

Dimensionless  probability  Pjtj«  determines  distribution  of  inten¬ 
sity  in  lines  of  rotational  structure  inside  given  band  Bv’  Av". 

In  quantum  mechanics  of  molecule  it  is  proved  that  Pjij«  obeys  rule 
of  sums: 


2  ■27rr|  (5.100) 

j’  j.  U’M’ 


whose  meaning  is  that  during  the  accomplished  transition  from  upper 
electron  vibrational  state  into  lower  state  the  molecule  must  fall  on 
one  of  the  possible  rotational  levels  J"  (corresponding  probability 
is  equal  to  one) . 

Probability  of  transition  Bv*  -*  Av”  to  any  of  the  rota+  Vonal 
levels  is  obtained  by  means  of  summation  of  expression  (5.97)  over 
J".  In  accordance  with  condition  (5.100),  it  equals 


(5.101) 


where  Vg^,  is  certain  average  frequency  for  given  band  (in  virtue 

of  smallness  of  rotational  energies  as  compared  to  vibrational  energies, 
the  scattering  of  frequencies  inside  the  band  is  small  and  introduction 
of  average  frequency  for  the  band  is  Justified) . 

Relative  probability  of  vibrational  transformation  v’  -►  v"  during 
electron  transition  B  A  is  characterized  by  dimensionless  factor 
q^i^ii,  determined  by  formula  (5.98). 

Let  us  consider  Integral  (5.98).  Wave  functions  belong  to 
different  electron  states,  i.e.,  differ  by  frequency  of  vibrations 
and  position  of  equilibrium  r^.  Owing  to  this  the  Integral  Is  different 
than  zero  for  different  v’v"  combinations,  and  for  vibrations  there 
are  no  rules  of  sampling  (if  electron  state  did  not  change  and 
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vibration  would  be  strictly  harmo?;ic,  integral  (5.98)  in  virtue  of 
condition  of  orthogonality  would  be  equal  to  zero  for  all  v’  /  v") . 

Wave  functions  of  different  vibrational  states  are  schematically 
depicted  in  Fig.  5.25.  So  that  integral  (5.98)  from  product  of 
vibrational  factors  (does  not  vibrate  only  v  =  0^  consider¬ 

able  magnitude,  it  is  necessary  that,  first,  factors  not  be  in 
"reversed  phase"  and,  secondly,  that  high  maxima  of  both  factors 
overlap.  But  the  largest  maxima  of  vibrational  wave  functions  lie  in 
"cusps,"  which  also  indicates  the  biggest  probability  of  these 
positions.  Therefore  those  transitions  are  most  probable  for  which 
at  least  one  point  of  return  in  upper  state  is  on  the  same  internuclear 
distance  as  the  point  of  return  in  the  lower  state.  The  given  reason¬ 
ing  substantiates  the  principle  of  Frank  —  Condon  from  the  quantum- 
mechanical  point  of  view.  Magnitude  q.^,.y.ti,  called  frequently  the 
Frank  -  Condon  factor,  is  the  probability  of  given  vibrational  tran¬ 
sition  V'  -►  v"  during  the  electron  transition  which  takes  place,  since 
by  the  rule  of  sums  for  matrix  elements  total  probability  of  tran¬ 
sition  from  given  v*  into  any  v"  is  equal  to  one: 

1.  (5.102) 

To  illustrate  the  presented  quant urn -mechanical  interpretation  of 

the  principle  of  Frank  —  Condon  we  presented  in  [21]  a  table  of 

integrals  |  /  dr|,  the  square  of  which  equals  for 

2  2 

P-system  N0(B  n  -►  X  n) .  It  is  useful  to  consider  Table  5.7  simulta¬ 
neously  with  the  diagram  of  potential  curves  Fig.  5.21,  checking, 
thus,  fulfillment  of  Frank  —  Condon  principle. 

A  knowledge  of  Frank  —  Condon  factors  is  necessary  for  calculation 
of  relative  probabilities  of  different  v’  -*■  v"  transitions,  i.e., 
relative  intensities  of  different  bands  in  the  framework  of  given 
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electron  transition.  They  are  calculated  for  a  number  of  systems  of 

the  most  important  molecules:  NO,  Og,  Ng,  Ng  (see  [8,  21-24]). 

In  order  to  find  absolute  values  of  probabilities  of  transitions 

and  intensities  of  lines  or  bands,  it  is  necessary  to  know  the  value 

of  electron  matrix  element  D  t .  Theoretical  calculation  of  electron 

el 

matrix  element  is  very  difficult.  Usually  it  is  found  from 
experiment  (see  §§  i8  and  21).  By  analogy  with  the  theory  of  atomic 


Fig.  5.23.  Potential  curves 
and  wave  functions  of  a 
series  of  vibrational  states 
for  a  RbH  molecule,  (graph 
is  taken  from  [20b]).  The 
number  of  zeroes  (nodes) 
for  every  wave  function  is 
equal  to  vibrational  quan¬ 
tum  number  v. 


transitions.  Instead  of  electron  matrix 
element  the  idea  of  oscillator  strength 
is  usually  used. 

Let  us  sum  probability  of  tran¬ 
sition  Ag^,  ^^11  according  to  formula 
(5.101)  over  final  vibrational  states 
v”  and  average  with  respect  to  initial 
v‘ .  Let  us  obtain  probability  of 
electron  transition  B A  during 
arbitrary  vibrational  and  rotational 
transformations: 

64]H 

^*4  — (5.103) 

where  is  a  certain  average  fre¬ 
quency  for  electron  transition  (Just 
as  earlier,  justification  for  intro¬ 
duction  of  average  frequency  was  the 
fact  that  differences  of  vibrational 
energies  are  small  as  compared  to 


difference  of  electron  energies).  Using  formulas  (5.69),  (5.73), 


(5.60),  we  will  determine  oscillator  strength  for  electron  transition 


B  A; 
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'  3ke» 


in  BA< 
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Table  5.7.  Square  Root  from  Frank  —  Condon  Factor 


/a.v  for  p-system 

Of  Bands  of 

NO  molecule  (v‘ 

Pertains 

0  Upper  State, 

v"  - 

to  Lower)* 

Vibrational  quantum  number  of  upper 

state  v* 

0 

1 

a 

3 

t 

3 

6 

7 

• 

0 

0,0000 

0.0002 

0,0010 

0,0032 

0,0079 

0,0161 

0,0280 

0,0429 

0,0587 

1 

0,0003 

0,0024 

0,0087 

0.0219 

0.0414 

0,0625 

0,0788 

0,0811 

0,0707 

2 

0,0021 

0,0119 

0,0336 

0,0619 

0.0819 

0.0803 

0,0569 

0,0257 

0,0040 

3 

0,0086 

0,0364 

0,0735 

0,0896 

0,0680 

0,0273 

0,0016 

0,0065 

0,0286 

4 

0,0250 

0,0750  1 

0,0967  1  0,0607 

0,0115 

0,0025 

0,0286 

0,0471 

0,0362 

5 

0,0554 

0,1069 

0,0693 

0,0077 

0,0100 

0,0447 

0,0448 

0,0146 

0,0001 

6 

:  0,0972 

0,1020 

0,0153 

0,0121 

0,0530 

0,0371 

0,0027 

0,0097 

0,0341 

7 

;  0,1380 

0,0556 

0,0041 

0,0573 

0,0363 

0,0001 

0,0231 

0.0401 

0,0170 

8 

0,1603 

0,0075 

0,0497 

0,0489 

0,0000 

0,0317 

0,0389 

0,0055 

0,0066 

9 

;  0,1522 

0,0101 

0,0756 

0,0046 

0,0629 

0,0004 

0,0567 

10 

i  0,1276 

0.0452 

0.0391 

0.0395 

0,0286 

0,0301 

0,0299 

11 

1  0,0964 

0.0849 

0.0059 

0,0686 

0,0006 

0,0572 

0,0003 

12 

0,0657 

0,1100 

0.0033 

0,0599 

0.0158 

0,0382 

0,0198 

13 

0.0405 

0,1123 

0,0318 

0,0252 

0,0515 

0,0047 

0,0506 

14 

0,0226 

0,0956 

0,0704 

0,0010 

0,0619 

0,0070 

0,0399 

15 

0,0113 

0,0698 

0,0962 

0,0102 

0,0363 

0,0404 

0,0070 

16 

0,0051 

0,0442 

0,0985 

0,0449 

0,0057 

0,0587 

0,0046 

17 

0,0021 

0,0246 

0,0816 

0,0793 

0,0036 

0,0394 

0,0361 

18 

0,0007 

0,0120 

0,0565 

1  0,0932 

0,0329 

0,0080 

0,0557 

19 

0,0002 

0,0051 

0,0334 

1  0,0838 

0.0693 

0,0022 

0,0374 

) 

20 

0,0001 

0,0019 

0,0169 

0,0610 

0,0881 

0,0297 

0,0068 

21 

0.0006 

0,0074 

0,0369 

0,0821 

0,0663 

0,0031 

22 

0.0002 

0,0028 

0,0188 

0,0603 

0,0852 

0,0326 

23 

0,0009 

0,0801 

0.0361 

0,0784 

0,0685 

24 

0,0030 

0,0179 

0,0559 

0,0665 

25 

26 

27 

28 
29 

• 

0.0009 

0,0074 

0,0026 

0,0007 

0,0331 

0.0150 

0,0057 

0,0018 

0,0727 
0,0486 
0.0258 
.  0,0110 
0,0038 

v'-i9 

10 

11 

12 

13 

14 

15 

16 

17  . 

-0;  0,0731 0,0637 

0,0692 

0,0666 

0,0641 

0,0744 

0,0601 

0,0445 

0,0303 

p'-18 

2U 

21 

22 

23 

24 

25 

26 

»'-0;  0,0190  0,0110 

0,0059 

0,0C29 

0,C013 

0,0006 

0,0002 

0,0001 

0,0000 

♦Rectangles  —  the  most  probable  transitions  from 
every  upper  state. 
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The  ratio  of  statistical  scales  of  upper  and  lower  electron 
states  here  is  taken  equal  to  one  on  the  assumption  that  multiplicities 
of  both  terms  are  identical.  It  is  necessary  to  expect  that  oscillator 
strengths  for  molecular  transitions  have  the  same  order  as  those  for 
atomic  transitions.  Numerical  values  of  oscillator  strengths  for 
the  most  Important  systems  will  be  given  below. 

§  l8.  Coefficient  of  Absorption  of  Light  in  Lines 
To  calculate  line  absorption  coefficient  corresponding  to  tran¬ 
sition  Av"J" -*•  Bv’J’j  which  is  the  converse  with  respect  to  transition 
with  emission  of  light  of  that  considered  in  the  preceding  paragraph, 
we  will  use  the  principle  of  detailed  balancing.  The  latter  establishes 
a  connection  between  coefficients  of  Einstein  for  direct  and  reverse 
transitions  (5.71).*  Substituting  in  this  relationship  the  emission 

probability  according  to  formula  (5.97)/  taking  into  account  deter- 

2 

mlnatlon  (5.70)  and  replacing  in  expression  (5.97)  “el  by  oscillator 
strength  according  to  formula  (5.104),  we  will  obtain  coefficient  of 
absorption  in  the  form 

avr  ■■  (v).  (5.105) 

where  N^^mjh  is  the  number  of  mole  ales  in  1  cm^,  being  in  lower  state 
Av"J",  and  F(v)  is  the  function  describing  distribution  of  absorption 
inside  line;  it  is  standardized  per  unit  /  F(v)  dv  =  1. 

We  will  integrate  the  coefficient  of  absorption  connected  with 
electron  transition  A -*•  B,  over  the  whole  spectrum.  Obviously,  the 
same  result  will  be  obtained  if  we  will  integrate  over  frequency  the 
coefficient  of  absorption  of  every  line  (5.105)  and  will  sum  over  all 
lines  of  the  spectrum.**  Summation  over  lines  is  equivalent  to 

*The  ratio  of  statistical  weights  in  this  formula,  as  also  before, 
is  considered  equal  to  one.  See  (5.104). 

**Here  one  should  Include  also  the  continuum  which  starts  from  that 
frequency  at  which  bands  converge  to  limit  of  dissociation. 
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sununation  over  all  initial  and  final  v"J",  v*J'  states.  Summation 
over  final  states  is  carried  out  with  help  of  rules  of  sums  (5. 100), 
(5.102);  summation  over  initial  states  is  brought  to  summation  over 

niimbers  of  molecules;  =  2 where  N.  is  the  number  of  molecules 

WTJ-  A 

3 

in  1  cm-^  which  is  in  electron  state  A.  If  A  is  ground  state,  then 
for  practical  puiposes  equals  total  number  of  molecules  in  1  cm^  N. 

For  integral  over  spectrum  from  effective  absorption  cross  section 
of  molecule  in  state  A  during  transition  of  it  into  state  B  = 

=  h^/N^,  we  will  obtain 

00 

=  (5.106) 

This  relationship  is  in  full  conformity  with  the  same  relationship  for 
atomic  transitions.  Thus,  as  in  the  case  of  atoms,  "area"  of  absorption 
corresponding  to  given  electron  transition,  is  determined  only  by 
oscillator  strength.  The  difference  is  that  in  molecules  this  "area" 
is  distributed  with  respect  to  very  many  lines,  owing  to  which  on  each 
of  the  lines  is  only  a  small  part  of  it.  Accordingly  the  "height"  of 
the  molecular  lines  is  much  less  than  the  "height"  of  the  atomic  lines. 
Multiple!  splitting  of  lines  and  A-doubling  still  lower  the  "height" 
of  lines  a  few  times,  not  changing  total  "area." 

By  means  of  experimental  investigation  of  absorption  spectrum  of 
molecules  one-  can  determine  oscillator  strength  for  a  given  system  of 
bands.  With  this  purpose  is  measured  weakening  of  light  by  an  optical 
film  of  gas,  transparent  in  peaks  of  lines.  This  permits  finding 
"area"  of  absorption  spectrum  and  calculation  of  oscillator  strength 
by  formula  (5.IO6).  If  Frank  —  Condon  factor  is  known  from  calculation, 
then  for  estimate  of  oscillator  strength  it  is  possible  to  directly  use 
absorption  curve  in  separate  line  or  band  (for  probabilities  of 
rotational  transitions  Pjitji  there  exist  simple  formula,'^) . 


In  such  a  way,  for  Instance  in  [25]  oscillator  strengths  were 

p  P  4-  P 

measured  for  7-  and  P-bands  of  a  NO  molecule  (7;  X  n -*■  A  Z  ;  Pt  X  11 -*■ 
-►  B^n) .  It  turned  out  that  f^  «  O.OO25,  f^  «  O.OO8.  In  [26]  oscil¬ 
lator  strength  was  found  for  system  of  Schumann  —  Runge  bands  of  a 
molecule  of  oxygen  (transition  X^z”  -►  B^Z”) i  f  =  0.259,  while  of  the 

total  "area"  of  absorption  bands  occupy  the  fraction  Af  =  0.044  and 

« 

continuum  occupies  fraction  Af  =  0.215,  corresponding  to  dissociation 

•Z  A 

of  O2  molecules  into  O(-^P)  +  0(  D)  atoms.  The  continuum  starts  when 
X  =  1760  A  (lower  bound  of  bands  X  =  2030  A).  The  effective  cross 
section  in  the  continuum  has  a  maximum  when  X  =  1450  A,  equal  = 

=  1.81*10’'^'^  cm^,  and  drops  in  half  to  X  =  156?  A  and  X  =  1370  A. 

It  is  necessary  to  note  that  value  of  oscillator  strength  for  Schumann 
Runge  bands,  extracted  from  data  on  radiation  of  light  at  high  temp¬ 
eratures,  turns  out  to  be  much  less  (see  §  20;  in  [26]  absorption  of 
light  by  cold  oxygen  was  measured).  In  connection  with  possible 
causes  of  such  a  difference,  see  [27]. 

In  general,  one  should  note  that,  in  distinction  from  atomic 
transitions,  the  oscillator  strength  for  molecular  tramsition  is  not 
strictly  constajit  (in  particular,  it  depends  on  degree  of  vibrational 
excitation  and  method  of  averaging  with  respect  to  internuclear 
distance) .  Source  materials  about  oscillator  strength  for  the  same 
transitions  frequently  strongly  differ.  A  summary  of  known  results 
on  oscillator  strengths  for  molecular  transitions  and  references  to 
literature  can  be  found  in  the  survey  of  V.  N.  Soshnlkov  [27a]. 

§  19.  Molecular  Absorption  at  High  Temperatures 
At  room  temperature  practically  all  molecules  are  in  the  ground 
electron  and  vibrational  states.  Thus,  for  instance,  in  a  portion 
~10  ^  molecules  of  nitrogen  only  one  vibrational  quantum  is  excited. 
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Long-wave  boundary  of  absorption  of  diatomic  molecules  lies  always  in 
ultraviolet  or  visible  regions  of  spectrum;  for  instance,  for  0^,  NO, 

Ng  molecules  it  is  in  the  far  ultraviolet  region,*  for  molecules  of  Brg, 
Jg,  ON  it  is  in  the  visible  region.  With  an  increase  of  temperature 
in  the  gas  appear  excited  molecules,  which  are  in  the  upper  vibrational 
states,  from  which  transition  into  that  same  upper  electron  state 
requires  energy.  Thus,  with  increase  of  temperature  long -wave  boundary 
of  absorption  shifts  to  the  "red"  side.  At  temperatures  of  the  order 
of  10,000  degrees  molecules  in  upper  electron  states  appear  also, 
from  which  new  transitions  into  still  higher  electron  states  are 
possible;  so  appears  absorption  in  first  and  second  positive  systems 

-z  -z  -z  -3 

of  nitrogen  (transitions  A  S  -*-  B  II  and  B  n  ^  Table  5*6 

and  Fig.  5.14. 

Let  us  consider  molecular  absorption  of  light  at  high  temperatures 
in  the  example  of  molecules  of  NO.  Nitrogen  oxide  will  be  formed  in 
air  at  temperatures  of  the  order  of  2,000-10,000  degrees  K  in  rather 
considerable  concentration  of  the  order  of  several  percent  (see  §  4 
Ch.  III).  Absorption  of  light  by  NO  molecules,  as  one  will  see  later, 
in  certain  conditions  plays  an  essential  role  for  optical  properties 
of  heated  air.  Calculations  of  absorption  by  NO  molecules  were  made 
in  [21],  which  we  will  basically  follow. 

There  are  three  important  systems  of  NO  absorption  bands  from 

the  ground  electron  state;  7  (transition  X^n -►  A^Z"^) ,  B  (X^II -*•  B^n) 

2  "5 

and  &  (X  n  C'^Z) .  Long -wave  boundaries  of  the  first  two  systems 
correspond  to  ^45^000  cm"^,  of  the  third  '^'52,000  cm"^  (see  Table  5.6)  . 
In  absorption  of  light  at  temperatures  T  ~3^000-10,000°K  a  basic 

♦Transitions  to  low-lying  levels  14^  and  in  an  Og  molecule  are 

forbidden.  Also  forbidden  la  transition  to  the  level  *it.  Correspond¬ 
ing  to  the  latter  Herzberg  bands  are  extraordinarily  weak.  Transition 

-♦  in  Ng  (Vegard  —  Kaplan  bands  are  very  weak)  is  also  forbidden. 
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role  is  played  by  the  P-system,  since  by  the  principle  of  Frank  — 

Condon  probable  transitions  in  7-  and  6-systems  occur  without  a  large 
change  of  the  vibration  number^  l.e.,  basically  high  frequencies  are 
absorbed  of  the  order  of  45,000-52,000  cm  ,  which  lie  in  far  ultra¬ 
violet  region  and  are  not  so  essential  with  such  temperatures. 
Conversely,  in  p-system  transitions  are  probable  from  high  lower 
vibration  states  with  v"  ~  12  to  the  ground  upper  state  v*  ~  0,  which 

give  an  absorption  in  close  ultraviolet  and  visible  regions  of  spectrum 

-1 

<^25#  000  cm  . 

With  large  densities  of  gas  and  high  temperatures  molecular 
lines  strongly  widen  and  can  even  overlap.  Here  the  spectrum  becomes 
almost  continuous. 

Let  us  compare  width  of  lines  and  average  distance  between  them 

for  a  NO  3-system,  In  estimating  we  will  assume  that  temperature 

T  =  8,000°K  and  density  of  gas  is  equal  to  normal  air  density. 

At  a  temperature  of  8,000°K  the  Doppler  width  of  lines  with  fre- 
-i  -1 

quencies  ^^25,000  cm  has  the  order  of  0.3  cm  .  If  one  were  to  assume 
that  every  gas  kinetic  collision  changes  state  of  vibrational  or 
rotational  motion,  then  broadening  due  to  collisions  turns  out  to  be 


large,  of  the  order 


3  !0i»-5  ia-«.l,5.10»  ,  „  -1 

' — — ^*-2  cm  . 


Let  us  estimate  average  distance  between  3  lines  of  NO  system 

-1  -1 

in  frequency  interval  from  15,000  cm  to  45^000  cm  .  For  absorption 
at  least  quantum  15,000  cm  the  molecule  should  be  excited  to  an 
energy  of  45,000-15,000  =  30,000  cm"^,  i.e.,  to  a  vibrational  level 
of  v"  20.  Considering  the  diagram  of  potential  curves  and  considering 
Frank  —  Condon  principle,  it  may  be  concluded  that  from  every  lower 
vibrational  level  transitions  are  probable  approximately  in  five  upper 
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states,  i.e.,  the  considered  interval  contains  in  Itself  approximately 
20*5  =  100  bands.  At  temperature  T  =  8,000°K  rotational  excitation 
to  2-3  kT  is  essential,  which  corresponds  to  7,300  cm  ,  i.e.,  in  the 
transitions  there  take  part  approximately  J"  «=  ^2.5  kT/hcB^  »  80 
rotational  levels  of  the  lower  state.  Each  of  them  gives  two  lines: 
j»  =  J"  +  1  and  J'  =  J"  -  1  (Q-branch  J*  =  j"  is  usually  very  weak  when 
J"  ^  10),  i.e.,  there  are  in  all  l60  rotational  lines  in  a  band.  Each 
of  them  is  doubled  due  to  multlplet  splitting  and  once  again  is  split 
into  two  due  to  A-doubling.  Thus,  in  the  considered  frequency  interval 
30,000  cm”^  there  are  approximately  100*l60-2-2  =  64,000  lines.  The 
average  distance  between  them  is  of  the  order  0.5  cm  ;  inasmuch  as 
the  width  of  lines  ~  1  cm  ,  the  lines  strongly  overlap  and  the  spectrum 
indeed  is  almost  continuous. 

Let  us  estimate  coefficient  of  absorption  in  a  rough  approximation. 
During  average  vibrational  excitation  of  a  molecule  of  the  order  kT, 
i.e.,  an  order  of  5>000  cm  when  T  =  8,000  K,  the  most  probable 
transitions  are  to  low  vibrational  levels  of  an  upper  state.  Let  us 
assume  for  estimation  that  light  is  absorbed  basically  during  tran¬ 
sitions  to  the  level  v'  =  0  of  an  upper  electron  state.  Then  quantum 
hv  are  absorbed  only  by  molecules  excited  to  energy  EQ-hv,  where  E^  is 

energy  of  upper  electron  state.  The  number  of  such  molecules  according 

/  E  -  hv  \ 

to  the  law  of  Boltzmann  is  proportional  to  exp  I-  '  -  J  Let  us 

present  coefficient  of  absorption  in  the  form  of  (5.82),  expressing 
absorption  cross  section  by  differential  oscillator  strength 


where  N  is  the  number  of  NO  molecules  in  1  cm^.  Taking  into  account 
that  by  the  Prank  —  Condon  principle  the  probability  of  absorption  of 
quanta  exceeding  Eq  is  very  small,  one  may  assume  that  the  whole 
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"area"  of  absorption  /  (df/dv)  dv  is  concentrated  basically  in  the 

0 

Interval  of  frequencies  from  0  to  Eo/h  and  contribution  in  Integral 
of  region  v  from  EqA  to  oo  is  very  small.  Considering  that  \  ~  ^ 
exp  we  will  find  proportionality  factor  from  condition 

(5.106)  or,  which  is  the  same,  from  the  condition  of  equality  of 

integral  /  (df/dv)  dv  to  oscillator  strength  f.  Let  us  obtain,  thus, 
0 

that 

and 

(5.107) 

Let  us  Introduce  instead  of  N  the  number  of  NO  molecules  in  1  cm^, 
their  concentration  in  air  Cj^q  »  NPq/NqP,  where  is  the  number  of 

*7 

molecules  in  1  cm*'^  of  air  under  normal  conditions,  and  p/p^  is  the 
ratio  of  air  density  to  normal  —  Pq  ■  1.27‘10’^  g/cm^.  Let  us  cross 
from  frequencies  of  light  to  wave  numbers  l/X  -  v/c. 

We  will  obtain; 

em-l.  (5.108) 

Here  iAqq  =  E^/hc  (this  meignitude  equals  for  P-system  NO  45440  cm”^} . 
In  formula  (5.108)  I/Xqq  and  l/X  are  expressed  in  1  cm“^.  Knowing 
oscillator  strength,  it  is  possible,  consequently,  to  estimate  coeffi¬ 
cient  of  absorption.  Considering  for  3-system  of  NO  f^  «»»  0.006  (see 
§  20),  we  will  find  for  red  light  X  -  65OO  A  when  p/p^  =»  1,  T  »  8,000°K 
(Cno  ■  0.036),  Hjjq  ■»  4.1*  10“*^  cm  (effective  cross  section  on  molecule 
°N0  “  W\o  “  5- 10-2^  cm^). 

With  respect  to  location  of  potential  curves  and  fulfillment  of 
Frank  —  Condon  principle  treuisltions  in  basic  system  of  absorption  of 
oxygen  Og  (Schumann  —  Runge  system)  are  fully  analogous  to  P-system 
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of  NO,  so  that  for  estimation  of  coefficient  of  absorption  of  Og  at 
high  temperatures  it  is  also  possible  to  use  formulas  (5. 107),  (5.108), 
in  which  one  should,  of  course,  put  the  constant  for  Og. 

§  20.  Definitized  Calculation  of  Coefficient  of 
Molecular  Absorption  at  High  Temperatures 

For  more  exact  calculations  (see  [8,  21,  28])  it  is  necessary  to 
originate  from  strict  formula  for  line  absorption  coefficient  and  to 
consider  actual  probability  of  vibrational  transitions.  We  will  as 
before  consider  that  lines  are  so  expanded  that  they  almost  (or 
noticeably)  overlap. 

Let  us  introduce  into  consideration  average  coefficient  of  absorp¬ 
tion  of  frequency  v  for  given  electron  transition  A  B,  averaging 
the  true  coefficient  in  small  spectral  interval  from  v  to  v  +  Av,  as 
was  done  in  §  12.  For  this  it  is  necessary  to  integrate  coefficient 
of  absorption  for  separate  line  (5.IO5)  with  respect  to  frequency 
(here  we  will  obtain  "area"  of  one  line)  and  to  sum  integral  over  all 
lines  contained  in  Interval  of  frequencies  from  v  to  v  +  Av.  The 
obtained  result  will  equal  h^Av.  Performing  this  operation  just  as 
during  derivation  of  formula  (5.IO6),  we  will  find  averaged  coefficient 
of  absorption  of  frequency  v  for  given  electron  transition, 

S  J***' ^  (5.109) 

Uadi  J* 

Sums  over  J"  and  over  bands  are  extended  to  those  initial  rota¬ 
tional  levels  and  those  bands  which  give  lines  falling  in  the  considered 

spectral  section  Av.  The  number  of  molecules  in  state  A.  itJ"  at  a 

v 

temperature  T  can  be  calculated  by  the  formula  of  Boltzmann,  putting 
in  it  the  energy  of  a  molecule  in  given  vibrational  and  rotational 
states  (see  [29]): 
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(5.110) 


(2J‘+i) 


Here  is  the  number  of  molecules  in  electron  state  A; 

«d  ZrA-S^ 

—  vibrational  and  rotational  statistical  sums  in  lower  electron  state. 

Basically  the  band  will  be  filled  by  lines  with  large  rotational 
numbers  J”  »  1,  for  which,  according  to  formulas  (5.90),  (5.91) >  it 
is  possible  to  set  approximately  wave  numbers  equal  to 

(5.111) 

Interval  of  frequencies  6v  fill  line  of  band  v"v‘,  corresponding 
to  rotational  numbers  from  J"  to  J"  +  AJ",  where  AJ"  is  determined 
'by  differentiation  (5.111)  i 

(5.112) 

Assuming  that  J"  »  i,  AJ”  «  J”  (interval  Av  is  sufficiently  small), 
it  is  possible  to  consider  all  AJ"  of  terms  in  the  sum  over  J"  in 
formula  (5.109)  as  the  same.  Ignoring  units  in  comparison  with  j", 
we  will  place  in  index  of  exponential  of  formula  (5.110)  J"  according 
to  formula  (5.111)  and  will  replace  Av  in  formula  (5.109)  by  expression 

(5.112).  Removing  in  formula  (5.109)  "the  exponential  factor,  in 
order  to  bring  final  expression  into  conformity  with  approximate 
formula  (5.107),  we  will  obtain 

-  tiA  k  '  •~*^)~** 

^  f.  (5.113) 


where  dimensionless  factor  <p  equals 

*7*  4  _AL/I 


.  431 


(5.114) 


iffii  T-'^’Tfrt^irf-i 


^aassunaeiMtssmmliai^mk 


Here  =  vT"  ”  ®a)  before  is  the  wave  number  corresponding  to 
^00  he  B  A 

electron  transition  in  absence  of  vibrations  and  rotations  (Eg  and 
are  energies  of  electron  states  taking  into  account  zero-point  energy 
of  vibrations  E  =  +  hca3/2) ,  is  the  wave  number  corresponding 

to  transition  Av"  -♦  Bv'  in  the  absence  of  rotations.  If  Bg  >  B^, 
bands  have  an  edge  with  a  "red"  side  and  extend  into  "violet";  if, 
however,  Bg  <  B^,  then  it  is  the  opposite  (see  formula  (5.111)).  There¬ 
fore,  the  sum  over  bands  in  (5.114)  extends  to  bands  with  >  >  when 

>  B.  (as  in  the  case  of  7-system  of  NO)  and  to  bands  with  X  n  ,  <  X 
when  Bg  <  B^  (as  in  the  case  of  ^-system  of  NO  or  in  Schumann  —  Runge 
system  of  Og) .  This  position  is  excellently  illustrated  by  Figs.  5.24 
and  5.25,  on  which  are  given  in  [21]  values  of  sums  in  the  factor  cp 
depending  upon  wave  length  of  light  for  7-  and  p-systems  of  NO.  Curves 


have  a  character  of  "paling, "  where  every  new  tooth  appears  during 
inclusion  in  absorption  of  new  band, 
tion  intermittently  Increases  with  decrease  of  X 


P-system  —  with  an  Increase  of  X. 


spectral  absorption  in  7- 
system  of  NO  in  relative 
units.  T  «  8,000°K.  Jump  of 
absorption  when  X  =  2480  A 
corresponds  to  inclusion  of 
vibrational  transition  0-2. 


In  the  case  of  7-system  absorp- 
and  in  the  case  of 


Fig.  5.25.  Coefficient 
of  spectral  absorption 
in  P-system  of  NO  in 
relative  units.  T  =  8,000  K. 

A  more  exact  formula  (5.114) 

is  turned  into  an  approximate  one 

(5.107)^  if  one  were  sets  factor 


q),  considering  probability  of  different  vibrational  transitions,  equal 
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to  one  (Inasmuch  as  formula  (5.i07)  pertains  to  transition  from  ground 
state,  then  -  0,  -  N) .  Calculations  show  that  coefficient  qp 

not  very  strongly  differs  from  1,  so  that  formula  (5.107)  can  be  used 
for  a  rough  estimate. 

We  see  that  coefficients  of  molecular  absorption  can  be  theoret¬ 
ically  calculated  with  the  help  of  spectroscopic  data  about  molecules, 
diagrams  of  levels,  vibrational  and  rotational  constants,  potential 
curves,  with  an  accuracy  of  constant  factor  —  oscillator  strength  f, 
which  should  be  determined  from  experiment.  On  figures  5.26-5.28  are 
given  results  of  calculations  of  factors  cp^  at  several  temperatures 
for  the  most  important  systems  of  absorption,*  determining  absorbing 
properties  of  heated  alrt  y-  and  ^-systems  of  NO,  Schumann  —  Runge 
system  of  Og^  i  -,  2  -systems  of  Ng  and  1  -system  of  Ng  (ionized  mole¬ 
cule  of  nitrogen) ;  values  of  iAqq  for  these  systems  are  presented  In 
Table  5.6.  A  table  of  oscillator  strength  for  these  systems  is 
presented  in  the  following  section.  Figures  5.26-5.28  are  taken  from 
[8]. 


'  ■  fii _ ^ ^ _ I _ ^ ^ ^ _ tn 


(a)  A/fum  twtw.mn 

Fig.  5.26.  Factor  9  for  7-  and  ^-systems  of  NO. 
KEY:  (a)  length  of  wave  u. 


*(pX  are  smoothed  by  means  of  averaging  in  small  Intervals  ZiX, 
which  is  necessary  for  comparison  with  experimental  data,  where  AX 
is  determined  by  equipment  (monochromator) . 
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Fig.  5.28.  Factor  cp  for  1  -system  of  N^  and  1^- 
system  of  N2. 

KEY:  (a)  length  of  wave,  p,. 


4.  Air 


§  21.  Optical  Properties  of  Heated  Air 
The  question  about  absorption  and  radiation  of  light  by  heated 
air  has  paramoxint  value  for  such  practically  important  problems,  as 
study  of  phenomena  occurring  in  the  fireball  of  a  strong  explosion 
(see  Ch.  IX),  calcu^’.atlon  of  radiation  heating  of  ballistic  rockets 


and  artificial  satellites  upon  entrance  into  atmosphere,  and  others. 

For  the  first  problem  a  wide  range  of  temperatures  is  essential  from 
normal  to  himdreds  of  thousands  and  even  a  million  degrees.  For  the 
second  problem  the  most  Interest  is  in  temperatures  '^5,000-20,000°K, 
which  are  developed  in  a  shock  wave  before  bodies  moving  in  the  atmos¬ 
phere  with  speeds  of  the  order  of  several  or  10  km/sec.  The  range  of 
densities  with  which  it  is  necessary  to  deal  is  also  wide,  from  —10 
(in  a  shock  wave  propagated  in  air  of  normal  density  p^)  to  very  small 
'^10  -10  Pq  and  even  less,  which  is  in  central  regions  of  fireball 

and  at  great  heights. 

Cold  air,  as  is  known,  is  transparent  for  visible  light.  Absorp¬ 
tion  starts  in  ultraviolet  region  of  spectrum  and  is  connected  with 
system  of  Schumann  —  Runge  betnds  of  molecules  of  oxygen.  Actually 
absorption  attains  noticeable  magnitude  when  X  «  i860  A.  An  experimen¬ 
tal  curve  of  coefficient  of  absorption  of  cold  air  of  normal  density 
depending  upon  wave  length  is  shown  in  Fig.  9.3  in  §  2  IX. 

At  temperatures  higher  than  15, 000-20, 000°K,  when  molecules 
almost  completely  dissociate  into  atoms  and  the  latter  are  noticeably 
ionized,  absorption  of  light  in  continuous  spectrum  is  composed  of 
photoelectric  absorption  by  atoms  and  ions  and  braking  absorption  in 
field  of  ions.  These  mechanisms  were  in  detail  considered  in  the  first 
division  of  this  champer,  where  estimation  formulas  were  given  for 
calculation  of  coefficients  of  absorption  and  mean  free  paths  of 
radiation,  based  on  approximation  of  hydrogen-likeness.  In  Table  5.2 
§  8  were  given  results  of  calculations  of  mean  free  paths  in  air  in 
the  region  of  multiple  ionization,  i.e.,  at  temperatures  above  approx¬ 
imately  50,000°K.  At  temperatures  lower  than  /^15,000°K  in  absorption 
all  the  above  mechanisms  participate  while  the  comparative  role  of 


different  components  very  strongly  depends  on  frequency  of  light  and 
on  thermodynamic  conditions:  temperature  and  density.  To  components 
of  continuous  and  quasi -continuous  absorption  belong:  molecular  tran¬ 
sitions  in  molecules  present  in  heated  air  0^,  NO,  NO^,  photo¬ 
electric  absorption  by  particles  of  0^,  NO,  0,  N,  O”,  free-free 
transitions  in  field  of  o"^,  n"^,  NO"^,  Og,  Ng,  ions  and  also,  possibly, 
in  field  of  neutral  atoms  and  molecules. 

For  specific  calculations  of  coefficients  of  absorption,  knowledge 
of  concentrations  of  all  shown  components  of  air,  and  also  concentra¬ 
tion  of  free  electrons  (see  Ch.  Ill)  is  necessary,  of  course. 

Optical  properties  of  heated  air  were  experimentally  investigated 
with  using  a  shock  tube  in  an  AVGO  laboratory  in  the  United  States. 
Experimental  and  calculation  data  are  presented  in  [8,  51,  52,  52a, 
45-^6]  and  surveys  [28,  50,  47]  (see  also  [55,  48]).  The  basic  result 
of  the  experiments  is  determination  of  oscillator  strengths  for  the 
most  important  molecular  transitions. 

By  experiment  is  measured  spectral  intensity  of  radiation  of  a 

column  of  heated  gas  at  different  temperatures  and  densities.  In  a 

direct  impact  wave  are  studied  temperatures  of  the  order  of  5,000- 

5,000°K,  in  a  reflected  wave  —  of  the  order  of  8,000°K.  Recalculation 

of  measured  intensities  on  coefficient  of  absorption  can  be  made  with 

help  of  the  known  formula  for  radiation  flux  from  a  heated  layer  of 

a  given  thickness  d  (see  §  7^  Ch.  II,  formula  (2.58)).  Namely, 

quantity  of  radlajit  energy  in  wavelength  interval  dX,  given  off  in 

2 

1  sec  from  a  1  cm  surface  of  a  layer  in  unit  of  solid  angle  normal 
to  the  surface,  equals 

( 5 . 115) 
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where  Is  cor-^e spending  magnitude  for  an  Ideal  black:  body 

,  1 

and  ~  Is  the  coefficient  of  absorption,  corrected 

on  forced  emission.  If  the  shell  is  optically  thin,  self -absorption 
in  it  can  be  disregarded  (even  in  centers  of  lines):  d  «  1.  Inten¬ 

sity  of  radiation  In  this  case  Is  determined  by  radiating  ability: 


t/lpXxi. 


The  ratio  of  measured  intensity  of  radiation  from  calculation  on 
shell  of  unit  thickness  to  Intensity  of  Ideal  black  body  gives  directly 
corrected  coefficient  of  absorption  h^.  Oscillator  strength  for 
system  of  Schumann  —  Runge  bemds  was  determined  by  means  of  Investiga¬ 
tion  of  Intensity  of  radiation  in  pure  oxygen  at  comparatively  low 
temperatures  000-4, 000°K,  obtained  in  a  direct  wave. 

With  such  temperatures  the  degree  of  lonl;iation  Is  very  small, 
absorption  of  negative  Ions  of  oxygen  and  practically  all  absorption 
is  connected  with  molecular  transitions.  From  these  data  on  formulas 
(5.115),  (5.114)  with  use  of  calculation  coefficients  cpX  oscillator 
strength  was  deduced  =  0.028  +  0.008.  In  the  wavelength  Inter¬ 

val  from  5,500  to  4,700  A  It  turned  out  that  It  did  not  depend  on  X, 

T,  p . 

Data  on  oscillator  strengths  of  NO  and  Ng  were  obtained  by  means 
of  treatment  of  spectra  of  radiation  In  air  at  various  temperatures 
and  densities. 

These  magnitudes  were  extracted  consecutively  during  the  study 
of  those  sections  of  the  spectrum,  of  temperatures  and  densities  at 
which  still  unknown  mechanisms  play  a  small  role,  with  the  exception 
of  one,’  absorption  due  to  already  known  mechanisms  was  excluded  from 
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measured  magnitudes. 


[ 

I 


Thus,  were  found  oscillator  strengths  for  all  important  systems;* 
they  are  gathered  in  Table  5.8. 


Table  5.8.  Oscillator  Strength  for  the  Most  Important 
Systems  of  Bands 


System. 

lOi(m-P) 

N<^ 

NOy 

Nt(2«) 

Nj(l-) 

Nf(l*> 

/ 

Error  .  . 

Interval  A 

0,028 

+0,008 

3»il)^700 

0,006 

+0,002 

300-5000 

0.001 

+-0,0005 

2500-2700 

0,09 

2900-3300 

0,18 

3305-4500 

0,025 

+0,008 

10460 

In  Pig.  5.29  are  depicted  experimental  and  theoretically  calcu¬ 
lated  intensities  of  radiation  when  T  =  8,000°K  p  =  0.83pQ. 

Formulas  for  calculation  of  coefficients  of  absorption  of  air; 


•5-  ftv 

— 


71  000 

9,59111— pC  ^ 

system 

U300 

Schumann  - 

Run^e 

2.049ie 

p-system 

NO, 

63  500 

0,34ip^ 

^.'System 

NO, 

137  500 

30.69,4.6  T 

2*. system 

N„ 

64  000 

®,39i+*  ^ 

1*- system 

N,. 

36  yo 

61,29i-e  T 

1“-  system 

n;, 

140  000 

0„ 


101 000 


{ 

2,56103%,-^  M 
KKKPsmer^  - - f*i5r^  ^ 

e 

T 

151000 

N„ 

X  « 

'  *0  1,44. 

f 

0, 

*“Tf  “  XT 

160  000 
— r~ 

106  000 

N, 

.  «' 

- 7— 

NO 

«jfo,»»2,67.10**CNOt-^ffwoi  (T  in  °K,  X  in  cm,  h  in  cm  ^) . 

For  convenience  of  calculation  of  coefficients  of  absorption  of 


air  we  cite  numerical  formulas  for  calculation  of  separate  components 
*For  Ng (!'*') -system  f  strongly  depends  on  X  due  to  sharp  change  of 


internuclear  distance  with  change  of  X. 
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In  regions  of  molecular  absorption  and  first  ionization,  l.e.,  when 
T  <  20,000^K. 

Concentrations  c^^  of  all  particles  are  determined  in  these 
formulas  as  the  ratio  of  numbers  of  particles  to  number  of  initial 
molecules  in  cold  air.  In  formulas  for  coefficients  of  molecular 


watt/cm^*sterad'|i,  layer  of  air  of  thick¬ 
ness  d  1  cm.  T  =*  8,000°K,  p  -  0,  S^Pq 


(Pq  —  normal  density).  Shown  are  experi¬ 
mental  points  and  calculated  curves,  corres¬ 
ponding  to  different  mechemlsms  of  emission. 

Dotted  line  gives  magnitude  0.1  (l/lO 

intensity  of  radiation  of  black  body) . 

Ratio  gives  directly  cm”  ,  inas¬ 

much  as  d  =  1  cm.  The  figure  is  taken  from 

[8]. 

absorption  are  placed  oscillator  strengths  from  Table  5«8.  Effective 
charge  in  formulas  for  Kramers  absorption  is  taken  equal  to  1.* 

Concentration  of  negative  ions  of  oxygen  can  be  calculated  by  the 

♦Correction  factor  of  Bleberman  and  Norman  (see  §  7)  is  not  con¬ 
sidered. 
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Fig.  5.30.  Emission  rate  of  air  when 
T  =  12,000°K,  p  =  Pq  (normal  density) . 

Shown  are  contributions  of  different 
mechanisms,  up^  ~  free -bound  tran¬ 
sitions;  A  —  total  radiation;  B  — 
i/10  intensity  of  radiation  of  black 
body. 

IplY:  (a)  emissivity,  watt/sterad*cm^»p,; 
(b)  length  of  wave,  p,. 


formula  of  Saha,  knowing  the  concentration  of  atoms  of  oxygen  and  free 
electrons.  Effective  absorption  cross  sections  by  negative  0~  ions 
is  given  in  Pig.  5.5  in  §  5.  Knowing  all  components  of  coefficients 
of  absorption,  it  is  possible  to  calculate  total  coefficients  and 
radiative  abilities  for  any  temperatures  and  densities.  On  figures 
5.30  and  5.31  is  shown  reconstruction  of  radiation  obtained  thus  for 
several  values  of  temperature  and  density  (these  data  are  borrowed 
from  [28]).  On  graphs  are  shown  contributions  of  Individual  components 
of  absorption. 

In  [32]  was  investigated  the  question  about  free-free  absorption 
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Pig.  5.31.  Emiaalon  rate  of  air  when 

T  -  8,000°K,  p  -  10“^  Pq.  a  -  10"^ 

intenaity  of  radiation  of  black  body, 

B  —  total  radiation,  p-jj  —  free -bound 

transit  ions. 

KEYt  (a)  emlsslvlty,  watt/aterad.cm^.p,; 

(b)  length  of  wave,  p,, 

by  electrons  in  a  field  of  neutral  atoms.  For  this  radiating  ability 
was  measured  when  T  =  8,000°K  p/p^  «  0,85  in  infrared  region  of 
spectrum  with  X  ~  20,000-40,000  A,  where  by  calculations  all  other 
mechajiisms  have  to  play  a  small  role.  It  turned  out  that  coefficient 

of  absorption  may  be  approximately  described  by  the  usual  formula  for 

2 

brake  absorption  with  square  of  effective  charge  Z  =  0.04  for  0  atoms 
2 

and  Z  =0.02  for  N.  In  visible  and  ultraviolet  regions  of  spectriim. 
Judging  by  these  data,  a  free-free  absorption  in  field  of  neutral  atoms 
does  not  have  to  play  a  role. 

Coefficients  of  absorption  of  red  light  X  =  65OO  A  in  air  in  a 
shock  wave  for  two  values  of  temperatures  were  measured  by  I.  Sh.  Model' 
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[54],  In  the  experiments  of  I.  Sh,  Model  a  detonational  wave  emerged 
from  explosive  on  boundary  with  air.  By  photographic  means  change  in 
time  of  luminous  intensity  of  surface  of  front  of  shock  wave  in  a 
direction  normal  to  surface  was  measured.  If  d  is  thickness  of  layer 
of  air  enveloped  by  shock  wave  to  moment  t,  then  luminous  intensity 
of  surface  of  front  is  determined  by  formula  (5.115).  When  shell  of 
heated  air  becomes  optically  thick  H^d  »  1,  the  front  gleams  like  a 
black  body  and  I^  «  I^p.  Taking  curve  of  build-up  of  glow  I^(d),  it 
was  possible  to  measure  coefficient  of  absorption.  Independently 
temperature  was  determined  after  the  front  according  to  brightness  of 
front  in  the  stage  when  »  1  and  the  front  gleams  like  a  black  body. 
I.  Sh.  Mo del^ obtained  values  of  coefficient  of  absorption  for  two 
temperatures,  T  =  10,900°K,  =  3.7  cm“^;  T  =  748o°K,  ~  1.66  cm“^ 

(X  =  6,500  A,  p/pq  «  10).  The  first  value  satisfactorily  agrees  with 
the  value  calculated  by  the  given  formulas. 

A  basic  role  is  played  by  absorption  in  the  I'^-system  of  Ng  and 
by  the  Kramer  mechanism.  Regarding,  however,  the  second  point,  the 
experimental  value  is  much  higher  than  that  given  in  theory.* 

A  characteristic  feature  of  all  the  above  components  of  absorp¬ 
tion  (see  summary  of  formulas  pp.  438-440  is  a  sharp,  Boltzmann 
dependence  on  temperature  with  very  considerable  energies  of  activa¬ 
tion.  At  not  very  high  temperatures  of  the  order  of  3,000-4,000°K 
all  coefficients  in  visible  region  of  spectrum  become  very  small;  for 
Instance,  when  T  =  4,000°K  and  p/p^  =  1  h  ~  lO"^  cm”^. 

At  such  low  temperatures  a  basic  role  in  absorption  is  played  by 
molecular  absorption  by  nitrogen  peroxide,  which  is  present  in  air  in 
insignificant  quantities  (see  Table  3-9) >**  hut  strongly  absorbs  light 

*It  is  impossible  to  express  defined  Judgement  about  causes  of  this 
divergence . 

* *C one ent rat ions  of  NOg  were  calculated  in  [39]. 
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in  visible  and  ultraviolet  regions  of  spectrum.  Molecular  bands  of 


Table  5.9.  Equilibrium  Concentrations  of  Nitro¬ 
gen  Peroxide  in  Heated  Air,  Cjjq^.IO^ 


T. 

10 

6 

1 

10 

6 

1 

2000 

1.11 

0,79 

0.35 

3500 

2,91 

1,92 

0.79 

2600 

2.02 

1.42 

0,63 

4000 

2.86 

1,90 

0,67 

3000 

2,24 

1,58 

0,69 

5000 

2,11 

1,29 

0,25 

Note ;  =  number  of  molecules  of  NOg/number 

of  initial  molecules  in  air. 


NOg  form  a  very  complicated  system  with  practically  overlapping  lines. 
In  Pig.  5.52  is  given  dependence  of  effective  absorption  cross  section 
of  cold  molecules  of  NOg  according  to  [55].  The  cross  section  monot- 
onically  drops  from  a  ■  6. 5 *10  ^  cm  to  a  «  10  cm  in  wavelength 

interval  from  X  ■  4,000  A  to  X  ■  7^000  A.  According  to  measurements 
of  [56]  absorption  cross  section  in  infrared  region  is  very  small; 
when  X  -  10,000-20,000  A  a  <  4.5‘10"^^  cm^. 

In  close  ultraviolet  region  when  X  = 

-  5020  A  the  cross  section  passes  through 
a  minimum  [57];  this  together  with  curve  of 
Fig.  5.32  indicates  that  maximum  of  absorp¬ 
tion  lies  in  blue  part  of  spectrum  X 

-  4,000  A. 

It  is  necessary  to  expect  that  at 
temperatures  of  the  order  of  2,000-4 ,000°K 
absorption  spectrum  is  strongly  displaced 
in  red  side  and  effective  cross  section  of 


iBtt  iSOO  A./( 

Fig.  5.32.  Averaged 
effective  absorption 
cross  section  of  light 
by  unexcited  molecules 
of  NOg. 

KEY:  (a)  degree. 


NOg  in  all  visible  region  of  spectrum  becomes  of  the  order  of  several 

Ann 

units  on  10  cm"  (for  greater  detail  see  article  [38];  see  also 
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§  7  Ch.  IX) . 

For  Instance,  during  concentration  of  NOg  molecules  in  air  of 

-4 

the  order  of  10  this  gives  a  coefficient  of  absorption  at  normal 

-7>  -1 

density  of  the  order  of  10  cm 

In  conclusion,  "Once  again  we  will  stress  that  the  question  about 
optical  properties  of  heated  air  is  still  very  far  from  its  final 
solution.  In  a  number  of  cases  there  are  deviations  between  theory 
and  experiment  and  values  of  oscillator  strengths  for  molecular  tran¬ 
sitions  are  Impossible  to  consider  fully  reliable. 
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CHAPTER  VI 

SPEED  OP  RELAXATION  PROCESSES  IN  GASES 
1,  Molecular  Gases 

§  1.  Establishment  of  Thermodynamic  Equilibrium 

The  state  of  a  gas  depends  on  concentrations  of  different  com¬ 
ponents]  atoms,  molecules.  Ions,  electrons,  and  distribution  of 
internal  energy  with  respect  to  degrees  of  freedom.  In  general  the 
internal  energy  of  a  gas  Is  composed  of  energy  of  translational 
motion  of  particles,  rotational,  and  vibrational  energy  of  molecules, 
chemical  energy.  Ionizing  energy,  and  electron  excitation  of  atoms, 
moleucles,  ions.  In  conditions  of  total  thermodynamic  equilibrium 
the  state  is  completely  determined  by  element  composition  of  gas 
mixture  and  values  of  any  two  macroscopic  parameters,  for  Instance, 
density  and  specific  Internal  energy. 

Excitation  of  each  of  the  degrees  of  freedom*  and  establishment 
of  thermodynamic  equilibrium  require  a  certain  time,  the  scale  of 
which  Is  the  so-called  relaxation  time.  Relaxation  times  for 

*Por  brevity  we  will  talk  about  dissociation,  chemical  trans¬ 
formations,  Ionization  as  about  "degrees  of  freedom," 
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exoitatlon  of  different  degrees  of  freedom  are  frequently  very 
strongly  distinguished!  therefore,  there  are  possible  such  conditions 
when  thermodynamic  equilibrium  Is  established  not  In  all,  and  only 
In  part  of  the  degrees  of  freedom.  Most  likely  equilibrium  Is 
established  In  translational  degrees  of  freedom  of  particles.  If  In 
the  Initial  moment  there  existed  some  arbitrary  distribution  of 
atoms  or  molecules  with  respect  to  speeds,  then  after  a  few  elastic 
collisions  of  i)artlcles  with  close  masses,  distribution  with  respect 
to  speeds  In  these  particles  becomes  Maxwellian.  Establishment  of 
Maxwellian  distribution  occurs  as  a  result  of  an  exchange  of 
momentiim  and  kinetic  energy  of  particles,  where  during  collisions  of 
particles  with  masses  not  stoongly  distinguished  momentum  and  energy 
are  exchanged,  which  on  the  average  are  of  such  order  as  actual 
momentum  and  energy  of  colliding  particles.  Therefore,  relaxation 
time  for  establishment  of  Maxwellian  distribution  In  particles  of  a 
given  sort  or  In  particles  of  various  sorts,  but  with  close  masses, 
has  an  order  of  the  average  time  between  gas  kinetic  colllslonst 


1-— J— 


(6.1) 


where  I  Is  average  gas  kinetic  range,  v  Is  average  velocity  of  partl- 
cles,  n  Is  number  of  particles  In  1  cm^,  and  dg^g  Is  gas  kinetic 

effective  cross  section.  For  Instance,  In  air  under  normal  conditions 
l  ~  6«10"^  cm,  sec. 

Usually  gas  kinetic  times  are  very  small  as  compared  to  times 
dwlng  which  macroscopic  parameters  of  gas,  let  us  say,  density  and 
energy  change  In  a  noticeable  way.  Therefore,  as  a  rule.  It  Is 
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possible  In  every  moment  to  add  to  gas  "translational"  temperature  — 
a  magnitude  characterizing  average  kinetic  energy  of  translational 
motion  of  particles.*  In  a  state  of  Incomplete  thermodynamic 
equilibrium,  when  one  talks  about  thermodynamically  equilibrium 
degrees  of  freedom,  we  consider  that  distribution  of  energy  (and 
concentrations  of  corresponding  components  of  gas  mixture)  In  these 
degrees  of  freedom  Is  In  equilibrium  with  "translational"  temperature 
of  gas. 

Magnitudes  corresponding  to  unbalanced  degrees  of  freedom,  can 
be  arbitrary;  they  depend  on  many  factors.  Including  the  preceding 
"history"  of  the  process  In  which  gas  participates. 

Such  conditions  -re  met  In  rapidly  occur Ing  gas-dynamic  processes 
or  In  regions  of  sharp  change  of  macroscopic  parameters,  for  Instance, 
In  ultrasonic  wave  or  In  front  of  shock  wave,  when  time  scales  of  the 
phenomenon**  turn  out  tc  be  comparable  or  even  much  smaller  than 
corresponding  relaxation  times.  In  this  case  distributions  of  energy 
and  concentrations  of  corresponding  particles  are  determined  not 
simply  by  temperature,  density,  and  element  composition  of  gas, 
as  during  thermodynamic  equilibrium,  but  even  by  the  kinetics  of 
physico-chemical  processes  leading  to  establishment  of  equilibrium 
In  given  degrees  of  freedom. 

In  certain  cases  relaxation  times  for  establishment  of  thermo¬ 
dynamic  equlllbrliim  In  a  specific  degree  of  freedom  are  so  large  that 


*It  Is  necessary  to  note  that  during  Isotropic  distribution  of 
particles  with  respect  to  directions  of  speeds  of  translational  motion 
pressure  of  gas  Is  determined  by  energy  of  translational  motion  of 

particles  which  are  in  1  cm^  p  =  2E^^,  absolutely  Independent  of 

what  the  distribution  of  particles  with  respect  to  absolute  values  of 
speeds  Is,  l,e,,  whether  or  not  Maxwellian  distribution  and  "tempera¬ 
ture"  exist, 

**In  a  shock  wave  this  Is  the  time  of  sharp  compression  of  gas. 
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the  unbalanced  state  of  the  system  turns  out  to  be  very  stable, 
stationary.  Usually  such  a  posltlca  appears  In  a  mixture  of  gases 
capable  of  chemical  transformation,  which  actually  does  not  occur 
due  to  great  activation  energy  necessary  for  flow  of  reaction,  A 
typical  exan5)le  Is  the  fulminating  mixture  +  Og,  which  In  a  state 
of  strict  thermodynamic  equilibrium  at  low  ten^jeratures  had  to 
completely  turn  Into  water.  We  speak  of  such  cases  as  “false"  equili¬ 
briums. 

As  was  already  noted  above,  relaxation  times  for  establishment 
of  equilibrium  In  different  degrees  of  freedom  frequently  very 
strongly  are  distinguished.  If  at  a  given  tengjerature  and  density 
we  pass  from  fast  to  slower  relaxation  processes,  then  usually  It  Is 
possible  to  establish  such  a  sequence:  translational  degrees  of 
freedom,  rotation  of  molecules,  vibration  of  molecules,  dissociation 
and  chemical  reacti-^’^s.  Ionization  and  electron  excitation. 

Owing  to  a  very  sharp  distinction  In  relaxation  times,  each  of 
the  relaxation  processes  may  be  studied  Individually,  separating 
It  from  others  and  assuming  that  In  easily  excited  degrees  of  freedom 
equilibrium  exists  In  every  moment,  and  slower  relaxation  processes 
do  not  take  place  during  the  period  of  the  considered  times. 

All  relaixatlon  processes  possess  certain  general  patterns. 
Independently  of  their  nature.  Namely,  approach  to  state  of  thermo¬ 
dynamic  equilibrium  In  given  degree  of  freedom  ocQurs  asyii5>totlcally, 
according  to  the  exponential  law.  If  one  were  to  characterize  “state" 
of  given  degree  of  freedom  by  some  parameter,  let  us  say,  number  of 
particles  N  (for  Instance,  number  of  molecules  whose  vibrations  are 
excited,  or  number  of  molecules  of  a  given  sort  In  the  case  of 
chemical  transformations),  then  at  a  given  temperature  and  density 


(and  element  composition)  the  gas  may  he  Vflritten 


is  ffp—N 

it  ~  t  * 


(6.2) 


where  is  the  equilibrium  number  of  particles,  and  t  is  a  certain 
magnitude  of  dimension  of  time,  which  characterizes  speed  of  approach 
to  equilibrium*  Prom  solution  of  equation  (6,2) 

^  =  (6.5) 

it  is  clear  that  t  Is  relaxation  time  for  given  process.  In  general, 
the  kinetics  of  physico-chemical  processes  by  far  are  not  always 
described  by  a  linear  equation  of  type  (6.2),  However,  in  stage  of 
approach  to  equilibrium,  when  {n  -  n]  «  N  ,  equation  (6,2)  is 

Jb'  Jr 

accurate  as  first  approximation,  if  in  the  general  equation  of  kinetics 
of  the  type 


(6.4) 

we  present  the  function  in  the  right  side  in  the  form  of  an  expansion 

with  respect  to  a  small  deflection  from  equilibrium  (N  -  N)/N  , 

P  P 

It  is  necessary  to  say  that  time  t,  determined  by  equation  (6.2), 
as  a  rule,  characterizes  scale  of  times  of  establishment  of  equili¬ 
brium  and  in  the  case  of  the  general  equation  of  kinetics  (6,4) 

(in  this  we  will  check  by  a  series  of  specific  exanples  in  subsequent 
sections) , 

Consideration  of  kinetics  of  physico-chemical  relaxation 
processes  has  two  aspects.  First,  the  question  about  speeds  of 
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elementary  processes,  leading  to  excitation  of  one  or  another  degree 
of  freedom,  l.e.,  question  about  effective  cross  sections  of  cor¬ 
responding  nonelastic  collisions  of  particles,  as  a  result  of  which 
excitation  occurs.  Usually  by  these  cross  sections  is  also  determined 
characteristic  relaxation  time  t.  Secondly,  the  question  about  the 
actual  kinetics  of  the  relaxation  process  in  given  specific  condi¬ 
tions  taking  into  account  the  changing  in  time  of  macroscopic  param¬ 
eters  of  system  and  reverse  influence  of  the  process  on  change  of 
macroscopic  parameters.  In  this  chapter  we  will  stop  only  on  the 
first  of  the  shown  aspects,  (The  second  will  be  considered  in 
Chapters  VII,  VIII),  Here  we  will  always  assume  that  in  gas  are 
maintained  constant  teii5)eratvire,  density,  and  concentration  of  those 


particles  which  do  not  have  a  rcj-ciuxon  uo  unt?  0oxiojLciex*c?ci  puL*oce&0, 


§  2,  Excitation  of  Rotations  of  Molecules 
Energies  of  rotation  quanta  of  molecules  are  usually  very  small. 
Being  divided  by  the  Boltzmann  constant,  they  have  an  order  of 
several  degrees,  for  Instance,  for  oxygen  it  is  2,1°K,  and  for 
nitrogen  it  is  2,9°K,  Therefore,  even  at  room  temperature  T  »  500°K, 
and  even  more  so  at  high  ten5)eratures,  quantum  effects  of  rotations 
of  molecules  do  not  appear.  Only  the  lightest  molecules  of  hydrogen 
and  deuterium  are  a  certain  exception,  possessing  very  little 
moments  of  Inertia  and  con?>aratlvely  large  rotation  quanta  —  85,4 
and  45°K, 

Due  to  " classical! cy"  of  rotations  of  a  molecule  during  collisions 
translational  and  rotational  energies  are  very  Intensely  exchanged. 
Really,  time  of  collision,  l,e,,  time  during  which  colliding  molecules 
interact,  is  of  the  order  a/v,  where  a  is  dimension  of  molecule,  and 


V  Is  average  thermal  speed.  If  energy  of  rotations  is  of  the  order 
of  kTj  then  time  of  collision  Is  comparable  with  period  of  rotation,* 
Consequently,  the  collision  of  molecules  can  be  presented  as  the 
collision  of  two  slowly  turning  "dumbbells"  and  sufficiently  small 
asymmetry  during  approach  of  particles,  so  that  they  obtain  a  notice¬ 
able  rotational  moment. 

Experimental  data  confirm  the  fact  that  rotations  are  easily 
excited.  With  the  exception  of  Hg  and  Dg,  rotational  energy  of 
molecules  attains  Its  equlllbrliam  classical  value  kT  (for  diatomic 
molecules)  after  ten  gas  kinetic  collisions.  Times  of  rotational 
relaxation  were  measured  by  experiment  mainly  by  means  of  the  study  of 
dispersion  and  absorption  of  ultrasonics  (for  more  about  this  method, 
see  §  4  Gh,  VIII),  They  are  In  qualitative  agreement  with  measure¬ 

ments  of  Corning  and  Green  [i-3]  of  thickness  of  the  front  of  weak 
shock  waves  according  to  reflection  of  light  (for  more  about  this 
method,  see  §  5  Ch,  IV),  Certain  data  about  times  of  rotational 
relaxation  and  number  of  collisions  necessary  for  establishment  of 
thermodynamic  equilibrium  In  rotational  degrees  of  freedom  of  molecules 
are  given  In  Table  6,1,  More  detailed  data  with  numerous  references 
to  original  works  can  oe  found  In  the  surveys  of  L,  V,  Leskov  and 
F,  A,  Savin  [4]  and  S,  A,  Losev  and  A,  I,  Osipov  [5], 

With  the  exception  of  hydrogen  at  not  too  high  tenperatures, 
one  may  practically  alawys  assume  that  equilibrium  In  rotational 
degrees  of  freedom  Is  established  Just  as  fast  as  In  translational 
degrees,  l.e.,  that  rotations  always  have  "translational"  temperature, 

2  2 

♦Energy  of  rotations  Is  of  the  order  kT  Jto  a  ,  where  cu  Is 
angular  frequency  of  rotations,  M  Is  mass  of  molecule.  Period  of 
rotations 


Table  6,1,  Rotation'll  Relaxation  of  Molecules 
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§  3,  Equation  of  Kinetics  for  Relaxation  of 
Vibrational  Energy  of  Molecules 

Energies  of  vibrational  quanta  of  the  moat  important  diatomic 
molecules 4  being  divided  by  the  Boltzmann  constant^  have  an  order  of 
a  thousand  or  several  thousand  degrees;  for  Instance^  for  oxygen  hv/k  • 

■  2230°K,  for  nitrogen  it  equals  334o‘^K,  By  formula  (3.19)  for  vibra¬ 
tional  energy  of  gas  vibrational  degrees  of  freedom  give  a  noticeable 
contribution  in  heat  capacity  of  gas,  starting  from  temperatures  at 
which  kT  is  a  few  times  less  than  hv.  Thus,  when  hv/kT  «*  4  energy  on 
one  vibration  composes  7.25}<  of  its  classical  value  kT,  when  hv/kT  » 

■  3-15J^j  for  air  of  this  temperature  it  is  near  1000°K,  Thus,  In 
distinction  from  rotations  of  molecules  the  question  about  vibrational 
relaxation  practically  appears  when  vibrations  have  essentially  a  quan¬ 
tum  character.  Conversely,  In  the  ”far”  classical  region  when  kT  »  hv, 
let  us  say,  at  temperatures  of  the  order  of  10, 000-20, 000°K  the  question 
loses,  to  a  considerable  degree.  Its  timeliness,  since  In  this  case 

the  molecules  are  basically  dissociated  into  atoms.  In  the  "far” 
classical  region  when  kT  »  hv  for  excitation  of  vibrations,  as  also 
for  rotations  of  molecules,  not  many  collisions  are  required.  However, 
at  those  temperatures  of  the  order  of  a  thousand  or  several  thousand 
degrees,  when  the  question  about  vibrational  relaxation,  presents 
practical  interest,  relaxation  times  are  very  great:  for  excitation 


of  vibrations,  as  theory  and  experience  show,  thousands  and  hundreds 
of  thousands  of  collisions  are  needed. 

Let  us  formulate  equation  of  kinetics  for  excitation  of  vibra¬ 
tions,  Let  us  consider  for  simplicity  gas  from  diatomic  molecules 
of  one  sort.  Let  us  assume  that  T  <  hv/k,  so  that  excitation  of 
only  the  first  vibrational  level  of  molecules*  is  essential  (for 
air  —  this  is  temperatures  of  iOOO-2000°K).  If  n^,  n^,  n  =  n^  +  n^ 
is  the  number  of  unexcited,  excited  and  all  molecules  in  1  cm^. 

Is  the  average  time  between  gas  kinetic  collisions,  determined 
by  formula  (6.1),  and  p^^  and  pj|_Q  [p^j^  ?]  are  the  probabilities 
of  excitation  of  vibrations  and  deactivation  of  excited  molecule 
during  collision,  then  the  equation  of  kinetics  can  be  written  in 
the  form 


(6  5) 

By  principle  of  detailed  balancing,  in  accordance  with  the  law 
of  Boltzmann, 


(6.6) 


(Index  p  always  notes  equilibrium  values). 

Inasmuch  as  when  kT  «  hv  n^p  «  n^  ~  n,  we  will  obtain  approxl 
mately: 


dni  —  "i 
rfT”  T  * 


(6.7) 


♦If  the  molecules  are  polyavomlc,  then  we  are  limited  to  the 
case  of  excitation  of  only  the  most  low-frequency  vibrations. 
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where  relaxation  tiine 


is  proportional  to  the  number  of  collisions  necessary  for  deactivation 
of  molecule  -Vpio*  Multiplying  equation  (6,7)  by  hv,  we  will 
obtain  the  equation  for  relaxation  of  vibrational  energy  of  unit  of 
volume  E  *  hvn^(Ep(T)  -  hvn^p(T): 

U  (6.9) 

«  “  « 

As  we  see«  for  excitation  of  vibrations  equations  of  kinetics 
(6,9)  have  the  form  of  (6,2)  during  any  deviations  from  equilibrium. 
Let  us  consider  now  temperatures  which  are  not  small,  kT  ^  hv, 
yhen  in  gas  are  present  molecules  which  are  in  the  most  diverse 
vibrational  states.  In  this  general  case  one  should  write  the  system 
of  equations  of  kinetics  for  numbers  of  molecules  n^,  possessing  I 
vibrational  quanta  (l  -  0,  1,  2  ,,,),  However,  an  equation  of  type 
(6,9)  for  relaxatioi  of  full  vibrational  energy  all  the  same  remains 
in  force  where  relaxation  time  is  determined  by  a  formula  which  is 
only  somewhat  modified  as  compared  to  (6,3), 

Prom  quantum  mechanics  it  is  known*  that  if  vibration  is 
harmonic  the  oscillator  can  change  its  own  energy  only  by  a  magni¬ 
tude  of  one  vibrational  quantum,  where  probabilities  of  transition 
from  a  state  with  1-1  quanta  into  a  state  with  I  quanta  pj_j_  ^  and 
transition  from  l-level  to  I  -  1  level  p^  are  proportional  to  I, 

♦See,  for  instance  the  book  by  L,  D,  Landau  and  Ye,  M,  Llfshlfts 

[2], 
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Thus,  If  we  consider  a  molecule  as  a  harmonic  oscillator,  which 
Is  accurate  for  not  too  high  vibrational  states,  l.e.,  at  tempera¬ 
tures  which  are  not  too  large  as  compared  to  hv/k,  then  It  Is  possi¬ 
ble  to  write 


Pi-t.t  =  lpot',  Pi,t-t  =  lPot,  i=l,2,  3,  ...  (6,i0) 

The  equation  of  kinetics  for  the  number  of  molecules  possessing 
I  quanta  taking  Into  account  transitions  Into  the  l-th  state  both 
from  the  (I  -  l)-th,  and  also  from  the  {l  +  l)-th  state,  has  the  form 

^  (Pi-t,  I  +  Pi+t.  —  Pi.  t-t  —  Pi,  i+i  Til).  (6,11) 

By  the  principle  of  detailed  balancing,  analogous  to  (6.6), 

=  (6.12) 

Pl.l-i  "M.p  * 

Let  us  multiply  equation  (6,11)  by  hvl.  Putting  (6,l0)  In 

summarizing  over  l  and  noticing  that  E  =  Zhvln^  Is  the  total 

■5 

energy  of  vibrations  In  1  cm  ,  we  will  obtain 

(6,15) 

where  n  =  Sn^  Is  the  total  nximber  of  molecules  In  1  cm^.  Considering 
(6,6)  and  the  fact  that  magnitude  E  =  hvn{e^^/^  -  l)”^  constitutes 
energy  of  vibrations  In  1  cm^  In  conditions  of  thermodynamic  equili¬ 
brium  (see  formula  (5,l9))p  we  will  come  to  equation  of  kinetics 
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(6,9)  with  time  of  relcisation 


tor 

I - E — 


(6.14) 


The  average  of  collisions  necessary  for  establishment  of  equili¬ 
brium  in  vibrational  degrees  of  freedom  equals 


1 

- “1«" 


Z, 


L 


TV 

1-.“^ 


(6.15) 


where  number  of  collisions  necessary  for  deacti¬ 

vation  of  a  molecule  possessing  one  vibrational  quantum.  When 
hv  »  IdT  Z  ■*  and  formula  (6.14)  is  turned  into  (6.8),  At  high 
temperatures^  idien  the  average  of  vibrational  quanta  in  moleucles 
is  great,  T  *  W/hv  »  1, 


In  kinetic  equation  (6,11)  for  change  of  nundber  of  molecules  in 
l-th  quantum  state  only  transitions  ac.con$>anied  by  an  exchange  by 
energy  between  translational  and  vibrational  degrees  of  freedom  of 
molecules  are  taken  into  consideration.  In  fact  during  collisions 
of  molecules  also  an  exchange  by  vibrational  quanta  can  occur,  where 
it  txirns  out  that  the  probability  of  such  an  exchange  is  much  larger 
than  probability  of  exchange  between  translational  and  vibrational 
energies  [15].  Therefore,  Boltzmann  distribution  of  molecules  by 
vibrational  levels  in  accordance  with  total  reserve  of  vibrational 
energy  of  gas  is  established  quickly.  It  is  possible  to  say  that  in 
unbalanced  system  at  first  "vibrational"  temperature  is  established. 
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and  then  levelling  of  "vibrational"  and  "transitional"  temperatures 
already  occurs  [14], 


§  4.  Probability  of  Excitation  of  Vibrations 
and  Relaxation  Time 

Let  us  consider  the  most  simple  case,  when  on  diatomic  molecule 
BC  falls  atom  A  along  direction  of  axis  of  molecule,  as  was  shown 
In  Fig,  6,1,  If  between  colliding  particles  A  and  BC  there  Is  no 
chemical  affinity,  then  during  the  approach  repulsive  forces,  appear 
between  them,  at  first  decelerating  atom  A,  and  then  repelling  It 
from  molecule  BC, 


©— e- 


© 


On  atom  C  acts  coercive  force,  which  at 
first  tends  to  withdraw  It  from  the  position 


of  equilibrium  and  to  displace  it  In  the 

Pig,  6,1,  Concerning  direction  of  atom  B.  If  approach  occurs  very 
the  question  of  exci¬ 
tation  of  vibrations  slowly,  atom  C  slowly  will  shift  from  the 
In  molecule  upon  Im¬ 
pact  of  atom,  place  and  then,  when  atom  A  and  molecule  BC 

are  repelled  and  start  to  move  away  from 
each  other,  also  slowly  retUj.'n  to  the  Initial  position;  the  blow, 
so  to  speak,  will  be  "adiabatic"  and  vibration  will  not  appear.  The 

4 

condition  of  adlabaclty  consists,  obviously.  In:  so  that  time  of 
Interaction  of  atom  with  molecule,  which  has  order  a/v,  where  a  Is 
the  range  of  operation  of  forces,  and  v  Is  relative  velocity  of 
particles  during  Infinite  withdrawal.  Is  great  as  compared  to  period 
of  vibrations;  av/v  »  1,  Otherwise  this  condition  can  be  Imagined 
so;  for  "rocking"  of  molecule  It  Is  necessary  that  during  decom¬ 
position  of  compelling  force  In  Fourier  Integral  there  be  great 
resonance  components  with  frequencies  close  to  natural  frequency  v, 
but  for  this  It  Is  necessary  that  time  of  collision  a/v  be  of  the 
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order  1/v, 

L,  D,  Landau  and  Ye,  Teller  [15]  estimated  the  dependence  of 
probability  of  excitation  of  vibrations  on  speed  of  collslons  and. 

In  the  end,  on  tenqoerature,  using  the  conformity  principle.  For 
accuracy  of  quasl-classlcal  approximation  It  Is  necessary  that  wave 
length  of  particles  be  small  as  compared  to  scale  of  field: 
aMv^  »  1,  where  M  Is  reduced  mass  of  colliding  particles.  It  Is 
easy  to  check  that  this  condition  Is  executed.  If,  along  with  the 
condition  of  adlabaclty  av/v  »  1,  kinetic  energy  of  relative  motion 
Is  much  larger  than  energy  of  quantum  Mv^  »  hv. 

The  probability  of  excitation  of  vibration  during  collision  Is 
proportional  to  the  square  of  the  matrix  element  of  energy  of  Inter¬ 
action  of  particles  A  and  BC  as  a  fimction  of  the  distance  between 
them  U(x),  In  the  quasl-classlcal  approximation  the  matrix  element 
Is  turned  into  a  Fourier-component  of  energy  of  Interaction: 


(6,16) 


Let  us  take  the  law  of  repulsion  In  the  form  U  ■  const  e“^® 
and  say  for  sln5)llclty  that  const  -fa  Mv^/2,  l,e,,  that  an  atom 
can  "closely"  approach  a  molecule.  Integrating  the  equation  of 
motion 


we  will  find  function  t(x),  x(t)  and  hence  dei>endence  U(t): 


(+)  when 
(“)  when 


>ao<f  <0, 
0<<<ao 


461 


(t  =»  0  corresponds  to  the  biggest  approach  of  particles). 

To  estimate  Integral  (6.16)  let  us  turn  to  Integration  with 
respect  to  a  new  path  In  complex  plane  t,  passing  along  the  straight 
line  In  the  upper  half-plane,  parallel  to  real  axis  and  distant  from 
It  at  a  distance  of  the  pole  of  function  U(t)  nearest  to  real  axis: 
t^  =  l7ra/v.  It  Is  easy  to  see  that  the  Integral  Is  proportional  to 

O 

the  exponential  factor  exp  (-2Tr  av/v),  and  probability  of  vibrational 
transition  Is  proportional  to  exp  (-^ir  av/v),  l.e,,  exponentially 
drops  with  Increase  of  factor  of  adlabaclty  av/v.  Probability,  as  a 
function  of  relative  velocity  of  particles  v,  must  be  averaged  with 
the  help  of  Maxwellian  distribution  with  respect  to  relative  speeds, 
l.e.,  with  the  help  of  a  function  proportional  to  exp  (-Mv^/2kT), 

Here  appears  Integral  with  respect  to  speeds  contained  In  integrand 
exponential  factor  exp  (-^tt  av/v  -  Mv  /2  kT),  A  basic  role  In  the 
Integral  Is  played  by  speeds  v*  =  (47r'^avkT/M)^'^^  at  which  Index  of 
exponential  has  least  absolute  value.  Collisions  with  such  speeds 
are  mainly  caused  by  excitation  and  deactivation  of  vibrations. 
Integral  and  probability  of  transitions  p^j^  and  p^^  are  proportional 
to  maximum  value  of  exponential  factor:* 

»  .  r  ^ 

Poi ^  2Ar  )  2~kT‘)‘^ 

•  ((^.17) 

_ r  /'54n«a*v»,W\3  1 

kT  )  \' 

Substitution  of  numerical  values  of  constants  In  Index  of 


*It  Is  curious  to  note  that  likewise,  according  to  the  lav/  exp 

(-const  T  '  ),  rate  of  thermonuclear  reactions  depends  on  t3n5>era- 
tiore.  This  occurs  because  the  probability  of  approach  of  nuclei 
repelled  by  Coulomb  forces  also  depends  on  relative  rate  of  approach 

according  to  the  law  exp  (-const* v”^),  which  Is  averaged  with  help 
of  Maxwellian  distribution  with  respect  to  speeds  of  nuclei, 
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exponential  (6«17)  and  experiment  show  that  at  not  too  high  tenqpera- 
tures  the  Index  much  larger  than  unity**  This  means  that  for 
collisions  Introducing  basic  a  contribution  into  excitation  and 
deactivation  of  vibrations >  the  condition  of  adiabacity  holds  and 
kinetic  energy  of  colliding  particles  is  much  larger  tl:.'an  kT* 

Quantum-mechanical  calculations  of  probability  of  oeactlvatlon 
p^O*  determining  relaxation  time  {Zener  £17]>  Schwartz  and  Herzfeld 
[181 also  lead  In  adiabatic  limit  to  a  formula  containing  exponen¬ 
tial  factor  (6*i7)*  In  [16]  is  c<uisldered  the  most  general  case 
of  collisions  and  for  a  number  of  collisions  before  deactivation  is 
obtained  the  formula: 

where  Cq  *  16ir^a^ vSl,  The  last  e:q?on^ntlal  factor  accurately  cor¬ 
responds  to  exponential  in  (6.17)  and  at  not  too  high  temperatures 
owing  to  the  great  magnitude  of  the  index  describes  basic  temperature 
dependence  of  number  of  collisions.  Factor  exp  (-e^/kT)  considers 
certain  easing  of  transitions  from  acceleration  of  particles  during 
their  approach  owing  to  long-range  attractive  forces,  which  are 
described  by  a  "potential  well"  with  energy  e^j  is  usually  of  the 
order  of  several  tenth  fractions  of  an  electron  volt.  Formula  (6.18) 
is  somewhat  definitized  in  a  later  work  of  Herzfeld,  [18al. 

As  follows  from  the  above-stated  theory,  time  of  vibrational 

*For  instance,  in  oxygen  when  T  «  lOOO^K  the  index  equals 
approximately  10  (according  to  [16] j  see  below). 
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relaxation  depends  on  temperature  according  to  the  law 


‘ 

T  =  ZTc,  =  T„^CXp(6r‘3),  (6.19) 

where  b  =  const,  and  A  Is  a  slowly  changing  function  of  temperature, 

_‘i  f-Zy 

Thus,  graph  In  t  depending  upon  T  should  give  an  almost  straight 
line. 

By  experiment  times  of  vibrational  relaxation  are  measured  at 
room  temperature  and  small  heating  by  the  method  of  absorption  and 
dispersion  of  ultrasonics,  and  in  a  wide  range  of  temperatures  with 
the  help  of  shock  tubes,  by  means  of  investigation  of  establishment 
of  equilibrium  In  the  front  of  a  shock  wave,  A  thorough  Investigation 
of  relaxation  In  oxygen  and  nitrogen  was  conducted  with  the  help  of 
a  shock  tube  by  Blackman  [16] ,  Its  results  are  presented  In  Table 
6,2,  In  the  same  place  are  given  theoretical  values  for  oxygen. 


Table  6,2,  Vibrational  Relaxation  In  Oxygen  and 
Nitrogen  According  to  Mea&iirem.ents  of  Blackman  [16], 
Theoretical  Values  of  Schwartz  tind  Herzfeld  [I8].. 


T.«K 

Pis  (experiment)* 

PIS  (theory) 

jJumirer  of  col¬ 
lisions  1  (ex¬ 
periment) 

t  in  seo  reduced 

10  density 

n=2,67-i0l»  -V 

288 

900 

4-10-***) 

i.iio-* 

Oxv 

M0-* 

.  310-« 

.;er. 

2,5- 10» 

MO* 

96  10-* 

1200 

2.410-* 

1.310-* 

5-104 

41  10-* 

1800 

9.810-* 

8.610-* 

1.4104 

0.510-* 

2400 

3.7.10-« 

5.510-  « 

2.7-lO-t 

3000 

1.2.10-> 

1.5-10 

1.6-10*  1 

0  83  10-T 

eoo 

3000 

4000 

5000 

310-« 

;  3.110-* 

1  9.7-10-* 

2.510-* 

m;  rc 

3,3- 10»***) 

4.6- 104 

1.8-104 

0.8- 10* 

1 

)r'er. 

1  1 

2.M0-* 

0.8710-* 

0.27- 10-* 

•Lhiring  oalculntior.  of  fi  orn  expepimtMa;  tlices  T  are  isec  ('.a-  tiinetic  sections  O.-^^  ■ 
•  3.6»10-1^  cm-,  Oj-j  .  4.1‘1  cir2. 

••T'lii  point  is  oltalned  i,,  tl.t  ultr  ioonic  r.et  .od  [l-*]. 

•••IT.is  ’-'Int  Is  obtained  K-introKlt.  [ZC]  t..  r*  j.s  ;f  inveati*:atior.  .;f  _  .rtflow  fron  no::l#. 
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calculated  in  the  work  of  Schwartz  and  Herzfeld  [18].  As  can  be  seen, 
eigreeinant  between  theory  and  ejqperinent  Is  not  bad. 

Exx>erimental  values  measured  for  the  ntost  diverse  gases  more  or 
less  satisfactorily  lie  on  theoretical  straight  lines  In  t  or  In  Z 
from  This  may  be  seen  from  Pig.  6.2,  borrowed  from  [5]  • 

Deviations  from  straight  lines  partially  are  explained  by  tenperature 
dependence  of  pre-exponentlal  factor  A  In  formula  (6.19)* 


Fig.  6.2.  Esqperlmental  data  on  prob¬ 
abilities  of  deactivation  of  mole¬ 
cules  in  >diloh  vibrations  are  excited. 


Time  of  vibrational  relaxation  In  oxygen  with  that  same  tempera¬ 
ture  Is  less  than  In  nitrogen,  since  the  natural  frequency  In 
nitrogen  is  one  and  a  half  times  more  than  In  oxygen  which  hanpers 
excitation  of  vibrations  In  nitrogen.  Therefore,  vibrational  relaxa¬ 
tion  In  air  has  tv70  periods}  at  first  oxygen  arrives  In  equlllbriuau 
and~then  nitrogen.  It  Is  necessary  to  note  that  collisions  of 
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molecules  with  Og  la  2,5  times  less  effective  with  respect  to  exci¬ 
tation  of  vibrations  in  Ogj  than  Og  -  Og  collisions.  In  general, 
certain  molecules  very  actively  excite  vlbrationj  for  Instance, 
molecule  of  50-100  times  more  rapidly  excite  vibrations  in  Og, 
than  the  actual  Og  molecules.  Therefore,  during  measurements  of 
vibrational  relaxation  a  high  degree  of  gas  scrubbing  from  Irapuritie 
is  essential. 

Detailed  summaries  of  source  material  on  times  of  vibrational 
relaxation  in  different  gases.  Just  as  references  to  numerous 
experimental  and  theoretical  works,  can  be  found  in  the  surveys  of 
L.  V.  Leskov  and  P,  A,  Savin  [4]  and  S.  A.  Losev  and  A.  I.  Osipov 
[5].  Let  us  Indicate  several  of  the  recent  works  on  the  study  of 
excitation  of  vibrations  in  Og  [58,  59],  NO  [60],  CO  [61],  COg  [62, 
6^].  Let  us  note  also  a  survey  of  [64]  and  work  [65,  66]  on  vibra¬ 
tional  relaxation  in  mixtur-es. 

§  5,  Equation  of  Kinetics  of  Dissociation  of 
Diatomic  Molecules  and  Relaxation  Time 

Dissociation  of  diatomic  molecules  occurs  usually  during 
collisions  of  sufficiently  energetic  particles  according  to  the 
scheme: 


+  i4  +  i4  +  Af, 


(6.20) 


where  M  is  any  particle,*  In  uniform  diatomic  gas  particle  M  can 


♦Direct  disintegration  of  a  sufficiently  strongly  excited 
molecule  into  atoms  A^A+A  has  an  extraordinarily  small  probabi¬ 
lity,  Just  as  the  reverse  process  of  unification  of  atoms  into  a 
molecule  without  participation  of  a  third  particle  to  which  could  be 
transmitted  part  of  the  energy  given  off  during  unification.  There 
are  also  small  probabilities  of  photodissociation  and  recombination 
with  emission  of  light  quantum, 

466 


'  '  '  1 

I  ba  ! either  molecule  iU«  or  atom  A.  The  reverse  process  leads  to  I 

;  riRST  I  /iVr  ;■*  r;  N  '  ^  ) 

;  re(^omblnatloii  of  atoms  In  three-body  collisions^  vdiere  third  particle' 
.  M  iakes  on  part  of  the  binding  energy  given  off. 

The  equation  of  kinetics  for  process  (6,20)  taking  Into  account 
,  the  fact  that  particle  M  can  be  both  a  molecule^  and  also  an  atom^ 

'  has  the  form 


i  3 

,  Here  for  brevity  the  numbers  of  particles  In  1  cm'^  are  designated  by 
I  their  symbols.  Ccoistants  of  rates  of  reactions  depend  only  on 
I  teiqperature  and  are  connected  by  the  principle  of  detailed  balancing: 


I  .  , 

I  where  In  parentheses  are  enclosed  pqulllbrlum  values  of  numbers  of  | 
'  X>&x'tloles  for  given  temperature  and  density  of  gacj  K(T)  Is  the  . 


I  equilibrium  constant^  distinguished  from  equilibrium  constant  for 
'  pressures  I^(T)  by  the  factor  (kT)“^:  K(T)  «  K^(T)/kT,  The  equlllb 
I  rlura  constant  determines  equilibrium  degree  of  dissociation  a  at 
I  given  temperature  and  density.  By  formula  (?.26) 


I 

I 


(6.85) 


where  N  Is  the  number  of  Initial  molecules  In  1  cm^^  Is  the  atomic 
^for  remaining  designations  see  In  $  ?  Oi.  III). 

I - In  distinction  from  vibrational  relaxatl(ai«  the  equation  o# - 


_ ^ _ J 


JTOf- 
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kinetics  for  dissociation  of  molecules  in  general  is  nonlinear. 
However,  with  a  small  deflection  of  it  from  equilibrium,  it  is 
possible  in  accordance  with  general  indication  In  §  i  to  bring  to  a 
linearized  form  (6,2)  for  numbers  of  particles  A  or  Ag,  where  relaxa¬ 
tion  time  T  is  determined  by  expression 


i  =  4a(2-a);V>(A,  +  A;j^)  .  (6.24) 


As  calculations  show,  by  time  t  is  characterized  not  only  the 
final  stage  of  asymptotic  approximation  to  equilibrium,  but  also 
in  general,  all  kinetics  of  dissociation,  even  in  that  stage  when 
IL  is  described  by  nonlinear  equation  (6.21),  so  that  t  in  order  of 
magnitude  is  equal  to  time  of  establishment  of  equilibrium  dissociation 
and  in  general  of  arbitrary  initial  conditions.  In  limiting  cases 
of  small  and  strong  equilibrium  dissociation  formula  (6,24)  is 
simplified.  When  a  «  1  there  are  few  atoms,  a  basic  role  is  played 
by  dissociation  of  molecules  by  Impacts  of  molecules  also  taking 
into  account  (6.22),  (6,23) 


4— =  (6.25) 

When  1  —  a  «  1,  if  even  in  initial  moment  there  are  no  atoms, 
the  late  stage  occupies  the  main  time,  when  there  are  few  molecules 
and  remaining  molecules  are  smashed  by  the  Impacts  of  the  afoms. 

In  this  case 


X 


8 

1  —  0 


N*k; 


2Nkt. 


(c.26) 


^68 


ThuSf  the  question  about  tine  of  establlshnent  of  equilibrium 
leads  to  the  question  of  rates  of  reactions  of  dissociation  on* 
recombination.  Inasmuch  as  both  rates  are  connected  by  the  principle 
of  detailed  balancing  (6«22)«  It  Is  sufficient  to  know  one  of  them 
from  theOTy  or  experiment, 

§  6.  Recombination  Rates  of  Atoms  and  Dissociation 
of  Diatomic  Molecules 

A  rough  estimate  of  the  recombination  rate  of  atoms  In  a  diatomic 
molecule  can  be  obtained  from  the  most  elementary  considerations^ 
assuming  that  every  gas  kinetic  collision  of  atoms  In  the  presence  of 
a  third  peirtlcle  leads  to  recombination.  The  number  of  collisions  of 
A  atoms  with  each  other  In  1  cn^  In  1  sec  equals  A*v«o*A,  where  v  - 
"■  Is  average  thermal  speedy  and  o  Is  gas  kinetic  cross 

section.  The  probability  that  at  the  time  of  collision  ”ln  the 
neighborhoods"  l,e,«  at  a  distance  of  the  order  of  molecular  dimensions 
r«  a  third  particle  will  appear^  approximately  Is  equal  to  average  of 
particles  In  a  volume  equal  to  the  volume  of  one  molecule: 
where  N  Is  the  number  of  particles  In  1  csr^,  Thus»  the  number  of 
triple  collisions  In  1  cm^  in  1  sec  equals  A*v*o*A(4vr^/^)N,  Intro¬ 
ducing  feu*  generality  the  numerical  coefficient  equal  to  pro¬ 
bability  of  recombination  under  the  condition  that  a  triple  collision 
happened  we  will  obtain  for  constant  of  recombination  rate  the  expres¬ 
sion: 

(6.27) 

For  Instance,  for  atoms  of  nltre^en  v  -  5,9*10^  ai^sea. 
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a  ~  10  cm  ,  Considering  r  =«  5,4*10  cm  and  p  =  1,  we  will  obtain 

fi  2  23 

Ar  =  2.2-10“]/T“  cm /mole  ‘sec  (In  one  mole  there  are  6*10  atoms). 

When  T  «  500°K  -  5.8*10^^  cm^/mole^*3ec. 

Recombination  of  atoms  of  nitrogen  Is  usually  studied  experi¬ 
mentally  by  measuring  the  change  In  time  of  the  number  of  molecules 
of  nitrogen  according  to  the  afterglow,*  Thus  was  found  constant  of 
recombination  rate  with  molecules  of  nitrogen  as  the  third  particle. 

In  the  Interval  of  temperatures  from  297°  bo  442°K  It  turned  out  to 
almost  not  depend  on  teii?)erature  and  equal  k^  =  5.8*10^^  cm  /mole^*sec 
[21],  In  good  agreement  with  the  given  estimate.  Close  results  have 
been  obtained  by  other  authors  [22,  25]). 

In  [70]  by  means  of  measurement  of  unbalanced  radiation  was 
studied  dissociation  and  recombination  of  nitrogen  In  a  shock  tube. 

It  v/as  found  that  when  T  «  6400°K  the  constant  of  recombination  rate 
equals  k^jj  *»  6,5*10  ^  cm  /mole  -sec.  If  an  atom  of  nitrogen  serves 
as  the  third  particle,  and  Is  15  times  less.  If  the  role  of  third 
pairtlcle  Is  played  by  a  molecule  of  nitrogen. 

In  general,  at  not  too  high  temperatures  (T  ~  500-l000^K) 

constants  of  recombination  rate  usually  have  the  order 
i  ll  i  fi  fi  ^ 

10  ^-10  cm  /mole*" •  sec  v/hlch  points  to  rather  large  probabilities  of 
recombination  6  during  a  three-body  collision.  The  recombination  rate 
co^g^aratlvely  weekly  depends  on  temperature,  usually  manlfejtlnc  a 

*The  phenomenon  of  afterglow  of  nitrogen  consists  of  the  fol¬ 
lowing;  during  recombination  of  atoms  of  nitrogen  molecules  turn 

out  to  be  In  an  excited  ..tat.,  ^2^,  Subsequent  collisions  with  other 
mclc-culos  or  atoms  partially  deactivate  the  molecules  so  that  they 
pass  Into  a  lower  state  B^II  ,  after  which  are  emitted  quantum  of  the 

O 

first  positive  system  N2(B^IIg  ^  which  are  recorded  by  experi¬ 

ment,  One  Judges  kinetics  of  recombination  according  to  change  of 
liimlnous  Intensity, 


certain  tendency  to  decrease  with  ten^rature  Increase,  This  Is  pos¬ 
sible  to  graspf  If  one  considers  that  the  probability  of  recom- 
b:.natlon  during  a  triple  collision  Is  even  greater  the  larger  the 
time  of  Interaction  of  colliding  particles^  l.e.,  the  less  their 
speed  or  the  less  the  ten^erature^  so  that  probability  p  Inversely 
depends  on  tenperature.  For  Instance,  If  P  1/T,  then 
kp  ~  ~  1/t^A 

in  accordance  with  theoretical  calculations  of 

Wlgner  [24]  • 

The  recombination  rate  of  atoms  depends  on  the  kind  of  thlx^d 
partlclej  for  Instance,  during  recombination  of  atoms  of  nitrogen, 
atoms  of  nitrogen  as  third  particles  are  1^  times  more  effective 
than  molecules  (when  T  «  6400*^K).  In  [25]  the  study  of  kinetics  of 
dissociation  of  Iodine  In  a  shock  tube  (concentration  of  molecules 
was  measured  by  absorption  of  light)  showed  that  when  T  »  l^OO^K 
molecules  of  Iodine  are  55  times  more  effective  as  third  particles 
during  recombination  of  atoms  of  Iodine  than  atoms  of  argon.  Recom¬ 
bination  rate  of  Iodine  In  a  three-body  collisions  with  argon  when 
T  •  1J00°K  kj,  •  onVmole®-Bec  [25]  J  when  T  »  298°K 

k,  -  2.9.10^5  cm^/mole^ • se  c  [26] , 

Dissociation  of  a  molecule  upon  collision  with  another  particle 
can  occur  only  In  the  case  when  energy  of  colliding  particles  exceeds 
energy  of  dissociation.  The  total  number  of  collisions  In  1  sec 
of  a  given  molecule  with  other  particles  whose  number  In  1  cnP 
equals  N,  Is  v  ■  l(v'a,  where  v*  Is  the  average  speed  of  relative 
motion  of  particles  v*  ■  (8kT/ini)^/^j  \L  Is  the  reduced  mass,*  During 

*In  estimating  the  recombination  rate,  for  simplicity  v'  was 
replaced  v,  l,e,,  |i-atomlc  masses  N^, 
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a  Maxwellian  distribution  with  respect  to  speeds  the  number  of  col¬ 
lisions  of  molecules  with  kinetic  energy  of  relative  motion  exceeding 
energy  of  dissociation  U,  composes  the  fraction  (U/kT  + 
of  the  total  number  of  collisions  (usually  U/kT  »  1,  so  that 
(U/kT)  +  1  ~  U/kT),  It  Is  considered  that  with  respect  to  dissoci¬ 
ation  only  that  componeiit  of  kinetic  energy  of  particles  which  cor¬ 
responds  to  con^jonent  of  relative  speed  directed  along  line  of  centers 
of  colliding  particles  Is  effective  (If  the  latter  are  considered 
as  hard  balls).  In  this  assumption  the  fraction  of  "sufficiently 
energetic"  collisions  Instead  of  (U/kT)  exp  (-U/kT)  equals  simply 
exp(  -U/lrt). 

It  Is  natural  to  think  that  on  breaking  the  bond  In  a  molecule 
not  only  kinetic  energy  of  translational  motion  of  colliding  particles 
can  be  expended,  but  also  energy  of  their  Internal  degrees  of  freedom: 
vibrational,  rotational.  It  Is  possible  to  show  (see  [27])  that 
the  fraction  of  collisions  In  which  total  energy  of  colliding  parti¬ 
cles  taking  into  account  energy  of  Internal  degrees  of  freedom 
exceeds  energy  of  dissociation,  equals* 


where  every  vibrational  degree  of  freedom  Introduces  unity  Into  index 
a,  and  every  rotational  degree  of  freedom  Introduces  1/2  (In  the  case 
of  half-integral  s  factorial  s’  Is  replaced  by  gamma-function: 
r(o  1), 


♦In  deriving  this  formula  It  Is  considered  that  distribution  of 
molecules  by  energy  states  In  all  Internal  degrees  of  freedom  Is 
3oltsraann,  corresponding  to  translational  tempei’ature  T. 


At  present  the  theory  of  dissociation  of  molecules  by  Impacts  of 
particles  Is  very  far  from  conqpletlon,  therefore,  during  coiig)arlson 
with  experiment  for  constant  of  speed  of  dissociation  a  formula  of 
the  shown  type  Is  usually  used: 

*4-.>o'0-5r(^)e  ■R".  (6.28) 

The  niunber  s,  characterizing  degree  of  participation  In  dissoci¬ 
ation  of  Internal  degrees  of  freedom,  and  factor  P,  which  constitutes 
probability  that  dissociation  Indeed  will  occur  during  collision  of 
particles  with  sufficient  reserve  of  energy  for  dissociation,  are 
considered  as  parameters  .dilch  one  should  determine  from  experiment. 

According  to  contemporary  Ideas  a  basic  role  In  dissociation  Is 
played  by  the  vibrational  energy  of  the  moleucle.  Ye.  V.  Stupochenko 
and  A.  I.  Osipov  [28]  showed  that  the  xn^obablllty  of  dissociation  of 
an  unexcited  molecule  is  extraordinarily  small,  even  If  translational 
energy  of  colliding  particles  exceeds  binding  energjy  U,  Mainly 
molecules  dissociate  which  are  on  very  hlg;h  vibrational  levels  whose 
energy  Is  close  to  the  energy  of  dissociation.  Here  energy  of  trans¬ 
lational  motion  of  particles  can  not  strongly  differ  from  average 
thermal  energy. 

If  one  were  to  assiuie  that  distribution  of  molecules  by  vibra¬ 
tional  states  Is  Boltzmann,  then  for  rate  of  dissociation  a  formula 
of  the  type  (6.28)  remains  In  force  with  corresponding  value  of 
Index  s. 

Ye.  V.  Stupochenko  and  A.  I.  Osipov  [29]  showed  that  this 
assuioptlon  Is  not  always  Justified.  The  "drain"  of  molecules  from 
highest  vibrational  levels  due  to  dissociation  can  sometimes  strongly 
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disturb  Boltzmann  distribution  of  molecules  by  highest  vibrational 
states.  In  this  case  kinetics  of  dissociation  should  be  considered 
jointly  with  kinetics  of  excitation  of  highest  vibrational  states. 

The  process  occurs  in  such  a  way  that  owing  to  collisions  molecules 
"are  given"  to  upper  levels,  whence  pass  into  a  dissociated  state. 
During  recombination  of  atoms  in  the  presence  of  a  third  particle 
energy  of  dissociation  is  transformed  mainly  into  vibrational  energy 
of  the  formed  molecule.  The  theory  of  these  processes  is  presented 
in  survey  [76] , 

By  experiment  was  studied  basically  dissociation  of  oxygen  after 
the  front  of  a  shock  wave  in  a  shock  tube  (work  of  Matthews  [30], 

Byron  [^1] ,  N,  A,  Generalov  and  S,  A.  Losev  [32],  Camac  [67],  Rink, 
and  others  [68] j  for  a  survey  of  source  material  and  references  to 
other  works,  see  in  [4,  5]), 

A  thorough  investigation  was  conducted  by  Matthews,  By  the 
Intei'x’erometrlc  method  was  determined  movement  of  density  in  an 
unbalanced  zone  after  a  shock  wave,  which  was  compared  with  theoretical 
calculations  carried  out  on  the  basis  of  the  formula  for  rate  of 
dissociation  of  type  (6,28)  (see  Ch,  IV:  VII),  Equilibrium  in  the 
vibrational  degree  of  freedom  is  established  at  least  an  order  faster 
than  dissociation  occurs,*  so  that  effect  of  relaxation  of  vibrations 
does  not  hinder  study  of  rate  of  dissociation.  The  2000-4000^K 
region  of  temperatures  was  studied.  The  degree  of  dissociation  in 
experiments  of  Matthews  was  small,  a  ~  0,05-0,1,  so  that  the  basic 

*Not  too  high  vibrational  states  are  considered,  in  which 
there  is  an  overwhelming  majority  of  molecules. 


role  in  dissociation  was  played  ^2  '  ^  collisions.*  In  calcu-* 
latlons  it  was  assumed  that  S  *  5j  effectiveness  of  collisions 


turned  out  to  equal 

^2 


sociation: 


0.075,  and  constant  of  speed  of  dls- 


I  •  M  HO 

kior-o,  -  5.4.10»»7^ ^ eji»/mole*sec  (6.29) 

Calculations  conducted  with  s  «  0  gave  an  ln?)robably  large 
value  of  P  (larger  than  unity).  This  indicates  that  in  dissociation 
an  essential  role  is  played  by  energy  of  Internal  degrees  of  freedom 
of  molecules.  Knowing  equilibrium  constant  for  dissociation  (^: 

jr(D-l,8S.10^“t”^n>ole/cBi^  (6.50) 


recombination  rate  with  Og  molecules  as  the  third  particles  can  be 
found} 

cji«/mole^  sec**.  (6.51) 


*Wlth  the  reaction  Og  +  Og  «  20  +  Og  competes  a  two-stage 
reaction  of  Og  dissociation  with  intermediate  formation  of  ozone  Og  + 

+  0g«0+0jl  Oj  +  M«0+Og+M  (correspondingly  the  reverse  pro¬ 
cess  of  recombination  can  also  occur).  At  high  ten9>eratures  this  pro¬ 
cess  plays  a  small  role  (in  particular,  in  experiments  of  Matthews). 
However,  recombination  of  oxygen  at  low  temperatures  and  small  degree 
of  dissociation  occurs  mainly  through  formation  of  ozone,  since  0  + 

+  0  +  M  collisions  occur  much  rarer  than  0+0g  +  M-»0j  +  Mcollislons, 

For  constants  of  rates  of  reactions  with  participation  of  ozone,  see  in 

D5]. 

**Thls  formula  is  accurate  only  in  the  Investigated  Interval  of 

temperatures  T  «  2000-4000^  Extrapolation  of  it  to  room  tempera¬ 
tures  gives  an  oversized  value  of  the  recombination  rate. 
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Relaxation  time  for  T  »  5500°K  and  normal  density  t  =  0.95*l0~^ 
sec  (a  =  0*084),  This  result  Is  very  close  to  data  of  Gllck  and 
Wurster  [54] ,  measuring  relaxatlcai  time  for  dissociation  of  oxygen 
In  a  shock  tube.  Their  times,  corrected  to  normal  density,  equal 

T,  °K  3100  3300  3400  3S50 

T.IO^  sec  2  0,8  0.5  0.06 


In  [3^  36,  25]  was  studied  rate  of  dissociation  of  bromine  and 
Iodine  (also  In  shock  tubej  concentration  of  molecules  Br^,  Ig  was 
measured  according  to  absorption  of  light  from  an  outside  source). 
In  [35]  In  an  Interval  of  temperatures  up  to  2000 for  speed  of 


dissociation  of  molecules  of  bromine  by  Impacts  of  atoms  of  argon. 


Is  obtained;  s 


^rg-Ar 


0,12,  Satisfactory  agreement  with 


this  result  Is  obtained  In  the  theoretical  work  of  Ye,  Ye.  Nikitin 


[37]  •  Poi*  a  survey  of  works  on  dissociation  of  molecules,  see  In 
[5],  Let  us  note  recent  work  [69],  In  which  was  studied  dissociation 
of  hydrogen  In  a  shock  tube.  For  rates  of  Og  and  Ng  dissociation  and 
other  relaxation  processes  In  air  see  also  [53]. 


§  7.  Chemical  Reactions  and  the  Method  of 
the  Activated  Complex 

Prom  the  point  of  view  of  energy  effect  chemical  transformations 
are  subdivided  Into  two  types:  endothermic,  requiring  specific 
energy  content,  and  exothermic,  accompeinled  by  liberation  of  heat. 
Examples  of  reactions  of  both  types  are  dissociation  of  molecules 
nnd  recombination  of  atoms  Into  a  molecule,  considered  above.  It  is 
clear  that  for  an  endothermic  reaction  It  is  necessary  that  colliding 
molecules  possess  certain  minimum  reserve  of  energy,  so-called 


r, 
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activation  energy  E,  therefore,  the  rate  of  such  a  reaction  Is  pro¬ 
portional  to  Boltzmann  factor  and  Increases  rapidly  with 

Increase  of  temperature.  In  dissociation  binding  energy  of  molecule 
U  serves  as  activation  energy.  Experiment,  however,  shows  that  for 
the  majority  of  exothermic  transformations  energy  of  activation 
Is  also  required  and  rates  of  corresponding  reactions  Increase  with 
tenperature  according  to  the  exponential  law  called  the  law 

of  Arrhenius.  Recombination  of  atoms  into  a  molecule  Is  In  this  ratio 
untypical,  since  It  occurs  without,  activation  and  therefore  easily 
occurs  at  low  temperatures,  as  do  many  other  reactions  with  partici¬ 
pation  of  free  atoms. 

So  that  the  elementary  event  of  chemical  transformation  occurs, 
let  us  say,  exchange  by  atoms  during  collision  of  molecule  XY  with 
molecule  WZ: 


XY  +  WZ  XW  +  YZ  (6,32) 

Is  necessary  In  order  that  there  be  a  close  approach  of  molecules  of 
reagents.  Independently  of  whether  this  process  Is  energetically 
profitable,  or  not,  l,e,,  energy  Is  given  off  or  absorbed  as  a 
result  of  exchange,  during  close  approach  of  particles  between  them, 
as  a  rule,  appear  repelling  forces,  to  surmount  which  Is  necessary 
a  specific  energy.  It  Is  possible  to  say  that  for  transformation 
a  potential  barrier  should  be  surmounted.  This  position  Is  explained 
In  Pig,  6,3>  on  which  Is  plotted  the  potential  energy  of  a  system 
of  four  atoms  XYVE  depending  upon  "coordinate  of  decon5>osltlon," 
characterizing  mutual  space  configuration  of  atcans.  For  deflnlty  It 
Is  assumed  that  forward  process  (6,32)  Is  exothermic.  The  difference 
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of  energies  between  initial  and  final 
states  of  the  system  is  equal  to  energy 
reaction  yield  Q,  Prom  Fig,  6.5  it  is 
clear  that  activation  energy  of  reverse 
process  Eg  exceeds  activation  energy  of 
forvjard  process  Ej_  by  the  magnitude  of 
energy  of  reaction  Q,  Correspondingly 
the  rate  of  the  reverse,  endothermic, 
reaction  much  more  sharply  depends  on 
ten5>erature  than  does  rate  of  forward, 

exothermic  reaction. 

The  equation  of  kinetics  for  process  (6,52)  taking  into  account 
both  forward  and  also  reverse  reactions  can  be  written  in  the  form 

-  *,XY  WZ-*,XW.YZ*  .  (6.55) 

Constants  of  reaction  rates,  depending  only  on  temperature,  are 
connected,  as  usual,  by  the  principle  of  detailed  balancing: 

1,  (XWmW  (b.54) 

Using  the  ideas  of  the  theory  of  collisions,  for  constants  of  reac¬ 
tion  rates  it  is  possible  to  write  expressions  consistent  with  the  ex¬ 
pression  for  rate  of  dissociation.  Thus,  if  one  were  to  consider  for 


Fig.  6,5.  Concerning  the 
question  of  potential  bar¬ 
rier  during  chemical  re¬ 
actions. 


♦Reactions  in  whose  elementary  event  participate  two  molecules 
(atom),  are  called  bimolecular  in  distinction  from  raonomolecular 
reactions,  in  which  occurs  decon^josition  of  one  molecule  into  sln5)ler 
ones  or  into  atoms,  for  Instance,  XY  -*■  X  +  Y, 
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sliqpllclty  that  In  surmounting  the  potential  barrier  £  only  the  com¬ 
ponent  of  translational  energy  of  colliding  particles  along  the  line 
of  their  centers  Is  effective^  and  other  coinponents^  Just  as  Internal 
degrees  of  freedom  of  molecules^  are  Ineffective  In  this  ration^  vre 
will  obtain 

where  P,  as  earlier.  Is  the  probability  that  as  a  result  of  a  suf¬ 
ficiently  energetic  collision,  chemical  transformation  Indeed  will 
occur  (P  Is  sometimes  called  the  sterlc  factor)* 

Experiment  shows  tliat  many  reactions,  especially  those  In  which 
complex  molecules  participate,  occur  much  slower  than  It  would  have 
been  possible  to  expect,  proceeding  from  the  number  of  sufficiently 

energetic  collisions]  probability  P  frequently  turns  out  to  be  very 

-8 

small,  even  of  the  order  of  10  , 

A  more  defined  estimate  of  the  reaction  rate  In  a  number  of 
cases  can  be  obtained  using  the  so-called  method  of  activated  or 
transition  oonvlex,'*’  which  consists  of  the  following*  Potential 
energy  of  the  system  of  atoms  participating  In  the  elementary  event 
of  a  reaction,  depends  on  their  mutual  configuration*  If  change  of 
coordinates  of  atoms  occurs  sufficiently  slowly  (and  this  Is 
practically  always  so),  the  electron  state  of  the  system  changes 
continuously,  and  potential  energy  depends  only  on  nuclear  coordinates 
(this  corresponds  to  adiabatic  approximation  In  the  theory  of 

*A  detailed  account  of  this  method  and  Its  applications  to  cal- 
cttlatl(»i  of  speeds  of  a  number  of  reactions  can  be  found  In  [^1; 
see  also  £27]* 
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molecules).  Potential  energy  constitutes  a  continuous  surface  In  the 
configurational  space  of  nuclear  coordinates.  At  Initial  and  final 
configurations  of  atoms,  potential  energy  Is  minimum.  For  Instance, 
for  reaction  (6,52)  energy  Is  minimum  v/hen  atoms  are  united  In 
molecules  XY  +  WZ  and  XW  +  YZ,  while  molecules  are  separated  at  large 
distance  from  each  other. 

In  order  that  the  reaction  occur,  the  point  describing  motion 
of  system  In  configurational  space  should  pass  through  maximum, 
dividing  minima  on  the  surface,  to  surmount  the  potential  barrier. 
There  exist.  In  general,  different  paths  from  the  Initial  state  to 
the  final.  Actually  the  most  profitable  way  of  reaction  Is  carried 
out,  corresponding  to  least  value  of  maximum  of  energy;  the  surface 
of  energy  near  this  path  has  the  character  of  a  "hollow."  Figure  6,5 
schematically  depicts  the  cross  section  of  surface  of  energy  along 
the  "bottom  of  the  hollow,"  while  path  of  reaction  also  corresponds 
to  coordinate  of  decomposition. 

The  peak  of  the  potential  barrier  corresponds  to  a  very  close 
approach  of  the  reacting  particles.  In  Its  neighborhood.  In  the 
region  with  linear  dimensions  6  of  the  order  of  molecular  dimensions, 
atoms  form  something  like  a  molecule.  Such  a  state  Is  called  an 
activated  complex.  However,  a  fundamental  distinction  of  the 
activated  complex  from  the  molecule  Is  that  a  molecule  Is  In  a  stable 
state  with  minimum  of  potential  energy;  the  complex  Is  In  a  state  of 
unstable  equilibrium  with  maximum  of  potential  energy  as  a  function 
of  the  coordinate  of  decomposition.  The  point  describing  the  state 
of  the  system  moves  along  reaction  path  with  a  speed  of  the  order  of 
speeds  of  relative  motion  of  atoms,  l,e,,  with  average  speed  v  of 
the  order  of  thermal  speed.  The  time  of  Its  stay  In  the  neighborhood 

•sso 


of  the  peaks  i,e,,  life  of  the  activated  coii5)lex.  Is  of  the  order 
T  =»  6/v,  When  6  ~  lO”®  cm  and  v  ~  lO^  cn^sec  t  ^  10“^^  sec.  The 
life  of  a  complex  Is  very  short  as  compared  to  the  characteristic 
time  of  reaction  (time  of  achievement  of  chemical  equlllbrltim  In 
mixture  of  gases).  This  serves  as  a  base  for  the  basic  assup?)tlon  of 
theory,  which  assumes  that  complexes,  considered  as  some  molecules 
which  possess  basically  the  usual  thermodynamic  properties,  are  In 
chemical  equilibrium  with  reagents,  and  concentration  of  complexes 
"watches"  after  change  of  concentrations  of  reagents,* 

If  It  Is  considered  that  every  formed  complex  disintegrates 
In  the  direction  of  products  of  reaction,  then  the  number  of  events 
of  the  reaction  In  i  cnP  In  1  sec  equals  the  number  of  disintegrations 

3 

of  complexes,  l.e,,  the  number  of  complexes  in  1  cm^  divided  by  their 
life.  Designating  by  chemical  symbols  A,  B,  M  the  number  of  reagents 
A  and  B  and  conplexes  M  In  1  cm^  (for  Instance,  for  reaction  (6,52) 

A  and  B  Is  XY  and  WZ,  and  M  e  XYWZ),  we  will  find  that  the  number  of 
events  of  the  forward  reaction  In  1  cm*^  In  1  sec  equals  1^*A*B  - 
whence  consteuit  of  rate  of  forward  reaction  Is  -  (VAB)  (1/t), 
According  to  the  law  of  active  materials  (see  §  5  Ch,  III)  the 
ratio  of  numbers  of  particles  participating  In  reaction  A  +  B-»  M, 

In  the  state  of  equilibrium  is  equal  to  the  ratio  of  statistical  sums 
of  particles,  (Inasmuch  as  by  A,  B,  M  are  Implied  the  numbers  of 
particles  In  1  cm*^,  volumes  V  entering  into  translational  sums  should 
be  set  equal  to  1  cm^).  Separating  from  statistical  sums  factors  of 
the  type  exp  (-e/kT),  corresponding  to  zero-point  energy  of  particles. 


♦Really,  relaxation  time  for  the  establishment  of  similar  equlll 
brlinn  Is  of  the  order  of  the  life  of  the  complexes,  l,e,.  Is  very 
small. 
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and  noticing  that  -  (e^  +  e^)  “  S  equals  activation  energy,  we 
will  obtain 


H 

1S~ 


Statistical  sums  Z^,  are  calculated  by  the  usual  methods 
which  concerns  statistical  sum  of  complex,  then  here  it  is  necessary 
to  note  the  following.  The  complex  Is  stable  as  also  a  usual  molecule, 
in  relation  to  all  changes  of  configuration  of  atoms,  with  the  ex¬ 
ception  of  direction  along  path  of  reaction.  Therefore,  If  one  were 
to  consider  normal  vibrations  of  the  complex,  the  frequency  of 
normal  vibration,  corresponding  to  coordinate  of  decomposition  has 
an  Imaginary  value.  If  we  assume  that  the  peak  of  the  potential 
barrier  Is  sufficiently  flat,  then  motion  along  coordinate  of  decom¬ 
position  can  be  considered  as  translational  with  average  speed 
v^  =»  (kT/2Tnn*)^/^,  where  m*  is  effective  mass  of  complex.  The 
statistical  sum  of  one-dlmenslonal  translational  motion  of  a  particle 
with  mass  m*  on  segment  6,  equivalent  to  the  "volume"  occupied  by 
complexes  along  coordinate  of  decong)o3ltlon,  equal  to 
^one  dim,  trans,  "  (2Trm*W!/h)^/^6,  (cf,  with  formula  (3.12)),  During 

calculation  of  statistical  sum  of  complex  one  should  replace  the 
statistical  sum  of  one  of  the  normal  vibrations  of  this  translational 
sum.  Thus,  constant  of  speed  of  reaction  equals 


_  _  I  I 

L  _  M  1  _  „  *J|  r^r2nm*kT\h/'  t 


where  designates  statistical  sum  of  complex  from  which  Is  excluded 


the  factor  corresponding  to  one  normal  vibration,*  From  this  formula 
it  is  clear  that  indeterminate  value  6  and  m*  are  reduced.  Intro¬ 
ducing  still  so-called  transmission  coefficient  h  characterizing 
disintegration  probability  of  con5>lex  in  the  direction  of  products  of 
reaction  (and  not  in  the  direction  of  initial  p6U*tlclesj  h  Is  usually 
of  the  order  of  unity,  we  will  finally  obtain  the  constant  of 
reaction  rate 


(6,56) 

The  origin  of  the  factor  of  dimension  of  frequency  kT/1i  in 
universal  for  all  reactions,  (6,42)  can  be  imagined  thus.  We  will 
consider  the  degree  of  freedom  of  a  complex  along  the  reaction  path 
as  a  normal  vibration  with  frequency  v.  Its  statistical  sum  is  equal 
to  klT/hv  (when  hv  <  hT),  so  that  *■  ZjjkT/hv,  But  every  vibration 
actually  leads  to  disintegration  of  the  complex,  so  that  life  t  is 
equal  to  period  of  vibrations  t  -  1/v,  whence  also  is  obtained 
(l«T/hv)l/T  »  kT/h,  l,e,,  formula  (6,56), 

Placing  in  (6,56)  specific  expressions  for  statistical  sums  and 
conpai’lng  the  obtained  formula  with  formula  (6,55),  the  value  of 
sterlc  factor  P  can  be  obtained  in  evident  form. 

Let  us  consider  first  of  all  purely  formally  the  imaginary 
reaction  of  unification  of  two  atoms  into  a  molecule  without  parti¬ 
cipation  of  a  third  particle.  Then  and  Zg  are  purely  translational 
sums,  and  Z^  consists  of  translational  and  rotational  (vibration  of 

*It  can  be  calculated  bv  the  usual  methods  if  one  defines  the 
v^onstants  of  the  complex  as  "molecular," 


diatomic  congjlex  Is  excluded).  Putting  In  (6,56)  3  ^ 

«  (2Trm^^gW)/h^)^/^,  Z*  =  [27r(m^  +  m3)l<T/h^]^/^«{8/lkT/h^), 

2 

and  noticing  that  moment  of  Inertia  of  complex  I  « 

where  d^g  Is  the  average  diameter  of  atoms  %£  =  (‘'a  +  dg)/2,  we 

will  obtain  exactly  formula  (6,55)  of  the  theory  of  collisions.  If 
one  Identifies  sterlc  factor  P  with  transmlsslonal  coefficient  h 

O 

(effective  cross  section  of  collisions  a  «  ird^g). 

In  general  for  an  estimate  It  Is  convenient  to  write  the  stati¬ 
stical  sums  of  reagents  and  complex  In  the  form  of  products  of  sums, 
each  of  which  corresponds  to  one  degree  of  freedom  and  not  to  dis¬ 
tinguish  sums  belonging  to  Identical  degrees  of  freedom  but  to  various 

particles.  For  Instance,  If  A  and  B  are  diatomic  molecules, 

0 

^A  ^  ~  ^trans  ^rot  ^vlb*  Assuming  that  the  complex  Is  nonlinear, 

^  *z  ^ 

we  will  write  Zj^  ~  "^trana  rot  ^vib  complex  4  atom,  6  vibrational 

degrees  of  freedom,  while  one  Is  excluded).  Thus,  In  order  of  magni¬ 
tude 


a 

■W. 


ArxalogouB  to  the  reaction  of  unification  of  two  atoms  Into  a  molecule, 
factor 


gives  approximately  the  number  of  collisions  In  (6,52),  so  that  the 


steric  factor  In  order  of  magnitude  equals 


At  room  temperatures  has  the  order  of  unity,  of  the 

order  of  iO-iOO,  is  less  the  lighter  the  molecule  is.  Hence  it 
is  cleeu*  that  the  steric  factor  can  be  a  very  small  magnitude. 

In  §  iO  we  will  use  the  method  of  the  activated  coioplex  to 
estimate  rate  of  formation  of  nitrogen  peroxide  in  heated  air  which 
is  lnq;>ortant  for  clarification  of  certain  optical  phen<»nsna  observed 
with  a  strong  explosion, 

§  8.  Oxidation  Reaction  of  Nitrogen 
In  heating  air  to  a  temperature  of  several  thousand  degrees  in 
it  occurs  the  chemical  reaction: 


as  a  result  of  which  will  be  formed  a  rather  considerable  queintity 
of  nitric  oxide  NO.  Equilibrium  concentrations  of  oxide  at  tempera¬ 
tures  of  5000-10, 000°K  and  air  densities  of  normal  order  reach 
several  percent  (see  Table 5. in  Ch,  III),  A  certain  quantity  of 

oxide  is  oxidized  to  dioxide  NO^*  whose  equilibrium  concentrations  in 

—4  — 

the  shown  conditions  have  an  order  of  .  ■  lo  Oxides  of 

nitrogen  play  an  important  role  in  radiation  and  absorption  of  light 
by  heated  air.  Especially  great  in  this  ratio  is  the  role  of  nitrogen 
peroxide  in  the  region  of  tenq;>eratures  of  the  order  of  2000-4000*^, 
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when  optical  properties  of  air  In  the  visible  part  of  the  spectrum 
are  practically  wholly  determined  by  NOg  molecules.  In  heating  air 
in  strong  shock  waves,  for  Instance  during  an  explosion,  temperature 
and  air  density  undergo  very  rapid  changes;  therefore.  In  estimating 
concentrations  of  oxides  of  nitrogen  there  Is  an  essential  value  In 
the  question  about  kinetics  of  their  formation  and  decomposition. 

As  will  be  shown  In  Chapter  VIII,  IX,  features  of  kinetics 
determine  certain  characteristic  optical  effects  observed  during  a 
strong  explosion.  In  this  section  will  be  considered  kinetics  of 
the  oxidation  of  nitrogen,  and  In  the  following  —  kinetics  of  oxida¬ 
tion  of  oxide  to  dioxide. 

The  oxidation  reaction  of  nitrogen  has  a  high  energy  of  activa¬ 
tion,  therefore  practically  It  occurs  only  at  sufficiently  high 
temperatures  of  the  order  of  2000°K  and  higher.  The  reaction  was 
studied  In  detail  both  experimentally  and  also  theoretically  In  the 
work  of  Ya.  B.  Zel'dovlch,  P,  Ya,  Sadovnikov,  and  D.  A.  Frank- 
Kamenetskly  [59] • 

In  experiments  the  reactions  of  formation  and  decomposition  of 
nitric  oxide  were  studied  with  the  help  of  explosive  bombs  In  which 
a  mixture  of  hydrogen  and  oxygen  was  burned.  In  such  a  way  high 
temperatures  of  the  order  of  2000°K  were  obtained.  To  a  mixture 
Hg  and  Og  were  added  nitrogen  and.  In  different  concentrations, 
nitric  oxide.  Upon  small  additions  oxide  was  formed  as  a  result  of 
the  combination  of  oxygen  and  nitrogen;  with  large  additions,  the 
Initially  Introduced  oxide  was  decomposed.  After  explosion  residual 
quantities  of  oxide  were  determined  and  by  means  of  comparison  of 
theory  with  experiment  reaction  rates  of  formation  and  decomposition 
were  found.  The  process  Itself  of  the  combination  of  oxygen  with 
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hydrogen  hardly  affected  the  formation  and  disintegration  oxide  and 
served  only  as  a  means  of  obtaining  a  high  temperature. 

If  one  assumes  that  the  reaction  occurs  according  to  a  blmolecular 
mechanism,  l.e,,  upon  collision  of  two  Ng  and  Og  molecules  two 
molecules  of  NO  are  formed,  then  for  the  constant  of  the  reaction 
rate  It  Is  possible  to  write  a  simple  expression  following  from  the 
theory  of  collisions  (see  formula  (6,52)):  k»  «  Pvae“^/^,  By 
experiment  was  found  the  value  of  the  pre -exponential  factor,  equal 

to  1,1*10^02~^^^#  where  Og  designated  the  number  of  molecules  of 

3  18 

oxygen  In  1  cm"^.  If  one  were  to  substitute,  for  Instance,  Og  ■  10 

molecules/cm^,  we  obtain  a  pre -exponential  factor  equal  to  l.l^lO**^ 

sec.  When  T  «  2500°K  v  ~  2*10^  cn^sec,  a  ~  10~^^  cm^,,  for 

transition  of  probability  P  Is  obtained  an  Ingjrobably  large  value 

P  ~  5000,  Thus,  the  assumption  about  blmolecular  mechanism  of 

reaction  leads  to  a  physically  senseless  result]  experiment  shows 

that  In  fact  the  reaction  occurs  much  faster,  N,  N,  Semenov  expressed 

the  assumption  that  the  oxidation  reaction  of  nitrogen  occurs 

according  to  a  chain  mechanism  In  which  an  active  role  Is  played  by 

free  atoms  of  0  and  N: 

0+N,  ^  NO+N-75.S  kcal/raole,  (6,38) 

N+Oj  ^  NO+0+32.5  kcal/mole,  (6,39) 

Heats  of  reactions  here  correspond  to  energies  of  dissociation  of 
molecules  of  Ng  and  NO,  equal  to  9*7^  ev  ■  225  kllocalorle/mole  and 
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6,5  ev  =  150  kllocalorie/mole,* 

The  rate  of  the  process  on  the  whole  is  determined  first,  by 
the  endothermic  reaction  requiring  ain  activation  energy  of  not  less 
than  75,5  kllocalorie/mole.  As  soon  as  resulting  from  the  exchange 
0  +  Ng  -♦  NO  +  N  an  atom  of  N  is  liberated,  it  immediately  reacts 
with  oxygen  Og,  restoring  the  disappeared  atom  of  0,  Therefore,  the 
concentration  of  0  atoms  in  the  reaction  remains  stationary  and 
corresponds  to  equilibrium  with  Og  molecules,  which  is  established 
faster  than  the  oxidation  reaction  of  nitrogen  occurs,** 

Designating  the  constant  of  speeds  as  is  done  in  formulas  of 
(6,58)j  (6,59)j  we  will  write  the  general  equations  of  kinetics: 


^^*,.O.N,  +  A:,.N.O,-&,.N.NO-  *4.0. NO, 

-*i*0.N,+*a.N.N0  +  ft,.N.0a-ifc4.0.N0. 


(6.40) 

(6.41) 


In  virtue  of  statlonarl.ness  of  the  concentration  of  0  we  will 


equate  the  right  side  (6,41)  to  zero,  will  express  the  concentration 
of  N  through  0,  and  will  place  the  found  expression  in  (6,40),  We 
obtain 


dNO 

At 


(6.42) 


*In  [59]  the  old  values  of  energies  of  dissociation  of  Ng  and 

NO  were  accepted:  7*58  ev  and  5,5  ev;  however,  as  later  to  be 
mentioned  calculations  show  (and  also  the  most  recent  experiments 
[40]),  new  values  of  energies  of  dissociation  do  not  contradict  the 
assumption  about  chain  mechanism.  All  numerical  values  of  constants 
in  the  subsequent  account  correspond  to  new  energies  of  dissociation. 

**Inasmuch  as  atoms  of  oxygen  are  in  equilibrium  with  Og  molecules, 
the  mechanism  of  dissociation  of  Og  does  not  affect  occurrence  of  the 
oxidation  of  nitrogen. 
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Let  us  make  certain  transformations.  Constants  k^  and  kg 
determine  rates  of  exothermic  reactions  of  an  atom  with  a  molecule 
and,  probably,  of  one  order.  Inasmuch  as  the  concentration  of 
NO  «  Og,  the  term  k^-NO  In  the  denominator  (6,42)  can  be  disregarded. 
The  concentration  of  0  atoms  we  express  using  equilibrium  constant 
Og  ^  20,  which  we  will  designate  C^: 


«i  ooe 

O-C»Vl^-6.6.10»r  y^. 


(6,43) 


Here,  as  also  subsequently,  all  numerical  values  of  constants  of 
equilibrium  and  constants  of  reaction  rates  correspond  to  measurement 
of  concentrations  In  units  of  molecules/cm''^.  Energies  are  expressed 
In  cal/mole,  Qas  constant  R  «  2  cal/mole*deg.  Constants  of  rates 
are  connected  by  the  principle  of  detailed  balancing,  and  namely:* 


32  -1U5! 


T* 


Hence  follows  the  Indentlty: 


(6,44) 


*Pre-exponentlal  factors  In  equilibrium  constants  C^,  Cg,  C 

are  calculated  In  approximation  of  equality  of  masses  N  and  0,  of 
moments  of  Inertia  and  frequencies  Ng,  Og,  NO  during  calculation 

of  different  symmetry  and  multiplicity  of  terms.  This  approximation 
Is  sufficiently  accurate. 
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Removing  from  parenthesis  In  (6,42)  and  using  (6.44),  we  will 
obtain  finally  the  equation  of  kinetics  of  the  oxidation  of  nitrogen: 

■^  =  ifc'.N,.0,-ifc.N0»  =  &((N0)*-N0*},  (6.45) 

where  constants  of  speeds  equal 


k' 


(6.46) 


Equation  (6.45)  differs  from  the  usual  equation  of  a  blmolecular 
reaction  by  the  dependence  of  constants  of  speed  on  the  concentration 
of  one  of  the  reagents  —  oxygen. 

The  physical  meaning  of  the  expression  for  formation  rate  oxide 
Oj=»2CoAtN,  .yoi  Is  very  simple:  Is  the  concentration 

of  atomic  oxygen,  hCaVCTi  •  N,  Is  the  rate  of  the  first  reaction  of 
the  chain;  but  In  virtue  of  the  exothermic  nature  the  second  reaction 
follows  "instantly"  after  the  first,  so  that  every  event  of  the  first 
reaction,  which  "conducts"  the  process,  leads  to  the  formation  of 
two  NO  molecules, 

-E./RT 

Removing  In  constant  of  speed  the  factor  e  and  noticing 

that  according  to  (6.45)  Cq  ~  g-6l000/ilT^  possible  to  see  that 

the  activation  energy  for  the  reaction  of  formation  of  nitric  oxide 
/  -E*  /FT\ 

E»(k'  ~  e  '  ■  }  Is  comprised  of  energy  necessary  on  formation  of 
one  atom  of  oxygen  —  61  kllocalorle/mole*  and  activation  energy  for 
the  reaction  of  an  atom  of  oxygen  with  a  molecule  of  nitrogen  —  E^, 


♦This  magnitude  Is  effective  for  temperatures  of  the  order  of 

2000-5000°;  It  differs  somewhat  from  the  energy  of  formation  at 
absolute  zero  —  58,5  kllocalorle/mole. 


In  experiments  described  in  [59] ,  nitric  oxide  was  obtained  as 
a  result  of  explosions  of  a  fuel  mixture  containing  oxygen  and 
nitrogen.  The  quantity  of  oxide  formed  was  measured  after  cooling 
of  the  explosion  products.  On  the  basis  of  theoretical  consideration 
of  kinetics  of  the  reaction  in  the  cooling  process  were  removed 
activation  energy  of  formation  of  the  oxide  E»  ■  125  +  10  kllocal- 
orle/mole  and  absolute  value  of  constant  of  rate  in  the  investigated 
Interval  of  temperatures  2000-5000°K,  where  it  is  noted  that  more 
probable  la  an  upper  value  of  activation  energy  E*  »  125  +  10  =  155 
kllocalorle/mole.  Hence,  for  activation  energy  of  the  first  reaction 
of  chain  0  +  Ng  -♦  NO  +  N  is  obtained  the  value  E^  «■  155  -  61  «  74 
kllocalorle/mole,  coinciding  with  heat  of  endothermic  reaction. 

This  means  that  the  reverse  reaction  N  +  NO  0  +  Ng  occurs  practi¬ 
cally  without  activation  (or  with  very  small  activation  energy) 
which  is  typical  for  an  exothermic  reaction  of  a  free  atom  with  a 
molecule.  Absolute  values  of  constants  of  rate,  which  follow  from 
experimental  data,  equal 


V  i.i-io*  • 


Oi; 


(6.47) 


Constant  of  rate  for  first  reaction  of  chain  ■  8,5*10“^^e"'^^®®®/^'^* 

Comparison  of  this  magnitude  with  formula  (6,52)  of  the  theory  of 

collisions  gives  sterlc  factor  P  ■  0,086  (if  one  takes  effective 

-8 

diameter  d^g  ■  5.75*10  cm  equal  to  the  diameter  of  a  molecule  of 
Ng,  determined  from  data  on  viscosity).  Such  a  value  of  P  is  fully 
reasonable. 

Later  investigation  of  the  kinetics  of  formation  of  nitric 
oxide  was  undertaken  by  Qllck  and  others  [40],  using  a  shock  tube 
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In  which  a  gas  mixture  containing  nitrogen  and  oxygen  was  heated  by 
a  shock  wave  to  a  temperature  of  2000-5000^K,  These  authors  found 
activation  energy  E’  *■  ±55  +  5  kllocalorle/mole  (E^  =  7^+5  kllo- 
calorle/mole)  which  agrees  well  with  data  of  [593  and  confirms 
coincidence  of  activation  energy  of  the  first  reaction  of  chain  E^ 
with  heat  of  reaction.  Absolute  values  of  the  constant  of  rate  also 
turned  out  to  be  close  to  data  of  the  first  work. 

Prom  formula  (6.47)  it  is  clear  that  activation  energy  for 
decomposition  of  nitric  oxide  Is  also  very  great,  E  =  E»  -  45  s=  92 
kllocalorle/mole;  therefore,  at  low  temperatures  the  oxide  Is  decom¬ 
posed  very  slowly.  Owing  to  this  during  fast  cooling  of  Initially 
heated  air  the  nitric  oxide  formed  in  It  at  high  temperatures  Is 
kept  after  cooling  for  long  time  so  that  Its  concentration  consider¬ 
ably  exceeds  equilibrium  values  which  are  very  small  at  low  tempera¬ 
tures  (this  effect  carries  the  name  of  the  effect  of  hardening;  we 
will  return  to  It  In  §  5  Ch,  VIII),  As  can  be  seen  from  the  equation 
of  kinetics  (6,45)  and  formulas  (6.44),  (6.47)^  the  relaxation  time 
for  establishment  of  equilibrium  concentration  oxide  Is  equal  to; 
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(6.48) 


It  decreases  rapidly  with  an  Increase  of  temperature.  Let  us  give 


♦According  to  determination  of  time  of  relaxation  (6,2),  with 

a  small  distinction  of  NO  from  (NO),  ((NO)^  -  NO^}  «  2(N0).{(N0)  -. 

-  NO],  whence  Is  obtained  (6,48).  Time  t  characterizes  not  only 
approach  to  equilibrium,  but  also  in  general,  the  process  of  establi¬ 
shment  of  equilibrium,  even  If  In  the  initial  moment  there  was  no 
oxide. 


several  values  for  air  of  normal  density  (Ng  -  2,1  *10^^  molecules/cm^): 

T,  °K  1000  1700  2000  2500  2600  5000  4000 

T,  sec  2.2'loi^^  140  1  5.5*10"^  1,4*10“^  7. 8*10“^  7.2*10“’^ 

§  9*  Rate  of  Formation  of  Nitrogen  Peroxide  at 
High  Tender atures 

The  reaction  of  formation  of  nitrogen  peroxide  from  oxide 

2N0+0,-:2N0t+25.6  kcal/mole  (6.49) 

Is  exothermic^  therefore  the  lower  the  ten^erature  Is,  all  the  more 
so  does  equilibrium  shift  In  the  direction  of  oxidation  of  oxide. 

This  reaction  Is  v;ldely  used  In  Industry  and  Is  well  studied  experi¬ 
mentally  at  temperatures  lower  than  lOOO^^K,  It  has  very  small, 
practically  Inconspicuous,  activation  energy  and  therefore  occurs 
easily  at  normal  teii^>eratures.  The  equation  of  kinetics  of  the 
reaction  has  the  form 

^3^  -  2(*;no«.q,-*;  Noy  .  2*;  {(No,)»-  no*}.  (6,50) 

Constants  of  reaction  rates  describe  number  of  events  of 
reactions;  the  factor  2  considers  the  fact  that  In  every  event  are 
formed  or  dlsappeai*  two  NOg  molecules.  Relaxation  time  for  establi¬ 
shment  of  chemical  equilibrium  of  nitrogen  peroxide  with  oxide  and 
oxygen  equals 


(6,51) 


493 


where  =  (N02)Vn0^*02  equilibrium  constant  of  dioxide  with 

actual  quantities  oxide  and  oxygen,  which  can  be  also  unbalanced. 

The  equilibrium  constant  can  be  calculated  by  the  statistical  method. 
After  substitution  of  values  of  all  parameters  It  turns  out  to  equal* 
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where  temperature  Is  everywhere  expressed  In  degrees,  and  dimension 
C  corresponds  to  measurement  of  concentrations  In  numbers  of  particles 
In  1  cm"^. 

Constant  of  speed  was  calculated  In  [38]  by  the  method  of 
the  activated  complex,  where  good  agreement  was  obtained  with  experi¬ 
mental  data  of  Bodensteln  [44] ,  Investigating  reaction  rate  In  an 
Interval  of  temperatures  from  353*^  to  845°K,  Comparison  testifies 
to  the  absence  of  activation  energy  for  reaction.  The  formula  for 
constant  of  speed  k^,  derived  In  [38] ,  can  be  used  to  estimate  rate 
and  time  of  relaxation  also  at  high  temperatures,  which  by  experi¬ 
ment  were  not  studied.  Results  of  calculation  of  time  of  relaxation 
of  formation  of  nitrogen  peroxide  In  heated  air  for  several  values 
of  temperature  and  densities  are  presented  In  Table  6,3  (here  equili¬ 
brium  concentrations  (NOg)  were  calculated  on  the  basis  of  equilibrium 
values  of  concentrations  of  oxide  (NO)  and  oxygen  (Og), 

At  high  temperatures  and  especially  with  low  densities  of  gas 


*As  was  noted  by  one  of  the  authors  [41] ,  the  equilibrium 
constant  given  In  a  widely-popularized  reference  book  [42] ,  Is 
taken  from  an  erroneous  work  [43]  and  Is  oversized  by  2,42  times. 


94 


Table  6, 5,  Fielaxatlon  Times  for  Establishment  of 
Eqtiilibrium  Concentration  of  Nitrogen  Peroxide  in 
Air,  in  Sec,  (t*  —  trimolecular  reaction,  t"  —  bi¬ 
mole  cular) 


.  ' 
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T.*K 

It 

t 

r  1  ’  f 

t* 

t" 

t* 
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1000 

8*lO-» 

0.3S 
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0.09  . 

1800 

8.510-« 
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0.04 

0.09 

aooo 

8,75- 10-* 
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1.85- 10-« 

4.5.10-» 
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0,01 

^300 

1.42>10-« 
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4.0-10-4 
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2600 

4.75- 10-* 
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1.3510-* 

6.3-10-4 

1.5-10-* 

1.4-10-4 

aooo 

1,75- 10-* 

fl,61(y-« 

4.7510-t 

9.4. 10-4 

5.5-10-4 

2.1- 10-4 

4000 

2.5*10-* 

2.8.10-* 

7.510-t 

4.0-10-* 

1.05-10-4 

1.0.10-4 

with  a  trimolecular  reaction  (6,49)  competes  another  mechanism  of 
formation  of  dioxide 


K0+Q,+45|^-NQ,+0.  (6.5?) 

In  spite  of  the  fact  that  this  reaction  is  endothermic,  it 
possesses  as  compared  to  reaction  (6.49)  the  same  advantage  that  is 
carried  out  by  means  of  not  triple,  but  paired  collisions  of  mole¬ 
cules,  This  advantage  should  appear  at  high  tenqperatures,  when 
conditions  for  activations  are  favorable.  Reaction  (6,5?)  was  not 
studied  by  experiment  i  a  theoretical  estimate  of  its  rate  was  given 
in  the  work  of  one  of  the  authors  [41] • 

The  equation  of  kinetics  for  reaction  (6,5?)  may  be  written  in 
the  form 


43^  -  *;.NO.  0,  -  *;no,.  0  -  *;•  0  {(NO,)  -  NO,). 

Relaxation  time: 


(6.54) 

(6.55) 
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Let  us  estimate  the  constant  of  rate  by  the  method  of  the  acti¬ 
vated  complex,  the  essence  of  which  was  presented  in  §  7»  In  parti¬ 
cular,  this  estimate  can  serve  as  an  illustration  of  a  specific 
application  of  the  method.  For  convenience  we  will  consider  reverse 
reaction  NOg  +  0  NO,  NO  +  Og,  where  the  asterisk  marks  a  complex. 
According  to  general  formula  (6.36)  constant  of  rate  equals: 


*  ^NOi'^0  * 


Calculation  of  statistical  sums  of  0  atoms  and  NOg  molecules 
does  not  present  difficulties,  since  spectroscopic  constants  of  the 
NOg  molecule  are  known.  Regarding,  however,  a  complex,  then  here  is 
a  whole  series  of  unknowns  of  magnitudes,  which  for  an  estimation 
must  be  selected  wisely. 

The  mass  of  an  NO^  complex  is  1,39  times  more  than  the  mass  of 
an  NOg  molecule.  Assuming  that  its  dimensions  somewhat  exceed  the 
dimensions  of  a  molecule  of  NOg,  we  will  consider  that  the  average 
moment  of  inertia  of  the  complex  is  1,5  times  more  than  the  average 
moment  of  inertia  of  a  molecule  of  NOg,  The  natural  frequencies  of 
a  molecule  of  NO^,  with  respect  to  which  it  would  have  been  possible 
to  Judge  about  frequencies  of  complex,  are  unknown.  It  is  possible 
to  trust  that  the  three  highest  frequencies  are  less  than  the  fre¬ 
quencies  of  a  NOg  molecule:  /k  =  96O,  i960,  2310°K,  since 

2 

the  bonding  in  a  complex  is  weaker.  It  is  easy  to  check  that  at 
temperatures  of  2000-4000°  the  constant  of  rate  is  not  very  sensitive 
to  selection  of  frequencies  of  complex  within  the  limits  of  a 
reasonable  Interval,  Let  us  set  for  calculation  the  following  five 
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frequencies  hv*/)x.  ■  600,  800,  9OO,  1500,  2000°K  (the  sixth  Is  excluded 
from  Z*).  The  complex  Is  asymmetric,  so  that  factor  of  symmetry 
a  1.  Statistical  weight  of  electron  state  g*  >  2,  since  the  com- 
plex  contains  one  unbound  electron.  Let  us  set  g*  =  2,  Activation 
energy  of  the  exothermic  reaction  NOg  +  0  -♦  NO  +  Og,  apparently. 

Is  minute,  as  occurs  when  one  of  the  reagents  Is  a  free  atom.  Let 
us  set  for  estimation  E  =  10  kl local or le/molej  this  In  the  worst 
case  can  underestimate  rate  of  reaction  by  2-5  times  at  ten5)eratures 
of  2000-4000°, 

Putting  these,  and  also  other  known  constants  In  expressions 
of  statistical  sums  and  taking  transmlsslonal  coefficient  h  equal 
to  one,  we  will  obtain  constant  of  speed 

-j-i - §  ^  oiVsec 

where  vibrational  statistical  sums  equal  ■  (1  -  Using 

the  theory  of  collisions  (see  formula  (6,55))  In  order  to  obtain, 

the  constant  of  rate  of  the  same  order  as  according  to  formula  (6,56), 

one  should  have  considered  sterlc  factor  P  of  a  magnitude  of  the  order 
-4 

of  2*10  ,  To  select  so  small  a  value  without  any  visible  bases 

would  be  fairly  difficult,  so  that  the  theory  of  collisions  In  this 
case  turns  out  to  be  practically  useless  and  estimation  of  reaction 
rate  Is  possible  only  using  the  method  of  the  activated  complex. 

Relaxation  times  calculated  for  air  by  the  formulas  (6,55), 

(6,56)  also  are  presented  In  Table  6.5. 

Con^>arlson  of  these  times  shows  that  for  air  densities  of  an 
order  less  than  normal  and  temperatures  >^000-5000°K  second  reaction 


(6.56) 
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occurs  faster  and  Is  basic 


2.  '  Ionization  and  Electron  Excitation 
§  10.  Basic  Mechanisms 

Excitation  of  the  highest  electron  states  of  atoms  (molecules, 
Ions)  and  Ionization  have  much  In  common.  In  essence,  Ionization 
constitutes  the  limit  case  of  electron  excitation,  when  an  electron 
bound  to  an  atom  obtains  energy  sufficient  for  breakaway  from  the 
atom  and  tra^.sltlon  Into  a  continuous  spectrum.  Each  of  the  elementary 
processes,  as  a  result  of  which  occurs  excl\,atlon  of  electrons  In 
atoms,  can  also  lead  to  Ionization,  If  for  this  It  slezes  energy. 
Therefore,  It  Is  convenient  to  classify  and  to  consider  elementary 
processes  uniting  Ionization  and  excitation. 

All  elementary  processes  of  excitation  and  Ionization  can  be 
subdivided  Into  two  categories;  excitation  and  Ionization  of  atoms 
(molecules.  Ions)  Impacts  of  particles  and  photoprocesses.  In  which 
the  role  of  one  of  the  ’’particles”  Is  played  by  light  quantum.  In 
the  first  circle  of  processes  one  should  distinguish  Ionization  and 
excitation  by  electron  Impact  and  nonelastic  collisions  of  heavy 
particles,  since  the  probabilities  of  those  and  other  nonelastic 
collisions  sharply  differ  from  each  other.  According  to  such  classi¬ 
fication  the  basic  reactions  of  Ionization  can  be  written  In  the 
following  symbolic  form  (A,  B  —  heavy  particles,  e  —  electrons,  hv  — 
light  quanta): 

A  +  e  »  A*  v  e  +  e, 

A+B»A*+B+e, 


A  +  hv  -  A*  +  e 


(6.57) 

(6.58) 
(6.59) 


The  reverse  processes  proceeding  from  right  to  left,  lead  to 
recombination  of  electrons  with  Ions:  the  first  two  constitute 
recombination  In  triple  collisions  with  participation  of  an  electron 
or  a  heavy  particle  as  the  third  particle;  the  last  reaction  Is 
photo-recomblnatlon  or  photo-capture  of  electrons. 

To  each  of  the  i»?ocesses  of  (6  ,  57)-(6,59)  corresponds  the  pro¬ 
cess  of  excitation  (the  excited  atom  Is  marked  by  an  asterisk): 

A  +  e  ■  A*  +  e,  (6,60) 

A  +  B  ».  A*  +  B,  (6.61) 

A  +  hv  -  A*.  (6,62) 

The  first  two  reverse  processes  constitute  deactivation  of  excited 
atoms  by  so-called  Impacts  of  a  second  kind;  the  third  Is  lumlnlscence 
of  an  excited  atom. 

In  general,  processes  of  all  three  types  occur  In  gas  simultane¬ 
ously,  However,  frequently  one  of  the  processes  turns  out  to  be 
predominant.  With  energies  of  the  order  of  excitation  potentials 
or  Ionization  of  atoms,  l.e.,  an  order  of  several  or  ten  electron 
volts,  effective  cross  sections  of  nonelastic  collisions  of  heavy 
particles  are  several  orders  less  than  effective  cross  sections  of 
nonelastic  electron  Impacts,  yui-’thermore,  velocities  of  heavy  parti¬ 
cles  with  conq;>arable  energies  Is  approximately  a  hundred  times  less 
than  velocities  of  electrons  (with  respect  to  square  root  of  masses). 
Therefore,  processes  of  the  type  of  (6,58),  (6,61)  In  heated  gas 
have  a  value  only  If  there  are  practically  no  free  electrons.  For 
degrees  of  Ionization  of  the  order  of  10  ■'^-10  and  higher,  rates 
of  processes  of  the  first  type  (6,57),  (6.60)  are  larger  than  rates 
of  processes  with  participation  of  heavy  particles  and  the  role  of 
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the  latter*  Is  negligible.  Essentially,  Ionization  by  Impacts  of  atoms 
or  molecules  Is  Important  only  for  formation  of  a  small  Initial  quan¬ 
tity  of  "initiating"  electrons,  when  gas  Is  "instantaneously"  heated, 
as  happens,  for  Instance,  during  the  passage  of  a  strong  shock  wave. 

In  certain  cases  Initial  Ionization  In  "instantly"  heated  gas  Is 
created  by  a  sufficiently  Intense  radiation  flux  or  fast  electrons 
arriving  from  without,  from  earlier  heated  regions,  and  thereby 
even  this  "initiating"  role  of  the  second  process  Is  brought  to  zero. 
The  comparative  role  of  the  first  and  third  processes  In  a 
more  complicated  way  depends  on  macroscopic  conditions.  The  number 
of  events  of  Ionization  by  electron  Impact  In  1  sec  In  1  cm"^ 

Is  proportional  to  density  of  electrons,  whereas  the  number  of  events 
of  photo-lonlzatlon  Is  proportional  to  density  of  radiation. 

If  dimensions  of  the  region  occupied  by  heated  gas  are  suffi¬ 
ciently  great  as  con?>ared  to  paths  of  quanta,  so  that  density  of 
radiation  Is  considerable  and  of  the  order  of  equilibrium.  It  does 

A 

not  depend  on  density  of  gas  and  Is  determined  only  by  ten^erature. 
Therefore,  In  sufficiently  rarefied  gas  rate  of  Ionization  by  electron 
Intact  turns  out  to  be  small  and  a  basic  role  Is  played  by  photo- 
lonlzatlon.  The  same  pertains  also  to  the  processes  of  excitation, 
and  also  to  the  reverse  processes  of  recombination  and  deactivation: 
photo-recomblnatlon  predominates  above  recombination  In  three-body 
collisions,  and  lumlnlscence  of  excited  atoms  predominates  above 
removal  of  excitation  by  Impacts  of  the  second  kind.  Such  a  position 
is  observed,  for  Instance,  In  stellar  photo-spheres,. 

If  the  region  occupied  by  heated  gas.  Is  bound  and  transparent 
("optically  Is  thin"),  quanta  radiated  In  the  gas,  not  being  held 
back,  abandon  the  heated  volume,  and  density  of  radiation  In  gas 


500 


I 

\  Is  less  than  equlllbrlunu  In  these  conditions  even  with  a  low  density 

of  electrons  the  rate  of  Ionization  by  electron  Impact  can  turn  out 
to  be  higher  than  rates  of  photo-lonlzatlon  whereas  relationship  of 
rates  of  reverse  processes  of  recombination  can  remain  as  before,  l,e,, 
photo-recomblnatlon  can  predominate. 

In  a  sufficiently  dense  gas  photo-lonlzatlon  and  photo-recomblna¬ 
tlon  play  a  secondary  role  as  compared  to  the  first  process  (6,57), 
Speaking  of  reactions  of  Ionization  (6. 57)-(6, 59),  one  should 
consider  that  not  only  atoms  remaining  In  the  ground  state,  but  also 
excited  atoms  can  be  Ionized,  so  that  to  the  list  of  reactions  (6,57)- 
(6,59)  should  also  add  reactions  of  the  type 

A*  +  e  *  A*  +  e  +  e,  (6,65) 

A*  +  B  *  A*  +  B  +  e,  (6,64) 

A*  +  hv  A»  +  e,  (6,65) 

The  same  pertains  also  to  processes  of  excitation  (6,60)- 
(6,62),  more  exactly,  to  processes  of  Increase  of  degree  of  exci¬ 
tation,  In  spite  of  the  fact  that  the  number  of  excited  atoms  Is 
usually  considerably  less  than  the  number  of  atoms,  remaining  In  the 
ground  state,  the  role  of  Ionization  of  excited  atoms  In  releasing 
electrons.  Is  not  small.  In  any  case  not  exponentially  small,  since 
correspondingly  In  their  Ionization  participate  particles  with 
smaller  energies.  Really,  the  number  of  particles  able  to  Ionize  an 
unexcited  atom  Is  proportional  to  exp(-l/kT),  where  I  Is  Ionization 
potential.  But  the  number  of  events  of  Ionization  of  atoms  excited 
to  level  E*,  also  Is  proportional  to  Q“(I“E*)/kT  ^  ^-l/kT^ 

since  to  thi  first  factor  Is  proportional  the  number  of  excited 
atoms,  and  to  the  second  —  the  number  of  particles  able  to  Ionize 
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an  atom,  (Usually  In  not  too  dense  a  gas  Ionization  occurs  when  I 

kT  «  I,  so  that  l/kT  »  1  and  Boltzmann  factor  Is  very  signif¬ 

icant). 

The  comparative  role  of  Ionization  of  excited  and  unexcited 
atoms  In  conditions  of  equilibrium  excitation  Is  determined,  mainly, 
by  effective  cross  sections  of  Ionization  of  those  and  others  during 
Impacts  by  particles  with  energy  which  Is  above  threshold  energy. 

In  molecular  gas  In  which  the  molecules  and  atoms  possess 
potentials  of  Ionization  not  considerably  exceeding  energy  of  dis¬ 
sociation,  Ionization  starts  long  before  the  end  of  dissociation,  so 
that  there  exists  a  region  of  temperatures  In  which  simultaneously 
concentration  of  electrons  and  concentration  of  molecules  are  con¬ 
siderable,  An  example  Is  air  at  temperatures  of  the  order  of  7OOO- 
-15,000°K  —  very  Important  from  the  point  of  view  of  practical  appli¬ 
cation,  In  this  case,  along  with  the  shown  processes  of  Ionization 
(6, 57)”(6. 59) j  there  exist  more  complicated  processes,  the  most 
Important  of  which  Is  recombination  of  atoms  Into  a  molecule  with 
simultaneous  Ionization, 

This  process  from  the  viewpoint  of  energy  profitably  differs 
from  others  by  the  fact  that  It  requires  an  energy  consumption  which 
Is  smaller  than  the  Ionization  potential  by  the  magnitude  of  the 
released  energy  of  dissociation.  At  comparatively  low  temperatures 
and  small  degree  of  Ionization  the  most  Important  role  for  Ioni¬ 
zation  of  air  Is  played  by  the  reaction: 

N  +  0  +  2,8  ev  »  NO*  +  e,  (6,66) 

which  occurs  several  orders  faster  than  simple  Ionization  of  NO  by 
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the  Inpacte  of  atoms  and  molecules.'*^  In  recombination  of  electrons 
with  ions  in  molecular  gases  an  in^ortant  role  is  played  by  so-called 
dissociative  recombination.  In  particular,  in  air  occur  the  ijrocesses 

#  #  # 

e+Og-*©  +  0  +  6,9  ev, 
e  +  N*  N*  +  N*  +  5.8  ev,  (6.67) 

e+N0“*'N  +  0  +  2,8  ev. 

As  a  result  of  dissociative  recombination  excited  atoms  are  formed. 

The  released  binding  energy  of  an  electron  is  expended  on  dissociation 
of  the  molecule,  and  the  surplus  goes  to  excitation  of  atcms  and 
partially  passes  into  kinetic  energy. 

If  in  gas  there  are  atoms  or  molecules  possessing  an  electron 
affinity  (for  Instance,  H,  0,  Og,  Cl,  Br,  I,,  and  others),  at  com¬ 
paratively  low  temperatures  negative  ions  are  formed  which  renders 
an  essential  Influence  on  kinetics  of  formation  and  disappearance 
of  free  electrons.  Besides  reactions  of  the  type  (6,57)-(6,59), 
in  which  A  and  A"*"  are  replaced  correspondingly  by  A**  and  A,  more 
complicated  energetically  advantageous  reactions  of  the  type  (6,66) 
can  occur j  for  Instance  in  air  —  it  is  exothermic  reactions* 

N+0"-N0+e+4  ev, 

0  +  0"  ■  Og  ■*  ®  “  5,6  ev,  (6,68) 

♦At  comparatively  low  temperatures  the  basic  supplier  of  free 
electrons  in  air  is  NO  molecules,  whose  ionization  potential  Ij^q  ■ 

»  9*25  ev  lower  than  for  all  other  components  of  air  (I^  ■  12,l5  ev, 

^2 

Ijj^  ••  15,56  ev,  Iq  -  15*57  ev,  Ijj  -  14,6  ev,  I^  -  15,8  ev). 
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A  full  list  of  reactions  occioring  In  heated  air  and  leading  to 
formation  and  disappearance  of  free  electrons,  and  also  to  exchange 
by  a  charge,  with  indication  of  their  power  yield,  is  in  [75] • 

§  11,  Ionization  by  Electron  Impact 
Let  us  consider  the  process  of  first  ionization  of  gas  from 
identical  atoms  and  estimate  characteristic  time  for  first  reaction 
(6,57)  on  the  assumption  that  all  atoms  are  ionized  from  the  ground 
state,  and  during  recombination  an  electron  is  captured  on  the  ground 
level.  The  effective  cross  section  of  ionization  during  collisions 
depends  on  relative  speed  of  colliding  particles.  Inasmuch  as  the 
velocity  of  atoms  at  comparable  temperatures  of  atoms  and  electrons 
is  always  considerably  less  than  velocity  of  electrons,  relative 
velocity  coincides  with  the  latter;  the  reduced  mass  characterizing 
kinetic  energy  of  relative  motion  coincides  with  mass  of  electron. 

If  N  and  N  are  the  numbers  of  atoms  and  electrons  in  1  cm^, 
^'g(v)dv  is  the  function  of  Maxwellian  distribution  of  electrons  with 
respect  to  velocities,  corresponding  to  electron  temperature  T  ♦, 

CB  ® 

(\  —  ^)  0-(v)  is  effective  cross  section  of  ionization  by 

0  ® 

electron  intact,  then  the  number  of  events  of  ionization  in  1  cm^  in 
1  sec  equals 

m 

ffjft  J  a,  (t>)  vf, (v)  dv - NaN^,  (6,69) 


♦Due  to  the  large  difference  of  masses  of  electrons  and  atoms 
exchange  of  energies  between  electrons  and  heavy  particles  during 
elastic  collisions  occurs  rather  slowly.  Therefore,  electron  tenq)era- 
ture,  in  general,  can  differ  from  translational  temperature  of  heavy 
particles  (see  §  14), 
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where  integration  spreads  according  to  velocities  of  eleotronsj  whose 

energy  exceeds  ionization  potential  t  ■*  1* 

Designating  constant  of  recombination  rate  by  p.#*  we  will  write 

© 

the  equation  of  kinetics  of  the  first  reaction  (6,57)* 

(6.70) 

where  the  number  of  ions  equals  number  of  electrons  N^.  Constants 

of  velocities  a  and  ^  are  connected  by  the  principle  of  detailed 
©  © 

balancing t 


where  the  equilibrium  constant  is  determined  by  Saha  formula  (5.44)* 
K(T,)^ ^  -'4.85.10“fcrTrAl/ei,».  (6.72) 

The  number  of  recombixiations  in  1  cs^  in  i  sec  is  sometimes 
written  in  the  form  ■  b  N  ,  N  ,  The  magnitude  b^  »  6  N  is 

X’©C  9  *r  9  9  6  © 

called  coefficient  of  recombination,  b^  has  a  dimension  in  cm^  sec, 
the  same  as  constant  of  rate  of  ionization  o  . 

9 

If  concentration  of  electrons  (and  ions)  is  much  less  than 
equilibrium,  recombination  does  not  piety  a  role  and  the  development 
of  ionization  by  electron  Impact  carries  the  character  of  an  electron 
avalanchet  if  it  is  considered  that  electron  temperature  does  not 


*We  will  not  extract  the  integral  expression  for  recombination 
rate,  similar  to  (6.69). 
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depend  on  time,  concentration  of  electrons  exponentially  grows  In 
time  Ng  ■«  Ngexp(t/Tg)j  here  la  the  "initial”  number  of  electrons, 
and  the  scale  of  time  of  bulld-up  of  avalanche  approximately 
«  const)  equals: 

(6.75) 

It  la  easy  to  check  that  magnitude  characterizes  also  relaxa¬ 
tion  time  for  approach  to  Ionization  equilibrium  by  means  of  first 
mechanism  (6.57)*  More  exactly,  when  |{Ng)  -  1  «  (N^),  relaxation 

time,  according  to  general  determination  (6,2),  Is  twice  less  than 
The  typical  curve  of  dependence  of  effective  cross  section  of 
Ionization  on  speed  or  energy  of  electrons  is  depicted  in  Fig.  6,4. 
The  cross  section  Increases  after  the  threshold  of  Ionization 
■  I,  attains  maximum  when  energy  of  electrons  Is  a  few  times 
more  than  threshold  energy,  and  then  slowly  drops.  In  maximum  the 
cross  section,  as  a  rule.  Is  of  the  order  of  10  cm  ,  In  not  too 
dense  a  gas  ionization  sets  In  usually  at  tenperatures  of  much  smaller 

♦It  Is  necessary  to  stress  that  the  slnple  exponential  law  of 
bulld-up  of  electron  avalanche  with  scale  of  time  Is  accurate  only 

under  the  condition  that  T^  const.  In  real  conditions  electron 

tenperature  can  actually  depend  on  time.  The  fact  Is  that  when 
kTg  «  I  a  very  great  fraction  of  thermal  energy  of  electrons  Is 

expended  on  Ionization:  roughly  speaking,  on  the  production  of  one 
new  electron  Is  expended  a  thermal  energy  of  electrons.  If 

there  Is  no  source  to  replenish  loss  of  energy  of  electron  gas  on 

Ionization,  the  electron  tenperature  drops  with  time,  a  --  exp(-l/kT  ) 

©  © 

sharply  decreases,  development  of  avalanche  fades.  At  the  front  of 
a  shock  wave  losses  of  energy  of  electrons  are  replenished  owing  to 
flux  of  energy  from  atoms  (ions)  to  electrons.  For  In  greater  detail, 
see  §  10  Ch.  VII. 
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Ionization  potentlali  l/M?-  »  1*  Thus, 

for  Instance,  In  atomic  hydrogen  when 

10^^  l/car^  (which  corresponds  to  a 

l>ressvire  of  undlssoclated  molecular 

hydrogen  at  room  ten5)erature,  equal  to 

Fig*  6.4.  Dependence  of  135  mm  Hg)  and  T  ■«  10,000°K  the  equilibrium 
effective  cross  section  , 

of  Ionization  by  electron  degree  of  Ionization  Is  equal  to  6*25«l0’‘‘^j 
Impact  on  energy  of  the 

electron,  now  l/kT  «  15,7, 

Energy  sufficient  for  Ionization  Is  possessed  only  by  electrons 
corresponding  to  the  tall  of  Maxwellian  distribution  with  respect  to 
velocities,  the  number  of  which  Is  exponentially  small  (proporti¬ 
onal  to  exp(-mgV^/21<3?^)  «  1),  Therefore,  In  Integral  (6,69)  a  basic 
role  Is  played  by  electrons  whose  energy  only  somewhat,  by  a  magnitude 
of  the  order  lcTg(l{Tg  «  I),  exceeds  the  Ionization  potential*  Theory 
and  experiment  show  that  near  the  threshold  the  effective  cross 
section  linearly  depends  on  energy  of  electrons  e^t 

a,(o)<«C(t*—/),  Cl  const.  (6,74) 

Putting  this  magnitude  In  expression  (6,69)  and  Integrating,  we 
will  find  constant  of  Ionization  ratei 

5  ^  (6*75) 

where 

.  KPVTfcJi/sec 
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(6,76) 


*ia  average  thermal  velocity  of  electrons,  and  Is  certain  mean 

value  of  effective  cross  section  a  (v),  which  accurately  corresponds 

to  energy  of  electrons  e  -I+kTjd  «  CkT  . 

©  ©  *  ©  © 

Constant  of  recombination  rate,  according  to  (6,7!),  (6,72)  and 
(6.75),  equals 


A 

In  not  too  dense  a  gas,  when  l/kT  »  1,  ~  T"  (a  ~  T  ),  character- 

Istlc  time  Tg  In  region  of  small  degrees  of  Ionization  depends  on 
tenQ)erature  according  to  the  law  ~  exp(l/kTg). 


Table  6,4.  Ionization  by  Electron  Impact 


Atom, 

molecula 

/,  ev 

C*  t  01^  CJM*/0V 

Region  of 

ao^Alcabi- 

llty, 

av 

Literature 

H, 

15.4 

0,59 

16-25 

70 

1.1 

46| 

He 

24.5 

0.13 

24.5-35 

100 

0.34 

461 

N 

14.6 

0.59 

15-30 

-100 

-  2.1 

471 

N, 

15.6 

0.85 

16-30 

no 

3.1 

461 

0 

13.6 

0,6 

14-25 

-  80 

-1.5 

48| 

12.1 

0.68 

i3-40 

no 

46| 

NO 

9.3 

0.82 

io-:a) 

-100 

3.25 

49| 

Ar 

15.8 

2.0 

15-25 

100 

3.7 

46| 

1,7 

15-18 

Ne 

21.5 

0,16 

21.5-40 

-160 

0.85 

46| 

Hg 

10.4 

7.9 

10,5-13 

42 

5.4 

461 

Hg 

2,7 

10.5-28 

In  Table  6,4  are  experimental  data  on  cross  sections  of  Ioni¬ 
zation  of  certain  atoms  and  molecules  by  electron  Impact  (for 
designations  see  In  Fig  6,4),**  The  numerical  value  of  constant  C 


*Translatlon  editor's  notei  Designation  omitted  from  phrase  In 
original]  probably  Is 

♦*A  detailed  survey  and  analysis  of  source  material  Is  In  the  book 
of  Messl  and  Barkhop  [45] .  We  recommend  also  the  book  of  V,  L, 
Granovskiy  [46] , 
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2 

coincides  with  effective  cross  section  (In  cm  )  for  an  energy  of 

electrons  exceeding  Ionization  potential  by  1  ev^  l»e*,  with  mean 

cross  section  o^  at  a  tenq^erature  «  1  ev  ■»  11,600®K,  exactly 
0  0 

characteristic  for  region  of  first  Ionization*  As  can  be  seen  from 

—17  2 

the  table,  cross  section  has  an  order  of  lO  '  cm  , 

'  e 

In  order  to  obtain  an  Idea  about  order  of  magnitudes,  we  will 

/ 

consider  a  specific  examplei  argon  when  T  »  l5j000°K  and  N  * 

_  6  a 

—18  —3 

»»  1,7  X  10  cm  (such  density  corresponds  to  a  pressure  of  50  mm  Hg 

at  normal  teii5)erature}  *  Equilibrium  degree  of  Ionization  In  such 

conditions  equals  0*14j  a  2*24*10  cm^j  v  •“  T.i'lO*^  cn/sec; 

constants  of  velocltlesi  a  «  2*lo“^‘**’  cnrVsecj  p  «  5*9‘'l0'‘^^ 

cm^/seo,  characteristic  time  t  **  2*9*10“^  sec.  At  teii5)erature  T  - 

0  0 

“  16,000°K  and  the  same  density  time  t.  Is  approximately  15  times 

0 

lessi  T-  »  2*10“^  sec* 

0 

§  12*  Excitation  of  Atoms  by  Electron  Impact 
Analogously  to  the  preceding  we  will  for  sluqpllclty  consider 
that  an  atom  possesses  only  one  level  E*,  so  that  an  atom  Is  excited 
only  as  a  result  of  transition  from  the  ground  state*  Let  us  write 
the  equation  of  kinetics  of  excitation* 

^-o;Ar,Ar,-p;Ar*Ar,;  (6*78) 

a  is  the  constant  of  rate  of  excitation,  and  Is  the  constant 
0  0 

♦  ^ 

of  the  deactivation  rate,  equal  to  «■  where  Is  effective 

cross  section  averaged  according  to  Maxwellian  distribution  for 
electron  Impact  of  the  second  kind*  Constant  of  rate  of  excitation 
Is  expressed  through  effective  cross  section  of  excitation  0^ 
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precisely  the  same  Integral  as  (see  (6.75)),  with  the  only  dif¬ 
ference  being  that  the  lower  limit  la  now  velocity  v*,  corresponding 

*2  , 

to  threshold  of  excitation  m^v  /2  «  E*,  The  dependence  of  cross 
section  dg  on  velocity  or  on  energy  (so-called  function  of 
excitation)  has  the  same  character  as  the  curve  of  ionization 
depicted  in  Pig,  6.4.  Exactly  so,  near  the  threshold  it  may  be 
approximated  the  straight  line:  (v)  *  C  (e-E*),*  Therefore 

a;  =  J  o;  (w)w/,  (v)dv  =  afv,  ,  ( 6.79) 

0*  * 

where  corresponds  to  energy  of  electrons  E*  +  kT, 

By  the  principle  of  detailed  balancing,  taking  into  account  that 

(6.80) 

(g*  and  are  statistical  weights  of  excited  and  ground  state),  it 
is  possible  to  connect  constant  of  speeds  a^,  or  effective  cross 
sections  of  excitation  and  deactlvatloni 

-  o:  g  (g-^ + 2);  p?  -  v/Trt.  ( 

The  characteristic  time  corresponding  to  excitation  by  electron 
Impact,  which  coincides  in  time  of  relaxation  for  establishment  of 
Boltzmann  distribution  (6,80)  londer  the  condition  that  T^^  *  const 

♦This  is  possible  for  many,  but  not  all  atomsj  in  any  case 
approximation  gives  small  error. 
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(see  footnote  on  p,  506  is 


*•-  *  -  « 

*  v/t^N,  ■ 


(6.82) 


Source  material  on  cross  sections  of  excitation  are  in  [45,  46] , 
Certain  results  are  presented  in  Table  6.5.  Mean  cross  sections  of 


Table  6.5.  Excitation  by  Electron  In^iact 


Potantlsl 

Intarpolatlon  of  total  oroaa  saetion 

Sourot* 

Atom 

Lavalt 

E*,  av 

oj.  om* 

He 

2/»P 

2t'S 

lfl.7 

20.8 

4.8-10-»(<ev-20)  cm* 

(461 

Ne 

3f*P, 

16.6 

16.5 

1.5.10-M(%v-18)  CM* 

(46] 

Ar 

it»P, 

8f*Pt 

11.5 

M0-i»(%t-1I.5)  Mi 

iSI 

Hg 

4.87 

Mn.  saatlon  whan  ■Bt6,5  av 

. 

fli„«l,7-10“»  CM* 

♦Data  with  reference  [46]  are  taken  from  tables 
given  in  book  of  V,  L.  Qranovskiy.  References  to 
original  works  can  be  found  in  this  book, 

excitation  a*  have  an  order  of  10“^"^  cm^.  Such  is  the  order  of 
cross  sections  of  impacts  of  second  kind  (the  factor  in  paren¬ 
theses  in  formula  (6,8i)  is  of  the  order  of  lO,  but  the  ratio  of 
statistical  weights  g^/g*  la  usually 

For  an  example  we  will  estimate  relaxation  time  in  argon  when 

cm“^.  Cross  sections  a*  *  10“^"^  cm^, 

*^62  o*'®  takes  equilibrium  concentration  of  electrons 

(N  )  *  2.4*10^'^  cm"^,  we  will  obtain  r*  »  6*10**^  sec.  This  time  is 
considerably  less  than  the  time  of  ionization  t  ,  It  is  interesting 
to  conpare  characteristic  times  for  ionization  and  excitation  by 
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electron  Impact,  By  the*  formulas  (6,75)j  (6,82) 


t. 


10  Na 


~10. 


Under  conditions  close  to  equilibrium  and  with  small  degrees  of 

ionization  N  /n  «  (6*10^Vn„  g„  exp(-l/2kT  );  for  regular 

densities  of  gas  Boltzmann  distribution  with  respect  to  excitations 

is  always  established  faster  than  ionization  equilibrium.  In  the 

1  ft  *2 

considered  example  with  argon  whf  a  N  =  1,7*  10"^°  cm"*^,  T  ■  15,000°K, 

a  6 

✓  * 

T  «  5000,  Times  can  appear  comparable  only  in  the  beginning  of 
ionization,  when  the  number  of  electrons  is  much  less  than  equilibrium, 
Unfortunately,  there  are  no  data  in  literature  about  cross 
sections  of  ionization  of  excited  atoms,  so  that  it  is  fairly  diffi¬ 
cult  to  estimate  the  role  of  this  effect  in  establishment  of  ioni¬ 
zation  equilibrium.  Furthermore,  here  appears  the  question  about 
the  number  of  practically  existing  states  of  atoms  in  ionized  gas 
(see  §  6  Ch,  III),  Apparently,  the  cross  sections  decrease  with 
growth  of  excitation  levels,  see  §  5  Ch,  V,  and  also  §  14  of  this 
chapter).  In  not  too  rarefied  a  gas  the  upper  levels  of  atoms  "are 
cut,"  so  that  the  number  of  actual  states  is  small.  It  is  possible 
to  trust  that  the  above  estimates  of  characteristic  times  give  a 
true  order  of  magnitude,  although  rates  of  ionization,  apparently,  are 
understated  because  ionization  of  excited  atoms  is  not  considered. 

The  preceding  results  are  easily  generalized  in  the  case  of  a 
mixture  of  gases,  and  also  on  secondary,  etc,  ionization. 

There  is  also  no  data  about  cross  sections  of  ionization  of  ions. 
We  must  assume  that  cross  sections  Increase  with  growth  of  charge 
of  ions. 
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§  Ionization  and  Excitation  by  Impacts 

of  Heavy  Particles 

A  formal  description  of  these  processes  Is  fully  analogous  to 
that  considered  In  the  preceding  sections  to  the  case  of  Ionization 
and  excitation  by  electron  Impact.  Thus^  the  equation  of  kinetics 
of  Ionization  has  the  form 

(6.83) 

where  by  the  principle  of  detailed  balancing  ■  oig/K{r),  Character¬ 
istic  time 

(6.84) 

Constant  of  Ionization  rate  Is  expressed  by  the  same  formula 

O 

as  a^.  It  Is  necessary  only  to  ccmslder  that  the  effective  cross 
section  of  Ionization  o^(v»)  depends  on  relative  speed  of  colliding 
atoms  and  as  a  function  of  Maxwellian  distribution  with  respect  to 
relative  speeds  enters  reduced  mass  equal  In  the  case  of  Identical 
atoms  to  |i  ■■  m^£.  If,  as  before^  we  approximate  the  cross  section 
near  the  threshold  by  linear  dependence  on  kinetic  energy  of  relative 
motion  e’  ■  we  will  obtain  for  a  formula  analogous  to 

(6.75).  If,  however,  we  simply  remove  from  the  Integral  sign  certain 
mean  value  of  cross  section  Instead  of  factor  l/kT  +  2  the 
magnitude  l/kT  +  1  will  appear  close  to  It.  Thus, 

(6.85) 

♦Coefficient  of  recombination  equals  by  definition,  b  ■  P  N  . 
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where  a  corresponds  to  energy  e'  «  I  +  kT.  It  Is  possible  to  describe 

a 

similarly  kinetics  of  excitation. 

Unfortunately,  in  distinction  from  the  case  of  electron  Impact, 

It  Is  very  difficult  to  make  any  quantitative  estimates  of  rates  of 
the  processes,  Con5>arlson  of  constants  of  rates  of  Ionization  by 
electrons  and  atoms  by  the  formulas  (6,85),  (6.75)  shows  that 
o  /a^  ■  (v„/v')  (aVa„),  At  comparable  temperatures  v^/v„  « 

«  Vmjm^  ~  loo.  Regarding,  however,  cross  sections,  then  the  only 
thing  that  It  Is  possible  to  say  Is  that  Is  several  orders  larger 
than  o^.  There  are  no  experimental  data  about  cross  sections  of 

a 

Ionization  or  excitation  by  atoms  with  energies  of  the  order  of  ten 
ev,  since  cross  sections  are  so  small  that  they  cannot  be  measured. 

So  that  a  collision  Is  nonelastic.  It  Is  necessary  that  the 
Impact  be  sufficiently  sharp;  In  other  words,  the  rate  of  rapproche¬ 
ment  of  particles  should  be  of  the  order  of  speeds  of  orbital 
electrons  In  an  atom.  In  the  case  of  an  electron  Impact  with  energy 
of  the  order  of  Ionization  potential  or  excitation  energy,  i,e,, 
the  order  of  several  or  ten  ev,  this  condition  Is  fulfilled  and  the 
nonelastic  cross  section  Is  great.  Upon  collisions  of  heavy  parti¬ 
cles  speeds  are  comparable  only  when  energies  are  approximately 
Vmjm,  -v  100  times  larger  than  the  shown  magnitudes,  l,e,,  at 
energies  of  the  order  of  a  kilo-electron-volt.  And  Indeed,  here  the 
effective  cross  section  of  Ionization  or  excitation  Is  comparable 
with  analogous  cross  sections  for  electron  Impact,  For  energies  of 
the  order  of  10  ev  rate  of  rapprochement  of  particles  Is  very  small 
and  Impact  Is  "adiabatic,”  The  position  Is  fully  analogous  to  the 
case  of  excitation  of  vibrations  In  molecules,  considered  In  §  4, 
Exactly  so.  In  order  that  during  a  collision  a  nonelastic  energy 
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transfer  happens  with  considerable  probability,  it  is  necessary  that 
adiabatic  factor  av/v  be  not  too  great,  of  the  order  of  unity.  Here 
by  V  one  should  now  understand  not  frequency  of  vibrations  of  mole¬ 
cules,  but  frequency  of  rotation  of  an  electron  along  its  own 
orbit  (av  of  the  order  of  velocity  of  an  electron  in  an  atom,  since  a 
is  of  the  order  of  dimensions  of  an  atom).  The  lowest  energies  of 
relative  motion*  e’,  at  which  ionization  was  measured  by  experiment 
were  of  the  order  of  50-40  ev.  It  was  found  that  the  cross  section 

of  ionization  of  argon  by  atoms  and  ions  of  argon  when  e*  »  55  ev 

—18  2  — IQ  2 

0  ~  cm  [51]  j  for  helium  by  atoms  of  helium  ~  2*10  ^  cm 

cl  3. 

when  e»  »  55  ev  [52]  j  for  argon  by  ions  of  potassium  0_  ~  2*10*'^^  cm^ 

cl 

when  e*  45  ev.** 

As  the  qxiantum-mechanlcal  analog  of  the  condition  of  bej.*.g 
adiabatic  av/v  »  1  serves  the  condition  av/v-»  ahv/hv  -  aAE/hv  »  1, 
where  AE  is  the  nonelastic  transformation  of  energy  during  collision. 
The  origin  of  this  condition  is  such.  The  probability  of  the  process 
is  determined  by  matrix  element  of  interaction,  in  which  there  is  the 
product  of  wave  functions  of  initial  and  final  states  of  particles. 


*By  experiment  usually  a  beam  of  fast  particles  penetrates  the 
gas  from  "motionless"  atoms.  Here  the  threshold  of  ionization  accord¬ 
ing  to  energy  of  incident  particles  is  twice  as  high  as  ionization 
potential.  This  corresponds  to  the  fact  that  the  reduced  mass  is 
twice  less  than  the  atomic  mass  and  at  a  given  relative  speed  e»  » 
'■e/2j  e^p  ■  2e*nj,  ■  21,  [Editors  note:  Definition  foi-  subscript  nr 

is  not  available. 

**In  [54]  the  effective  cross  sections  of  nonelastic  Ar-Ar  and 
He-He  collisions  are  theoretically  calculated  and  a  comparison  is  made 
with  experimental  data  [5l,  52],  Data  on  cross  sections  of  ionization 
during  collisions  of  ions  and  atoms  with  energies  of  the  order  of 
several  hundreds  of  ev  and  higher  are  in  survey  [75] • 
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Wave  functions  of  translational  motion  are  described  by  plane  waves 
product  of  plane  waves  of  Initial  and  final  states 
yields  In  the  Integrand  an  expression  of  matrix  element  oscillatory 
factor  where  Ap  Is  change  of  momentum  of  Incident  particle 

during  collision.  The  Integral  has  a  noticeable  magnitude.  If  this 
factor  does  not  oscillate  In  a  region  where  there  Is  great  energy 
Interaction,  l.e,,  at  a  distance  r  of  the  order  of  atomic  dimensions 
a.  Thus,  the  condition  of  great  probability  of  the  process  Is 
Ap»a/ii  4.  Change  of  momentum  Ap  Is  of  the  order  AE/v,  where  AE  is 
change  of  kinetic  energy  of  particles,  l.e.,  nonelastic  energy 
transfer.  Hence  Is  obtained  the  condition  of  considerable  probability 
aAE/iiV-,^.  1;  the  condition  of  small  probability  Is  aAE/hv  »  1, 

From  this  condition.  In  particular.  It  follows  that  there  must 
be  great  cross  sections  of  processes  In  which  nonelastic  transformation 
of  energy  AE  Is  very  small  (the  so-called  case  of  resonance).  And 
actually,  cross  sections  of  Ionization  of  atoms  by  excited  atoms  or 
molecules  are  great  when,  on  breaking  away  of  electron  Is  expended 
not  kinetic  energy  of  translational  motion,  but  energy  of  Internal 
degrees  of  freedom.  Thus,  a  cross  section  of  processes  of  the  type 

A  +  -*•  A*  -i-  e  +  B, 

where  excitation  energy  E*  of  particle  B  Is  close  to  Ionization 
potential  of  particle  A,  In  an  order  of  magnitude  close  to  gas 
kinetic.  Therefore,  the  process  of  Ionization  by  heavy  particles, 
especially  molecules.  Is  most  likely  two  stage  or  multistage:  first 

*ii  »  h/27r. 
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oocurs  excitation  of  one  of  the  particles,  and  then  ionization  by 

Impact  of  excited  particle  (so-called  ionization  by  Impact  of  second 

kind)  or,  conversely,  breaking  away  of  electron  from  excited  particle. 

Certain  data  about  these  processes  can  be  found  in  books  [45,  46] , 

The  question  about  estimating  rates  of  ionization  and  excitation 

by  heavy  particles  can  appear  only  in  examining  the  most  early  stage 

of  ionization  of  ’’instantly*'  heated  gas,  while  concentration  of 

-4  -5 

electrons  is  very  small,  less  than  10  -10  ,  l.e,,  as  yet  an  electron 

avalanche  la  not  formed. 

In  order  to  estimate  the  lower  limit  of  the  time  necessary  for 
formation  of  "initiating"  electrons  and  appearance  of  electron 
avalanche,  we  will  consider  the  following  imaginary  process.  Let  us 
assume  that  gas  la  "instantly"  heated  to  high  temperature  T  and 
liberated  electrons  Instantly  obtain  the  same  temperature  T  as  the 
atoms.  In  the  beginning  of  the  process,  while  ionization  is  consi¬ 
derably  less  than  equilibrium,  recombination  can  be  disregarded.  At 
first  dNg/dt  »  number  of  electrons  grows  linearly 

in  time  until  the  rate  of  ionization  by  electron  Impact  is  equal  to 
rate  of  ionization  by  Impacts  of  atoms  and  avalanche  does  not  appear, 

p 

This  moment  t^  is  determined  from  the  condition  o  N  N  ■  a  N  , 

1  e  a  e  a  a 

Substituting  here  N  -  a  N^t^  and  noticing  that  by  formula  (6,75) 

0  £l  £l  X  * 

a  N  ■  T  ,  we  will  obtain  «  t  ,  In  other  words,  the  minimum 

0  £t  6  X  0 

necessary  time  t^  is  equal  to  characteristic  time  of  development  of 
avalanche. 

The  real  time  of  "induction"  for  development  of  an  avalanche  can 
be  quite  large.  It  is  determined  not  by  the  appearance  of  a  sufficient 
quantity  of  free  electrons,  but  by  heating  of  electron  gas  to  a 
temperature  high  enough  to  produce  noticeable  ionization.  This  time 
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Is  limited  by  deceleration  of  exchange  by  energy  between  atoms  (Ions) 
and  electrons,  which  lose  much  energy  to  nonelastic  collisions: 
Ionization  and  excitation.  For  the  exchange  of  energy  between  Ions 
and  electrons,  see  §  16, 

The  conditions  In  which  atoms  are  "instantly”  heated  to  a  high 
temperature,  after  which  ionization  starts,  are  fulfilled  In  a  shock 
wave.  The  kinetics  of  Ionization  In  the  front  of  a  shock  wave  and 
establishment  of  Ionization  equilibrium  after  the  front  will  be  the 
subject  of  §§  iO,  11  of  Ch,  VII. 

§  14.  Ionization  and  Excitation  by  Light  Quanta 
Photo -ionization  and  photo -recombination  were  already  considered 
In  Ch,  V  during  calculation  of  coefficients  of  absorption  and  radiation 
of  light]  therefore.  Inevitably  it  will  be  necessary  for  us  to  repeat 
here  certain  reasonings  and  conclusions  of  this  chapter. 

Let  us  assume  for  simplicity  that  all  atoms  remain  In  the  ground 
state  and  during  recombination  electrons  are  captured  on  the  ground 

3 

level.  If  N„  Is  the  number  of  atoms  In  i  cm  ,  U  dv  Is  energy  content 
a  V 

of  radiation  In  spectral  Interval  from  v  to  v  +  dv  In  1  cm^,  and 
a^(v)  Is  the  effective  cross  section  of  photo-lonlzatlon  from  ground 
level  of  atoms,  then  the  number  of  events  of  photo-lonlzatlon  In  1  cm^ 

In  1  sec  equals 

where  only  quantum  hv  >  hv^  -  Ij  participate  In  absorption]  av  Is  the 
constant  of  photo-lonlzatlon  rate. 

Let  us  designate  by  the  effective  cross  section  of 
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photo -capture  of  electrons  possessing  speed  v,  on  the  ground  level  of 
an  atom.  Then  the  number  of  events  of  photo -recombination  in  1  cnr^ 
in  1  sec  is 

(6*86) 

The  component  c^U^STrhv^  in  the  factor  under  the  sign  of  inte¬ 
gration  considers  processes  of  Induced  recombination,  corresponding 
to  forced  emission  of  quanta.  Energy  of  emitted  quantum  is  connected 
with  velocity  of  an  electron  by  the  equation  of  photoeffect 

(6.87) 

The  Integral  in  (6,86)  is  the  coefficient  of  photo-recombination  b^. 

By  the  principle  of  detailed  balancing  in  conditions  of  full 
thermodynamic  equilibrium  differentials  in  Integral  expressions  for 
^rec  ^lon  equal  to  each  other. 

Setting  as  f-(v)  the  function  of  Maxwellian  distribution  of 
electrons,  and  as  —  Planck  function,  using  the  Saha  equation 
(6,72)  and  equation  of  photoeffect  (6,87),  we  will  obtain  the  con¬ 
nection  of  effective  cross  sections  of  photo-ionization  and  photo- 
re  combination! 

(6.88) 

Cross  sections  of  photo -ionization  from  n-th  excited  level  of 
atom  and  photo -capture  on  n-th  level  are  likewise  connected! 

(6.85) 
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Here  I3  the  etatletloal  weight  of  the  n-th  state  of  an  atoa, 
equenoy  v  and  velocity  of  an  electron  v  also  are 
equation  of  photoeffect: 


2 


(6.90) 


where  is  binding  energy  of  an  electron  the  n-th  state 

pvo-t+-  4-.  state,  and  w  is 

excitation  energy  of  the  n-th  level  of  an  atom.  " 

Equation  of  kinetics  of  Ionization  fornhotn 

photo-processes  has  the 


yv  7V  - 


(6.91) 


Relaxation  time  for  phot o- 


Tv  = 


■processes: 


(ff,) 


(6*92) 


that  tT  7  "1““**  “fphoto-lonlzatlon  rate,  assuming 

for  the  threshold  of  Ionization  -f-h 

le  different  than  e  Photo-lonlzatlon 

than  zero  for  threshold  and  In  many  cases,  conversely 
Is  maximum  when  hv  ■  i  ■«  hr  'Phn 

.  0  ,  ,  0  To'  "^y^^gen-lllce  atoms  . 

j  where  »  7  q.1o~^® 

icq  ^  ^  charge  of  the  "nucleus" 

13  equal  t,.  unity  (see  formula  (5  34))  to 

,  lt.J4;).  If.  as  usually  occurs. 

/  >>  1,  ionizing  quanta  are  In  the  Wien  part  of  the  spectrum. 

Where  .  exp(.hv/kT).  Hemovlng  .om  under  the  Integral  slgnT  83) 

““ — .» -  - 

equal  to  cross  section  for  threshold  of  Ionization  „ 

ionization,  we  will  obtain 
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after  integration 


0, 


9Kl*kT 
«•  **  X 


o5,e“^ 


3.95.10*»r, 


"KT  «««' 


-1 


(6.93) 


The  coefficient  of  recombination  b^  can  be  found  either  by  the 
principle  of  detailed  balancing:  b^  *  a^(N^)/(N^)(Ng),  or  directly, 
calculating  Integral  (6,86).  It  1b  necessary  to  note  that  when 
I  »  kT  the  role  of  the  Induced  recombinations  is  very  small:  the 
factor  in  brackets  in  Integral  (6,86)  approximately  equals 
1  +  «  1,  since  hv  >  I  »  kT.  For  the  coefficient  of  recom¬ 

bination  we  obtain  (when  l/kT  »  1): 


2g+  m^kT  \ 


'tW»e, 


I* 


(6.94) 

(6.95) 


where  is  mean  cross  section  of  photo-capture  on  ground  level 
1 

(Vg  is  average  thermal  velocity  of  electrons). 

Mean  cross  section  of  photo-capture  is  Inversely  proportional 
to  electron  temperature.  Effective  cross  sections  of  photo -ionization 

and  photo -capture  at  a  temperature,  correspondingly,  of  1  ev,  (a^  j 

o  ■ 

a.  "  0^  A„„)  for  certain  atoms  are  presented  in  Table  6,6. 

Regarding  cross  sections  of  ions,  if  one  were  to  consider  them  as 

0  -2  0  2  -2 
hydrogen-like  systems,  then  ~  Z  ,  and  a  '«  I  Z  . 

ionization  potentials  of  lens  grow  with  charge,  as  Z-Z'  , 

whence  o®  -v  z®-Z^, 

Let  us  compare  recombination  rate  in  three-body  collisions  with 
participation  of  electrons  and  with  emission  of  quantum.  By  the 
formulas  (6.77),  (6.94),  (6,95)  we  will  obtain 


Usually 


*wm  _  _  fcjir,  _  1.7.  CcMt/M 


(6.96) 
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Table  6,6,  Effective  Cross  Sections  of  Photo-lonlza- 
tloh  from  Ground  Levels  of  Atoms  and  Photocapture 
of  iSJ^ictrons  on  Ground  Level 


Aimm 

/.  ev 

(1 

u 

av,-10U  CM* 

Momfnt  "f  cro.';s  sect.  iof.  ffyj 
nfter  threshold 

10*1  e»*av 

H 

13.54 

2 

1 

7.9 

Drops  ~  v~* 

2.9 

U 

5.37 

2 

1 

3.7 

0.21 

C’ 

11.24 

9 

6 

10 

Drops  by  twice  when  hv  «  1  ♦  10  ev 

1.9 

N 

14.6 

4 

9 

7.5 

Slowly  crops 

0.7 

0 

1357 

9 

4 

3 

Almost  oonstant  up  toAv  —  /  -[-15  ev 

1.24 

F 

17.46 

6 

9 

2 

Almost  constant  up  toAv  —  /-flS  ev 

0.41 

Na 

5.09 

2 

1 

0.31 

Drops  faster  than  v~* 

0.016 

Ca 

0.25 

1 

2 

25 

Drops  —  v~> 

0.51 

Effective  cross  section  and  data  about 

^1 

movement  of  cross  section  after  threshold  are 
taken  from  book  [55],  Magnitudes  a®  are  cal- 
culated  by  the  formula  (6,95). 

Independently  of  whether  concentration  of  electrons  Is  equilibrium 
or  not.  As  can  be  seen  from  Tables  6,4  and  6,6,  C  and  0®  are  of  one 
order  Ionization  potentials  of  atoms  I  ~  10  ev,  typical 

for  region  of  first  Ionization  temperature  T  ~  1  ev  »  11,600°K, 

Prom  (6,96)  It  follows  that  recombination  In  triple  collisions  pre¬ 
dominates  above photo-recorablnatlon  only  when  density  of  electrons 

N  1/cm^,  At  smaller  densities  a  basic  role  Is  played  by 

e  ' 

photo -recombination. 

In  states  close  to  the  thermodynamic  state  equilibrium  (both 
with  respect  to  degree  of  Ionization,  and  also  with  respect  to  density 
of  radiation),  the  number  of  Ionizations  Is  close  to  number  of 
recombinations,  l,e,,  ai'e  In  that  same  ratio.  Ratio  of  relaxation 
times. 


MS 


(6,96a) 


l,e,,  when  N  <  10^*^  l/cm^  thermodynamic  equilibrium  Is  established 
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mainly  owing  to  photo-processes,  and  when  (N^)  >  10^*^  l/cm?  photo¬ 
processes  play  a  secondary  role. 


O  ifl 

In  the  above  example  with  argon  when  T  »  13,000  K,  N_  -  1.7*10  ° 

ct 


cra“^,  (N.)  *  0.14,  N_  ■■  2.4*10^'^  cm“^,  t  ■  2.9*10"”^  sec,  and  t  » 

6 '  cl  6  V 

»  6.2,  Tg  -  1.8*10“^  sec  (here  It  Is  assumed  that  ■  7.9*10"”^® 

2 

cm  as  for  hydrogen-llke  atoms,  and  I  and  C  are  taken  from  tables). 


l.e,, photo-processes  are  leas  essential.  By  the  formula  of  Saha, 
for  small  degrees  of  Ionization  (N^)  ,  so  that  -w 

ratio  of  time  grows  In  proportion  to  the  root  of  the  density  of 
gas  (at  constant  temperature).  In  the  shown  example  photo-processes 
will  become  basic  when  N_  <  4  X  10^^  cm~^  (T  »  13,000°K). 

It  Is  Interesting  to  estimate  the  role  of  recombinations  with 
capture  of  electron  on  excited  levels.  The  coefficient  of  recombina¬ 
tion  In  general  la  equal  to  (congjare  with  formula  (6.94)) 


(6.97) 


where  summation  Is  produced  over  all  levels  n,  and  averaging  Is 
according  to  Maxwellian  distribution  of  electrons,  a«  (v)  Is 
expressed  by  formula  (6,89).  For  hydrogen-llke  atoms 
g^  -  2n  ,  so  that  ~  *  where  v  and  v  are  connected  by  formula 

^  o 

(6,90),  In  which  -  l/n  ,  In  general,  dialing  summation  over  n 
appears  a  question  about  number  of  actual  levels  In  the  atom,  which 
should  be  considered  (see  §  6  Ch.  III)j  however.  In  this  case  the 
sum  over  n  rapidly  converges  and  summation  can  be  approximately 
extended  to  n  ■  oo.  Magnitude  (6,97)  Is  calculated  In  book  Splttser 
[56] .  The  coefficient  of  recombination  there  Is  represented  In  the 
form  b^  ■  const  »CP)j  where  const  depends  only  on  temperature  (and 
charge  of  "nucleus"  Z),  and  ^  -  l/kT,  where  function  9(§),  Including 
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sum  over  n.  Is  tabulated.  If  one  were  to  consider  only  capture  on 
ground  level,  then  when  p  »  1  one  should  consider  <p(p)  -  1,  Accord¬ 
ing  to  [56]  when  P  •  5  <p  *  I.69,  when  p  «  10  <p  -  £.02,  when  p  -  100 
q)  -  3.2,  Thus,  under  the  usual  conditions  encountered  In  the  region 
of  first  Ionization,  when  p  «  l/kT  ~  10,  capture  on  all  excited 
levels  gives  approximately  the  same  contribution  In  recombination,  as 
capture  on  ground  level. 

In  virtue  of  the  principle  of  detailed  balancing,  under  the 
condition  that  distribution  of  atoms  with  respect  to  excited  states  — 
Boltzmann  and  radiation  equilibrium,  the  same  pertains  also  to 
photo-ionlzatlon.  Thus,  during  photo-lonizatlon  the  role  of  Ionization 
of  excited  atoms  Is  comparable  with  the  role  of  Ionization  of 
unexcited  atoms,  so  that  our  estimates  of  rates  of  photo-lonizatlon 
and  photo-recombinations  are  understated  approximately  one  time  In 
two. 

Apparently,  It  Is  also  the  same  with  ionization  by  electron 
Impact  and  recombination  In  three-body  collisions. 

Let  us  have  a  few  words  apropos  of  excitation  and  deactivation 
of  atoms  by  radiation.  The  lifetimes  of  excited  atoms  with  respect 

^  Q 

to  spontaneous  emission  have  an  order  of  ~  10~  sec.  Lifetime 
with  respect  to  deactivation  by  electronic  Impacts  of  second  kind  by 
formula  (6,82)  at  an  electron  temperature  of  T^  w  1  ev  t*  ~  l,5»10^/Ng 
sec.  Deactivation  by  electrons  predominates  over  spontaneous 
lumlnlscence  when  X  1/cvP,  l,e,,  with  those  same  con¬ 

ditions  at  which  recombination  In  three-body  collisions  predominates 
over  photo-recombination. 

Under  conditions  close  to  thermodynamic  equlllbrliun,  there  Is  a 
similar  relationship  of  rates  of  excitation  of  atoms  by  electrons 
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and  light  quanta.  Let  us  note  that  absorption  cross  sections  of 
resonance  ratlatlon,  able  to  excite  atoms,  are  very  great,  resonance 
radiation  Is  practically  always  equilibrium  (medium  Is  always  opaque 
for  resonance  quanta),  so  that  time  ~  iO  sec  characterizes 
relaxation  time  for  establishment  of  Boltzmann  distribution  with 
respect  to  excited  states  by  means  photo-excitement  of  atoms, 

§  15,  Ionization  and  Recombination  In 
Molecular  Gases  (in  Air)* 

At  very  high  temperatures,  higher  than  10,000-15,000°K, 
mechanisms  of  Ionization  In  molecular  gases  In  general  do  not  differ 
from  mechanisms  of  Ionization  In  monatomic  gases.  At  lower  tenq>era- 
tures,  below  ~  10, 000°K,  on  the  first  plan  come  forward  processes 
which  are  the  reverse  of  dissociative  recombination  (6,67).  They  are 
profitable  by  the  fact  that  on  Ionization  Is  expended,  besides, 
thermal  binding  energy,  liberated  as  a  result  of  unification  of  atoms 
Into  a  molecule.  Therefore,  activation  energy  of  these  processes  Is 
comparatively  small,  and  they  occur  at  low  temperatures  much  faster 
than  do  processes  of  Ionization  of  atoms  or  molecules  by  Impacts  of 
particles. 

In  particular,  the  basic  and  the  most  liiq>ortant  mechanism  of 
Ionization  In  air  at  temperatures  lower  than  10,000°K  Is  reaction 
(6,66),  which  requires  minimum  consumptions  of  energy.  In  all  2,8  ev. 
All  possible  mechanisms  of  Ionization  In  air  at  ten5)eratures  of  the 
order  of  10,000°K  and  lower  are  considered  In  detail  In  the  fun¬ 
damental  Investigation  of  Lin  and  Teare  [73]  j**  In  which  are  given 

♦This  section,  based  on  the  most  recent  works,  was  adoed  to  the 
book  In  proofreading  and  therefore  Is  extraordinarily  compressed, 

**See  also  [72] , 
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many  data  on  cross  sections  and  rates  of  different  processes. 

For  the  most  important  reaction  (6.66)  the  constant  of  rate  is 
given  in  the  form 

cMVsec 

The  equilibrium  constant  of  this  reaction  in  the  Interval  of  teng)era- 
tures  from  500  to  30,000°K  is  approximated  by  the  formula 


a: = (1 .4 .  io**r  +1.2.  i(r‘*r»  + 1 .4 .  iO'“P)  e 


32ft00 

T 


(T  is  in  °K).  The  constant  of  the  rate  of  the  reverse  reaction  — 
dissociative  recombination  —  according  to  the  principle  of  detailed 
balancing  is  equal  to  «  ^lon/^  cm^/sec.  For  low  tempera¬ 
tures  this  gives  b^j^g  NOi^  »  cm^/sec. 

The  processes  of  dissociative  recombination  (6,67)  play  the 
most  Important  role  in  E-  and  F-layers  of  the  ionosphere  (at  altitudes 
greater  than  100  km  above  sea  level),  A  detailed  summary  of  experi¬ 
mental  data  on  coefficients  of  dissociative  recombination  b,,_ 

CHS^X*0C0 

is  in  the  survey  of  Q,  S,  Ivanov-Kholodnyy  [7I] .  b „  „„  decreases 

QxS0X*0G0 

with  increase  of  temperature  approximately  as  1/T^/^-l/T^/^  (accord¬ 


ing  to  various  data).  For  ions  when  T  «•  500°K  b^ 


,2  ‘^dis.rec."2 

10*"^  cnrVsec  which  corresponds  to  a  very  large  effective  cross 
-4-5 

section  o  10 
less. 


3  “f 

cm*^.  For  Og  and  NO  ions  b^^^g  is  somewhat 


Recombination  in  cold  air  during  comparatively  large  densities 
(in  D-shell  of  ionosphere  below  ~80  km)  occurs  basically  through 
formation  of  negative  ions  of  oxygen.  Electrons  adhere  to  molecules 
of  oxygen  chiefly  in  triple  collisions  Og  +  e  +  M  -♦  Og  +  M,  and 
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then  Og  Ions  recombine  with  Ng  or  Og  Ions  In  paired  or  triple  colli¬ 
sions,  The  latest  data  on  recombination  In  cold  air,  and  also  on 
many  other  nonelastic  processes  occurring  In  the  Ionosphere,  are  In 
the  survey  of  Dal*garno  [74], 

5,  Plasma 

§  16,  Relaxation  In  Plasma 

In  atomic  or  molecular  gas  relaxation  time  for  establishment 

of  Jdaxwelllan  distribution  according  to  rates  Is  characterized  by 

the  time  between  collisions  of  particles,  l.e,,  gas  kinetic  cross 

sections,  which  have  an  order  of  lO  cm  ,  Qas  kinetic  cross  sections 

2 

equal  approximately  o  «  7ra  ,  where  radius  a  Is  of  the  order  of  the 
range  of  action  of  Interatomic  and  Intermole cular  forces  of  Inter¬ 
action,  l.e.,  of  the  order  of  dimensions  of  particles.  There  Is 
another  character  to  the  forces  effective  between  charged  particles 
of  plasma:  electrons,  Ions,  Coulomb  forces  drop  with  distance  very 
slowly,  as  i/r,  and  do  not  have  characteristic  scale  of  length. 
Therefore,  the  question  about  "collisions"  between  charged  particles 
and  the  question  about  corresponding  relaxation  times  should  be 
especially  considered. 

Plasma  cem  be  Imagined  as  a  mixture  of  two  gases,  electron  and 
ionic,  with  sharply  different  masses  of  particles  m  and  m.  Owing 
to  a  sharp  distinction  of  masses  bet”''en  electrons  and  Ions  exchange 
of  energy  Is  hampered,  since  during  -llslons"  an  electron  and  Ion 
exchange  energy  which  composes  only  a  fraction  of  the  order  m^/m  «  1 
of  their  kinetic  energy.  Thus,  average  kinetic  energies  of  electrons 
and  Ions,  l.e,,  electron  and  Ionic  temperature,  can  during  a  com¬ 
paratively  prolonged  time  strongly  differ  from  each  other.  Two 


factors  are  noted:  long-range  chtiracter  of  Coulomb  forces  and  sharp 
distinction  of  masses  of  electrons  and  ions,  determine  specific 
peculiarities  of  plasma* 

Let  us  consider  at  first  the  interaction  of  charged  particles 
with  masses  of  one  order.  During  collisions  they  can  exchange 
energy  comparable  with  initial  energies  of  particles j  therefore, 
establishment  of  Maxwellian  distribution  according  to  rates,  i,e., 
temperature,  requires  only  several  collisions.  If  by  "collision" 
we  understand  such  Interaction  of  particles  at  which  occurs  consider¬ 
able  change  of  speed  and  energy,  l.e,,  deflection  at  a  considerable 
angle  (order  of  90°) j  then  in  the  case  of  charged  particles  "colli¬ 
sions"  occur  during  their  approach  on  such  a  distance  at  which 
kinetic  and  potential  (Coulomb)  energy  turn  out  to  be  comparable. 

This  characteristic  distance  r^  is  determined,  obviously,  from  the 
condition  Z  e  /r^  «  kT,  where  Z  is  the  charge  of  the  particles. 

Thus,  a  measure  of  the  effective  cross  section  of  "collisions"  can 
be  the  magnitude 

(6.98) 

In  reality  the  matter  is  somewhat  more  complicated,  since  in 
change  of  velocities  of  particles,  with  the  Coulomb  law  of  inter¬ 
action  a  large  role  is  played  by  "far"  collisions,  corresponding  to 
large  ln5>act  distances  (Fig,  6,5). 

"Par"  collision  occur  more  frequently  than  "close"  ones.  In  the 
slow.  Coulomb  law  of  drop  of  forces  the  total  effect  of  "far"  colli¬ 
sions  is  great  in  spite  of  the  fact  that  change  of  speed  in  every 
such  collision  is  small. 
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H 


r»r, 


a) 


Fig,  6,5.  Trajectory 
of  Ion  during  flight 
past  an  Ion  of  the 
same  slgnt  a)  r  r  — 
strong  Interactlonj 
b)  r  »  r  —  weak 
Interaction, 


Let  us  estimate  this  effect.  During 

flight  of  one  particle  past  another  at 

Impact  distance  r,  the  force  acting  on  It, 

2  2/2 

In  order  of  magnitude  equals  P  ~  Z  e  /r  , 
Time  of  action  of  force  t  «'  r/v,  where  v  Is 
velocity  of  a  partlcJes,  Change  of  speed 
during  flight  Is  of  the  order  of  Av  -v  Ft/m 
~  Z  e  /mvr.  Inasmuch  as  change  of  speed  Av 
can  be  both  positive  and  also  negative.  It 


Is  natural  to  characterize  Interaction  by 

2 

the  square  of  change  of  speed  (Av)  - 


The  probability  of  such  change  Is  proportional  to  area  of  ring 

C 

2Trrdr,  Thus,  rate  of  change  of  magnitude  (Av)  for  particle  flux 
Nv  Is  of  the  order 


where  N  Is  the  number  of  particles  In  1  cm^.  The  lower  limit  of  the 

2  2/  2 

Integral  Is  the  minimum  distance  on  which  particles  r^  ~  Z  e  /mv  ~ 

p  p 

-  Z  eVkT  can  approach.  On  the  upper  limit,  when  r  oo,  the  Integral 
logarithmically  diverges.  However,  very  far  Interactions  In  electron- 
neutral  gas  are  shielded  by  joint  action  of  positive  and  negative 
charges.  The  radius  of  shielding,  which  can  be  taken  as  the  upper 
limit.  Is,  obviously,  Debye  radius  d  (see  §  11  Ch,  III),  Taking 
Into  account  formula  (5.78)  this  magnitude,  we  will  find: 

(6.93) 
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If  one  determined  relaxation  time  t  as  the  time  during  which 

c  2  "  ^ 

(Av)  changes  by  a  magnitude  of  the  order  v  ,  and  put  mv  ~  kT,  we 
will  obtain 


i  1  d(A»)* 
a*  dt 


i%«  Nm 


(*r)» 


In  A. 


(6.100) 


Using  the  usual  connection  of  time  of  relaxation  with  "gas 
kinetic”  cross  section  I/t  «  Nv*a  It  Is  possible  to  Introduce  the 
conditional  Idea  of  "effective  cross  section"  also  for  "collisions” 
of  charged  particles.  It  equals: 


o  In  A, 


(6.101) 


l.e.,  InA  times  more  than  magnitude  (6,98)>  In  which  "far”  collisions 
are  not  considered.  As  follows  from  Table  6,7^*  InA  has  order  10. 

More  strict  consideration  (see 
[56])  leads  to  the  appearance  In  for¬ 
mulas  (6.100),  (6.101)  of  a  numerical 
factor  of  the  order  of  unity,  namely: 


Table  6,7,  InA  when  Z  ■  1 


:  0.69n 


ZM 

(*T)* 


lnA  =  5^1nAc^*.  (6.102) 


The  effective  cross  section  Is  very 
weak,  logarithmically  depends  on  density,  and  is  Inversely  pro¬ 
portional  to  square  of  temperature.  It  Is  comparable  with  the  usual 

-15  2 

gas  kinetic  cross  sections  a  ~  10  cm  at  temperature 


♦Data  of  the  table  are  taken  from  book  [56].  They  are  somewhat 
definltlzed  as  compared  to  formula  (6.99), 
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T  -v  250,000°K,* 

Effective  cross  section  a  and  length  of  free  path  l  *  l/No 
of  charged  particles  do  not  depend  on  massj  l,e,,  for  electrons  and 
Ions  with  equal  temperatures  they  are  Identical  (when  Z  *  1), 
Relaxation  time,  owing  to  dependence  on  rate.  Is  proportional  to  the 
root  of  mass  t  ~  1/v  ~  l*e*,  for  electrons  one  time  In  iOO  less 

than  for  Ions  (at  eqxoal  temperatures). 

For  instance.  In  electron  gas  when  T  -  20,000°K,  N  **  10  1/cm  , 

w 

^  It  P  — 

a  »  6*10^  ^  cm  and  t  “  2*10  ^  sec.  In  gas  from  nuclei  of  hydrogen 

(protons)  with  the  same  temperature  and  density  time  Is  43  times 

“12 

more,  t  «  8,6  X  lO  sec.  From  these  estimates  it  is  clear  that 
temperature  in  each  of  the  gases  Is  established  very  rapidly,  so  that 
practically  the  question  about  relaxation  of  establishment  of  trans¬ 
lational  temperature  almost  never  appears. 

Another  matter  Is  the  establishment  of  thermodynamic  equlllbrlxim 
between  electron  and  ionic  gases,  l,e,,  equating  of  electron  and 
ionic  ten^ieratures ,  In  a  number  of  physical  processes  there  appears 
a  difference  In  the  temperatures  of  Ionic  and  electron  gases,  which 
with  a  tendency  of  the  system  to  thermodynamic  equilibrium  should 
disappear  with  passage  of  time.  Thus,  for  instance.  In  a  shock 
wave  spreading  along  plasma.  In  the  shock  are  heated  only  lonsj 
electrons  remain  cold  and  gradual  energy  transfer  from  Ions  to 
electrons  and  equating  of  their  temperatures  occur  after  the  shock 

■^It  Is  necessary  to  note  that  at  such  large  temperatures  and 
energies,  at  which  radius  Tq  Is  less  than  the  radius  of  Ions  (com¬ 
plicated)  and  cross  section  (6,102)  Is  less  than  the  ”gas  kinetic” 
cross  section,  frequency  of  collisions  and  path  length  of  ”lons"  are 
determined  by  this  latter,  but  not  by  "Coulomb”  (6,102), 
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over  a  comparatively  large  time  (see  §  12  Ch,  VII),  Let  us  estimate 
relaxation  time  for  exchange  of  energy  between  ions  and  electrons 
and  equating  of  their  temperatures. 

The  "effective  cross  section"  (6,102)  does  not  depend  on  mass 
of  charged  particles  and  characterizes  actually  the  probability  of 
strong  deflection  of  particles  from  initial  direction  of  their 
motion  during  interaction.  The  effect  of  exchange  of  energy  is,  so 
to  say,  a  corollary  of  deflection.  With  comparable  masses  of  parti¬ 
cles,  strong  deflection  is  simultaneously  connected  also  with  great 
energy  transfer,  in  consequence  of  which  cross  section  a  also 
determined  rate  of  exchange  of  energy  during  collision  of  identical 
particles.  During  interaction  of  particles  with  sharply  distinguished 
masses  (electrons  and  ions)  exchange  of  energy  during  collision, 
according  to  law  of  conservation  of  momentum  and  energy,  cannot 
exceed  the  fraction  of  order  m^/m.  Therefore,  so  that  there  is  con¬ 
siderable  energy  transfer,  it  is  necessary  that  particles  undergo 
approximately  n/m^,  l,e,,  very  many  "collisions," 

Repeating  the  conclusion  of  "effective  cross  section"  for  "colli¬ 
sion"  of  electrons  and  ions,  let  us  note  that  by  kinetic  energy  of 
colliding  particles  one  should  understand  kinetic  energy  of  their 
relative  motion.  If  the  electron  temperature  is  not  far  less  than 
ionic,  then  relative  rate  always  coincides  with  velocity  of  an 
electron.  Reduced  mass  also  coincides  with  mass  of  electron,  so  that 
average  energy  of  relative  motion  is  characterized  by  electron  tempera¬ 
ture,  Furthermore,  in  the  expression  for  effective  cross  section 

2 

one  of  the  factors  Z  pertained  to  one  of  the  particles,  and  the 

second  pertained  to  the  other.  Inasmuch  as  for  an  electron  Z  »  1, 

4  2 

instead  of  Z  into  the  cross  section  will  enter  the  factor  Z  , 


Thus,  the  "effective  cross  section"  of  "  collisions"  of  electrons 
with  Ions  Is  of  the  order  a*  TrZ^e^lnA/(lcTg)^,  time  between  "colli¬ 
sions"  T*  i/NVg0*,  and  characteristic  tine  of  exchange: 


(6, 

More  strict  consideration  [56]  leads  to  the  appearance  In  this 
formula  of  a  numerical  coefficient  of  the  order  of  unity.  After 
substitution  of  values  of  constants  the  expression  for  time  of  exchange 
obtains  the  form 


a 

tS2A‘T/^ 
>rz>  lo  A 


sec 


(6.104) 


where  A  Is  the  atomic  weight  of  Ions,  and  N  Is  their  number  In  1  cm^. 
For  Instance,  when  N  -  cm"^,  T  »  20,000°K,  Z  ■■  1,  A  16  (atoms 

of  oxygen),  t  »  2,8*10**^  sec.  With  a  small  difference  of  tempera- 
tures  of  electrons  and  Ions  rate  of  change  of  tenqperature  of  one  of 
the  gases  Is  naturally  presented  In  form  of  the  usual  equation  of 
relaxation  of  the  type  (6,2): 


dT,  _  T—T, 
■JT— IJ-* 


(6.105) 


It  turns  out,  however  that  the  equation  of  kinetics  for  ten?)era- 
ture  balance  (6,105)  Is  accurate  also  with  a  great  difference  of 
temperatures.  Equation  (6,105)  In  time  of  exchange  (6,104)  (differing 


♦In  the  case  of  Interaction  of  electrons  and  complex  Ions  with 
sufficiently  high  energies  the  remark  made  In  the  footnote  on  p,  531 
holds  true. 


by  only  Immaterial  numerical  coefficient  of  the  order  of  unity)  was 
for  the  first  time  derived  by  L.  D.  Landau  In  I956  [57]  by  means 
of  strict  consideration  of  the  kinetic  equation  for  gas  from  charged 
particles.  Interacting  according  to  Coulomb's  law. 
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CHAPTER  VII 

STRUCTURE  OF  FRONT  OF  SHOCK  WAVES  IN  GASES 
§  1.  Introduction 

Basic  presentation  about  shock  waves  were  given  in  Chapter  I.  It 
is  shown  that  equations  of  hydrodynamics  of  an  idea  liquid  allow  the 
existence  of  discontinuous  solutions,  which  describe  shock  waves. 
Hydrodynamic  magnitudes:  density,  pressure,  speed  on  both  sides  of 
the  surface  of  discontinuity,  are  interconnected  by  differential  equa¬ 
tions  corresponding  to  differential  equations  which  describe  regions 
of  continuous  flow.  These  equations  are  expressions  of  general  laws 
of  conservation  of  mass,  momentum,  and  energy.  From  the  laws  of  pres¬ 
ervation  it  follows  that  on  a  surface  of  discontinuity  entropy  of 
matter  experiences  a  Jump  (increases).  Magnitude  of  growth  of  entropy 
in  a  shock  wave  is  determined  only  by  conditions  of  conservation  of 
mass,  momentum,  and  energy  and  by  thermodynamic  properties  of  matter 
and  absolutely  does  not  depend  on  the  mechanism  of  dissipation  leading 
to  growth  of  entropy. 

In  a  certain  meaning  it  is  paradoxical  that  equations  of  adiabatic 
motion  of  matter  allow  the  existence  of  such  surfaces  on  which  entropy 
experiences  a  Jump.  The  irreversibility  of  shock  compression  indicates 
that  in  it  participate  dissipative  processes:  viscosity  and  thermal 
conduction,  which  leads  to  growth  of  entropy. 
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Namely  thanka  to  viacor.ity  there  la  earried  out  an  irrevcraihle 
tranal’ormation  into  heat  ol‘  a  conaidc'rable  part  of  the  kinetic  enerf^y 
of  the  gvCP-dynamic  flow  Incident  on  the  dlacontlnuity  in  the  ay,'’,tem 
of  coordinatea  where  the  discontinuity  rests. 

Thus,  if  one  were  interested  in  the  mechanism  of  shock  compression, 
the  internal  structure  and  the  thickness  of  that  transition  layer  in 
which  occurs  transformation  of  substance  from  initial  state  into  final 
state  and  which  within  the  bounds  of  hydrodynamics  of  an  ideal  liquid 
is  replaced  by  a  mathematical  surface,  it  is  necessary  to  turn  to 
theory.  Including  a  description  of  the  dissipative  processes.  In 
Chapter  I  this  question  was  considered  in  reference  to  shock  waves  of 
weak  intensity.  In  this  chapter  limitations  will  not  be  put  on  ampli¬ 
tude  of  shock  wave. 

Usually  in  hydrodynamic  processes,  changes  of  macroscopic  para¬ 
meters  in  regions  of  continuous  flow  occur  very  slowly  as  compared  to 
speeds  of  relaxation  processes,  leading  to  establishment  of  thermody¬ 
namic  equilibrium.  Each  particle  of  gas  at  each  moment  of  time  is  in 
a  state  of  thermodynamic  equilibrium,  corresponding  to  slowly  changing 
macroscopic  parameters,  as  it  were,  it  "follows"  change  of  these  para¬ 
meters.  Therefore,  in  examining  shock  discontinuities  within  the 
bounds  of  the  hydrodynamics  of  ideal  liquid,  states  of  gas  along  both 
sides  of  discontinuities,  with  full  basis,  are  assumed  to  be  in  ther¬ 
modynamic  equilibrium. 

In  the  thin  transition  layer  where  occurs  transformation  of  gas 
from  the  initial  thermodynamic  equilibrium  to  final  thermodynamic 
equilibrium,  density,  and  pressure,  etc.,  change  very  quickly.  Ther¬ 
modynamic  equilibrium  in  this  region,  called  the  front  of  the  shock 
wave,  can  be  essentially  disturbed.  Therefore,  during  the  study  of 
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the  internal  structure  of  the  front  of  the  shock  wave  it  is  necessary 
to  take  into  account  also  the  kinetics  of  relaxation  processes,  to 
consider  in  detail  the  mechanism  of  the  establishment  of  the  final 
state  of  thermodynamic  equilibrium  of  matter,  which  is  attained  behind 
the  front  of  the  wave. 

Study  of  the  internal  structure  of  the  front  of  shock  waves  pre¬ 
sents  Interest  from  many  points  of  view.  At  first  the  question  about 
structure  attracted  attention  as  a  purely  theoretical  problem,  the 
solution  of  which  helps  us  to  understand  the  physical  mechanism  of 
shock  compression,  one  of  the  most  remarkable  piicnomena  in  gas  dynamics. 
Later  shock  waves  were  used  in  laboratories  for  the  purpose  of  obtain¬ 
ing  high  temperatures  and  investigation  of  various  processes  which 
occur  in  gases  during  high  temperatures;  excitation  of  oscillations 
in  molecules,  dissociation  of  molecules,  chemical  reactions,  ionization, 
radiation  of  light  (see  Chapter  IV). 

With  the  help  of  theoretical  consideration  of  the  structure  of 
the  front  of  a  shock  wave  we  derive  from  experiment  valuable  informa¬ 
tion  about  the  speeds  of  these  processes. 

Finally,  study  of  the  structure  of  fronts  of  very  strong  shock 
waves,  in  which  radiation  plays  an  essential  role,  sheds  light  on  the 
question  about  such  an  important  characteristic  as  brightness  of  the 
surface  of  the  front  of  the  wave  and  explains  certain  Interesting 
optical  effects  observed  by  experiment  and  during  strong  explosions 
in  air  (see  Chapter  IX). 

In  the  basis  of  mathematical  theory  on  the  structure  of  the  front 
of  a  shock  v;ave  lies  the  assumption  of  statlonarity  of  structure. 

Time  of  transformation  of  matter  in  a  shock  wave  from  initial  state 
to  final  is  very  small,  much  less  than  characteristic  times  during 
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which  noticeably  change  para.meterG  of  gar.  in  the  region  of  continuou.r 
flow  behind  the  front  of  the  wave.  Exactly  r.o  the  width  of  the  front 
is  much  less  than  characteristic  scaio.s  of  length,  at  which  noticeably 
changes  the  state  of  gas  behind  the  front,  let  u.c  say,  distance  from 
front  of  shock  wave  to  piston,  "pushing"  wave  (piston  moves  with  var¬ 
iable  speed). 

For  that  small  time,  during  which  the  shock  wave  passes  a  distance 
of  the  order  of  the  width  of  the  front,  the  speed  of  its  propagation, 
the  pressure  and  other  parameters  of  gas  behind  the  front  practically 
do  not  change.  But  the  kinetics  of  the  internal  processes  occurring 
in  front  of  the  shock  wave,  spreading  along  gas  with  assigned  initial 
parameters,  depends  only  on  the  amplitude  of  the  wave. 

Therefore,  during  a  certain  comparatively  large  interval  of  time 
each  of  particles  of  gas,  flowing  in  the  sJiock  discontinuity,  passes 
through  the  same  sequence  of  states  as  the  preceding.  In  other  words, 
distribution  of  different  parameters  in  the  front  of  the  shock  wave 
will  form,  as  it  were,  a  frozen  picture,  which  during  this  time  as  a 
whole  moves  together  with  the  front  (Fig.  7.1). 

If  speed  of  front  is  designated  D  (D  =  |D|  >0),  and  a  coordinate 
normal  to  the  surface  of  the  front  at  a  given  place  of  surface  is 
designated  x,  then  it  is  possible  to  say  that  all  parameters  of  the 
state  of  the  gas  inside  the  wave  depend  on  coordinate  and  time  only 
in  combination  x  +  Dt.  In  the  system  of  coordinates  connected  with 
the  front,  process  is  stationary  establishment  and  does  not  depend  on 
time.  This  circumstance  (which,  one  should  mention,  already  was  used 
during  conclusion  of  relationships  in  the  discontinuity)  extraordinarily 
facilitates  the  problem  from  the  mathematical  point  of  view,  since  in 
the  system  of  coordinates,  moving  together  with  the  wave,  all  parameters 
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of  the  state  of  the  gas  are  fanctlons  not  of  two  variables  x  and  t, 
hut  only  of  one  coordinate,  and  processes  are  described  by  ordinary 
differential  equations. 

In  §  2J>,  Chapter  I,  in  examining  the  width  of  the  front  of  shock 
waves  of  weak  intensity,  it  was  shown  that  width  of  compression  shock 

has,  for  its  scale,  the  mean  free  path  of 
the  molecules.  With  Increase  in  amplitude 
of  wave,  width  decreases,  and  when  excess 
of  pressure  behind  the  front  over  initial 
pressure  becomes  comparable  with  the  actual 
initial  pressure,  the  width  of  the  front 
becomes  of  an  order  of  the  mean  free  path. 

Physically,  it  is  clear  that  in  strong 
shock  waves  the  width  of  the  shocx  wave,  in 
which  under  the  action  of  forces  of  "viscos¬ 
ity”  there  occurs  shock  compression,  is  always  of  the  order  of  the 
mean  free  path  of  molecules.*  This  is  simplest  of  all  to  explain 
when  one  considers  shock  wave  in  a  system  of  coordinates  in  which  gas 
behind  the  front  rests  (in  a  system  of  coordinates,  connected  with  the 
piston)  or  the  same  when  one  considers  braking  of  high-speed  gas  flow 
incident  on  motionless  wall.  The  kinetic  energy  of  directed  motion 
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Pig.  7.1.  Profile  of 
pressure  in  a  shock 
wave;  a)  propagation 
of  shock  wave  in  a 
laboratory  system  of 
coordinates;  b)  Jump 
in  system  of  coordi¬ 
nates  connected  with 
front. 


*It  is  necessary  to  emphasize  the  conventionality  of  the  idea  of 
"viscosity  in  this  case.  When  we  talk  about  viscosity,  we  imply  that 
gradients  of  speed  are  small  and  speeds  noticeably  change  at  distances 
much  longer  than  the  length  of  the  mean  free  path  of  molecules.  In 
other  words,  viscosity,  which  is  Introduced  in  hydrodynamics,  is  a 
"macroscopic  concept.  If  a  sharp  change  of  speed  and  density  of  gas 
occurs  at  a  distance  of  the  mean  free  path  of  molecules,  then  this 
phenomenon  of  "miscroscoplc"  scale  one  should  consider  not  hydrody- 
namically  but  on  the  basis  of  the  molecular-kinetic  theory  or  gases. 

As  applied  to  a  case  of  very  large  gradients.  In  front  of  the  shock 
wave  under  "viscosity"  one  should  understand  the  mechanism  of  trans¬ 
formation  of  directed  velocity  of  molecules  into  chaotic  velocity, 
caused  by  molecular  collisions. 
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of  molecules  (kinetic  energy  of  hydrodynamic  motion)  during  braking 
is  turned  into  kinetic  energy  of  chaotic  motion,  i.e.,  into  heat. 

For  "braking”  of  fast  molecules,  the  directed  speeds  of  which  are  much 
larger  than  initial  thermal  speeds  (which  corresponds  to  high  amplitude 
of  wave:  high  supersonic  speed  of  wave),  several  gas  kinetic  colli¬ 
sions  since  at  each  impact  a  molecule,  on  the  average,  changes  the 
direction  of  its  motion  to  a  great  angle.  Therefore,  after  several 
collisions  the  directional  momentum  of  molecules  is  almost  completely 
dispersed  and  speeds  become  chaotic. 

For  distribution  of  energy  on  different  internal  degrees  of  free¬ 
dom  —  excitation  of  oscillations  in  molecules,  dissociation,  ionization 
—  there  is  required  usually  many  collisions.  Width  of  the  relaxation 
layer,  in  which  occurs  establishment  of  final,  thermodynamically 
equilibrium  state,  is  much  larger  than  the  width  of  the  initial  com¬ 
pression  shock.  The  whole  transition  layer  of  the  front  of  the  shock 
wave  it  is  possible,  consequently,  to  divide  into  two  zones,  essen¬ 
tially  distinguished  in  their  width:  a  very  thin,  "viscous"  shock 
wave  and  an  extended  relaxation  layer. 

In  a  sufficiently  strong  shock  wave,  in  which  gas  is  heated  to 
high  temperatures,  an  essential  role  is  played  by  radiation  and  radiant 
heat  exchange.  The  structure  of  the  front  is  still  more  complicated. 
Width  of  front  is  determined  by  the  biggest  scale  characterizing  the 
transition  process  connected  with  radiant  heat  exchange:  by  the  length 
of  the  mean  free  path  of  radiation,  which  is  usually  many  times  larger 
than  the  gas  kinetic  mean  free  paths  of  particles. 

In  subsequent  paragraphs  there  will  be  considered  in  detail  the 
peculiarities  of  structure  of  the  front  of  shock  waves.  We  will  start 
from  consideration  of  shock  waves  of  comparatively  small  intensity 
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and  will  pass  to  more  and  more  powerful  waves. 


1.  Compression  Shock 


1 


§  2.  Viscous  Shock  Wave 

Inasmuch  as  the  process  of  shock  compression  in  the  shock  wave 
develops  at  distance  commensurable  with  gas  kinetic  molecular  path, 
during  the  study  of  the  structure  of  compression  shock,  one  ought, 
strictly  speaking,  to  start  fr^m  concepts  of  molecular-kinetic  theory 
of  gases.  However,  as  a  first  step  in  this  direction  it  is  natural 
to  consider  the  problem  within  the  bounds  of  the  hydrodynamics  of  real 
liquid,  taking  into  account  dissipative  processes*,  viscosity  and 
thermal  conduction.  Besides,  in  distinction  from  calculations  in  §  25, 
Chapter  I,  we  will  not  put  limitations  on  amplitude  of  shock  wave. 

For  the  purpose  of  continuity  of  account  we  will  repeat  here  certain 
conclusions  and  computations  from  §  25,  Chapter  I.  In  order  not  to 
complicate  consideration  by  (immaterial  in  this  case)  parts  connected 
with  retarded  excitation  of  nonprogressive  degrees  of  freedom  of  gas, 
we  will  consider  gas  monatomic  and  disregard  ionization. 

Let  us  record  equations  of  one-dimensional  flow  of  viscous  and 
heat-conducting  gas,  stationary  in  the  system  of  coordinates  connected 
with  front  of  wave: 


0. 


d  ^  du 
d*  3 


=  0. 


\dtj  dx'  J 


(7.1) 


Here  S  is  specific  entropy;  p  is  coefficient  of  viscosity,*  S  is  non¬ 
hydrodynamic  energy  flow  equal,  in  the  case  of  usual  thermal  conduction 
to 


(7.2) 
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*In  this  case,  ideas  of  first  and  second  viscosity  are  indis¬ 
cernible. 
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where  x  is  (coefficient  oI‘  thermal  conhijcl.i on. 

To  the  system  of  equations  (7.1)  one  should  join  boundary  condi¬ 
tions,  expressing  the  absence  of  gradients  "before"  and  "after"  front 
of  wave,  and  the  tendency  of  hydrodynamic  magnitudes  toward  initial 
(at  X  =  — d)  and  final  (at  x  =  +oo)  values.  Converting  the  third  equa¬ 
tion  of  (7.1)  with  the  help  of  the  second  law  of  thermodynamics; 

Td'L^dt-\-pdV  =  dw-^dp 

and  integrating  all  equations  (7.1) j  we  will  obtain  first  integrals  of 
system: 


C«  =  CoO.  ^ 

Constants  of  integration  here  are  expressed  through  parameters 
of  initial  state  of  gas  to  which  is  ascribed  index  "O"  and  speed  of 
front  D  =  Uq. 

If  one  were  to  carry  equations  (7.5)  to  final  state  (to  parameters 
of  it  we  will  ascribe  index  "l"),  we  will  obtain  already  known  rela- 
tlonsnips  on  discontinuity,  which  for  convenience  we  will  write  out 
once  again; 


Pi  +  Qi«*J=Po  +  Qo^*, 

+  ^  = 


J 


(7.4) 


From  these  relationships  it  follows  that  the  jump  of  entropy  in 
shock  wave  -  Zq  =  2(p^,  p^)  -  2(Pq,  Pq)  absolutely  does  not  depend 
on  mechanism  of  dissipation  nor  on  magnitude  of  coefficients  of  vis¬ 
cosity  and  thermal  conduction  p.  and  x.  The  last  ones  determine  only 
internal  structure  of  front  of  wave  and  its  thickness  5.  Thickness 
of  viscous  shock  wave  6  is  proportional  to  coefficients  p.  and  x,  which 
’in  turn  are  proportional  to  the  mean  free  path  of  molecules  1.  In 
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limit  I  -♦  0  hydrodynamics  of  real  liquid  turn,  in  regions  of  continuous 
flow,  into  hydrodynamics  of  ideal  liquid.  As  regards  the  front  of  the 
shock  wave,  in  limit  i  0  it  is  turned  into  a  mathematical  surface, 
since  6  ~  0.  The  gradients  of  all  hydrodynamic  magnitudes  in  the 

front  rush  to  Infinity  as  l/l ,  and  jumps  of  magnitudes  remain  final. 

Assigning  as  coefficients  of  viscosity  and  thermal  conduction, 
and  also  thermodynamic  bond  w(p,  p)  (in  monatomic  gas  w  =  c  T  =  -Ip/p), 
it  is  possible  numerically  to  Integrate  equations  {7 •3))  (7.2)  with 
the  shown  border  conditions.  It  is  much  more  convenient,  however,  to 
deal  with  analytic  solution  since  it  more  graphically  demonstrates  all 
laws  of  the  phenomenon.  Unfortunately,  in  general,  we  cannot  find 
analytic  solution  of  the  system.  To  integrate  equations  analytically 
it  is  possible  if  one  were  to  be  limited  by  waves  of  weak  intensity 
and  to  expc^ri  the  solution  in  a  series  with  respect  to  small  changes 
of  one  of  the  gas-dynamic  magnitudes.  This  method  was  used  in  §  25, 
Chapter  I  for  appraisal  of  width  of  a  front  (full  solution  is  in 
a  book  of  L,  D.  Landau  and  Ye.  M.  Lif shits  [1]). 

Exact  analytic  solution  for  a  wave  of  arbitrary  amplitude  can  be 
found  in  one  special  case.  This  solution,  obtained  for  the  first  time 
by  Becker  [2]  and  later  investigated  by  Morduchow  and  Libby  [5], 
describes  all  the  physical  regularities  of  the  structure  of  a  compres¬ 
sion  shock,  while  possessing  simplicity  and  clarity.  Let  us  pause  on 
it  in  greater  detail. 

Usually  in  gases  transport  coefficients  --  kinematic  viscosity 
V  =  u/p  and  temperature  transfer  x  =  h/c  p  —  are  close  to  one  another 
and  to  coefficient  of  diffusion  lv/5. 

We  will  assume  combination  Pr  =  (jlc  /h  =  v/x,  called  Prandtl  num- 
ber,  to  be  equal  to  5/^.  In  this  case,  the  expression  in  parentheses 
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in  the  third  of  the  equations  (7.3)  is  turned  into  a  total  differential 

2 

of  magnitude  w  +  —  and  the  equation  takes  the  form 

after  writing  an  integral  of  this  linear  equation,  we  will  see  that 

2 

condition  of  finiteness  of  magnitude  w  +  at  x  =  +00  it  is  possible 


to  satisfy  only  considering  it  not  depending  on  x: 

■»+^=!n+f-).  (7.5) 

Thus,  during  Prandtl  number  Pr  =  3/^  relationship  (7.5)  is  fulfilled 
not  only  after  front  of  wave  (see  (7-^))  but  also  at  any  intermediate 
point  X. 

Equation  (7.5)  gives  a  curve  on  plane  p,  V,  along  which  occurs 
transformation  of  gas  from  initial  state  to  final.  Noticing  that  in 
monatomic  gas,  which  we  will  consider  here,  w  =  5/^^  pV,  and  passing 
to  dimensionless  speed  or  specific  volume 

^  «  F  Qo 

l-T-TJ-T' 

will  find  equation  of  this  circle: 


(7.6) 


Here  pertains  to  final  state  after  front  of  shock  wave: 


4^4  ^  T"*"  4  M*  ’ 


(7.7) 


M  —  is  Mach  number  equal  to  M  =  where  Cq  is  speed  of  sound  in  ini¬ 
tial  state  (cq^  =  5/3  Pq^o^*  conclusion  of  formulas  (7.6),  (7.7) 

were  used  relationships  connecting  magnitudes  along  both  sides  of  the 
front  of  the  wave.  The  shock  adlabat  in  variables  p^/Pq,  has  the 


form 


P\  _ 

M  H— 1  • 


*Thls  equation  is  analogous  to  Bernoulli  Integral  in  the  theory 
of  stationary  flow. 
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In  Fig.  7.2  are  depicted  shock  adlabat  and  curve  along  which 
changes  the  state  of  a  particle  In  the  wave  (and  also  the  character¬ 
istic  straight  line  connecting  Initial  and  flnalstates) . 

With  the  help  of  formula  (7.6)  and  the  first  two  equations  of 
(7.3)  we  write  a  differential  equation  determining  profiles  of  speed 
and  volume  In  the  front  of  the  wave  ■n(x): 

4^15  “-(‘-’iX’-'")-  (7.8) 


We  will,  for  simplicity,  consider  the  coefficient  of  viscosity 
to  be  not  dependent  on  temperature  and  equal  to  p.  =»  PqI(^q/'^  den¬ 
sity  coefficient  of  viscosity  does  not  depend,  since  p.  ~  pi,  and 
I  ~  ?/p).  Integral  of  equation  (7.8)  contains  an  additive  constant 
In  accordance  with  the  arbitrary  nature  In  the  selection  of  the  origin 
of  coordinates.  Placing  the  origin  of  coordinate  at  the  point  of 
Inflection  of  the  profile  of  speed  (In  the  "center"  of  the  wave)  and 


taking  Into  account  formula  (7.7)>  we  will  find  for  t)(x)  expression; 


—  .W«-»  X 

1-n  _  **  zi  ,/Th~ 

(»!-%)’•»  (/m-ni)’’*  \®“46’r  s 


(7.9) 


Knowing  profile  of  speed  u  -  Dq,  it  Is  already  easy  to  determine  pro- 


on  p,  V  diagram. 

H  Is  shock  adla¬ 
bat.  A  point  de¬ 
scribing  the 
state  Inside  the 
front  of  the  wave 
passes  from  A  to 
B  along  dotted 
curve . 


files  of  all  other  magnitudes.  Thus,  for  tempera¬ 
ture,  according  to  formula  (7*5)  we  have  T/T^  ■  1  + 

2 

+  j  (1  -  q  )j  pressure  Is  determined  through  formula 
(7*6)j  entropy  Is  equal  to: 

Prom  formula  (7*9)  s®®  that  at  x -♦  -00 

and  at  x +co,  q q^,  where  approach  to 
Initial  and  final  values  occurs  asymptotically,  ac¬ 
cording  to  exponential  law.  All  hydrodynamic  magni¬ 
tudes  In  the  wave  —  speed,  density,  pressiare,  and 
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temperature  —  monotonically  are  changed  from  their  Initial  to  their 
final  values  and  asymptotically  approach  them  at  x  -*■  +uj  .* 

Entropy  changes  nonmonotonlcally  and  inside  wave  attains  maximum 
(already  shown  in  §  23>  Chapter  1).  This  is  easily  seen  if  one  convert 
the  third,  entropic,  equation  (7.1)  with  the  help  of  the  second  law  of 
thermodynamics,  "Bernoulli's  Integral"  (7-5)>  of  the  second  of  the 
equations  (7-1)^  and  conditions  of  constancy  of  the  coefficient  of 
viscosity  are: 

rf  4  4 

“  “  (<*  3  **  “  3 

Hence  it  is  clear  that  entropy  is  extreme  at  the  point  of  the  bend  in 
speed,  l.e.,  in  the  "center"  of  the  wave.  Appearance  of  maximum  of 
entropy  in  the  wave  is  connected  with  the  existence  of  thermal  con¬ 
duction.  One  of  the  dissipative  processes,  viscosity,  leads  only  to 
growth  of  entropy,  proportional  to  (du/dx)  .  Owing  to  thermal  con¬ 
duction,  heat  in  irreversible  form  is  transferred  from  the  more  heated 
layers  of  gas  to  the  less  heated.  The  increase  in  entropy  of  particles 


because  of  thermal  conduction  in  the  less  heated  layers,  where 
2 

dS  d  T 

-3—  ~  -  -—57  <  0,  is  positive,  and  in  the  more  heated  layers,  where 
dx^  o 


dS/dx 


>  0,  is  negative. 


Decrease  of  erti-opy  in  the  more  heated  layers  of  gas  in  now  way 
contradicts  the  second  law  of  thermodynamics.  Entropy  of  all  the  gas 
on  the  whole  of  of  separate  particles,  as  a  result  of  the  entire  proces 
of  shock  compression.  Increases  during  transition  through  shock  dis¬ 
continuity.  A  separate  layer  of  gas  passing  through  the  wave  no  longer 
constitutes  an  isolated  system.  Its  entropy  in  the  beginning  grows 
when  to  it  proceeds  heat,  thanks  to  thermal  conduction  and  work  of  the 


♦Points  where  various  magnitudes  in  the  front  of  the  wave  experi¬ 
ence  a  bend  do  not  coincide. 
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forces  of  viscosity,  but  then  decreases  when  departure  of  heat,  because 
of  thermal  conduction  In  the  direction  of  the  layers  of  gas  following 
after  the  one  considered,  exceeds  flow  owing  to  the  work  of  the  forces 


of  viscosity. 


Pig.  7.3.  Distribu¬ 
tions  a)  of  speed;  b) 
of  pressure;  c)  of  en¬ 
tropy  in  a  viscous 
shock  wave  with  Mach 
number  M  =  ?  in  gas 
with  adiabatic  Index 
7  =  7/5  and  a  coeffi¬ 
cient  of  viscosity  not 
depending  on  tempera¬ 
ture.  Along  the  axis 
of  abscissas  Is  a  coor¬ 
dinate  measured  In  rang¬ 
es  of  molecules  In  un¬ 
distributed  gas  graphs 
are  taken  from  [3]). 


Let  us  define  width  of  front,  as  also  In  §  23,  Chapter  I,  by 
condition 

From  formula  (7.9)  It  Is  clear  that  width  of  front  In  order  of  magnitude 
Is  equal  to 

In  a  shock  wave  of  small  amplitude,  when  M  -  1  «  1,  6  ~  Iq/(M  -  1) 
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in  accordance  with  results  of  §  2J),  Chaf)ter  T.  Width  of  wave  can  equal 
many  mean  free  paths  of  molecules.  Tn  a  limiting  case  of  a  strong 
wave,  when  M  »  1,  formally  6  ~ 

In  the  case  M  =  2,  depicted  in  Fig.  7.3s  the  width  of  the  front  is 
equal  to  approximately  three  mean  free  paths  i^.  The  trend  of  the 
width  of  the  front  toward  zero  with  an  increase  of  amplitude  of  wave 
should  not,  of  course,  be  understood  literally.  The  matter  is  simply 
that  when  the  width  of  the  front  becomes  of  the  order  of  a  mean  free 
path,  hydrodynamic  theory  loses  meaning,  since  in  the  basis  of  it  lies 
an  assumption  of  the  smallness  of  gradients,  i.e.,  the  smallness  of 
range  as  compared  to  distances  at  which  there  occur  considerable  changes 
of  hydrodynamic  parameters.  Therefore,  to  sufficiently  strong  waves 
the  theory  is  simply  not  applicable.  Physically,  it  is  clear  that  the 
thickness  of  the  shock  wave  in  a  wave  of  any  amplitude  cannot  become 
less  than  a  mean  free  path  since  molecules  of  gas,  incident  on  the 
discontinuity,  must  make  at  least  several  collisions  so  that  directional 
momentum  disperse  and  kinetic  energy  of  directed  motion  be  turned  into 
kinetic  energy  of  chaotic  motion  (into  heat).  At  the  same  time,  the 
thickness  of  shock  wave  in  the  case  of  a  strong  wave  cannot  compose 
many  paths  since  in  each  collision,  molecules  of  incident  flow  lose, 
on  the  average,  a  considerable  fraction  of  their  momentum. 

The  problem  about  the  structure  of  strong  compression  shocks  should 
be  considered  on  the  basis  of  the  molecular-kinetic  theory  of  gases; 
therefore,  numerous  investigations  directed  toward  a  more  precise 
definition  of  the  above- stated  simple  theory,  calculation  of  the  depend¬ 
ence  of  transport  coefficients  on  temperature,  and  clarification  of 
the  Influence  of  the  Prandtl  number  on  the  structure  of  the  front,  etc., 
[4-13]  do  not  Introduce  anything  new  in  principle  as  compared  to  the 
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considered  particular  case,  and  In  the  best  case  present  Interest  for 
waves  of  weak  Intensity.* 

I.  Ye.  Tamm  and.  Independently,  Mott-Smlth  [l6]  applied  a  kinetic 
Boltzmann  equation  to  the  problem  about  structure  of  a  shock  wave. 
Approximate  solution  of  the  Boltzmann  equation  In  the  region  of  the 
jump  Is  constructed  In  the  form  of  the  superposition  of  two  Maxwellian 
distributions  corresponding  to  temperatures  and  macroscopic  speeds  In 
the  Initial  and  final  states.  The  relative  weight  of  both  functions 
changes,  during  the  period  of  the  wave,  from  0  to  1.  Thickness  of  the 
front  during  unlimited  growth  of  amplitude  of  shock  wave  aspires  to 
the  final  limit.  By  the  calculations  of  Sakural  [1?]^  which  have  some-  | 
what  Improved  the  method  of  Mott-Smlth,  In  a  model  of  solid  spheres  | 

for  the  Interaction  of  molecules,  widths  of  compression  shocks,  measured  \ 

,] 

In  lengths  of  free  path  during  Initial  conditions,  are  equal**  to:  J 

i 

t/lr\  =  2.11;  1.68;  1.46;  1.42  during  Mach  numbers  equal  to  M  =  2.5;  I 

4;  10;  00  respectively. 

In  recent  years  there  have  appeared  several  works  In  which  there  ’ 

Is  developed  Mott-Smlth  method  and  a  shock  wave  Is  considered  on  the  ■ 

basis  of  Boltzmann  equation  [52-55]. 


♦Attempt  at  more  precise  definition  of  the  hydrodynamic  approach  by 
means  of  calculation  of  second  derivatives  In  expressions  for  members  of 
transfer  (the  so-called  approach  of  Barnett),  undertaken  by  Zoller  [14]# 
somewhat  deflnltlzes  results  for  weak  waves  and,  essentially,  only  Indi¬ 
cates  limits  of  applicability  of  hydrodynamic  theory.  During  anplltude 
of  wave  Pi/po  "1*5  thickness  of  wave,  according  to  Zoller,  Is  equal  to 
17  mean  free  paths,  but  during  P^/pq  “  4  It  Is  equal  to  6  paths.  Widths 
of  fronts  of  weak  shock  waves  In  monatomic  gases  were  measured  by  the 
method  of  light  reflection  In  the  works  of  Cowan,  Hornlg,  and  others 
[15]  (see  §  5,  Chapter  IV),  The  width  turned  out  to  be  equal  to  50,  I9, 
and  13  paths  for  Mach  numbers  M-  l,lj  l,5j  2,5#  respectively.  Calcu¬ 
lations  of  Zoller  give  good  agreement  with  these  results.  See  also  [56], 

♦♦Width  of  front  5  Is  determined  In  the  following  way.  If  fa  and  fp 
are  distribution  functions  of  molecules  In  Initial  and  final  states# 
then  for  a  distribution  function  at  Intermediate  point  of  wave  x  theory 
gives  f  -  V  (-x)fjj  +  V  (x)fp,  where 
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§  5.  The  Roles  of  Viscosity  and  Thermal  Conduction 
in  the  Formation  of  a  Shock  Wave 

In  spite  of  the  fact  that  transport  coefficients  —  kinematic 
viscosity  and  temperature  conductivity  —  just  as  the  corresponding 
dissipative  members  in  the  equation  of  energy,  are  comparable  among 
themselves,  the  roles  of  both  the  dissipative  processes  in  the  forma¬ 
tion  of  a  shock  wave  by  far  are  not  equivalent.  Physically,  it  is  clear 
that  a  fundamental  role  in  the  mechanism  of  shock  compression  is  played 
by  viscosity,  but  not  by  thermal  conduction,  since  namely  the  mechanism 
of  viscosity  leads  to  the  scattering  of  directed  momentum  of  the  inci¬ 
dent  gas  flow  and  transformation  of  the  kinetic  energy  of  directed 
motion  of  molecules  into  kinetic  energy  of  chaotic  motion,  l.e.,  trans¬ 
formation  of  mechanical  energy  into  heat.  Thermal  conduction  only 
transfers  thermal  energy  from  some  layers  of  gas  to  others  and  influ¬ 
ences  transformations  of  mechanical  energy  by  indirect  form  thanks  to 
redistribution  of  pressure. 

In  order  to  see  this,  it  is  useful  to  consider  the  problem  about 
one-dimensional  stationary  motion  of  gas  with  boundary  conditions 
corresponding  to  shock  compression  of  undisturbed  flow  on  the  assumption 
that  viscosities,  in  general,  are  lacking,  and  dissipation  is  responsi¬ 
ble  exclusively  to  thermal  conduction.  The  investigation  of  this  ques¬ 
tion,  for  the  first  time  conducted  by  Rayleigh  [l8],  has  a  fundamental 
value,  since  it  reveals  peculiarity  of  structure  of  the  front  of  a 
shock  wave  in  the  presence  of  other  mechanisms  of  heat  exchange:  radi¬ 
ant  transfer  of  energy  or  electron  thermal  conduction  (in  plasma). 

If  one  were  to  not  consider  viscosity,  then  first  integrals  of 
equations  of  hydrodynamics  of  a  one-dimensional  stationary  flow  (7.3) 
take  the  form: 
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(7.10) 


Qa-e^. 

P  +  QB*-P,  +  Q^*. 

•+T+S5“®*+-T- 

From  the  first  two  equations  (7.10)  it  follows  that  in  the  process 
of  shock  compression,  in  the  absence  of  viscosity,  the  state  of  a  par¬ 
ticle  of  gas  must  continuously  change  along  a  straight  line  on  the 
pressure  —  specific  volume  diagram 

(7.11) 

This  Important  property  of  the  flow  of  nonvlscous  gas  is  Illustrated 
in  Pig.  7.^i  on  which  is  depicted  shock  adiabat  and  a  straight  line 


connecting  initial  and  final  states  of  gas.  Let  us  try  to  solve  a 


Fig.  7.4.  Straight 
line  of  impact  trans 
mission  for  a  non¬ 
vlscous  gas. 


system  of  equations  (7.10),  for  which,  as  ear¬ 
lier,  we  will  exclude  all  variables  besides 
dimensionless  speed  or  relative  specific  volume 
T).  For  generality  we  will  not  be  limited  by 
the  case  of  monatomic  gas  and  will  preserve  arbi¬ 
trary  magnitude  of  adiabatic  index  7,  which  we 
will  consider  constant. 

Considering  equation  of  state 


P-^QT-AtT.  (7.12) 

(Mq  Is  molecular  weight)  and  thermodynamic  bond  w  we  will 
express  from  the  third  equation  cf  (7. 10)  and  equation  (7. 11)  non- 
hydrodynamlc  energy  flow  and  temperature  through  t); 


+  — .  (7.15) 
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Here,  as  earlier,  magnitude 


Y-1 


V+1^  Y+1  M* 

is  dimensionless  speed  in  f!nal  state,  and  M  =  D/Cq  Is  Mach  number. 
Function  T('q)  passes  through  maximum,  finding  at  point 

"  “  “  2  2yM*  ' 

In  examining  shock  waves  of  different  amplitude  there  can  be  presented 
two  cases.  If  amplitude  is  sufficiently  small,  then  >  t].  Really, 


VT„5 


r,/r. 


7'  f 


U 


Fig.  7.5.  T,  r\- 
and  S,  Ti-diagrara 
for  a  case  when 
there  is  possible 
continuous  shock 
transition  with 
only  thermal  con¬ 
duction  without 
taking  into  account 
viscosity. 


at  Mach  number  close  to  unity  (M  -  1  «  1), 

4 

«  1  -  (M  -  1),  i.e.,  also  close  to  unity, 
whereas  n  «  (7  +  I) 7^7  <1.  In  this  case, 
during  monotonlc  compression  of  gas  from  initial 
vol-ume  to  final  (from  =  1  to  t)  =  t)^)  temperature 
monotonically  increases  from  initial  value  Tq  to 
final  T^,  equal  (during  all  conditions)  to 

Graphs  of  T(t))  and  S(ti)  In  this  case  have  the  form 


depicted  in  Fig.  7.5. 

If  one  were  to  exclude  r\  from  equations  (7.15)#  (7.1^)  and  to 

substitute  expression  (7.2)  for  flow  S,  we  will  obtain  differential 

equation  of  type  dT/dx  =>  f(T),  which  has  continuous  solution.  Profiles 

of  temperature  and  entropy  in  such  a  wave  are  schematically  depicted 

in  Fig.  7.6;  they  are  similar  to  profiles  found  in  preceding  paragraph. 

As  can  be  seen  from  entropy  equation  (7.1)  b  =  0#  entropy  is  max- 

d  dT 

imum  at  a  point  where  =  0  or,  in  the  case  y.  -  const,  at  the 

P  P 

point  where  temperature  in  the  wave  T(x)  has  a  bend:  d  T/dx  =  0. 

Thus,  the  existence  of  a  weak  shock  wave  is  possible  with  a  contin¬ 
uous  distribution  of  hydrodynamic  magnitudes  in  front  and  in  the  absence 
of  viscosity  when  there  is  only  thermal  conduction. 
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Let  us  consider  now  a  sufficiently  strong 


shock  wave. 

In  this  case  the  volume  at  which  temperature 
is  maximum  is  Included  between  initial  and  finite 
values:  <  1.  Actually,  at 


Fig.  7.6.  Profiles 
of  temperature  and 
entropy  in  a  shock 
wave  with  only  ther¬ 
mal  conduction, 
without  taking  into 
account  viscosity, 
in  a  case  when  con¬ 
tinuous  transition 
is  possible. 


^  ^  %iax  %  =  (7  -  l)/(7  +  1)  <  lA* 

since  the  adiabatic  index  of  gas  cannot  exceed 

5/3. 

Thus,  during  monotonic  continuous  compression 
of  gas  from  initial  volume  to  final  temperature, 
in  the  front  of  the  wave  it  must  unavoidably  pass 


through  maximum.  Graphs  of  functions  T(t^)  and  S(t))  for  this  case  are 


depicted  in  Fig.  7.7.  Let  us  see  if  the  existence  of  continuous  solu¬ 
tion  of  equations  (7.13),  (7.1^)  in  this  case  is  possible.  From  for¬ 
mula  (7.1^)  and  Fig.  7.7  it  is  clear  that  flow  of  heat  S,  caused  by 
thermal  conduction,  in  the  whole  Interval  of  change  of  relative  volume 


from  T)  =  1  to  T)  =  does  not  change  sign  and  is  directed  toward  flow 
of  gas:  S  <  0.  In  accordance  with  determination  of  flow  S  =  -ndT/dx, 


case  of  an  Isothemal 
jump  during  calcula¬ 
tion  of  only  thermal 
conduction,  without 

taking  into  account 
viscosity. 


temperature  during  change  of  volume  from  initial 
to  final  can  only  increase:  dT/dx  >  0. 

Consequently,  the  region  after  maximum 
of  temperature,  where  dT/dq  >  0,  is  not  real¬ 
ized.  In  this  region  the  volume  still  does 
not  attain  final  value  and  must  decrease 
dq/dx  <  0,  temperature  drops  with  decrease 

of  volume,  l.e., 

dT/dx  s  (df/dt))  (dq/dx)  <  0, 

and  flow  would  be  directed  to  the  other  side 
(S  >  0),  which  contradicts  formula  (7.14). 
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Thus,  In  the  case  of  a  strong  wave,  during  calculation  of’  only 
thermal  conduction,  continuous  distribution  of  temperature  and  density 
on  coordinates  Is  Impossible.  To  come  from  Initial  state  to  final, 
passing  region  of  fall  of  temperature  with  Increase  of  compression. 

Is  possible  only  after  including  in  solution  discontinuity:  namely, 
state  changes  continuously  from  Initial  (point  A  In  Fig.  7.7.)  to  point 
B,  and  then  by  jump  falls  to  final  point  C.  Appearance  of  a  jump  of 
density  Indicates  that  in  It  must  be  manifested  forces  viscosity,  l.e., 
a  strong  discontinuity  can  be  blurred  only  thanks  to  viscosity,  but 


f' 


0  * 

Fig.  7.8.  Profiles 
of  temperature  and 
density  In  a  shock 
wave  with  Isother¬ 
mal  discontinuity. 

case  when  maximum  of 


not  thermal  conduction.  Temperature  In  the  jump 
remains  constant;  only  Its  derivative  changes, 
l.e..  How.  Profiles  of  temperature  and  density 
in  such  a  wave,  called  "isothermal"  discontinuity 
are  depicted  In  Fig.  7.8.* 

It  Is  easy  to  find  the  biggest  amplitude  at 
which  continuous  solution  In  the  absence  of  vis¬ 
cosity  is  still  possible.  It  corresponds  to  a 
function  T(tj)  coincides  with  final  state,  l.e.. 


\iax  ”  ^1’ 


Mach  number  and  pressure  ratio  along  both  sides  of  front  are  equal 


to: 


y  Y(3-y)’  3-y’ 


for  Instance,  at  -y  »  5/3  M'  =  1.35>  P^/Pq  “  at  7  =»  7/5  M'  ■  1.2, 
p'l/Po  “  ^•5* 


*Let  us  note  that  the  "isothermic"  nature  of  the  jump,  l.e., 
continuity  of  temperature  In  the  shock  wave.  Is  caused  by  the  fact  that 
heat  flow  Is  assumed  proportional  to  gradient  of  temnerature.  In  the 
third  section  of  this  chapter.  In  examining  radiant  heat  exchange  in  the 
front  of  the  shock  wave,  we  will  see  that  if  one  were  to  not  make  such 
an  assumption,  then  the  value  of  temperature  also  would  have  a  discon¬ 
tinuity. 
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Fig.  7.9.  P,  V-dla- 
gram  for  shock  wave 
taking  into  account 
visco. ity.  H  — 
shock  adiahat;  Zq, 
2^,  Z’  adiabats  of 
Poissonj  along  the 
dotted  curve  occurs 
transition  from  ini¬ 
tial  state  to  final. 


If  we  consider  the  other  extreme  case, 
when  there  is  only  viscosity  and  there  is  no 
thermal  conduction,  we  will  obtain  a  continuous 
solution  for  hydrodynamic  magnitudes  in  the  shock 
wave,  in  principle  not  differing  from  solution  of 
preceding  paragraph,  with  the  only  exception  that 
entropy  in  this  case  Increases  also  monotonlcally 
(see  third  equation  of  (7.1)  without  member 
dS/dx),  The  course  of  entropy  in  both  extreme 
cases  it  is  possible  to  comprehend  by  means  of 
the  consideration  of  diagsram  p,  V  or  p,  q  (Pig. 
7.9).  Iri  the  absence  of  viscosity  the  state 


in  the  wave  changes  along  straight  line  AB,  and  entropy,  as  can  be  seen 


from  comparison  of  shock  adiabat  and  adiabats  of  Poisson,  in  the  begin¬ 


ning,  grows,  attains  a  maximum  at  point  of  contact  of  straight  line 


with  adiabat  of  Poisson  Z*,  and  then  decreases.  In  the  absence  of 


thermal  conduction,  the  state  changes  along  dotted  curve,  passing  below 
straight  line  AB  (equation  of  this  curve  is  p  ■  Pq  +  PqD  (1  -  t))  + 

+  -^  |i  where  du/dx  <  0),  and  it  nowhere  touches  adiabats  of  Poisson. 
The  position  here  is  fully  analogous  to  that  which  takes  place  in  the 
waves  of  weak  intensity,  considered  in  §  25,  Chapter  I. 


§  4.  Diffusion  in  a  Binary  Mixture  of  Gases 
If  in  a  mixture  of  gases  there  are  gradients  of  thermodynamic 
magnitudes,  then  there  appears  diffusion  flow  of  components  of  the  mix¬ 
ture,  thanks  to  which  there  occurs  redistribution  of  their  concentra¬ 
tions.  In  general,  diffusion  tries  to  equalize  concentration  of  com¬ 
ponents  in  space.  However,  during  the  existence  of  gradients  of  pres¬ 
sure,  temperature,  or  in  the  field  of  external  forces:  gravity. 
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centrifugal  force  in  a  revolving  mixture,  and,  in  general,  in  the  pres¬ 
ence  of  accelerations,  there  occurs  separation  of  an  initially  uniform 
mixture. 

In  particular,  such  a  situation  appears  in  a  shock  wave  spreading 
along  a  mixture  of  gases.  Before  and  after  the  front  of  the  wave  con¬ 
centrations  of  components  are  identical  and  constant  in  space.  In 
the  region  of  the  front,  where  there  are  gradients,  concentrations 
are  changed.  Like  viscosity  and  thermal  conduction,  diffusion  consti¬ 
tutes  an  irreversible  molecular  mass  transfer  of  a  defined  component 
(viscosity  carries  momentum  and  thermal  conduction  —  internal  energy) 
and  is  one  of  the  sources  of  dissipation  of  mechanical  energy. 

Diffusion  flow  is  determined  in  the  following  way.  Let  us  assume 
that  in  a  binary  mixture  of  gases  mass  concentration  of  one  of  the 
components,  let  us  say,  the  light  one  with  mass  of  molecules  m^,  is 
equal  to  a.  Concentration  of  the  second,  the  heavy  one,  a  component 
with  mass  of  molecules  m2 (mg  >  m^)  is  1  -  a.*  Thanks  to  diffusion  of 
one  gas  relative  to  other  gases  they  possess  different  macroscopic 
speeds.  Let  us  designate  them  through  and  Ug.  If  p  is  density  of 
mixture,  then  total  flux  of  first  component  is  pa\j^,  and  flow  of  sec¬ 
ond  is  p(l  -  a)Ug.  Macroscopic  or  hydrodynamic  speed  of  mixture  a 
is  determined  so  that  total  flux  of  mass  of  gas  is  equal  to  pu  (u  is 
momentum  of  a  mass  unit).  Thus,  pu  =  pau^  +  p{l  -  a)Ug  or  u  »  au^  + 

+  (1  -  a)Ug.  Within  the  bounds  of  hydrodynamics  of  an  ideal  liquid 
speeds  of  both  components  of  the  mixture  coincide  and  equal. u.  Flows 
of  components  are  equal  to  pau  and  p(l  -  a)u. 

♦Mass  concentration  a  is  equal  to  mass  of  first,  light  component 
in  one  gram  of  mixtxjre.  If  the  number  of  molecules  in  one  gram  of 
mixtxjre  is  Nj^  and  N2(%  +  N2  ■  N),  then  o  »  Niny,,  1  -  a  ■  N2m2*  Molar 
concentrations  are  equal  to 
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In  the  following  approach,  in  hydrodynamic  theory  there  are  vis¬ 
cosity,  thermal  conduction,  and  diffsulon  (In  the  mixture).  Diffusion 
flow  i  Is  the  difference  between  full  and  hydrodynamic  flows  of  one, 
let  us  say,  the  first  component,  1  =  pau^  -  pau  =  pa(u^  -  u). 

Total  flux  of  first  component  Is  equal  to  the  siun  of  hydrodynamic 
and  diffusion  pau  +  1.  Total  flux  of  the  second  component,  obviously. 
Is  equal  to  p(l  -  a)u2  =  p(l  -  a)u  +  p(l  -  a)(u2  -  u)  =  p(l  -  a)  u  -  1. 

Diffusion  flows  of  both  components  in  a  binary  mixture  are  equal 
In  magnitude  and  are  opposite  in  direction. 

As  already  was  noted  above,  diffusion  appears  when  In  the  gas 
there  are  gradients  of  concentration,  pressure,  and  temperature.* 

In  a  one -dimensional  case,  gradients  of  magnitudes  are  equal  to 
derivatives  with  respect  to  x,  and  vector  1  has  one,  x-th  component, 
which  we  will  designate  simply  through  1.  Diffusion  flow  is  equal  to 
(see  [1]) 

(7.15) 

Herv®  D  is  coefficient  of  diffusion;  k  D  is  coefficient  of  barodlffuslon 

kmD  is  coefficient  of  thermal  diffusion.  Dimensionless  value  k  is 

T  p 

determined  purely  by  thermodynamic  properties  of  the  mixture  and  is 
equal  to  [1]** 

(7.16) 

♦State  of  the  binary  mixture  Is  characterized  by  three  thermody¬ 
namics  magnitudes:  concentration  and  any  two  of  the  three  magnitudes: 
temperature,  pressure,  and  density.  During  the  study  of  diffusion,  as 
Independent  variables  It  Is  convenient  to  select  pressure  and  tempera¬ 
ture. 

♦♦In  the  absence  of  viscous  transfer  of  pulse  (see  below), 
♦♦♦Magnitude  of  kp  Is  the  simplest  of  all  to  derive,  considering 

equilibrium  of  the  binary  mixture  In  the  field  of  gravity  during  con¬ 
stant  tenqperature.  In  equilibrium  state  numbers  of  molecules  1  cs^ 
ni  and  n2  by  formula  of  Boltzmann  are  proportional  to  n^  ~ 

~  exp(-ny^gx/kT),  n2  expC-mggx/kT),  where  g  Is  acceleration  of  gravity 

.  5G1 


At  nig  >  kp  >  0  and  barodlffuslon  flow  of  light  component  la  directed 

toward  lowering.  Flow  connected  with  gradient  of  concentration  also 

la  directed  toward  lowering  of  concentration.  Thermal  diffusion  flow 
of  light  component  for  a  majority  of  mixtures  Is  directed  toward 

Increase  of  temperature  (at  mg  >  m^  <  0). 

In  distinction  from  magnitude  k  ,  magnitude  k™,  called  thermal 
diffusion  ratio,  depends  not  only  on  concentrations  of  components  (at 
a  «  0  or  1  kip  «  0)  and  masses  of  molecules,  but  also  on  law  ;f  Inter¬ 
action  of  molecules.  Magnitude  of  kp  Is  determined  purely  by  thermo¬ 
dynamic  properties  of  gas,  since  In  the  field  are  external  forces 
thermodynamic  equilibrium  Is  possible  even  In  the  presence  of  gradient 
of  pressure.  If  there  exists  gradient  of  temperature,  then  state 
already  Is  unbalanced. 

If  between  molecules  act  only  repulsive  forces,  changing  according 
to  the  law  l/r^,  then  at  n  >  5,  which  usually  takes  place,  k,p  <  0: 
light  gas  tends  toward  Increase  of  temperature.  At  n  <  5*  which  Is 
rarely  encountered,  light  gas  tends  toward  lowering  if  temperature 
(to  the  n  <  5  pertains  the  Coulomb  law  of  Interaction  of  charged  par¬ 
ticles,  n  «  2).  At  n  ■  5  there  Is  no  thermal  diffusion:  k,p  «  0. 
Usually  during  comparable  relative  gradients  Vp/p,  vT/T  the  role  of 
thermal  diffusion  Is  small  In  comparison  with  the  role  of  barodlffusloa 
For  greater  detail  about  thermal  diffusion  see  [19]. 

With  diffusion  flow  Is  connected  additional  Irreversible  energy 
flow  q,  which  Is  proportional  to  diffusion  flow  1  (see  [1]). 

Quite  recently  there  appeared  a  work  of  V.  Zhdanov,  Yu.  Kagan, 
and  A.  Sazykln  [19a]*  which  Introduces  essential  corrections  to  -che 

[FOOTNOTE  CONT'D  FROM  PRECEDING  PAGE], 

X  is  height.  Inasmuch  as  diffusion  flow  In  equilibrium  is  equal 
to  zero,  da/dx  +  (l^p)(dp/dx)  ■  0,  Using  bond  between  concentration  a 

and  numbers  of  particles  n^,  n2  and  noticing  that  p  ■  (n-L  +  n2)kT,  we 
find  hence  the  given  formula  for  kp. 
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above-stated  classical  presentations  on  diffusion. 

In  this  work  the  expression  for  diffusion  flow  is  derived  from 
kinetic  equation  with  the  help  of  the  so-called  "15  moments"  approxi¬ 
mation  of  Gred.  This  approximation  possesses  a  number  of  advantages 
as  compared  to  the  method  of  Chapman  —  Enskog,  on  the  basis  of  which 
is  obtained  expression  (7. 15),  every  time,  when  it  is  necessary  to 
take  into  account  highest  approximations  in  a  series  of  distribution 
functions.  It  turns  out  that  expression  (7.15)  for  diffusion  flow  is 
accurate  only  in  the  absence  of  viscous  transfer  of  pulse  in  gas. 

Under  conditions  when  there  exists  viscous  transfer  of  pulse  (l.e., 
gradient  of  speed),  expression  (7.15)  one  should  supplement  with  mem¬ 
bers  proportional  to  the  forces  of  viscosity.  In  spite  of  the  fact 
that  these  forces  are  determined  by  derivatives  of  the  second  order 
from  macroscopic  magnitudes  (from  speed),  they  can  have  the  same  order 
of  smallness  as  members  proportional  to  the  first  derivative,  let  us 
say,  a  member  with  gradient  of  pressure.  For  instance,  in  the  case  of 
purely  viscous  established  flow,  when  accelerations  are  lacking,  gra¬ 
dient  of  pressure  is  simply  balanced  by  forces  of  viscosity.  During 
transient  flow  calculation  of  forces  of  viscosity  in  the  expression 
for  diffusion  flow  actually  brings  to  this  expression  members  propor¬ 
tional  to  the  accelerations  of  gas. 

In  the  case  of  purely  viscous  flow,  replacement  of  the  force  of 
viscosity  by  the  gradient  of  pressure  balancing  it  leads  to  a  change 
in  the  constant  of  barodiffuslon  kp  as  compared  to  purely  thermo¬ 
dynamic  value  (7.16).  The  constant  of  barodiffuslon  in  viscous  flow 
is  no  longer  a  thermodynamic  magnitude;  it  depends  on  the  character 
of  interaction  of  the  molecules  between  themselves.  The  constant  of 
barodiffuslon  can  even  become,  under  certain  conditions,  negative  (if. 
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molecular  weights  of  components  differ  only  slightly,  and  effective 
sections  of  molecules  differ  strongly).  During  calculation  of  viscous 
transfer  of  pulse,  thermal  diffusion  ratio  changes  also. 

§  5.  Diffusion  in  a  Shock  Wave  Spreading 
Along  a  Binary  Mixture 

We  will  observe  what  occurs  when  along  a  binary  mixture  of  gases 

In  front  of  the  shock  wave  are  large  gradients 
of  thermodynamic  magnitudes,  and,  consequently, 
there  appear  favorable  conditions  for  diffusion. 
Physically,  it  is  clear  that  in  front  of  the 
shock  wave  there  occurs  concentration  of  the 
light  component.  Really,  in  heated  gas  after 
the  front  of  the  shock  wave  the  molecules  of 
the  light  component  possess  larger  thermal 
velocity  than  the  molecules  of  the  heavy  com¬ 
ponent  (v  ~  V'  T/m) . 

Therefore,  molecules  of  light  gas  "burst 
forward"  and  somewhat  outstrip  molecules  of 

heavy  gas  (in  the  laboratory  system  of  coor¬ 
dinates,  where  initial  mixture  rests). 

Let  us  assume  that  in  heavy  gas  there  is  a  small  impurity  of  light 
gas.  Then  distribution  of  densities  of  basic,  heavy,  and  light  gases 
(p2  and  p^)  in  a  strong  shock  wave  has  the  form  shown  in  Fig.  7.10. 

There  depicted  is  the  profile  of  concentration  of  the  light  component: 

a  *  Pi/(p2  +  Pi)- 

Width  of  the  zone  in  which  there  is  an  increased  concentration 
of  light  component,  in  order  of  magnitude  is  equal  to  Ax  D/uq, 
where  D  is  the  coefficient  of  diffusion,  and  through  Uq  is  designated 


spreads  a  shock  wave. 
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Fig.  7.10.  Profiles 
of  pressure  and  den¬ 
sities  of  heavy  (P2) 
and  light  (p^)  com¬ 
ponents  and  concen¬ 
trations  of  light 
component  (a)  in  a 
shock  wave  spreading 
along  a  binary  mix¬ 
ture  of  gases. 
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here  the  speed  of  the  shock  wave.*  The  coefficient  of  diffusion  D 
of  an  order  of  where  is  thermal  velocity  of  light  gas  heated  in 

the  shock  wave,  and  Z  is  range  of  molecules.  Speed  of  front  Uq  of  the 
order  of  the  thermal  velocity  of  the  heated  heavy  gas  Uq  ~  v^.  But 
v^/vg  so  that  Ax  « Z.  Width  of  the  viscous  shock  wave 

is  of  the  order  of  z .  Consequently,  width  of  the  zone  of  concentration 
of  the  light  component  is  times  more  than  the  width  of  the 

shock  wave.  The  sharpest  components  are  most  sharply  distinguished 
during  great  difference  in  mass  of  particles  (m^/m^  »  1). 

This  effect  should  be  especially  clearly  expressed  in  the  case 
of  plasma  in  view  of  the  huge  difference  masses  of  electrons  and  ions. 
However,  in  plasma  an  essential  role  is  played  by  the  electrostatic 
interaction  of  electrons  and  ions,  which  very  strongly  limits  the 
diffusion  process  (see  about  this  in  §  13). 

Along  with  viscosity  and  thermal  conduction  diffusion  affects 
the  structure  of  the  front  of  the  shock  wave.  In  order  to  describe 
this  structure,  one  should  compose  an  equation  of  flat  stationary 
conditions,  just  as  this  was  done  in  §  2,  in  examining  a  viscous  shock 
wave.  Equations  of  conservation  of  mass  and  momentum,  the  first  and 
the  second  of  the  equations  of  (7.5),  remain,  obviously,  without 
changes  (under  p.  now  one  should  understand  the  coefficient  of  viscosity 
of  the  mixture).  In  equation  of  conservation  of  energy  (third  of  the 
equations  of  (7.5))  it  is  necessary  to  add  molecular  flow  of  heat, 
connected  with  diffusion,  and  instead  of  molecular  flow,  caused  by 
thermal  conduction  S,  to  write  sum  of  S  +  q.  In  system  of  equations 


♦This  follows  from  condition  of  stationarlness  of  total  flux  of 
the  light  component  in  the  system  of  coordinates  connected  with  the 
the  front.  Approximately  p^Uq  =  Ddp^/dx,  whence  p^  =  p^.  exp  (-UQjxj/D). 

Hare  is  used  approximated  boundary  condition,  according  to  which  one 
may  assume  that  at  point  x  =  0,  where  there  is  viscous  shock  wave, 
density  of  the  light  component  is  equal  to  its  final  value 


565 


now  will  enter  diffusion  flow  1,  to  which  is  proportional  flow  of  heat 


q,  i.e.,  will  enter  new  unknown  function,  concentration  a.  Therefore, 
to  the  system  there  should  be  added  one  more  equation.  This  is  the 
equation  of  continuity  (conservation  of  mass)  of  one  of  the  components 
(in  the  presence  of  an  equation  of  continuity  for  all  the  mass  of  gas; 
preservation  of  the  second  component  is  ensured  automatically). 

Condition  of  constancy  of  flow  of  mass  of  light  component  in  a 
flat  stationary  case  has  the  form* 

<ia« +< const  Q, 0,11, 

(before  the  wave  diffusion  flow  disappears).  Hence,  one  should  men¬ 
tion,  it  is  clear  that  after  the  wave,  where  diffusion  flow  also  dis¬ 
appears,  concentration  is  equal  to  initial  =  Qq  (since  =  PqUq) 

System  of  equations  of  a  one-dimensional  stationary  flow  in  a 
binary  mixture,  in  principle,  it  is  possible  to  solve  Just  as  for 
single-component  gas  (see  §  2).  Solution  will  give  distribution  of 
all  magnitudes  in  front  of  the  wave.  Such  problem  was  considered  by 
S.  P.  D'yakov  [20]  for  the  case  of  a  shock  wave  of  weak  intensity, 
when  it  is  possible  to  produce  expansion  of  all  magnitudes  (see  §  25* 
gl.  I).** 

As  was  shown  in  §  l8  and  25*  Chapter  I*  if  one  were  to  consider 
change  of  pressure  in  a  weak  shock  wave  Ap  =  p^  -  Pq  as  a  magnitude 
of  the  first  order  of  smallness*  then  change  of  volume  and  temperature 
also  constitute  small  magnitudes  of  the  first  order.  Full  change  of 
entropy  during  transition  of  gas  from  initial  state  to  final  2^  -  Zq 


♦General  equation  of  continuity  for  one  of  the  components  has  the 
form  [1] 


**See  also  work  of  Sherman  [21]. 


is  a  magnitude  of  the  third  order  of  smallness,  and  change  of  entropy- 
inside  front  of  wave,  let  us  say,  2  -  2^.  is  a  magnitude  of  the  sec- 

ond  order  of  smallness.  Width  of  the  front  of  the  shock  wave,  in  order 
of  magnitude,  is  equal  to  Ax  «  IPq/Ap,  where  I  is  range  of  molecules. 
From  equation  of  preservation  of  flow  of  one  component,  which  can  be 
rewritten  in  form 

a— cub>  —  — 

and  expression  for  diffusion  flow,  it  is  clear  that  change  of  concen¬ 
tration  in  wave  Aa  and  flow  i  is  a  magnitude  of  the  second  order  of 
smallness  (Indeed, 


a  —  a,  — >  1  — <  <{/>  l-dx  — <  A/>/Ai  (Ap)*). 

Consequently,  member  containing  gradient  of  concentration  in 
expression  for  diffusion  flow  it  is  possible  to  disregard  (da/dx  ~ 

Tt  P 

~  Aa/Ax  ~  (Ap)^,  then  as  dp/dx  ~  (Ap)  ). 

In  the  work  of  S.  P.  D'yakov  [20]  there  is  obtained  an  analytic 
solution  for  the  distribution  of  concentration  in  the  front  of  a  shock 


wave  of  weak  intensity.  We  will  not  here  introduce  it  (distribution 
has  the  form  shown  in  Fig.  7.11)#  but  we  will  estimate  change  of  con¬ 
centration  in  order  of  magnitude.  If  we  disregard  thermal  diffusion, 


which  usually  plays  a  smaller  role  than  baro- 
diffusion  (since  magnitude  of  kp  usually  is 


Fig.  7.11.  Profiles 
of  density  and  con¬ 
centration  in  a  shock 
wave  of  weak  inten¬ 
sity,  spreading  along 
a  binary  mixture  of 
gases. 


less  than  kp),  then  it  is  possible  to  record 

^  /  A*  • 

Coefficient  of  diffusion  D  ~  iv,  where 


thermal  velocity  of  molecules  v  is  of  twe 


order  of  the  speed  of  sound,  i.e.,  of  the  order 
of  Uq.  Noticing  that  Ax  ~  (p/Ap)l,  we  will 
find  Aa  kp(Ap/p)^. 
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Excess  quantity  of  the  light  component  gathered  by  the  shock,  wave 
(on  1  cm^  of  surface  of  front),  is  of  the  order  of 

JIfaiQ  ^  (a— a,)di~CAo*Ax~Qfcp-^l. 

In  a  sufficiently  strong  shock  wave,  where  Ap  ~  p',  Aa  ~  k^^,  M  ~ 

~  ok  l.  If  difference  in  mass  of  molecules  is  comparatively  great  (k  ~ 
r  p  *  p 

~  (nig  -  n^),  then  change  concentration  in  a  strong  wave  is  of  the 

actual  concentration  and  excess  mass  of  the  component  is  of  the  order 

of  the  actual  order  of  the  actual  mass  of  the  component  in  a  layer  with 

thickness  in  the  range  of  molecules. 

Above  it  was  noted  that  diffusion  is  like  viscosity  and  thermal 

conduction  leads  to  dissipation  of  mechanical  energy  and  increase  in 

entropy  of  the  gas  (see  about  this  in  [1].*  We  know  that  if  one  were 

to  exclude  from  consideration  the  dissipative  processes,  then  within 

the  bounds  of  hydrodynamics  of  an  ideal  liquid  a  shock  wave  constitutes 

a  mathematical  discontinuity.  The  discontinuity  fades  out  and  is 

turned  into  a  layer  of  final  thickness  with  continuous  distribution 

of  ma/,nitudes  only  during  calculation  of  dissipative  processes.  One 

themal  conduction  can  ensure  continuous  transiition  in  shock  wave  only 

if  the  amplitude  of  the  wave  is  not  too  great  (see  §  3). 

It  is  interesting  to  observe  whether  dissipation  of  diffusion 

origin,  without  taking  into  account  viscosity  and  thermal  conduction, 

can  ensure  continuous  transition  in  a  shock  wave  spreading  along  a 

binary  mixture.  This  question  was  investigated  by  Cowling  [22]  (Cowling 

disregarded  thermal  diffusion).  It  turns  out  that,  as  in  the  case  of 

the  action  of  only  thermal  conduction,  continuous  solution  is  possible 

only  during  amplitudes  of  shock  wave  not  exceeding  a  defined  limit, 

•Like  thermal  conduction  diffusion  can  lead  to  local  decrease  of 
entropy  (see  §  .  Thanks  to  diffusion  there  is  increased  entropy  of 
all  the  system  on  the  whole  or  entropy  of  a  particle  for  the  entire 

process,  let  us  say,  during  transition  from  the  initial  state  to  the 
final  in  the  shock  wave,  in  distinction  from  thermal  conduction  and 
diffusion,  viscosity  leads  to  local  increase  of  entropy,  i.e.,  because 
of  viscosity  entropy  of  particle  can  only  increase. 


which  depends  on  the  difference  in  mass  of  molecules  and  concentration 
of  components.  In  limiting  cases,  when  concentration  of  one  of  the 
components  aspires  to  zero  (a  0  or  a  -»  1),  i.e.,  when  gas  is  turned 
into  single-component  gas,  or  when  relative  difference  in  mass  aspires 
to  zero,  the  upper  value  of  the  possible  amplitude  of  the  shock  wave 
also  aspires  to  zero.  During  large  difference  in  mass  of  molecules 
and  congruent  numbers  of  molecules  of  both  sorts,  diffusion  ensures 
continuity  of  transition  up  to  rather  large  amplitudes  of  shock  waves, 
being  in  this  respect  more  effective  than  thermal  conduction.  Thus, 
for  instance,  in  a  mixture  of  hydrogen  and  oxygen  (m^/mg  »  1/8)  during 
molar  concentration  of  oxygen  (Ng/N),  equal  to  105^,  continuous  compres¬ 
sion  is  possible  of  mixture  in  shock  wave  up  to  4.78  times  (limiting 
compression  at  value  7  =  7/5.  which  was  accepted  in  calculation,  equal 

to  6).  One  thermal  conduction  can  ensure  continuous  compression  not 
■5^-1  4 

more  than  ^  times. 

2.  Relaxation  Layer 

§  6.  Shock  Waves  in  Gas  with  Delayed  Excitation  of  Certain 

Degrees  of  Freedom 

For  excitation  of  certain  degrees  of  freedom  of  gas*  there  are 
frequently  required  many  collisions  of  molecules,  where  necessary 
numbers  of  collisions,  i.e.,  relaxation  times,  for  various  degrees  of 
'’reedom  can  differ  strongly. 

Time  of  establishment  of  full  thermodynamic  equilibrium  in  the 
front  of  the  shock  wave,  and  consequently  also  the  width  of  the  front 
are  detemined  by  the  slowest  of  relaxation  processes.  Of  course. 


*Let  us  remember  that  for  brevity  of  terminology  "degree  of 
freedom"  also  includes  potential  energy  of  dissociation,  chemical 
transformation,  and  ionization. 
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one  should  take  into  account  only  those  processes  which  lead  to  excit¬ 
ation  of  degrees  of  freedom  giving  a  noticeable  contribution  to  heat 

capacity  during  final  parameters  of  the  gas.  If  -z  is  the  biggest 

ni9.x 

relaxation  time,  and  u^  is  the  speed  of  gas  after  the  front,  with 
respect  to  the  actual  front,  then  the  width  of  the  front  is  of  the 
order  of  Ax  ~  .♦ 

"Excited"  fastest  of  all  in  the  gas  are  forward  degrees  of  free¬ 
dom  of  particles.  Therefore,  machanical  energy  of  the  flow  of  gas 
incident  on  the  discontinuity,  first  of  all,  is  turned  into  energy  of 
forward  thermal  agitation  of  atoms  and  molecules  of  gas.  As  was  shown 
in  §  2,  width  of  viscous  shock  wave  in  strong  shock  waves  is  of  the 
order  of  one  or  several  gas  kinetic  mean  free  paths. 

During  room  temperatures,  rotation  in  molecules  is  excited  also 
fast,  as  a  result  of  the  small  number  of  collisions;  oscillations  with 
these  temperatures  usually  do  not  play  a  role.  Consequently,  the  width 
of  a  front  of  weak  shock  waves  spreading  along  molecular  gas,  heated 
to  room  temperature,  is  of  the  order  of  several  gas  kinetic  mean  free 
paths.** 

During  temperatures  of  the  order  of  1000°K,  when  magnitude  of 
kT  is  comparable  with  the  energy  of  vibrational  quanta  of  molecules 
hv^lb^  excitation  of  vibrations  requires  many  thousand,  and  sometimes 
tens  and  hundreds  of  thousands  of  collisions.  Width  of  front  of  shock 
wave  of  corresponding  amplitude  is  determined  by  relaxation  time  for 
vibrational  degrees  of  freedom. 

Speeds  of  relaxation  processes  always  rapidly  increase  with 
increase  of  temperature;  thus,  for  example,  temperatures  of  the  order 

♦Subsequently,  we  again  will  designate  speed  of  the  front  of  the 
shock  wave  through  D. 

♦♦Exceptions  are  molecular  hydrogen  and  deuterium,  in  which  for 
excitation  of  rotations  there  is  required  an  order  of  hundreds  of  gas 
kinetic  collisions  (see  §  2,  Chapter  VI}, 
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of  8000°K,  when  kT  »  for  excitation  of  vibratlonc  even  a  few 

collisions  are  sufficient.  Those  processes  which  during  any  wave 
amplitude  were  slow  and  which  determined  width  of  front,  in  a  wave  of 
large  intensity  become  fast,  and  others  arrive  to  replace  them. 

For  Instance,  at  a  temperature  of  the  order  of  4000-8000°K  in 
diatomic  gas  achievement  of  thermodynamic  equilibrium  basically  is 
delayed  because  of  slow  dissociation  of  molecules  (vibrations  are 
excited  comparatively  fast,  and  ionization  still  is  insignificant). 

At  a  temperature  of  the  order  of  20,000°K,  for  dissociation  of 
molecules  of  a  sufficiently  small  number  of  collisions,  and  width  is 
determined  by  speed  of  first  ionization  (second  ionization  is  imma¬ 
terial).  At  T  ~  50j000°K  for  replacement  of  first  ionization  there 
arrives  the  second, etc. 

Certainly,  the  boundary  of  the  temperature  range  in  which  a 
relaxation  process  is  slow  is  not  clear.  Exactly  so  at  a  given  tem¬ 
perature  not  always  only  one  of  the  processes  determines  thickness  of 
front.  But  in  any  approximation  it  is  always  possible  for  a  shock 
wave  of  a  given  amplitude  to  subdivide  processes  of  excitation  of 
different  degrees  of  freedom,  introducing  a  noticeable  contribution 
to  heat  capacity,  into  fast  and  slow.  Under  fast  we  should  understand 
processes  for  which  relaxation  times  are  comparable  to  gas  kinetic 

processes  and  for  which  characteristic  scales  Ax  =  are  of  the 

order  of  a  few  gas  kinetic  mean  free  paths,  i.e.,  are  comparable  with 
thickness  of  viscous  shock  wave.  The  slow  ones  Include  processes 
requiring  a  very  large  number  of  gas  kinetic  collisions. 

The  question  about  the  structure  of  the  front  of  the  front  of 
a  shock  wave  in  gas  with  delayed  excitation  of  part  of  the  heat  capac¬ 
ity  was  for  the  first  time  analyzed  by  one  of  the  authors  in  1946 
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,1 

[23,  24]  in  examples  of  reversible  chemical  reaction  and  excitation 
of  vibrations  in  molecules. 

Let  us  consider  qualitatively  the  process  of  shock  compression  in  ^ 

j 

gas  with  delayed  excitation  of  certain  degrees  of  freedom.  We  will 
not,  as  yet,  specify  forms  of  degrees  of  freedom  and  will  only  divide 
them  Into  two  categories:  those  which  are  excited  fast  and  those 
which  require  man^  gas  kinetic  collisions. 

Dissipative  processes  —  viscosity  and  thermal  conduction  —  play  ' 

a  role  only  in  the  region  of  large  gradients  of  hydrodynamic  magni-  4 

\ 

tudes,  i.e.,  in  the  zone  where  are  excited  rapidly  relaxing  degrees  of 
freedom.  This  zone,  in  some  measure,  coincides  with  the  region  of 
viscous  shock  wave.  In  the  zone  of  slow  relaxation,  stretched  to 

I 

distances  of  many  gas  kinetic  paths,  gradients  are  small  and  it  is  ■ 

possible  to  disregard  dissipation. 

We  will  not  be  Interested  In  the  structure  of  the  narrow  zone  of 
fast  processes.  It,  In  principle,  does  not  differ  from  the  structure 
of  viscous  shock  wave  considered  In  §  2.  Increase  of  heat  capacity 
because  of  fast  excitation  of  nonforward  degrees  of  freedom  Introduces 
only  certain  quantitative  changes  in  the  structure  of  viscous  shock 
without  changing  basic  qualitative  regularities.  Inasmuch  as  thick¬ 
ness  of  this  zone  Is  small,  of  the  order  of  several  paths.  It  Is  pos¬ 
sible,  approximately,  to  consider  it  as  Infinitely  thin  and  magnitudes 
along  both  sides  of  It  to  connect  by  equations  of  preservation,  fully  ’ 

analogous  to  equations  (7.4).  Subsequently,  for  deflnltlveness  of 
terminology,  we  will  call  the  zone  of  fast  relaxation  ’’compression 
shock"  In  distinction  from  the  idea  of  "front  of  shock  wave,"  which 
Includes  all  the  transition  region  from  Initial  to  final  thermody¬ 
namically  equilibrium  state.  Marking  hydrodynamic  magnitudes  directly 
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after  compression  shock  by  a  stroke,  we  will  record  equation  for 
determination  of  these  magnitudes 


V 


q'u'  -  p'  +  c'u'» «  Po  +  Co^*;  iw' + =  n;, + ^  . 

Enthalpy  w*  »w*(p*,  p*)  «w'(T*,  p')  Includes  only  the  rapidly  excited 
degrees  of  freedom  of  gas. 

Stretched  zone  of  slow  relaxation  Is  described  by  Integrals  of 
equations  of  a  one-dlmenslonal  stationary  flow  of  type  (7.5)>  In  which 
It  Is  possible  to  disregard  dissipative  members. 

Considering  p,  p,  e,  w,  u  as  functions  of  current  coordinate  x, 
we  will  record  Integrals  of  equations  In  this  zone; 

P+C“*"Po+C*^*=p'  +  cV»,  (7.1?) 

*+ “J"*®** +-2~  =  l» 

Origin  of  coordinates  x  =  0  Is  convenient  to  place  at  a  point  corre¬ 
sponding  to  compression  shock,  which  Is  considered  "infinitely  thin, " 
Exactly  so  if  one  were  to  trace  the  change  In  time  of  the  state  of  a 
specific  particle  of  gas  passing  through  the  front  of  a  shock  wave, 
then  for  Initial  moment  t  =  0  it  Is  convenient  to  take  the  moment  of 


sharp  compression  In  the  shock  wave.  Initial  or  boundary  conditions 
for  gas-dynamic  parameters  p(x),  u(x),  etc.,  have  the  form  p(0)  = 

»  p*,  u(0)  =  u',  etc.  At  X -*  +C0,  as  also  earlier,  p(co)  =  p^,  u(cd)  » 
»  u^,  etc. 

Let  us  depict  on  diagram  p,  V  two  adlabats  of  Hugonlot,  coming 
out  of  point  A  of  initial  state  of  gas  (Fig.  7.12).  One  of  them  (ll) 
corresponds  to  achievement  of  full  thermodynamic  equilibrium,  l.e.. 


corresponds  to  final  states  of  gas  after  front  of  shock  wave.  The 
other  (I)  corresponds  to  excitation  only  of  rapidly  relaxing  degrees 
freedom  and  the  "frozen"  nature  of  the  slowly  relaxing  ones  (during 
calculation  of  adlabat  I  It  is  considered  that  specific  Internal 
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energy  In  slowly  excited  degrees  of  freedom  Is  the  same  as  In  the 
Initial  state.  In  spite  of  the  fact  that  density  and  pressure  of  gas 

change) . 

Adlahat  I  Is  steeper  than  II,  as  was  shown 
In  Pig.  7.12.  Actually,  during  Identical  den¬ 
sity,  temperature  and  pressure  of  gas  during 
the  "freezing”  of  certain  degrees  of  freedom 
are  higher  since,  roughly  speaking.  Identical 
energy  of  compression  Is  distributed  among 
a  smaller  niunher  of  degrees  of  freedom.* 

Let  us  make  straight  line  AC,  connecting 
Initial  and  final  state  of  gas.  As  Is  known, 
slope  of  this  straight  line  Is  determined  by 
speed  of  propagation  of  shock  wave  along  unex¬ 
cited  gas  D. 

From  the  first  two  equations  of  (7.17)  It  follows  that  the  state 
of  a  particle  of  gas  In  the  relaxation  zone  changes  along  this  straight 
line: 

(7.18) 

Thus,  a  point  describing  the  consecutive  states  of  a  particle  of 
gas  at  a  given  speed  of  front,  by  a  Jump  pressure  from  Initial  state 
A(Po#  Vq)  to  Intermediate  state  B(p'V')  after  compression  shock  and 
then  moves  to  final  state  C(p^,  V^)  along  a  straight  line  (7.I8), 
Pressure  and  compression  Increase  as  It  approaches  final  state,  but 

*Wlth  this,  as  calculations  show.  Increase  In  number  of  particles 
during  dissociation  or  Ionization  does  not  compensate  for  decrease  of 
temperature  because  of  expenditures  of  energy  on  dissociation  and 
Ionization  during  constant  volume,  so  that  pressure  In  case  II  Is, 
nevertheless,  less  than  In  case  I. 
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Pig.  7.12.  p,  V-dla- 
gram  for  a  shock  wave 
spreading  along  gas 
with  delayed  excit¬ 
ation  of  part  of  the 
degrees  of  freedom. 


speed  of  gas,  with  respect  to  the  front, 
decreases. 

If  a  wave  is  so  weak  that  the  speed  of  it 
is  less  than  the  speed  of  sound,  corresponding 
to  the  frozen  nature  of  part  of  the  degrees  of 
freedom,  straight  line  AC  passes  below  tangent 
to  adiabat  I  at  point  A  (Fig.  7.13).  With 
this,  the  state  changes  continuously  along 
straight  line  AC  from  point  A  to  point  C,  and 
in  the  gas,  from  the  very  beginning,  occurs 
gradual  excitation  of  the  delayed  part  of  heat 

capacity. 

From  formula  (7.18)  it  Is  clear  that  pressure  in  the  relaxation 
zone  in  a  strong  shock  wave  increases  somewhat.  Really,  even  if  in 
the  zone  of  fast  compression  there  are  excited  only  forward  degrees 
of  freedom,  V’/Vq  »  1/4,  then  pressure,  in  the  relaxation  layer  can 
grow  not  more  than  255^,  since  magnitude  1  -  which  is  propor- 

tlonea  to  change  of  pressure  p  -  p^,  is  Included  in  Interval  1  >  1  - 
—  >  1  -■  V»/Vq  »  3/4.  If  j  however,  other  degrees  of  freedom  are 

fast  excited,  V*/Vq  <  1/4#  change  of  pressure  in  the  relaxation  zone  is 
still  less.  Quite  insignificant  is  the  Increase  of  enthalpy  in  the 
relaxation  region.  From  the  third  and  first  equations  of  (7.17)  it 
follows  that 

•  (7.19) 

Magnitude  (V/Vq)  <  l/l6,  so  that  increase  of  enthalpy  in  relax¬ 
ation  zone  in  any  case  does  not  exceed  5-65^. 


Fig.  7.13.  P>  V-dla- 
gram  for  a  weak  shock 
wave  spreading  along 
gas  with  delayed  exci¬ 
tation  of  part  of  the 
degrees  of  freedom. 

AK  —  tangent  to  shock 
adiabat  I  at  point  A. 
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Inasmuch  as  in  the  relaxation  zone  spe¬ 
cific  emthalpy  is  almost  constant,  and  heat 
capacity,  according  to  the  amount  of  exitatlon 
of  earlier  frozen  degrees  of  freedom,  increases, 
temperature  in  it  decreases.  Decrease  of 
temperature  can  be  quite  considerable  if  the 
delayed  part  of  heat  capacity  is  large  and 
Introduces  a  large  contribution  to  final  heat 
capacity  of  the  gas.  Final  temperature  can 
be  two-three  times  less  than  temperature  T' 
after  compression  shock.  Exactly  so  can  con¬ 
siderably  Increase  also  density  of  gas  (roughly 

speed,  and  temperature 

in  the  front  of  a  speaking,  p  ~  pT;  p  changes  slightly  and  T 

shock  wave  spreading 

along  gas  with  delayed  strongly).  Profiles  of  p,  p,  u,  T  in  the  front 
excitation  of  part  of 

the  degrees  of  freedom;  of  a  shock  wave  spreading  along  gas  with 
A  X  w  UT  1  is  width 

of  front.  delayed  excitation  of  part  of  the  heat  capacity 

are  depicted  schematically  in  Fig.  7.1^. 

For  concrete  calculations  of  profiles  one  should  use  equations 
of  kinetics  for  corresponding  relaxation  processes,  which  will  be 
done  for  several  cases  in  the  following  paragraphs. 

Let  us  note  that  if  a  shock  wave  is  created  by  a  piston  moving 
with  constant  speed  u,  then  speed  of  gas  after  compression  shock 
relative  to  undisturbed  gas  D  -  u'  does  not  coincide  with  speed  of 
piston  (it  is  less  than  the  latter);  with  speed  of  piston  coincides 
only  relative  speed  of  gas  in  final  state  after  front  of  wave:  D  -  u^. 
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Fig.  7.1^.  Profiles 
of  pressure,  density 


§  7.  Excitation  of  Molecular  Vibrations 


of  the  shock  wave  (depending  upon  type  of  molecules),  dissociation  of 
molecules  is  very  small,  and  the  contribution  of  chemical  energy  to 
Internal  energy  of  the  gas  it  is  possible  to  disregard.  Broadening 
of  the  front  occurs  basically  because  of  delayed  excitation  of  molecu¬ 
lar  vibrations.  Rotation  of  molecules  with  such  temperatures  are 
excited  very  fast,  as  a  result  of  several  collisions,  so  that  rotary 
energy  In  each  point  of  the  front  of  the  wave  Is  equilibrium  and 
corresponds  to  "forward"  temperature  of  gas  at  this  point. 

We  will  consider  diatomic  gas  from  molecules  of  one  sort.  In  the 
Initial  state  heated  to  normal  temperature  of  an  order  of  Tq  «  300°K. 
With  such  temperature  vibrational  energy  Is  exceedingly  small  and 
adiabatic  Index  Is  equal  to  7/5.  Parameters  of  gas  after  compression 
shock  It  Is  possible  to  calculate  with  the  help  of  the  usual  formulas 
for  Ideal  gas  with  constant  heat  capacity  corresponding  to  the  par¬ 


ticipation  of  only  forward  and  rotary  degrees  of  freedom  of  molecules 
and  adiabatic  Index  7’  »  7/5.  Let  us  v;rlte  out  these  formulas,  char- 

p 

acterlzlng  amplitude  of  shock  wave  by  Mach  number  (M  «  L/cqJ  Cq  « 

-  V(^Q)t  as  this  Is  assumed  when  carrying  out  laboratory  Investi¬ 


gations: 


•'  _  « 
t  I+SFT' 

* 


Parameters  of  final  state,  after  the  front  of  the  shock  wave.  It  Is 
possible  to  calculate  with  general  relationships  on  the  front,  being 
given  by  functions  or  e^(T^)  taking  Into  account  vibrational 

energy. 

In  general  the  final  parameters  of  the  gas  are  not  expressed  by 
simple  formulas,  since  vibrational  energy  In  the  quemtum  region  In  a 
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complex  form  depends  on  temperature  (see  formula  (5.19)).  If  one  were 
to  consider  sufficiently  strong  shock  waves  in  which  temperature  after 
the  front  is  larger  than  energy  of  vlhratlonal  quanta  divided  by  Boltz¬ 
mann  constant,  >  hv/k,  then  vibrational  energy  is  equal  to  its 
classical  value  kT  per  molecule  and  e  «  -« p/p,  where  adiabatic 
index  7  »  9/7.  In  this  limiting  case  *  7/2  shock  adiabat  has 


simple  form:* 


Pi  _  ft-Vt/Vt 


rsy>  at  ^i/A>4*8 

V,  *  • 


(7.20) 


With  the  help  of  general  relationship  (I.67),  from  which  it  follows 


that 


pU£szJl 

i-VUVt 


(7.21) 


it  is  possible  to  easily  express  P^/Pq>  Just  as  V^/Vq  and  T^/Tq  - 
“  Pi^i/Pq^O^  through  Mach  number  M. 

It  is  necessary  to  say  that  domain  of  applicability  of  the  shown 
simple  formula  for  shock  adiabat  of  diatomic  gas  is  very  limited. 

If  <  hv/k,  then  vibrational  energy  is  not  equal  to  kT;  at  tempera¬ 
tures  noticeably  exceeding  hv/k,  dissociation  of  molecules  becomes 
essential. 

Let  us  consider  for  example  a  shock  wave  in  oxygen  with  Mach 
number  M  -  7,  Let  us  assume  that  initial  temperature  is  equal  to  T  » 

»  500°K .  If  initial  pressure  is  atmospheric,  speed  of  sound  is  equal 
to  Cq  «  550  m/sec.  and  speed  of  shock  wave  D  »  2.45  km. /sec.  Para¬ 
meters  of  gas  after  compression  shock  are  equal  to  p'/Pq  *  5.45^ 

P'/Pq  -  57,  T‘/To  -  10.5,  T’  -  5150°K. 

Parameters  in  final  state  after  front  of  wave  are:  P^/Pq  *  7.3, 


*We  will  emphasize  that  these  formulas  do  not  coincide  with 
formulas  for  gas  with  constant  index  7  -  9/7,  since  in  initial  state 
7  -  7/5  and  £q  =  5/2  PqVq. 
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Pi/Pq  "  60,  T^Aq  "  8.2,  -  2460°  K.  For  oxygen  hv/k  “  22^0°K; 

a  little  more  than  this  magnitude,  so  that  a  simple  formula  for  cal-  . 
culatlon  of  It  Is  possible  to  use  (dissociation  of  oxygen  with  such^l 
a  temperature  and  not  too  small  a  density  Is  so  small  that  It  Is  pos¬ 
sible  not  to  consider  It). 

Let  us  find  the  distribution  of  parameters  of  gas  In  the  relax-  J 
ation  zone  and  we  will  estimate  Its  width.  Specific  Internal  energy 
of  gas  at  any  point  x  Is  composed  of  the  energy  of  forward  and  rotary 
degrees  of  freedom,  equal  to  5/2  AT,  where  T  Is  "forward"  temperature 
at  point  X,  and  A  Is  constant,  calculated  per  gram,  and  nonequi librium 
energy  of  vibrations  ,  which  we  will  designate  s  e  -  ^  AT  + 

As  already  was  noted  above,  specific  enthalpy  practically  does  not 
change  In  relaxation  zone  (in  the  given  numerical  example  its  change 
Is  only  156),  therefore, 

V  at  y  ilT  4- ^  const  Vt 

This  formula  connects  nonequilibrium  energy  of  vibrations  with 
temperature  at  point  x.  Directly  after  compression  shcclc  vibrations 
are  still  not  excited  (In  initial  state  at  T  ■  Tq  •«  500°K  vibrational 
energy  Is  very  small),  so  that  at  point  x  -  0  after  compression  shock 
-  0.  Then  starts  gradual  excitation  of  vibrations;  Ej^  grows,  and 
temperature  drops  from  T*  to  final  quantity  T^,  at  which  vibrational 
energy  attains  equilibrium  value  corresponding  to  this  temperature 
In  order  to  find  distribution  of  temperature  with  respect  to  x,  we 
will  use  equation  of  kinetics  of  excitation  of  vibrations  (6.9)* 

•k(n-*k 
TT— -tT”' 

^ere  ej^(T)  is  equilibrium  energy  of  vibrations,  corresponding  to  for¬ 
ward  temperature  T,  and  Tj^  is  relaxation  time. 

We  will,  for  simplicity,  consider  only  sufficiently  strong  shock 


waves  In  which  temperature  Is  high  and  equilibrium  vibrational  energy 

Is  expressed  by  classical  formula:  ■  AT.  With  this  “ 

-  AT  ■  AT^  -  ^  AT.  Substituting  these  expressions  In  equation  of 

kinetics  and  pcsslng  from  particle  time  derivative  to  differentiation 

with  respect  to  coordinate,  taking  Into  account  statlonarlness  of  the 
d  ^  ^  d 

process:  ^  will  obtain  equation: 

dM  T  nr*  * 

Relaxation  time  Tj^  depends  on  temperature  and  density  (or  pres¬ 
sure)  of  gas.  This  dependence  It  Is  possible  to  describe  approximately 
by  the  formula  (6.17),  derived  In  §  4.  Chapter  VI: 

;  V 

For  the  purpose  of  clarification  of  the  physical  side  of  the 
matter  we  will  approximately  consider  magnitude  utj^  In  the  relaxation 
zone  as  constant  and  corresponding  to  a  certain  average  between  T'  and 
T^,  p’  and  to  values  of  temperature  and  density  (u  -  Dp^/p).  Such 
an  approximation  has  meaning  since  temperature  and  density  change  not 
strongly.  Thus,  in  our  numerical  example  temperature  changes  by  1.28 
times,  T^^^  —  by  1.08  times  and  density  and  speed  change  by  1.34  times. 

Integrating  the  equation  for  temperature  with  Initial  condition 
T  ■  T'  at  X  ■  0  and  taking  Into  account  the  fact  that  owing  to  con¬ 
dition  w'  ■  w^,  T'  ■  ^  T^,  we  will  obtain  profile  of  temperature: 

Considering  that  pressure  Is  almost  constant  (p  ~  pT  »  const),  and 
temperature  changes  also  not  strongly,  we  will  find  approximately 
distribution  of  density: 


(7.22) 
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Thus,  temperature  and  density  at  x  -♦ ao  asymptotically  near  their 


final  values  where  effective  width  of  relaxation  zone  and  front 

of  shock  wave  Is  equal,  approximately  to 


Table  7.1. 


Ax— iutk.  (7.23) 

Formulas  (7.22),  (7.23)  can  serve  for  experimental  determination 
of  time  of  vibrational  relaxation.  For  this  purpose,  usually  by 
Interferometric  method.  Is  measured  distribution  of  density  after 
compression  shock  and  width  of  front  of  shock  wave  (see  Chapter  IV). 
For  deriving  more  exact  data  from  experiment  the  presented  simple 
theory  It  Is  possible  to  deflnltlze,  considering  quantum  dependence 
of  vibrational  energy  on  temperature,  changeability  of  speed  u  ■  u(x), 

etc.  A  qualitative  picture  of  dls~ 
■ZSL -J — I - - trlbutlons  and  the  order  of  width  of 

M  D.XL  TJ  pj/P, 

_ _  the  front,  all  of  these  more  precise 

o^gen  definitions,  of  course,  do  not  change. 

S.95  I  2.08  I  2000  |  6.3  I  5  I  0.166 

8.0  1  tjt  1  3W I  M  !  0.8  I  iSi  The  presented  theory  Is  extended 

nitrogen  even  to  vibrational  relaxation  In 

7,42  2,43  3000  6.55  I  30  1,11 

9,87  3,26  5000  7,14  5  0,23  polyatomic  molecules  If  the  amplitude 

of  the  shock  wave  Is  such  that  there 
are  excited  only  the  most  low-frequency  vibrations.*  Calculations 
and  measurement  for  CO^v  and  NgO  gases  are  In  work  [25].  In  Table  7.1 
there  are  given  several  values  of  width  of  front  of  shock  waves  In 
oxygen  and  nitrogen,  determined  by  vibrational  relaxation  (according 
to  measurements  of  Blackman  [26]). 


M  . 

D,  ~ 

ate 

Pl/Ot 

ttio*, 

f«c 

Am,  tM 

5.95  1 

1  2.08  1 

o^gen 

1  2000  1  6.3  1 

1  5 

9.165 

8.0  1 

1  2.8  1 

1  3300  1  7.1  , 

,  0,8 

0,031 

7,42 

2.43 

nitrogen 

3000  6.55 

30 

l.tl 

9,97 

3,26 

5000  7,14 

5 

0.23 

♦In  the  case  of  nonlinear  polyatomic  molecules  the  numerical 
coefficient  9/7  In  formulas  (7.21)  and  (7.22)  It  Is  necessary  to 
replace  by  11/9  In  accordance  with  different  rotary  heat  capacity 
(3/2  k  per  molecule  Instead  of  1  k). 


They  are  given  to  pressure  after  the  front  =■  1  atm,  (Ax  ~  x  ~ 
~  l/pji^).  Initial  temperature  -  296°. 

The  most  detailed  survey  of  all  theoretical  works  dedicated  to 
calculating  the  structure  of  the  zone  of  vibrational  relaxation  in 
the  front  of  a  shock  wave  Is  contained  In  article  Blythe  [57].  There 
are  considered  the  most  varied  approximate  solutions,  and  also  are 
presented  results  of  exact  solutions  of  equations,  obtained  with  the 
help  of  computers  (see  also  [58]). 

We  will  note  “veral  of  these  experimental  works  in  which  is 
studied  vibrational  relaxation  in  the  front  of  a  shock  wave  and  are 
determined  corresponding  relaxation  times  and  speed  of  excitation  of 
vibrations.  Oxygen  was  studied  In  works  [59*  60],  nitrogen  oxide  in 
[61],  carbon  oxide  In  [62],  carbon  dioxide  In  [65*  64], 

§  8.  Dissociation  of  Diatomic  Molecules 
At  temperatures  after  the  front  of  a  shock  wave  In  diatomic  gas 
of  the  order  of  3000-7000‘^K  there  Is  not  yet  Ionization,  vibrations 
of  molecules  are  excited  comparatively  fast  and  broadening  of  the 
front  of  the  wave  Is  connected  with  the  slowest  releixation  process  — 
dissociation  of  molecules.  Appraisals  show  that  time  of  vibrational 
relaxation  at  shown  temperatures  Is  approximately  one  order  less  than 
time  of  establishment  of  equilibrium  dissociation.  Therefore,  It  Is 
possible  approximately  to  consider  vibrational  energy  at  each  point 
of  relaxation  zone,  just  as  rotary  In  equilibrium.  Parameters  of  gas 
after  compression  shock  correspond  to  Intermediate  valves  of  adlabat 
index  7*  »  9/7  (vibrations  during  such  high  temperatures  are  fully 
"classic”).  It  is  possible  to  calculate  them  by  the  formulas  (7.20) 


Noticeable  dissociation  appears  only  in  sufficiently  strong  shock 
waves,  so  that  compression  after  compression  shock  Is  close  to  limiting. 


which  corresponds  to  index  7  ■  9/?  and  equal  to  8  (we  assume  that 
shock  wave  spreads  along  gas  heated  to  normal  temperature  T  «  500°K). 
Formulas  (7.20)  and  (7.21)  are  simplified  and  given  approximately 

T,“32o“’ 


where  M  Is  Mach  number. 

Parameters  of  gas  after  front  of  shock  wave,  taking  into  account 
dissociation,  are  not  expressed  by  simple  formulas  (see  §  9#  Chapter 
III);  they  are  not  calculated  on  the  basis  of  general  relationships 
on  front . 

Let  us  find  the  distribution  of  parameters  of  gas  in  the  relax¬ 
ation  zone.  Specific  Internal  energy  of  gas,  taking  into  account 
dissociation  of  molecules,  is  equal  to  (see  formula  (5.21)): 


where  U  is  energy  of  dissociation  of  1  g  of  gas,  and  a  is  degree  of 
dissociation  (which  can  be  nonequilibrium). 

Inasmuch  as  already,  directly  after  compression  shock,  the  com¬ 
pression  of  gas  is  very  great  (close  to  octuple),  change  of  pressure 
in  relaxation  iJione  is  small,  and  change  of  enthalpy  is  insignificantly 
small.  Hence  it  follows  that 


p«.4(l+o)Qr«ticon8t-ip'-ilQT,  (7.24) 


(7.25) 

These  formulas  permit  expressing  degree  of  dissociation  and  density 
at  point  X  of  wave  through  temperature,  or  temperature  and  density 
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through  degree  of  dissociation.  Thus,  for  instance,  disregarding 
a  (a  <  1)  as  compared  to  9>  we  will  find  from  formula  (7.25): 

(7-26) 

where  =  U/A  (for  Instance,  for  oxygen  *  59>^00°K). 

After  compression  shock  at  point  x  »  0  there  is  not  yet  disso¬ 
ciation  a  =  0  and  T  =  T'. 

Then  starts  dissociation;  degree  of  dissociation  grows,  and 
temperature,  due  to  expenditures  of  energy  on  dissociation,  drops. 

This  occurs  as  long  as  dissociation  does  not  attain  equilibrium  value 
corresponding  to  temperature  of  gas. 

For  finding  distributions  of  parameters  with  respect  to  x  we  will 
use  an  equation  of  the  kinetics  of  dissociation  (see  §  5>  Chapter  VI). 

Let  us  consider  here  shock  waves  of  not  very  great  amplitude,  in 
which  the  degree  of  dissociation  obtainable  after  the  front  is  small: 

«  1.  In  this  case  it  is  possible  to  disregard  dissociation  of 
molecules  by  blows  of  atoms  and  to  leave  in  equation  of  kinetics  (6.21) 
only  members  corresponding  to  dissociation  by  blows  of  molecules  and 
recombination  of  atoms  in  triple  collisions  with  the  participation  of 
molecules  as  third  particles.  During  transition  in  equation  of  kinet¬ 
ics  (6.21)  from  numbers  of  atoms  in  cm^  to  degrees  of  dissociation  by 
the  formula  =  2aN°  (N°  is  number  of  initial  molecules  in  cm^),  one 
should  differentiate  with  respect  to  time  only  the  degree  of  disso¬ 
ciation,  but  not  the  density  of  gas  (l.e.,  N°),  since  in  equation 

(6.21)  there  is  no  member  describing  density  change.  If  we  add  such 

dNo 

a  member,  then  it  will  be  reduced  with  component  2a  — obtained 
during  differentiation  of  N°  in  expression 

N^.  -  UTeu) 

Disregarding  in  all  members  magnitude  of  a  as  compared  to  unity, 
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considering  determination  of  time  of  relaxation  t  (6.25),  and  passing 
from  particle  time  derivative  to  derivative  with  respect  to  coordinate, 
we  will  record  equation  of  kinetics  In  the  form 

d*  2irt  L  («»)  J  * 

where  (a)  Is  equilibrium  degree  of  dissociation,  corresponding  to 
temperature  and  density  of  gas  at  point  x  (see  formula  (6.25)). 

As  also  In  the  preceding  paragraph,  we  will  consider  relaxation 
time  t(T,  p)  and  speed  of  gas  with  respect  to  compression  shock 
u  =  Dpq/p  as  constants  and  corresponding  to  certain  mean  values  of 
temperature  and  density  In  the  relaxation  zone.  If  final  degree  of 
dissociation  Is  very  small,  change  of  temperature  and  density  Is  not 
very  great,  and  for  the  purpose  of  rough  estimate  such  an  approximation 
Is  possible  to  make.  Equilibrium  degree  of  dissociation  (a)  which 
depends  on  T  and  p,  also  we  will  consider  constant  and  equal  to  degree 
of  dissociation  In  final  state  Integrating  with  these  assumptions 

the  equation  of  kinetics  and  subordinating  the  solution  to  initial 
condition  a  =  0  at  x  »  0,  we  will  obtain 


a,+o“* 


(7.27) 


If  one  were  to  substitute  degree  of  dissociation  a  calculated 
by  this  formula  In  expression  (7.26),  we  will  find  profile  of  temper¬ 
ature  T(x)  (at  a  ■  a^,  T  *  7'^)*  then  by  the  formula  (7.24)  we  will 
find  profile  of  density  p(x).  We  will  not  extract  formulas  for  distri¬ 
butions  T(x)  ana  p(x).  It  is  clear  that  they,  Just  as  formula  (7.27), 
testify  to  the  asymptotic  tendency  of  these  magnitudes  toward  final 
values  after  front  of  the  wave  and  p^.  Effective  width  of  relax¬ 
ation  zone  and  the  front,  as  one  should  have  been  led  to  expect.  Is 
equal  to  approximately 


Ar  « icr. 


where  t  is  certain  average  relaxation  time  In  nonequilibrium  zone. 

Nonequilibrium 
dissociation  In  the 
front  of  the  shock 
wave  by  experiment  was 
studied  by  many  authors. 
A  whole  series  of  works 
Is  dedicated  to  oxygen. 
Matthews  [2?]#  by 
Interference  method, 
measured  distribution 
of  density  In  non- 
equlllbrlum  zone  after 
compression  shock  In  a  shock  tube.  Experimental  data  were  compared 
with  theoretical  calculations  carried  out  on  the  basis  of  a  solution 
of  an  equation  of  kinetics  of  dissociation.  There  was  calculated  a 
number  of  profiles  with  different  values  of  constants,  entering  In 
the  expression  for  speed  of  reaction,  and  constants  we/e  chosen  so 
that,  best  agreement  with  experiment  be  received.  Calculations  of 
profiles  were  made  more  exactly  than  this  was  presented  above). 

The  speed  of  dissociation  of  oxygen  obtained  from  the  experiment, 
was  given  In  §  6,  Chapter  VI.  In  Fig.  7.15  Is  depicted  the  profile 
of  density  In  non equilibrium  zone  of  a  shock  wave  In  oxygen  according 
to  Matthews.  From  Fig.  7.15  It  Is  clear  that  width  of  the  front  of 
a  shock  wave.  In  experimental  conditions.  Is  of  the  order  of  Ax  «  1  cm. 
S.  A.  Losev  [28]  and  N.  A.  Generalov  and  S.  A.  Losev  [29]  measured 
distribution  of  temperature  after  compression  shock  In  zone  of 


Pig.  7.15.  Distribution  of  density  after 
compression  shock  In  oxygen  according  to  [27]. 
Initial  pressure  Pq  «  19.6  mm  Hg,  Initial  tem¬ 
perature  Tq  “  500°k. 
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nonequilibrium  dissociation  of  oxygen  with  respect  to  absorption  of 

4 

ultraviolet  radiation  in  Schumann  —  Runge  bands  of  molecules  of  Og, 
which  depends  on  temperature.  With  respect  to  absorption  of  light  was 
studied  the  speed  of  dissociation  of  bromine  and  iodine  in  a  shock 
wave  [30].  Reference  to  many  works  can  be  found  in  review  [31]. 

Recently  there  appeared  experimental  works  of  Camac  [65],  Rink, 
and  others  [66]  in  which  was  studied  dissociation  of  oxygen  in  a 
shock  wave,  work  [67],  in  which  was  investigated  dissocia-"  ■’  n  of  hydro 
genj  in  work  [68]  was  studied  dissociation  and  recombim  .  of  nitro¬ 
gen. 


§  9.  Shock  Waves  in  Air 

Air  constitutes  a  mixture  of  two  diatomic  gases;  nitrogen  and 
oxygen  (79  21^  in  n\imber  of  molecules).  In  shock  waves,  whose 

amplitudes  correspond  to  final  temperatures  ~  3000-8000°K,  there 
is  observed  a  considerable  expansion  of  the  front  of  the  shock  wave 
due  to  dissociation  of  molecules  of  nitrogen  and  oxygen.  Besides 
reactions  of  dissociation,  in  heated  air  there  occurs  the  reaction  of 
oxidation  of  nitrogen.  Definition  of  profiles  of  gas-dynamic  magni¬ 
tudes  in  the  front  of  a  wave  euid  the  width  of  the  front  requires  Joint 
solution  of  equations  of  kinetics  of  all  these  reactions. 

Such  calculations  were  made  by  Duff  and  Davidson  [32],  and  also 
by  a  number  of  other  authors.  A  number  of  works  are  dedicated  to  the 
experimental  study  of  nonequilibrium  zone  in  air  with  the  help  of 
shock  tubes.  References  to  these  works  can  be  found  in  review  [31]. 

We  will  give,  for  Illustration,  results  of  calculations  [32] 
(calculations  were  made  with  an  electi'onic  computer).  In  calculations 
were  taken  into  account  the  following  basic  chemical  reactions; 
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0,+m:^104  0+m, 

n,+m:;!:n+n+m, 

no+mz^n+o+m. 

0+N,;;ZNO+N, 

N+0,:JlN0+0. 

In  all  these  reactions  M  corresponds  to  any  atom  or  molecule. 

For  three  reactions  of  dissociation  were  accepted  the  following  con- 

14  l4  ^  14  -2 

stant  values  of  recombination  rates:  3*10  ,  3*10  and  6*10  mole 

6  —1 

•cm  .  sec  .  Speeds  of  straight  fourth  and  fifth  reactions  were  taken 
In  the  form 

**  -  5 . 10“  exp  (  -  2^)  n,ole  .  cm* .  sec-‘. 

I 

I'lC^'F^exp  ^  mole  em**'8ec** 

(compare  with  data  In  §  8,  Chapter  VI). 

Calculations  were  conducted  on  two  assumptions;  1)  vibrational 
degrees  of  freedom  at  every  point  of  the  nonequilibrium  zone  are 
equilibrium  degrees  of  freedom,  2)  the  kinetics  of  excitation  of 
vibrations  were  calculated  simultaneously  with  the  kinetics  of  chemical 
reactions.  Distributions  of  temperature  and  density  after  compression 
shock  In  a  shock  wave  with  Mach  number  M  -  14,2,  spreading  along  air 
with  Pq  «  1  mm  Hg,  Tq  -  500°K  are  shown  In  Fig,  7.16.  Temperature 
after  compression  shock  T'  Is  equal  to  9772°K  If  It  Is  considered 
that  In  the  discontinuity  are  excited  equilibrium  vibrations,  and 
12,000°K  —  without  taking  Into  account  vibrations. 

Curves  of  the  first  calculation  are  solid  lines,  of  the  second 
are  dotted.  Divergence  of  curves  Is  not  very  great  but  still  notice¬ 
able  since  speeds  of  chemical  reactions  not  very  greatly  exceed  speed 
of  excitation  of  vibrations.  Width  of  front  of  wave  Is  shown  condi¬ 
tions,  as  can  be  seen  from  Fig.  7.16,  Is  of  the  order  of  5  mm. 
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Width  of  relaxation  layer  in 
air  in  the  region  of  dissociation 
was  measured  by  N.  A.  Generalov 
and  S.  A.  Losev  [53].  Change  of 
temperature  in  relaxation  layer 
was  recorded  with  respect  to 
change  of  absorption  of  light 


Fig.  7.16.  Profiles  of  temper¬ 
ature  and  density  in  the  front  of 
a  shock  wave  in  air  with  Mach 
number  M  -  14.2.  Along  the  axis 
of  ordinates  are  temperatures  and 
density  ratio  p/pQ.  Initial  pres¬ 
sure  Pq  -  1  mm  Hg,  temperature 
Tq  =  300*^K.  Solid  curves  corre¬ 
spond  to  instantaneous  excita¬ 
tion,  and  dotted  curves  to  ter¬ 
minal  velocity  of  excitation  of 
vibrations. 


from  outside  source  in  Schumann  —  1 

Runge  bands  of  molecules  of  oxygen.  1 

d 

j 

Pressure  after  the  front  of  the  | 
shock  wave  was  close  to  atmos-  1 

■.i 

pherlc.  At  D  -  3.7  km/sec  Ax  w  i 

•I 

«  0.5  cm  (average  temperature  in 
layeiT'r  •>»  4500°K);  at  D  «  2.8 


km/sec  Ax  ■  1.3  cm  (T  •»  3200°k),  Comparison  with  calculations  of 
Duff  and  Davidson,  above-stated,  testifies  to  correctness  of  selection 


of  basic  constants  of  speeds  of  reactions  in  these  calculations. 

In  one  of  the  last  of  the  works  (Wray,  Teare,  Hammerling,  Klvel 
[69]) there  is  presented  a  list  of  constants  of  speeds  of  chemical 


reactions  occurring  in  heated  air.  Constants  are  selected  by  authors 
on  the  basis  of  analysis  of  available  experimental  material  emd  are 
recommended  by  them  for  calculations  of  nonequilibrium  processes  in 
shock  waves.  Calculations  of  the  structure  of  the  front  for  air, 
carried  out  by  the  authors,  will  agree  with  measurements  of  Lin  [70] 


in  a  shock  tube. 

We  will  give  this  list.  In  the  latter  of  the  two  lines  are 
given  constants  of  speed  of  reactions  of  ionization  and  recombination 
of  electrons,  which  play  the  most  Important  role  in  the  establishment 


mm 


■Tf  iiitini*irrnriif  tidfcitiirtaii'iMfililii 
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of  equilibrium  ionization  in  air  at  comparatively  low  temperatures. 


Reaction 

0+0+M-»>0,+M 

N+N+M-»>N,+M 

N+0+M“*-N0+M 


N0+N-»>0+N, 

N04-0-»>N+0, 

N4.0-»>N0++e 

N0*+«-»>N+0 


Constant  of  recombination 
rate ,  cmVtrol  e**  s  ee 

2,2.10*or-*/» 

S.O-IOWT"*/* 

2,5<10wr-*/» 

5,5-10»or-*/» 

2,o-io*«r-*/» 
6,o.io»r-*/* . 
2,O.i0nr~*/» 

Constant  of  speed, 
omVmole*seo 

1,3.10« 

3  • 

i.s.ionr-*'* 


Ihird  particle 


0 

Pi 

Na.  N.  NO.  A 
N 
N, 

0,.  0,  NO.  A 
NO.  0.  N 
p|.  Nj.  A 


Constants  of  speeds  of  inverse  processes  for  chemical  reactions 
it  is  possible  to  express  through  constants  of  speeds  of  forward 
processes  and  corresponding  equilibrium  constants. 

Let  us  note  works  [71-75]*  in  which  are  studied  relaxation  layer 
in  a  shock  wave  in  air  and  adjacent  questions. 


§  10.  Ionization  in  a  Shock  Wave  (Theory) 

At  temperatures  after  the  front  of  a  shock  wave  of  the  order  of 
15j000-20j000°K  gas  is  noticeably  ionized.  Establishment  of  ioni¬ 
zation  equilibrium  with  such  temperatures  is  the  slowest  of  relaxation 
processes  and  namely  it  determines  the  width  of  the  front  of  the  wave.* 
From  the  point  of  view  of  the  experimental  study  of  ionization 
in  shock  tube  are  particularly  attractive  monatomic  gases  such  as 
argon.  Thanks  to  the  absence  of  a  number  of  degrees  of  freedom  which 
molecular  gases  possess,  in  monatomic  gases  more  easily  are  attained 
high  temperatures  ~15i  000-20, 000'''K.  Monatomic  gases  are  favorable 
also  for  checking  the  theory  of  the  phenomenon  since  ionization  (first) 


♦Dissociation  of  molecules  with  such  temperatures  occurs  very 
fast,  as  a  result  of  small  number  of  collisions. 
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is  a  natural  relaxation  process  expanding  the  front  of  the  shock  wave. 
Let  us  consider  a  shock  wave  In  monatomic  gas.  Noticeable  Ioni¬ 
zation  Is  obtained  only  during  very  great  amplitude  of  wave;  therefore 
In  the  shock  wave  there  Is  attained  limiting  compression  equal  to  four 
In  accordance  with  adiabatic  Index  y  *  5/3.  Parameters  after  the 
compression  shock  are  expressed  through  Mach  number  by  the  simple 
formulas: 


i_4.  x_»in.  (7.28) 

For  Instance,  at  Mach  number  M  *  18  and  Initial  temperature  Tq  « 
*  300°K  f  which  corresponds  to  speed  of  shook  wave  D  *  5.75  km/sec, 
temperature  after  compression  shock  T*  *  J>OfOOO°K.  In  equlllbrlxim, 
after  the  front  of  a  shock  wave  In  argon,  at  Initial  pressure  p^  »  10 
nua  Hg,  gas  turns  out  to  be  Ionized  approximately  255^,  and  temperature 
-  14,000°K. 


Width  of  compression  shock  Is  equal  to  approximately  two-three 
gas  kinetic  mean  free  paths  of  atoms.  Directly  after  compression 
shock  gas  Is  not  Ionized.  After  shock  compression.  In  highly  heated 
particles  of  gas  Ionization  starts.  As  Is  known,  the  basic  mechanism 
of  Ionization  In  gases  not  too  low  In  density  Is  Ionization  by 
electron  blow  (see  Chapter  VI).  However,  In  order  that  Ionization  be 
developed  by  means  of  electron  blows  with  the  formation  of  an  electron 
avalanche.  It  Is  necessary  that  In  the  gas  there  be  a  certain  Initial 
"startup”  quantity  of  electrons.  One  of  the  basic  mechanisms  which 
can  lead  to  this  Initial  Ionization  Is  Ionization  during  collisions 
of  atoms  with  each  other.  As  was  marked  In  Chapter  VI,  the  effective 
section  of  such  a  process  Is  extraordinarily  small.  Therefore,  for 
forming  "startup"  electrons  rather  considerable  time  Is  required. 
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Correspondingly,  the  zone  after  compression  shock,  where  parameters 
of  gas  correspond  to  an  insignificantly  small  degree  of  ionization, 
i.e.,  are  equal  to  p,  p*,  T*,  extends  a  very  large  distance. 

Avalanche -type  ionization  starts  when  speed  of  ionization  by 

electron  impact  becomes  more  than  speed  of  ionization  by  Impacts  of 

atoms.  Inasmuch  as  the  latter  is  extraordinarily  small,  avalanche- 

type  ionization  starts  with  very  little  "priming"  when  degree  of  ionl- 
-5 

zatlon  a  ~  10  -  10  ^  (depending  upon  density  and  temperature  of  gas; 

see  §  11,  and  13,  Chapter  VI).  Let  us  leave  awhile  the  question  on 
formation  of  "startup"  electrons  and  let  us  consider  the  basic  process 
of  ionization  by  electron  Impact,  as  a  result  of  which  the  degree  of 
ionization  grows  from  very  small  to  equilibrium  values  (a^  »  0.25  In 
the  above  mentioned  example). 

During  constant  electron  temperature  T^,  avalanche  grows  by 
exponential  law  of  the  type  n^  ^  a  ~  (see  §  11,  Chapter  VI)  until 

recombination  starts  noticeably  to  compensate  for  ionization.  After 
that  the  degree  of  ionization  gradually  nears  to  equilibrium,  at 
which  recombination  accurately  compensates  for  ionization. 

Actually,  development  of  the  avalamche  occurs  in  a  more  complex 
form.  The  fact  is  that  in  each  ionizing  event  electron  gas  loses 
energy  equal  to  ionization  potential  I  (which  in  argon  is  equal  to 
15.7  ev) .  Temperature  of  electron  gas  is  of  the  order  of  10,000°K, 
i.e.,  thermal  energy  of  one  electron  of  the  order  of  1.5  ev.  Thus, 
on  the  formation  of  one  new  electron  is  expended  energy  equal  to  the 
thermal  energy  of  approximately  then  electrons.  If  thermal  energy  of 
the  electrons  is  not  complete,  electron  temperature  falls  fast. 
Together  with  it  would  fall  also  speed  of  ionization,  which  very 
sharply,  by  Boltzmann  law  e"^/'^'^e,  depends  on  electron  temperature 
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(see  §  11,  Chapter  VI). 

Losses  of  energy  of  electrons  on  Ionization  are  replenished  thanks 
to  transmission  to  the  electrons  of  energy  from  atomic  gas  heated  In 
the  compression  shock.  However,  exchange  of  energy  between  heavy 
particles  and  electrons  due  to  a  large  difference  in  their  masses 
occurs  extremely  slowly,  and  namely  this  process  of  exchange  limits 
speed  of  development  of  electron  avalanche  and  determines  time  of 
achievement  of  equilibrium  ionization. 

During  a  very  small  degree  of  ionization,  ions  are  few,  and  elec¬ 
trons  obtain  energy  during  collisions  with  neutral  atoms.  But  effec- 

2l  Q 

tlveness  of  such  collisions  at  electron  temperature  ^  1  ev  >»  10  K 
is  approximately  10^  times  less  than  the  effectiveness  of  collisions  of 
electrons  with  Ions.  Therefore,  even  at  small  ionization  o  ~  10’^ 
a  basic  role  is  played  by  energy  exchange  between  ions  and  electrons. 
Ions  have  a  temperature  coinciding  with  temperature  of  atoms  since, 
due  to  identity  of  masses,  energy  exchange  between  atoms  and  ions  is 
carried  out  very  fast.  Thus,  a  small  quantity  of  ions  in  given  con¬ 
dition  serves,  as  it  were,  as  an  intermediary  during  energy  transfer 
from  atoms  to  electrons.  In  electron  gas  Itself  energy  is  distributed 
quickly  so  that  it  is  possible  to  speak  about  electron  temperature 
Tg,  which,  naturally,  differs  from  temperature  of  heavy  particles  — 
atoms  and  ions  T.  Electrons  not  only  ionize  but  also  excite  atoms. 
Energy  of  the  first  excited  level  of  an  argon  atom  is  equal  E*  ■ll»5ev. 
The  fate  of  excited  atoms  can  be  different.  Excited  atoms  partially 
de-excite  their  energy.  Quantum  appearing  as  a  result  of  de-excltatlon 
is  absorbed  by  another,  nearby,  unexcited  atom  (effective  absorption 
cross  section  of  resonance  quanta  is  very  large),  which  in  turn  is 
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de-exclted, etc . * 

During  great  density  of  electrons,  exceeding  approximately 
17  -3 

10  cm  ,  excited  ato.^s  are  deactivated  basically  by  electron  impacts 
of  the  second  kind.  With  this,  excitation  energy  anew  returns  to 
electron  gas.  There  is  possible  also  such  a  process:  a  fast  electron 
whose  energy  exceeds  the  difference  between  ionization  potential  and 
excitation  energy  I-E*,  i.e.,  binding  energy  of  an  excited  electron 
in  an  atom,  knocks  out  an  electron  from  an  atom. 

Ionization  with  this  occurs,  as  it  were,  in  two  steps:  in  the 
first  act  an  electron  excites  an  atom,  and  in  the  second  another 
electron  ionizes  an  excited  atom.  With  such  a  two-stage  process  the 
expenditure  of  energy  on  the  formation  of  one  new  electron  also  is 
equal  to  ionization  potential  (I  «  E*  +  (I  -  E*)),  as  also  in  single- 
stage.  It  is  necessary  to  say  that  equilibrium  degree  of  excitation 
of  atoms  is  established  very  fast,  much  faster  than  equilibrium 
ionization. 

We  will  compose  now  fundamental  equations  which  describe  the  proc¬ 
ess  of  ionization  after  a  compression  shock  and  profiles  of  gas-dynamic 
magnitudes.  If  a  is  degree  of  ionization,  U  is  ionizing  energy  of  1  g 


of  gas,  and  T  and  T  are  temperatures  of  atoms  and  electrons,  then 
specific  internal  energy  and  enthalpy  of  gas,  on  the  assumption  that 
degree  of  ionization  is  small  (a  «  1),  can  be  approximately  recorded 


♦Resonance  quanta,  generated  in  the  heated  zone  after  the  front 
of  the  shock  wave,  diffusing  through  the  gas  and  penetrating  through 
the  surface  of  the  front,  emerge  beyond  the  limits  of  the  heated  region. 
After  that  they  diffuse  in  undisturbed  gas,  outstripping  propagation 
of  the  shock  wave.  Thanks  to  diffusion  of  resonance  radiation  before 


the  front,  at  large  distances  there  appears  a  noticeable  concentration 
of  excited  atoms.  This  process  was  considered  L.  M.  Blberman  and  B.  A. 


Veklenko  [34] .  They  showed  that  at  a  distance  of  1  m  from  the  front  of 
a  wave  in  argon  with  Pq  ■  10  mm  Hg,  M  ■  18,  Tj|^  ■  14,000°K,  concentration 

of  excitation  of  atoms  reaches  5*  10^^  cm**^,  which  corresponds  to  a 
"temperature”  of  excitation  of  *43#500°K,  only  a  little  lower  than  tem¬ 
perature  of  resonance  radiation  outgoing  from  the  surface  of  the  front 
and  equal  to  T^^. 
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t^^AT+^AaT,+aU  ^  ^  AT+aU, 
w^AT+-jAaT,+aU<^-jAT+aU. 

Pressure  of  gas  In  that  same  approximation  is  equal  to  p  ■  ApT  + 

+  AapTg  «  ApT. 

From  approximate  condition  of  constancy  of  enthalpy  in  the  relax¬ 
ation  zone  there  follows  a  connection  of  degree  of  ionization  with 
atomic  temperature,  analogous  to  (7.26); 


a 


t4  (*”-»■) 


5  r-r 
“2  ’ 


where  T^^^^  ■  U/A  »  l/k  (in  argon  T^^^  ■  1.82*10^^K).  Density  p  it  is 
possible  to  express  through  temperature  from  equation  of  straight  line 
(7.18)  or,  approximately,  considering  p  -  ApT  ~  const.  Equation  of 
kinetics  of  ionization  it  is  possible  to  record  in  the  form 


T.,  «)  +  /.(!•.  S).  (7.29) 

where  first  component  corresponds  to  ionization  by  electron  Impact, 

8md  the  second  describes  Initial  "startup"  ionization  by  Impacts  of 
atoms  (and  by  mesms  of  other  mechanisms  if  such  exist;  see  below). 

As  soon  as  emy  noticeable  quantity  of  electrons  is  formed,  the  first 
member  becomes  larger  than  the  second  and  the  equation  of  kinetics 
is  turned  into  an  equation  of  avalanche-type  ionization.  Function 
fg  was  plotted  in  §  11,  Chapter  VI.  In  the  shock  wave  ^  • 

For  determination  of  electron  temperature,  on  which  depends  speed 
cf  ionization  by  electrons,  there  serves  equation  of  balance  of  elec¬ 
tron  energy.  If  one  were  to  designate  by  2  ,  w  »  ^oT  ,  p  ■  AopT 
entropy  and  enthalpy  of  electrons,  calculated  per  1  g  of  gas  and 
pressure  of  electrons,  then  it  is  possible  to  record 
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where  resultant  energy  release  in  electron  gas  per  1  cm"^  In  1  sec. 
oa  Is  composed  of  inflow  of  heat  thanks  to  energy  exchange  between 
atomic  (ionic)  and  electron  gases  oj  and  losses  of  energy  by  elec- 
trons  on  ionization  o). :  o)  *  -  cd..  The  first  magnitude,  according 

1  6a  1 

to  formula  (6.IO5),  is  equal  to 


(7.71) 

is  characteristic  time  of  exchange,  determined  by  formula 
const  T^/n  (n  is  number  of  electrons  in  1  cm^). 


where  t 

ea 

(6.104):  T  _ 

'  '  ea  e  '  e'  e 

Losses  of  energy  on  ionization  are  equal  to 


Extracted  equations  also  detemine  the  kinetics  of  the  develop¬ 
ment  of  an  electron  avalanche  and  the  distribution  of  all  magnitudes 
with  respect  to  x  in  the  relaxation  zone.  It  is  necessary  to  note 
that  rate  of  exchange  and  nonelastic  losses  to  a  considerable  degree 
compensate  one  another  (in  electron  gas  is  established  a  quasi-stati  n- 
ary  state);  co  ■  00^^^  -  o)^  «  00^^^,  co^. 

The  equation  of  balance  of  electron  energy  during  this  it  is 
possible  to  record  approximately  in  the  form 

as  this  is  done  in  the  work  of  Petschek  and  Byron  [35]#  which  theoret¬ 
ically  and  experimentally  studied  ionization  in  a  shock  wave  In  argon. 
Speed  of  ionization  da/dt  ■  u  do/dx  then  is  determined  simply  as  func¬ 
tion  Tg,  p  and  a. 

Regarding  initial  stage  of  ionization  ,  when  degree  of  ionization 
is  still  too  small  for  an  avalance  to  appear,  then  here  position  is 
very  indefinite,  since  effective  sections  of  ionization  by  impacts 
of  atoms  are  unknown.  However,  if  one  were  to  be  given  to  some  section. 
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Fig.  7.17.  Profiles  of 
temperature  of  atoms, 
density,  and  degree  of 
Ionization  In  the  front 
of  a  shock  wave  In  argon 
for  three  values  of 
speed  of  front  D,  In 
undisturbed  gas  Pq  ■ 

-  5935  mm  Hg,  -  285°K 

(graphs  are  taken  from 
work  [356] )  • 


then  It  Is  possible  to  produce  an  entire  I 
calculation  of  kinetics  of  Ionization  start-^l 
Ing  from  moment  t  ■  0  or  from  point  x  ■  0  | 

after  compression  shock.  In  which  o  «  0,  andl 
up  to  achievement  of  equilibrium,  | 

Calculations  on  presented  program  were 

I 

carried  out  by  Bond  [56]  for  a  shock  wave  | 

In  argon  Initial  pressure  p^  ■  5935  mm  Hg  | 

i 

(equal  to  atmospheric  pressure  In  Los  Alamos)] 
and  Tq  »  285°K.  Equations  of  the  kinetics 
of  ionization,*  balance  of  electron  energy,  A 
and  hydrodynamics  were  Integrated  numerl-  | 
cally.  I 

For  calculation  of  Initial  Ionization 
of  argon  during  collisions  of  atoms  with 
each  other.  Bond  [56]  extrapolated  to  low 
energies  effective  sections  of  Ionization 
Ar-Ar,  obtained  In  works  of  Rostagnl  [57] 
and  Wayland  [58].  Effective  sections  corre¬ 
sponding  to  energy  of  atoms  of  the  order  of 
I  -■  1  ev,  accepted  In  the  calculation  of 
Bond  has  an  order  of  4*10”^^  cm^.** 

In  Fig.  7.17  are  shown  profiles  of 
temperature  of  atoms,  density,  and  degree 


of  Ionization  for  several  values  of  speed  of  shock  wave. 


♦In  the  equation  of  kinetics  of  Ionization  there  was  considered 
also  recombination,  without  which  the  degree  of  Ionization  does  not 
aspire  to  equilibrium  value, 

**These  values  are  not  presented  In  the  work  of  Bond;  however. 

It  Is  possible  to  extract  them  from  results  of  calculation  of  profiles. 
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As  we  see,  after  the  compression  shock  there  spreads  a  wide  region 

where  there  is  practically  no  ionization  (where  is  stored  "startup" 

quantity  of  electrons)  and  parameters  of  gas  are  equal  to  thei’r  own 

values  after  the  compression  shock  (ionization  degree  of  freedom  is 

_c 

frozen).  When  a  attains  magnitude  ~10  an  avalanche  is  developed, 
and  all  magnitudes  "rush"  to  their  final  equilibrium  values. 

It  is  necessary  to  note  that  in  spite  of  the  uncertainty  in  the 
selection  of  an  effective  section  of  ionization  by  blows  of  atoms, 
the  width  of  the  region  of  accumulation  of  "startup"  electrons  has  a 
correct  order,  since  it  weakly  depends  on  the  section  and  is  determined 
basically  by  the  scale  of  time  of  formation  of  the  avalanche. 

In  the  case  *  const,  time  of  acciamulation  of  "startup"  elec¬ 
trons  does  not  at  all  depend  on  effective  section,  as  was  shown  at 
the  end  of  §  Chapter  VI,  and  is  determined  only  by  time  of  devel¬ 
opment  of  avalanche. 

§  11.  Ionization  in  a  Shock  Wave  (Experimental  Results; 

Remarks  about  Initial  Ionization;  Air) 

Experimental  investigation  of  the  establishment  of  ionization 

equilibrium  in  the  front  of  a  shock  wave  in  argon  was  conducted  by 

Petschek  and  Byron  [55].  For  this  purpose  the  authors  used  a  shock 

tube.  In  order  to  expand  the  nonequilibrium  region  of  the  front  and 

to  increase  time  of  achievement  of  equilibrium,  after  making  them 

accessible  for  measurements,  initial  pressure  of  gas  was  selected 

comparatively  low:  p^  ■  10  mm  Hg.  With  such  densities  and  speeds  of 

shock  wave  of  the  order  of  4-5  km. /sec.  times  of  relaxation  were 

-S 

~10  ^  sec.  and  widths  of  front  ~1  cm.  Distribution  of  electron  den¬ 
sity  in  the  front  of  the  wave  was  measured  by  two  methods:  by  radia¬ 
tion  of  continuous  spectrum  of  glow  and  with  the  help  of  probes. 
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Continuous  spectrum  appears  as  a  result  of  recombination  of  electrons 
with  ions  and,  consequently,  intensity  of  volume  of  glow  in  a  given 
section  X  of  front  of  shock  wave  is  proportional  to  square  of  density 
of  electrons. 

Glow  was  recorded  by  photomultiplier,  current  from  which  was 
given  on  an  oscillograph.  Form  of  oscillograms  was  in  qualitative 
agreement  with  theoretical  calculations  of  degree  of  ionization  in 
nonequilibrium  zone. 

Second  method,  the  probe  method,  allowed  to  determine  gradients 
of  electron  density  similarly  to  the  usual  investigations  in  gas  dis¬ 
charges.  Thanks  to  the  existence  of  a  gradient  of  electron  density 
and  the  sharp  excess  of  speed  of  electrons  over  speed  of  ions  there 
occurs  separation  of  charges,  polarization,  and  electrical  fields 
appear.  The  field  in  ionized  gas  is  shielded  at  distances  of  the  order 
of  Debye  length;  therefore,  electrons  cannot  depart  from  ions  to  great 
distances.  In  experimental  conditions  Debye  length  was  considerably 
less  electron  path.  Separation  of  electrons  occurred  very  fast,  as 
compared  to  rate  of  change  of  electron  density,  and  was  always  station¬ 
ary  (relative  velocity  of  electrons  and  ions  is  equal  to  zero). 

In  this  case  gradient  of  electron  pressure  is  balanced  by  elec¬ 
trical  field  (vPg  *  -  n^eE),  appearing  as  a  result  of  polarization, 
for  measurement  of  which  into  the  gas  is  introduced  a  probe.  Probe 
measurements  of  distribution  of  electron  density  agreed  with  measure¬ 
ments  by  glow  and  with  theory  of  electron  avalanche,  restrained  by 
delayed  exchange  of  energy  between  ions  and  electrons. 

The  authors  especially  investigated  the  initial  stage  of  ioniza¬ 
tion,  in  which  are  formed  “startup”  electrons.  Comparison  of  experi¬ 
mental  data  about  the  distribution  of  electron  density  with  the  theory 
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of  electron  avalanche  showed  that  avalanche  Is  developed  only  after 

Initial  Ionization  attains  magnitude  of  the  order  of  0.1  from  equlllb- 

_2 

rlum,  l.e.,  a  ~  10  .  Initial  Ionization  can  he  connected  with  Impacts 

of  atoms  and photo-ionlzat Ion  with  quanta  being  generated  as  a  result 
of  photo- recombination  In  the  equilibrium  zone.  According  to  apprais¬ 
als,  photo-recomblnatlon  In  experimental  conditions  did  not  play  a 
role.  The  experiment  testifies  to  the  Important  role  played  by  Impurity 
In  the  process  of  Initial  Ionization.  Speed  of  Initial  Ionization 
strongly  depends  on  degree  of  purification  of  argon.  However,  It  Is 
much  larger  than  this  Is  possible  to  obtain  on  the  basis  of  appraisals. 

Possibly,  for  Initial  Ionization  the  diffusion  of  electrons,  the 
penetration  of  free  electrons  In  neutral  gas  from  a  region  of  strong 
Ionization,  has  some  value.  To  the  study  of  the  diffusion  of  electrons 
In  a  shock  wave  are  dedicated  works  [39>  76,  77].  The  question  about 
the  mechanism  of  Initial  Ionization  as  yet  remains  not  fully  clear. 

Let  us  give  certain  results  of  the  measurement  of  the  time  of 
Ionization  relaxation  In  argon,  obtained  In  work  [55].  Relaxation 
times  and  approximate  widths  of  fronts  are  given  to  Initial  pressure 
Pq  -  10  mm  Hg  (they  are  Inversely  proportional  to  density  of  gas). 

-c; 

Values  pertain  to  very  pure  gas,  with  allowance  of  Impurities  ~5*10 


M 

T'»,K 

i>,  km/seo 

T.t0*sec 

Ax,  tM 

10,3 

10000 

3,3 

100. 

-.6,5 

11,5 

12500 

3,7 

17 

~1 

13,4 

18700 

4.3 

3 

~0,2 

16,4 

25  000 

5,25 

0.5 

-0,032 

20,3 

40000 

6,5 

0,1 

-0,008 

Experiment  shows  that  in  t,  roughly  speaking,  linearly  depends 
on  1/T',  l.e.,  that  t  ~  exp(const/T' ) . 

Ionization  In  the  front  of  the  shock  wave  In  air  was  studied  In 
works  [40,  70,  78,  79,  80]  (see  also  [41]).  In  waves  of  comparatively 
small  amplitude,  after  whose  front  degree  of  Ionization  Is  very  small. 
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the  mechanism  of  ionization  of  air  essentially  differs  from  the  mech¬ 
anism  of  ionization  of  air  essentially  differs  from  the  mechanism  of 
ionization  in  monatomic  gases  .  Free  electrons  are  formed  basically 
as  a  result  of  reaction  N  +  0  — ►NO  +  e,  which  requires  small  expendi¬ 
ture  of  energy,  only  2,8  ev.  Inasmuch  as  ionization  potentials  of 
all  components  of  heated  air  are  considerably  larger  than  this  magni¬ 
tude,  the  shown  reaction  at  low  temperatures  occurs  much  faster  than 
direct  processes  of  ionization  of  molecules  and  atoms  by  impacts  of 
particles. 

Constant  of  speed  of  this  reaction  is  given  in  table  §  9  (see  also 

§  15,  Chapter  VI).  Calculations  of  the  kinetics  of  ionization,  carried 

out  in  the  work  of  Lin  and  Teare  [86]  with  this  value,  agree  well  with 

experimental  data  [87],  obtained  with  the  help  of  a  shock  tube.  As 

shown  by  experiments  and  calculations,  at  speeds  of  shock  wave  4.5-7 

km. /sec,  and  initial  pressures  of  0.02-0.2  mm  Hg,  ionization  after 

compression  shock  is  developed  very  fast,  at  a  distance  of  40-10  gas 

kinetic  mean  free  paths,  corresponding  to  unexcited  air.  With  this, 

.•5 

maximum  degrees  of  ionization  in  relaxation  layer,  which  ~10  several 
times  exceed  equilibrium  values  corresponding  to  final  state. 

In  sufficiently  strong  shock  waves,  at  high  temperatures  and 
noticeable  degrees  of  ionization  in  air,  as  also  in  monatomic  gases  , 
to  the  first  plan  comes  forward  ionization  by  electron  impact.  Reac- 

4. 

tion  N  +  0  -♦  NO  +  e  serves  one  of  the  sources  of  startup  needed  for 
the  development  of  an  electron  avalanche. 

One  of  the  most  characteristic  properties  of  ionized  gases  is 
their  ability  of  conduct  electrical  current.  To  the  calculations 
and  experimental  study  of  electrical  conductivity  of  ionized  air  (and 
other  gases)  have  been  dedicated  a  rather  large  number  of  works.  See, 
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for  int'tance,  [70,  81-84]. 


§  12.  Shock  Waves  In  Plasma 

Interesting  peculiarities  are  possessed  by  the  structure  of  fronts 
of  shock  waves  spreading  along  ionized  gas.  These  peculiarities  were 
marked  by  one  of  the  authors  [42]j  quantitative  calculations  of  the 
structure  of  a  front  were  done  by  V.  D.  Shafranov  [4^];  see  also  the 
work  of  V.  S.  Imshennik  [51]^  Jukes  [44]  and  Tidman  [44,  44a],  S.  B. 
Pikel'ner  [85].  Basic  features  of  the  structure  are  connected  with 
the  delayed  character  of  energy  exchange  between  ions  and  electrons 
and  great  mobility  of  electrons,  thanks  to  which  electron  thermal 
conduction  many  times  exceeds  thermal  conduction  of  ions. 

Maxwellian  distributions  in  electron  and  ionic  gases  are  estab¬ 
lished  very  fast,  during  the  order  of  time  between  "collisions"  of 
particles.*  Levelling  of  temperatures  of  both  gases,  due  to  the  huge 
difference  in  mass  of  electrons  and  ions,  occurs  much  more  slowly. 

This  relaxation  process  also  determines  width  of  the  front  of  a  shock 
wave  in  plasma. 

Let  us  clarify  qualitatively,  to  what  leads  the  small  rate  of 
energy  exchange  of  electrons  and  ions,  for  which  we  will  assume  at 
first  that  electron  thermal  conduction  does  not  differ  from  ionic. 
Furthermore,  we  will  consider  that  ionization  occurs  not  in  the  actual 
shock  wave,  but  the  wave  spreads  along  already  ionized  gas. 

In  the  system  of  coordinates,  connected  with  the  wave,  a  consid¬ 
erable  part  of  the  kinetic  energy  of  the  gas,  incident  on  the  compres¬ 
sion  shock,  under  the  action  of  forces  of  ionic  viscosity,  irreversibly 
passes  into  heat.  Increase  of  ionic  temperature  in  the  shock  wave  in 

♦About  the  idea  of  "collision"  of  charged  particles,  interacting 
by  Coulomb  law,  see  §  I6,  Chapter  VI. 


'^i 

i 

2 

order  of  magnitude  Is  equal  to  ~  m^^D  /k,  where  Is  mass  of  the  | 

■i 

ion,  and  D  Is  approach  stream  velocity  equal  to  the  speed  of  the  fronti 

'i 

of  the  shock  wave.  Thickness  of  viscous  discontinuity  Is  determined  | 

■'I 

hy  the  time  between  Ionic  collisions  It  Is  of  the  order  of  the 

—  —  I 

range  of  Ions  ~  where  v  ~  D  Is  thermal  velocity  of  Ions  In  theJ 

i 

compression  shock  (definition  of  Is  given  In  §  l6.  Chapter  VI). 
During  compression  Ionic  gas  does  not  succeed  In  transmitting  to  ;i 
electron  gas  any  noticeable  thermal  energy  since  characteristic  time 
of  exchange  ~  ^./m'  •  ,  Is  very  great.  For  Ions  with  average  ; 

masses  t  is  hundreds  of  times  more  than  time  ;  for  protons  It  Is 
4?  times  more  than 

Increase  of  temperature  of  electrons  In  compression  shock  because 
of  transformation  of  kinetic  energy  of  Incident  flow  of  electron  gas 
Into  heat  under  the  action  of  forces  of  electron  viscosity  Is  Insig¬ 
nificantly  small.  It  Is  of  the  order  of  AT^  ~  ra  D^/k,  l.e.,  m./m 
times  less  than  AT^^.  Heating  of  electron  gas  In  shock  wave  occurs  by 
other  cause. 

Electrons  and  Ions  are  connected  between  themselves  by  electrical 
forces  of  Interaction.  This  connection  is  very  strong.  The  least 
separation  of  electron  and  Ion  gases  leads  to  the  appearance  of  power¬ 
ful  electrical  fields  which  prevent  further  separation.  Therefore, 
each  particle  of  plasma  remains  electrically  neutral.  Denslt”  of 
electrons  n^  always  coincides  with  density  of  positive  charges  Zn^ 

(Z  Is  charge  of  ions,  n^  and  n^  are  numbers  of  electrons  and  Ions  In 
1  cm^).  In  the  shock  wave  electron  gas  behaves  not  Independently, 
but  Is  compressed  exactly  as  Ionic.  It  Is  possible  to  say  that  elec¬ 
trons  are  "rigidly  attached"  to  Ions  by  electrical  forces.  These 
forces  are  "external"  with  respect  to  electron  gas  and  do  not  produce 
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dissipation.  Inasmuch  as  dissipation  of  energy  because  of  the  action 
of  forces  of  electron  viscosity  is  insignificantly  small,  in  compression 
shock  there  occurs  adiabatic  compression  and  heating  of  electron  gas. 

Thus,  for  instance,  during  compression  of  hydrogen  plasma  by  a 

strong  shock  wave  the  density  of  it  is  increased  in  the  shock  wave 

four  times,  in  accordance  with  adiabatic  index  7  ■  5/3.  Temperature 

of  ions  can  increase  very  strongly,  if  amplitude  of  wave  is  high, 

temperature  of  electrons  in  shock  wave  increases  only  >  4^/5  =* 

=  2.5  times. 

Therefore  in  a  strong  shock  wave,  spreading  along  plasma  with 
Identical  temperatures  of  electrons  and  ions,  after  compression  shock 

there  appears  a  sharp  distinction  in  the 
temperatures  of  both  gases;  then  in  the 
particle  experiencing  shock  compression 
there  starts  the  process  of  transmission 
of  thermal  energy  from  ions  to  electrons, 
which  leads  to  temperature  balance 
through  a  period  of  the  order  of  the 
time  of  exchange  (see  §  I6,  Chapter 
VI). 

Width  of  relaxation  zone  after  compression  shock,  where  there 
occurs  approach  to  equilibrium  state  of  plasma  with  equal  temperatures 
Tg  »  T^  -  T^,  has  an  order  of  Ax  ~  temperature 

T^  Is  determined  by  general  equations  of  preservation  for  front  of 
shock  wave.  Thus,  In  the  presence  of  effects  connected  with  the 
existence  of  Increased  electron  thermal  conduction,  distribution  of 
temperatures  in  the  front  of  the  wave  should  have  the  form  depicted 
In  Fig.  7.18. 


» -  •  , 

0  ds  s 


Pig.  7.18.  Profiles  of 
ion  and  electron  (dotted 
line)  temperatures  in 
the  front  of  a  shock  wave 
in  plasma,  without  taking 
into  acco\int  electron 
thermal  conduction. 
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If  there  is  no  excitation  of  any  other  degrees  of  freedom  besides 
the  earlier  "frozen”  forward  degrees  of  freedom  of  electrons  (as  takes 
place  in  completely  ionized  gas),  then  density  of  gas  and  pressure  in 
relaxation  zone  remain  strictly  constant.  Actually,  indices  of  adiabat 
of  gas  with  "frozen"  and  equilibrium  degrees  of  freedom  coincide  and 
equal  7  ■  5/3#  so  that  compression  in  shock  wave  occurs  by  shock  adia¬ 
bat  coinciding  with  shock  adiabat  of  final  state.  The  physical  cause, 
obviously,  consists  of  the  fact  that  pressure  is  determined  only  by 
average  forward  energy  of  particles,  which  during  exchange  remains 
constant  and  does  not  depend  on  distribution  of  it  between  particles. 

Let  us  consider  now,  what  influence  electron  thermal  conduction 
renders  on  the  structure  of  the  front.  Till  now  it  has  always  been 
considered  (and  for  this  there  were  bases)  that  dissipative  processes, 
viscosity  and  thermal  conduction,  play  a  role  only  in  the  region  of 
large  gradients,  in  a  shock  wave  where  macroscopic  magnitudes  strongly 
change  at  distances  of  the  order  of  a  gas  kinetic  mean  free  path.  In 
relaxation  zone,  spreading  to  distances  calculated  as  many  paths,  the 
gradients  are  small  and  it  is  possible  to  disregard  dissipative 
processes.  Really,  the  characteristic  scale  serving  the  criterion  of 
gradient  smedlness  is  the  scale  of  length,  composed  of  transport 
coefficients  and  speed  of  front.  Transport  coefficients,  for  instance, 
thermal  diffuslvity  of  atuBS,  are  of  the  order  of  x  ~  1^/3  and  scale 
of  leixgth  X  x/^  l  of  the  order  of  gas  kinetic  mean  free 

path,  since  thermal  velocity  of  atoms  in  the  front  v  is  of  the  order 
of  speed  of  front  D. 

Coefficient  of  electron  thermal  diffuslvity  Xo  equal  approx- 
imately  to 
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where  Z  is  range  of  electrons,  v  is  their  thermal  velocity,  and  t 
is  time  between  "collisions"  of  electrons  with  each  other. 

As  was  shown  in  §  l6.  Chapter  VI,  range  of  charged  particles  does 
not  depend  on  their  mass,  but  depends  only  on  charge  and  temperature 
I  ~  T^/Z^. 

At  comparable  temperatures  and  in  light  gases  ,  for  instance 
in  hydrogen  (Z  =  1),  range  of  electrons  and  ions  are  of  electrons  and 
ions  are  of  one  order.  Speed  of  electrons  i s times  more  than 
speed  of  ions.  Therefore,  coefficient  of  electron  thermal  conduction 
is  times  more  than  coefficient  of  ionic  thermal  conduction, 

and  the  characteristic  scale,  on  which  is  performed  the  process  of 
electron  thermal  conduction,  is 


This  scale  is  of  the  same  order  as  the  width  of  the  relaxation  zone 
of  temperature  balance  of  electron  and  ion  gases: 

Therefore,  with  respect  to  electron  thermal  conduction,  gradients  in 
the  relaxation  zone  are  not  small  and  the  thermal  conduction  of  heat 
exchange  in  this  zone  will  compare  with  heat  exchange  between  ions 
and  electrons.  Electron  thermal  conduction  promotes  fastest  temper¬ 
ature  balance  after  viscous  shock,  since  it  transfers  heat,  from 
layers  of  gas  more  remote  from  the  compression  shock,  forward  where 
electron  temperature  is  less.  Besides  this,  and  this  effect  is  extraor¬ 
dinarily  essential,  electron  thermal  conduction  leads  to  heating  of 
gas  before  viscous  compression  shock.  Although  "hot"  ions  cannot 
far  escape  from  behind  shock  wave  into  region  in  front  of  shock  (their 
thermal  velocity  is  comparable  with  speed  of  propagation  of  shock 
along  undisturbed  gas),  "hot"  electrons  with  success  penetrate  forward 
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and  outstrip  shock  wave,  since  their  speed  is  approximately  ^ 
times  more  than  speed  of  front.  Before  compression  shock  will  he 
formed  a  heated  layer.  In  this  layer  electron  temperature  is  higher 
than  ionic,  since  first  of  all  is  heated  electron  gas  and  only  then  is 
heat  partially  transmitted  to  ions.  In  shock  wave  there  occurs  a  sharp 
growth  of  ion  temperature.  Electron  temperature  does  not  change,  since 
its  intermittent  Increase  prevents  smoothing  out  because  of  great 
thermal  conduction.  Shock  wave  has  "isoelectronic-thermal"  character. 
Distribution  of  temperatures  in  the  front  of  the  wave,  taking  into 


account  electron  thermal  conduction,  is  shown  in  Fig.  7.19. 

We  will  estimate  width  of  heated  layer  before  compression  shock. 

We  will  consider,  for  simplicity,  that  there  is  no  energy  transfer 
from  heated  electron  gas  to  ionic,  and  also  that  gas  before  compression 
shock  is  not  compressed  and  is  not  retarded  (in  system  of  coordinates 
where  front  rests).  Exact  calculations  Justify  these  simplifying 


assumptions.  Flow  of  electron  thermal  conduction  is  equal  to 


5=-x.^ 


(7.33) 


h _ 
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Fig.  7.19.  Profiles  of 
ionic  and  electron  (dotted 
line)  temperatures  in  the 
front  of  a  shock  wave 
spreading  along  cold 
plasma. 


where  n  ■  y  c„  is  coefficient  of  thermal 
e  ^e  e 

■5 

conduction,  c^  is  heat  capacity  in  1  cm 
of  electron  gas  during  constant  volume. 

Because  of  statlonarlness  of  process 
flow  of  thermal  conduction  in  heated 
layer  is  equal  to  hydrodynamic  flow  of 
electron  energy:* 


— 5  *  DcJTt  Xtfit  • 


(7.34) 


.This  Is  the  first  Integral  of  equation  of  energy  for  given  caset 
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(Initial  temperature  of  electrons  before  the  front  is  assumed  to  equal 
zero;  far  before  wave  flow  S  disappears). 

Noticing  that  ~  ~  Xo  “  >  where  a  ■  const  and 

Integrating  equation  (7.54),  we  will  find 


(7.55) 


where  Xq  is  coordinate  of  the  front  edge  of  the  zone  of  heating,  where 
temperature  turns  into  zero.  Profile  of  temperature,  described  by 
this  formula,  is  depicted  schematically  in  Fig.  7.19.  If  one  were  to 
place  origin  of  coordinates  x  »  0  at  point  where  shock  wave  is  located, 
and  to  designate  temperature  at  this  point  by  T^q  (electron  temperature 
on  shock  does  not  change),  then  width  of  heated  layer  it  is  possible 
to  record  in  the  form 


1*  U  2  2  XfiTjo) 


(7.56) 


During  calculation  of  electron  thermal  conduction  temperature  of 
electrons  on  shock  has  the  same  order  as  after  the  front  of  the  wave, 
so  that  width  of  heated  layer  has  the  same  order  as  width  of  relax¬ 
ation  zone  after  the  shock: 


Width  of  the  heated  layer  before  the  compression  shock  quite 

rapidly  increases  with  Increase  in  amplitude  of  wave.  If  one  were  to 

consider  that  Xg  ~  and  D  ~  then  from  formula  (7.56) 

2  4 

we  will  find  dependence  |xq|  D  . 

Obtained  profile  of  temperature  is  characteristic  for  nonlinear 
thermal  conduction,  when  coefficient  of  thermal  conduction  decreases 
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with  lowering  of  temperature.*  During  usual  thermal  conduction  with 

constant  coefficient  h  ■  const,  x  •“  const,  we  would  find  from  equatioi 

of  energy  that  heating  exponentially  spreads  ad  infinitum; 

if^ 

T-Tte”*!,  Tim,r(x=0), 

where  characteristic  scale  -  x/^-  During  usual  thermal  conduction! 
effective  width  of  zone  of  heating  x^,  in  distinction  from  nonlinear. 


decreases  with  growth  of  amplitude  of  wave:  x^  ~  D' 


P-V2 


During  calculation  of  electron  thermal  conduction  in  a  very 
strong  shock  wave,  non-ionized  gas  is  strongly  heated  and  is  ionized 
even  in  front  of  compression  shock  so  that  qualitative  characteristics 
of  the  structure  of  a  wave  spreading  along  ionized  gas  remain  in  force 
also  in  the  case  when  a  wave  spreads  along  non-ionized  gas. 

For  strict  calculation  of  the  structure  of  the  front  of  a  shock 
wave  in  completely  ionized  gas,  to  general  hydrodynamic  equations, 
taking  into  account  flow  of  electron  thermal  conduction  of  the  type 
(7.10),  one  should  add  an  entropy  equation  for  electron  gas,  similar 
to  (7.50); 


-  dZ,  dS  , 


(7.57) 


where  oo._  is  energy  transmitted  in  1  cm"^  in  1  sec,  from  ion  gas  to 

ccl 

electron  gasj  it  is  given  by  formula  (7.?!).** 


*For  greater  detail  about  nonlinear  thermal  conduction,  see  Chapter, 


**It  is  necessary  to  emphasize  that  Integrals  of  equations  of 
momentum  and  energy  for  a  one-dimensional  stationary  flow  of  heat- 
conducting  gas  (7.10)  are  accurate  only  for  all  gas  on  the  whole.  It 
is  impossible  to  record  integrals  of  equations  of  momentum  and  energy 
for  ion  and  electron  gas  separately  since  these  equations  contain  ( 

members  which  are  not  presented  in  the  form  of  derivatives  with  respect  * 
to  x;  for  Instance,  in  equations  of  energy  there  are  members  of  exchange] 
During  the  composition  of  equations^  for  both  gases  members  of  i 

similar  type  are  reduced,  and  it  is  possible  to  integrate  equations 
for  all  gas  on  the  whole. 
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Speeds  and  compression  of  both  gases  at  each  point  are  assumed 
to  be  identical  (n^  »  Zn^^).  Enthalpy  and  pressure  are  equal  to 

p  =■  Pi +p.  “  AflTi  +  ZA{iT„ 

where  A  is  gas  constant  calculated  per  1  g  of  plasma. 

Entropy  of  electron  gas  calculated  per  1  g  of  plasma  is  equal  to 

s  I 

2  * Zil In + const  =»Zil In “  + const.  (7.38) 

Let  us  find  the  condition  determining  electron  temperature  in  the 
shock  wave. 

Let  us  Integrate  equation  (7.57)  'by  region  of  shock  wave,  directing 
width  of  it  to  zero  and  taking  into  account  the  fact  that  electron 
temperature  at  the  shock  is  continuous  (it  is  equal  to  T^O) .  Marking 
by  indices  01  and  02  magnitudes  before  and  after  compression  shock, 
we  will  record  result  of  integration: 

8gW'*(ln  (7*59) 

Flow  at  discontinuity  experiences  a  Jump;  difference  of  flows 
on  both  sides  of  the  discontinuity  corresponds  to  the  work  of  isother¬ 
mal  compression  of  electron  gas  by  "external"  forces  effective  on  the 
part  of  the  ions. 

A  system  of  equations  describing  the  structure  of  the  front  it 
is  possible  to  solve  only  by  means  of  numerical  integration.  This  was 
done  by  V.  D.  Shafranov  [4?]  for  limiting  case  of  a  strong  wave 
(p^/Pq  »  1)  in  hydrogen  plasma  (Z  ■  1)  with  zero  initial  temperature. 
Profiles  of  temperature  and  densities  are  shown  in  Fig.  7.20.  Temper¬ 
ature  here  is  arbitrary  (it  is  proportional  to  the  square  of  speed 
of  wave  D).  For  unit  of  length  is  accepted  magnitude  0.019  , 

where  t _  is  characteristic  time  of  exchange  in  final  state  after 

ea^ 
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front  of  shock  wave;  for 

Instance,  at  Initial  density 

n,  0  -  n^O  »  10^"^  cra~^  and 
1  e 

temperature  after  fronts  = 


1o5°K,  t. 


3.3*10”^  sec. 


Fig.  7.20.  Profiles  of  temperature 
and  density  for  a  strong  shock  wave 
In  plasma  (figure  Is  taken  from 
work  [^3]).  Electron  temperature 
on  shock  Is  equal  to  -  0.9J5  T.; 
Ion  temperatures  In  front  of  and"^ 
after  shock:  «  0.l6  T^,  “ 

“  1.24  Densities  In  front  of 

and  after  shock:  Pn^/Po  “ 

Poa/Po  -  53- 


D  *  94  km. /sec.,  and  unit  of 
length  Is  equal  to  5.9*10  cm 


§  13.  Polarization  of  Plasma 
and  Appearance  of  Electrical 
Field  In  a  Shock  Wave 

In  preceding  paragraph 

It  was  assumed  that  electrons 

and  Ions  rigidly  are  connected 

by  electrical  forces,  t.id 


plasma  at  each  point  of  the  shock  wave  Is  electrically  neutral:  den¬ 
sity  of  electrons  changes  from  point  to  point  exactly  proportionally 
to  density  of  Ions.  In  reality  this  position  Is  not  very  strictly 
executed.  Thanks  to  the  existence  of  large  gradients  of  electron  den¬ 
sity  In  the  compression  shock  and  high  mobility  of  electrons  connected 
with  the  exceptional  smallness  of  their  mass,  there  are  created  favor¬ 
able  conditions  for  the  diffusion  of  electron  gas  relative  to  Ionic, 
a  change  of  concentration  of  electrons,  and  the  appearance  of  space 
charges. 

Effects  of  diffusion  during  propagation  of  shock  wave  In  a  binary 
mixture  of  gases  were  considered  In  §  5.  However,  diffusion  In  plasma 
In  an  essential  form,  differs  from  diffusion  In  a  mixture  of  neutral 
gases.  The  fact  Is  that  the  least  change  of  relative  concentration 


electrons  and  Ions,  which  leads  to  the  formation  of  space  charges. 
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polarization  of  plasma,  is  accompanied  by  the  appearance  of  a  powerful 
electrical  field.  This  field  prevents  further  polarization  and 
restrains  diffusion  current  of  electrons. 

Let  us  estimate,  with  respect  to  order  of  magnitude,  how  plasma 
is  polarized  in  the  presence  of  gradients  of  macroscopic  magnitudes, 
i.e.,  how  far  is  executed,  on  the  average,  the  condition  of  electro¬ 
neutrality. 

For  simplicity  we  will  consider  hydrogen  plasma  (Z  ■  1).  Let  us 

assume  that  temperature  of  electrons  is  of  the  order  of  T,  the  number 

■5 

of  electrons  and  ions  in  1  cm-^  is  n  =■  n,  »  n.  Let  us  assume  that, 
further,  that  there  are  gradients  of  macroscopic  magnitudes,  let  us 
say,  density,  pressure  etc.,  such  that  the  characteristic  dimension 
of  the  region  in  which  there  occurs  noticeable  change  of  magnitudes 
is  of  the  order  of  x. 

Due  to  diffusion  of  electrons  in  the  region  of  the  order  of  x 

there  is  obtained  a  certain  difference  in  densities  of  electrons  and 

ions,  6n  «  n^  -  n^,  and  there  appears  space  charge  ebn.  The  appear 

electrical  field  E  ~  4Tre*6n.x*  and  potential  difference  on  the  bound- 

2 

aries  of  the  region  6(p  ~  Ex  ~  47re5n*x  .  Dut  in  the  absence  of  exter¬ 
nal  fields,  separation  of  electrons  and  ions  and  potential  difference 
are  supported  only  because  of  thermal  motion  of  electrons,  conse¬ 
quently,  potential  energy  of  electrons  ebcp  cannot  exceed  magnitude  of 

2  2 

the  order  of  kT;  e6(p  ~  4Tre  ^dn.x  ~  kT.  Hence  degree  of  polarization, 
i.e.,  degree  of  deflection  from  electroneutrality,  in  the  considered 
region  has  an  order  of 

tm  kT 
n  ~  4iw  W  • 

Strong  separation  of  electrons  and  ions,  at  which  5n/n  ~  1,  can 

*We  remind  that  equation  of  electrostatics  for  field  strength  E 
and  potential  9  state: 

dlT  JTo— fndf. 
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appear  only  in  a  thin  layer,  the  thickness  of  which  d  Is  determined 

p  p 

by  condition  6n/n  «  1  «  kT/4Tre  nd  .  Hence 

Length  d  Is  nothing  else  hut  Debye  radius  (see  §  11,  Chapter  III).* 
Debye  radius  characterizes  the  distance  at  which  plasma  shields  the 
electrical  field  of  any  charged  body,  l.e.,  thickness  of  so-called 
double  layer  forming  near  the  charged  body.  In  particular,  a  "charged 
body"  can  be  a  separate  ion  (exactly  In  this  v/ay  was  Introduced  the 
Idea  of  Debye  radius  In  §  11,  Chapter  III), 

By  determining  d  It  is  possible  to  record  the  amount  of  deviation 

2 

from  electroneutrality  In  the  form  ~  , 

The  biggest  gradients  in  plasma  appear  In  a  viscous  shock  wave 
during  propagation  of  a  strong  shock  wave,  when  macroscopic  magnitudes 
strongly  change  at  a  distance  of  the  order  of  the  length  of  the  mean 
free  path  of  charged  particles: 


Mean  deviation  from  electroneutrality  In  the  zone  of  the  shock 

wave  Is  (x  -  ~  Z); 

Ar  /  V  «*R(InA)*  _  Oft  ,ft.a  H 
- - j  m,  3,9.10  *^5-  . 


This  magnitude  Is  very  small  during  all  reasonable  values  of  densities 

50  _•» 

and  temperatures;  for  Instance,  at  T  »  10^  K  n  »  10  cm  ,  d  « 

«  0,8*10"^  cm,  i  w  5* 10"^  cm,  6n/n  ~  4-10"^,  69  ~  kT/e  ■8.6  v,*** 

E  ~  6(p/z  ~  2. 5*  10^  v/cm. 


*More  exactly,  Debye  radius  multiplied  by  since  n  In  (3.78) 

Is  total  number  of  Ions  and  electrons. 

**Logarlthmlc  factor  in  the  length  of  a  mean  free  path  (see  §  15* 
Chapter  VI)  has  usually  an  order  of  InA  ~  10. 

***Magnltude  69  Is  numerically  of  the  order  of  temperature,  expressed 
In  electron  volts. 
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Let  us  note  that  compression  of  electron  gas  In  a  strong  compres¬ 
sion  shock,  the  width  of  which  Is  of  an  order  of  the  length  of  a  mean 
free  path  i,  occurs  only  because  of  electrical  forces  effective  on 

the  part  of  ions  (ion  gas  Is  compressed,  as 
usual,  because  of  the  action  of  viscosity). 
Consequently,  potential  difference  on  the 
shock  wave  is  determined  by  the  work  of 
compression  of  electron  gas  going  Into  one 
electron, 

dot 

During  compression  a  few  times,  loga¬ 
rithmic  of  the  order  of  unity  and,  conse- 

4e 

Fig.  7.21.  Dlstrlbu-  quently,  e6cp  ~  kT,  as  was  affirmed  above, 
tions  of  mass  density, 

density  of  space  charge.  Distributions  of  charge,  electrical 

electric  field  strength, 

and  electrostatic  poten-  field,  and  potential  in  the  front  of  a  shock 
tlal  in  the  front  of  a 

shock  wave  spreading  wave  in  plasma  are  schematically  shown  in 

along  plasma  during  cal¬ 
culation  of  diffusion  of  Fig.  7-21. 
electrons. 

The  essential  difference  in  distribution 
of  concentrations  in  a  mixture  of  neutral  gases  consists  of  the  fact 
that,  along  with  the  region  of  increased  concentration  of  electrons 
In  the  front  part  of  the  front  of  the  shock  wave,  there  will  appear 
a  region  of  lowered  concentration  in  the  rear  part  of  the  wave.  In 
a  mixture  of  neutral  gases.  In  the  front  of  the  shock  wave  there  occurs 
only  a  concentration  of  the  light  component  (excess  mass  of  light 
component  flows  In  from  "infinity”). 

In  the  case  of  plasma  such  a  situation  Is  impossible.  Concen¬ 
tration  of  electrons  without  simultaneous  concentration  of  positive 
ions  in  a  neighboring  region  would  lead  to  the  appearance  of  an 
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electrical  field  to  "infinity,”  l.e.,  there  would  be  required  the  i 

I 

expenditure  of  infinite  energy.  | 

.ij 

In  work  [45]  was  considered  the  structure  of  the  front  of  a  weak j 

■J 

shock  wave  in  plasma,  taking  into  account  only  diffusion  of  electrons  j 
restrained  by  electrical  forces,  but  without  taking  into  account  | 

viscosity  and  thermal  conduction,  just  as  Cowling  did  [22]  for  a  mix-  | 
ture  of  electrically  neutral  gases  (see  §  5).*  As  also  there,  dlffu-  .5 

I 

Sion  ensures  the  blurring  of  a  shock  discontinuity  of  not  too  great  i 
intensity.  Thanks  to  the  restraining  role  of  the  electrical  field,  i 

the  width  of  transition  layer  is  smaller  than  in  a  mixture  of  neutral  i 

j 

gases. 

5.  Radiant  Heat  Exchange  in  the  Front  of  a  Shock  Wave 
§  l4.  Qualitative  Picture 

When  a  shock  wave  spreads  along  gas  occupying  a  great  volume, 
and  the  dimensions  of  the  heated  region  are  veiy  great  as  compared  to 
the  mean  free  path  of  light,  so  that  temperature  of  gas  little  changes 
at  distances  of  the  order  of  the  length  of  the  mean  free  path,  thermal 
radiation  in  the  volume  arrives  in  local  thermodynamic  equilibrium 
with  matter.  Radiation  is  equilibrium  also  directly  after  the  front 
of  the  shock  wave. 

Density  of  energy  and  radiation  pressure  become  comparable  with 
density  of  energy  and  pressure  of  matter  only  during  extraordinarily 
high  temperatures  or  extraordinarily  low  densities  of  gas.  For 
instance,  in  air  of  normal  density  this  occurs  at  a  temperature  of 
<*2.7 *10^  °K.  In  shock  waves  of  not  so  great  amplitude  radiation  pres¬ 
sure  and  energy  are  much  less  than  pressure  and  energy  of  matter  and, 

*See  also  works  [44,  46]. 
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therefore,  hardly  affect  parameters  after  fronts.  Of  another  order 
is  the  relationship  of  energy  flows  of  radiation  and  matter,  since 
speed  of  shock  waves  with  which  it  is  actually  necessary  to  deal  is 
of  many  orders  less  than  speed  of  light.  The  ratio  of  flows  of  energy 
~  (^rad^P^^  *  roughly  speaking,  is  c/D  times  more  than 

density  ratio  of  energy.  Thus,  at  D  «  100  km. /sec  c/D  =  3*10^.  In 
air  of  normal  density,  for  Instance,  both  flows  become  identical  at 
a  temperature  ~300,000°K,  at  which  density  of  radiation  is  still  very 
small . 

One  would  think  the  drain  of  energy  by  radiation  from  the  front 

of  a  shock  wave  of  great  amplitude  should  play  an  Important  role,  and 

in  the  third  of  the  shock  relationships  (7.^)  it  would  be  necessary, 

along  with  the  energy  flow  of  the  substance  to  Include  also  flow  of 

4 

energy  removed  from  the  surface  of  the  front  by  radiation  S  »  cT^. 

This  would  actually  affect  the  final  state  after  the  front  of  the  shock 
wave,  leading  to  large  compression  after  the  front.  Just  as  an  Increase 
in  heat  capacity  of  gas  leads  to  large  compression.  Actually  losses 
of  energy  to  radiation  from  the  surface  of  the  front  of  the  wave  are 
very  limited  and  their  effect  is  usually  Insignificant.  The  fact  is 
that  in  continuous  spectrum  gases  are  transparent  only  for  comparatively 
small  quanta.  Atoms  and  molecules  strongly  absorb  quanta,  whose 
energy  exceeds  ionization  potential  and  which  cause  photoeffect,  and 

molecules,  as  a  ru.^,  absorb  even  smaller  quanta;  for  Instance,  the 

o  . 

boundary  of  transparency  of  cold  air  lies  at  X  ~  2000A  hv  ~  6  ev. 

At  high  temperature  after  the  front,  energy  in  the  region  of  small 
frequencies  composes  only  a  small  share  of  the  total  energy  of  the 
spectrum.  Thus,  at  a  temperature  after  fronts  of  T  -  50j000°K  in  a 
region  of  transparency  of  air  hv  <  6  ev  there  is  concentrated  only 


r '•"ni 
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4.5?^  of  the  energy  of  plank  spectrum.  Small  quanta  are  In  the  Ray-  I 

1 

1 

lelgh  —  Jeans  part  of  the  spectrum  and  their  flow,  l.e.,  possible  I 

I 

losses  of  energy.  In  any  case  are  proportional  not  to  the  fourth,  but  | 

I 

I 

only  to  the  first  degree  of  temperature.  | 

Radiation  from  the  front  of  a  shock  wave.  Indeed,  departs  In  Its  | 

I 

basic  part  to  "Infinity"  only  with  amplitudes  at  which  the  maximum  of  :| 

I 

the  plank  spectrum  lies  In  the  spectral  region  of  transparency  of  gas,  | 

I 

l.e.,  at  temperatures  after  fronts  of  the  order  of  1-2  ev.  But  with  I 

4  ^ 

such  temperature,  absolute  value  of  radiation  flux  oT^  Is  minute  and  j 
additional  compression  because  of  losses  to  radiation  In  air  of  normal  -1 
density  does  not  exceed  a  percentage.  ^ 

3 

Thus,  the  existence  of  thermal  radiation  little  affects  parameters  ' 
of  gas  after  the  front  of  a  shock  wave  of  not  too  great  amplitude. 
Another  matter  Is  the  Influence  of  radiation  on  the  Internal  structure 
of  the  transition  layer  between  Initial  and  final  thermodynamically 
equilibrium  states  of  gas,  l.e.,  on  the  structure  of  the  actual  front 
of  the  shock  wave.  Here  the  role  of  radiation  In  waves  of  large  (but 
presenting  real  Interest)  amplitudes  turns  out  to  be  extraordinarily 
essential  and,  moreover,  namely  radiant  heat  exchange  determines 
structure  of  front.  The  problem  concerning  the  structure  of  the  front 
of  a  shock  wave,  taking  Into  account  radiant  heat  exchange,  to  which 
§  14-17  of  this  chapter  are  dedicated,  was  considered  by  the  authors 
In  works  [42,  47-49].  Although  radiation  flux  departing  from  the  front 
of  a  wave  to  "infinity"  Is  minute  and  does  not  render  any  power  Influ¬ 
ence  on  parameters  of  the  shock  wave,  the  fact  that  It  exists  has  a 
huge  value  since  It  permits  observing  the  wave  by  optical  methods. 

The  Question  about  the  glow  of  a  shock  wave  and  the  brightness  of 
the  surface  of  the  front  Is  tightly  Interlaced  with  the  question  about 
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the  structure  of  the  front.  It  will  he  considered  In  Chapter  IX. 

Due  to  the  nontransparency  of  cold  gas,  radiation  outgoing  from 
the  surface  of  the  shOv'iA  discontinuity.  In  waves  of  great  amplitude  Is 
almost  completely  absorbed  In  front  of  the  discontinuity,  heating 
layers  of  gas  flowing  Into  the  discontinuity.  This  energy,  going  Into 
heating.  Is  drawn  out  because  of  de-excltatlon  of  layers  of  gas, 
already  experiencing  shock  compression,  which,  consequently,  are  cooled 
by  radiation.  The  effect  leads,  thus,  to  transfer  of  energy  from  some 
layers  of  gas  to  other  means  of  radiation.  Radiation  heat  exchange 
Is  performed  at  distances  measured  by  the  length  of  the  mean  free  path 
of  quanta  for  absorption.  Usually  the  length  of  the  mean  free  path 
of  quanta  are  several  orders  larger  than  the  gas  kinetic  mean  free 
path  of  particles  (see  Chapter  V)  and  larger  than  the  width  of  the 
relaxation  layer,  where  thermodynamic  equilibrium  Is  established  In 
the  actual  substance. 

Thus,  In  air  of  normal  density  lengths  of  the  mean  free  paths  of 
quanta  with  energies  of  hv  ~  10-100  ev,  corresponding  to  temperatures 

after  the  front  of  10*^  -  10^  °K,  have  an  order  of  10”^  -  10”^  cm, 

-5 

whereas  a  gas  kinetic  path  Is  of  the  order  of  10  cm. 

Width  of  the  front  of  a  shock  wave  In  which  radiant  heat  exchange 
plays  an  essential  power  role  Is  determined  by  the  length  of  the  mean 
free  path  of  llghb—  the  largest  scale  of  length.  With  some  meaning 
It  Is  possible  to  speak  about  relaxation  of  radiation  In  the  front  of 
a  shock  wave  and  about  the  establishment  of  equilibrium  of  radiation 
with  the  substance  after  the  front. 

Let  us  trace  qualitatively,  how  the  structure  of  the  front  changes 
during  transition  from  waves  of  small  amplitude  to  waves  of  great 
amplitude.  With  this  we  will  consider  the  phenomenon  In  “large  scale,” 
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not  being  Interested  In  "small  scale"  component  connected  with  relax-] 
ation  in  different  degrees  of  freedom  of  gas,  i.e.,  assuming  that  at  : 
each  point  of  the  wave  the  substance  is  in  a  state  of  thermodynamic 
equilibrium.  A  viscous  shock  wave  together  with  the  relaxation  zone 

■■ 

after  it  we  will  consider  as  a  mathematical  discontinuity.  | 

In  the  limiting  case  of  a  sufficiently  weak  wave,  when  the  power i 
role  of  radiation  is  small,  profiles  of  all  magnitudes  in  the  shock  | 
wave  have  the  character  of  the  "classical"  steps  (Fig.  7.22).  During | 
growth  of  amplitude  rapidly  grows  flow  of  radiation  from  the  surface  | 

4  I 

of  the  front  —  oT. .  Radiation  is  absorbed  before  the  discontinuity  | 

I 


Fig.  7.22.  Pro¬ 
files  of  temper¬ 
ature,  density, 
and  pressure  in 
a  "classical" 
shock  wave. 


at  a  distance  of  the  order  of  the  mean  free  path  | 
of  quanta  and  heats  the  gas;  heating  is  less  the  | 
further  from  the  discontinuity  due  to  absorption 
of  radiation  flux.  The  shock  wave  is  propagated  I 
now  not  along  the  cold  but  along  the  heated  gas 
and  temperature  after  the  shock  T_j_  is  higher 
than  in  the  absence  of  heating,  i.e.,  higher 


than  in  the  final  state.  After  the  compression  I 
shock  temperature  decreases  from  T_j_  to  T^.  In  other  words,  a  partlclej 

.t 

» 

of  gas  flowing  through  the  shock  wave  at  first  is  heated  by  radiation,] 


but  after  experiencing  shock  compression  it  is  cooled,  de-exciting  i 
part  of  the  energy  which  goes  into  creation  of  radiation  flux.  Heating 
of  gas  before  the  discontinuity  leads  to  increase  of  its  pressure  and  j 

i 

a  certain  compression  (and  also  to  braking  in  the  system  of  coordinate! 

\ 

where  the  front  rests).  In  the  shock  wave  gas  is  compressed  to  a  | 

density  somewhat  smaller  than  final.  Cooling  of  gas  after  the  com-  I 
pression  shock  promotes  its  further  compression  to  final  density  (as  1 
also  in  the  case  of  lowering  temperature  due  to  excitation  of  additlonii 
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degree  of  freedom).  Pressure  Increases. 

Profiles  of  temperature,  density,  and  pressure  In  the  wave, 

responding  to  the  described  picture,  are 
depicted  schematically  In  Pig.  7.23. 

Temperature  of  heating  before  disconti¬ 
nuity  T  Is  proportional  to  radiation  flux 

outgoing  from  the  surface  of  discontinuity  — 

4 

Sq  «  aT^,  and  Is  quickly  Increased  with  growth 
of  amplitude  of  wave.  Thus,  In  air  of  normal 
density  T  «  1400°K  at  T^  »  25,000°K;  T  - 
=«  4000°K  at  T^  =  50,000°K;  T  =*  60,000°K  at 
T^  »»  150,000°K.  Correspondingly  Is  Increased 
excess  of  temperature  after  shock  T_j_  over 
final  T^  (roughly  speaking,  ~  T^  T  ). 

At  a  certain  temperature  after  the  front 
“  "^crlt  heating  T__.  attains 

magnitude  T^  and  profile  of  temperature  obtains  the  form  shown  In  Fig. 
7.24.  This  temperature  equal  approximately  to  ^00,000°K  for 

air,  can  be  called  critical  since  It  divides  two  essentially  different 
cases  of  structure  of  the  front  of  the  shock  wave. 

Let  us  consider  a  wave  of  great,  supercritical  amplitude  with 
temperature  after  the  front  T^  >  Energy  flow  of  quanta  radiated 

by  gas  after  the  compression  shock  and  outgoing  from  the  surface  of 
discontinuity  In  the  direction  of  cold  gas  would  suffice  to  heat  a 
layer  of  the  order  of  the  length  of  a  mean  free  path  In  which  quantum 
Is  absorbed,  up  to  a  very  high  temperature,  of  more  than  T^.  Can 
heating  In  fact  be  carried  out  so  high?  Obviously  not,  since  the 
heated  layer  Itself  would  begin  Intensely  to  radiate  and  Is  rapidly 


-  I  , 

0  ^ 

Pig.  7.23.  Pro¬ 
files  of  temper¬ 
ature,  density, 
and  pressure  In 
the  front  of  a 
shock  wave  of  not 
too  great  ampli¬ 
tude  during  cal¬ 
culation  of  radi¬ 
ant  heat  exchange. 
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cool  to  temperature  T^.  Appearance  of  state  with  T  >  would  sig¬ 
nify  that  in  a  closed  system  heat  Is  inadvertently  transferred  from 
less  heated  layers  of  gas  to  more  heated,  in  contradiction  of  the  sec¬ 
ond  law  of  thermodynamics.*  In  fact,  energy  removed  by  radiation 
from  gas  heated  in  a  shock  wave  is  simply  expended  on  heating  thicker 

layers  before  the  discontinuity.  Quanta 
going  out  from  behind  the  surface  of 
discontinuity  are  absorbed  in  front  of  the 
discontinuity  in  a  layer  of  the  order  of 

Fig.  7.24.  Profile  of  the  length  of  the  mean  free  path  and  heated 

temperature  in  a  shock 

wave  of  "critical"  to  a  temperature  close  to  T.;  the  substance 

amplitude. 

itself  radiates,  heating  neighboring 


layers,  etc.  We  will  deal  with  a  typical  case  of  the  heating  of  gas 


by  means  of  radiant  thermal  conduction.  Before  the  discontinuity 


Fig.  7.25.  Profiles  of 
temperature  and  density 
in  the  fru.'^t  of  a  shock 
wave  of  very  great  ampli¬ 
tude  during  the  calcula¬ 
tion  of  radiant  heat  ex¬ 
change,  Dotted  line  cor¬ 
responds  to  approximation 
of  radiant  thermal  conduc¬ 
tion  (Isothermal  Jump). 


spreads  a  thermal  conduction  wave,  gripping 
a  thicker  layer  of  gas  the  larger  the 
amplitude  of  the  shock  wave.  The  phenom¬ 
enon  is  fully  analogous  to  a  shock  wave 
with  electron  thermal  conduction,  which 
was  conduction,  which  was  considered  in 
§  12  (radiant  thermal  conduction  also  in 
nonllneetr). 

Profiles  of  temperature  and  density 
in  a  shock  wave  of  supercritical  amplitude 
are  depicted  in  Pig,  7«25.  After  compres¬ 
sion  shock,  as  before,  there  is  a  peak  of 


*In  greater  detail,  the  ln5>osBibility  of  a  state  with  T_  > 
will  be  discussed  in  §  I7,  Strict  proof  of  this  position  is  given  in 
work  [42] , 
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temperature^  appearing  as  a  result  of  shock  compression*  As  also  ear¬ 
lier,  particles  of  gas,  after  experiencing  shock  compression,  are 
cooled,  de-excltlng  part  of  their  energy,  and  they  return  it  to  crea¬ 
tion  of  thermal  wave  before  the  discontinuity. 

However,  in  distinction  from  a  subcrltlcal  case,  thickness  >'»f 
the  peak  is  now  less  than  the  mean  free  path  of  radiation  and  decreases 
with  growth  in  amplitude  of  wave  (see  §  1?). 

In  approximation  of  radiant  heat  exchange,  when  from  consideration 
are  dropped  parts  of  phenomena  occurring  at  distances  less  than  the 
mean  free  path,  the  peak  will  be  "cutoff, "  as  was  shown  by  dotted  line 
in  Pig.  7.25,  and  shock  wave  obtains  the  character  of  an  "isothermal" 
shock  (see  §  3  this  chapter). 

In  subsequent  paragraphs  the  physical  picture  outlined  here  in 
broad  terms  will  be  given  a  mathematical  basis. 

§  15.  Approximate  Formulation  of  the  Problem 
About  Structure  of  a  Front 

We  will  consider,  as  usual,  a  one-dimensional  steady-state  oper¬ 
ation  in  system  of  coordinates  where  the  front  rests.  For  clarifi¬ 
cation  of  peculiarities  of  structure  of  front,  connected  with  radiant 
heat  exchange,  we  will  Introduce  a  number  of  simplification.  The  gas 
we  will  consider  ideal,  possessing  constant  heat  capacity,  so  that 
its  pressure  and  specific  internal  energy  are  expressed  by  simple 

formulas;  .. 

•  iir. 

T”** 

Viscous  compression  shock,  together  with  relaxation  layer  where 
there  occurs  establishment  of  thermodynamic  equilibrium  in  the  sub¬ 
stance,  we  will  replace  by  a  mathematical  discontinuity.  In  the  zone 
of  radiant  heat  exchange  we  will  disregard  relaxation  phenomena, 
viscosity  and  thermal  conduction  of  the  substance,  and  also  electron 


thermal  conduction.*  The  shock  wave  we  will  consider  strong  (inltia 
pressure  and  energy  of  the  substance  are  small  as  compared  to  final) 


We  will  not  consider  waves  of  extraordinarily  great  amplitude;  in 


this  case  it  is  possible  to  disregard  energy  and  pressure  (but  not 
flow!)  of  radiation. 


Small  flow  of  small  quanta,  departing  from  the  front  of  the  wa 


to  "infinity,"  we  do  not  take  into  account,  considering  that  before 


the  front  radiation  flux  is  equal  to  zero. 


With  the  assumptions  made  the  system  of  Integrals  of  equations 


of  hydrodynamics  (7.10)  takes  the  following  form; 

j)+QU*-»8o^,  I 


1  I  ^  I  *!.*  I  ? 

9  -TT^^  9pD  TT  • 


(7.40 


Here  S  is  energy  flow  of  radiation.  Let  us  note  that  it  is  directed 


toward  flow  of  gas,  which  moves  to  positive  side  of  axis  x,  so  that 


S  <  0  (D,  u  >  0). 


Before  the  fronts  at  x  ■  -cD,  and  after  the  front  of  the  shock 


wave,  at  X  »  +03,  flow  is  S  -  0,  and  all  quantities  take  their  initlij 


and  final  values  with  which,  as  always  we  will  add  indices  "0"  and 


Coordinate  x  we  will  count  off  from  point  where  shock  wave  is 


located. 


For  determination  of  radiation  flux,  it  is  necessary  to  join  i 

I 

equation  of  radiation  transfer  to  equations  of  hydrodynamics  (7.40), j 
We  will  consider  angular  distribution  of  quanta  in  diffusion  approxl.^ 
mation,  replacing  strict  kinetic  e  <  ion  for  intensity  by  two  equa- ’ 
tions  for  density  and  radiation  flux  (see  §  10,  Chapter  II).  j 


♦Appraisals  show  that  in  a  number  of  real  cases,  including  such] 
a  practically  Important  process,  as  shock  wave  in  air  of  normal  nor-i 
mal  density,  electron  thermal  conduction  plays  a  smaller  role  than  I 
transfer  of  energy  by  radiation  (see  [48]).  I 
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Let  us  emphasize  that  In  the  diffusion  approximation  there  are 
formally  contained  no  assumptions  about  the  nearness  of  radiation  den¬ 
sity  to  equilibrium  and  the  diffusion  approximation  Is  by  no  means 
equivalent  to  the  approximation  of  radiant  thermal  conduction.  With 
Its  help  we  describe  also  essentially  nonequilibrium  radiation,  only 
by  approximate  form  while  considering  angular  distribution  of  quanta 
(see  §  13,  Chapter  II). 

We  will  operate  with  only  Integral  values  of  density  and  flux  of 
radiation  U  and  S  over  the  spectrum,  for  which  we  will  Introduce  a 
certain  average  length  of  mean  free  path  of  light  i  over  the  spectrum. 
As  was  marked  In  Chapter  II,  such  an  approximation,  strictly  speaking. 
Is  possible  only  In  defined  limiting  cases.  However,  It  does  not 
distort  qualitative  regularities  of  radiant  transfer  and  for  our  pur¬ 
pose  Is  sufficient. 

Let  us  copy  equations  for  radiation  In  shown  approximations  (see 
formulas  (2.62)  and  (2.65)): 


is 

ir“ — I — • 


k  to 
— 1-5-. 


4 

Here  Up  «  4oT  /c  Is  density  of  energy  of  equilibrium  radiation,  corre¬ 
sponding  to  temperature  of  the  substance  at  a  given  point  x. 

Equation  of  hydrodynamics  and  transfer  of  radiation  do  not  contain 
In  evident  form  coordinate  x;  therefore.  In  them  It  Is  possible  to 
cross  to  new  coordinate  —  optical  thickness  x,  which  Is  counted  off 
from  point  x  -  0  In  positive  direction  of  axis  x: 


(7.41) 


If  length  of  mean  free  path  l  Is  known  as  a  function  of  temperature 
and  density  of  gas.  In  the  final  solution  It  Is  easy  with  the  help  of 


equations  (7.^1)  to  cross  from  distributions  of  different  magnitudes 
with  respect  to  optical  coordinate  to  distributions  with  respect  to 
X  (at  l  =  const  both  types  of  profiles,  obviously,  coincide).  In 
terms  of  optical  thickness,  equations  of  transfer  obtain  such  form: 

~-c(£7p-£^).  (7.42 

(7.43, 

Equations  of  hydrodynamics  (7.40)  and  transfer  of  radiation  (7.^ 
(7.43)  together  with  natural  boundary  conditions,  expressing  the 
absence  of  radiation  In  cold  gas  before  the  wave  and  the  thermodynam. 
Ically  equilibrium  character  of  the  radiation  after  the  front  of  the 
wave , * 

t--oo,  5  =  0,  =  r  =  0,  (7.44) 

t-+oo,  5=0.  r=r„  (7.45] 

completely  describe  the  structure  of  the  front  of  a  shock  wave  In  the 
presented  setting.  The  system  of  differential  equations  has  second 
order.  It  Is  possible  to  lower  the  order  If  one  excludes  from  -^he 
system  coordinate  t,  dividing  equation  (7.42)  and  (7.43)  one  by  the 
other: 


iS  e*  U—U^ 


(7.46) 


3  5  • 

For  explanation  of  the  physical  meaning  of  laws  of  structure  of 
the  front  diagrams  p,  V;  T,  V;  S,  V,  considered  In  §  3,  are  very 
convenient.  Introducing,  as  there,  relative  specific  volume  q  «  V/Vq 
equal  to  reciprocal  of  compression  and  dimensionless  speed 


we  will  find  from  the  first  two  equations  of  (7.40)  that  In  regions 
where  gas  dynamic  magnitudes  are  continuous,  pressure  changes  along 


♦From  these  conditions  only  two  are  Independent;  the  others  are 
results  of  equations. 
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straight  line 


(7.47) 

Temperature  and  flow  depend  on  compression  ty  formulas,  analogous 
to  (7.13)  and  (7.1l().  These  formulas  are  obtained  from  equations 
(7..0)  in  the  case  of  gas  with  constant  heat  capacity.  Let  us  Intro- 


WClVCj 

into  account  radiant 
heat  exchange. 


7'  7*  tj.  I  If 

Fig.  7.27.  p,  T)-dlagram 
ror  a  shock  wave,  taking 
into  account  radiant  heat 
exchange. 


duce  in  formulas  (7.13)  and  (7.14),  instead  of  Mach  number,  temperature 
after  the  front  of  the  shook  wave  T^.  We  will  obtain 

n) 

(7.48) 

(7.49) 


ihU-m)  ’ 

5  - - 

- 


where  -  (y  -  i)/(y  +  1).  ^  ^ 

tlal  role  only  at  high  temperatures,  when  gas  Is  strongly  Ionized. 

The  effective  adiabatic  Index  In  region  of  Ionization,  for  numerical 
appraisals.  It  Is  possible  to  assume  as  equal  to  y  .  1.25.  correspond¬ 
ing  compression  after  front  of  wave  l/q^  -  9,  q,  -  0.111. 

Function  T(q),  S(q),  p(,|)  are  depleted  In  Pig.  7.26  and  7.27. 

Curve  T(S),  which  can  be  obtained  from  equations  (7.48),  (7.49),  as 
may  be  seen  from  Fig.  7.26,  has  two  branches:  one  of  them,  which  In 
limit  S  -  0  gives  T-.  0  (q  ,  1),  corresponds  to  states  close  to 
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initial,  l.e.,  zone  of  heating  before  dlscontinultyj  the  other,  with 
limit  S 0,  T T^,  (t)-^  t)^),  corresponds  to  states  close  to  final, 
i.e.,  region  after  discontinuity. 

In  the  subsequent  two  paragraphs  we  will  find  approximate  solu¬ 
tions  of  equations  of  regime  for  the  two  extreme  cases  described  in 
§  l4:  for  shock  waves  of  subcrltlcal  and  supercritical  amplitudes. 

It  is  necessary  to  note  that  transition  from  one  case  to  another  is 
continuous.  Simply  for  intermediate  values  of  amplitudes  close  to 
critical,  it  is  not  possible  to  find  solution  in  an  analytic  form. 
Numerical  integration  for  Intermediate  amplitudes  is  no  difficulty. 
However,  there  is  no  particular  necessity  for  it  since  the  found, 
limiting,  analytical  solutions  are  valid  up  to  amplitudes  very  close 
to  critical  from  any  direction. 

§  l6.  Shock  Wave  of  Subcrltlcal  Amplitude 

Let  us  consider  a  shock  wave  of  small  amplitude,  in  which  all 
effects  connected  with  radiation,  are  great.  Temperature  after  com¬ 
pression  shock  is  close  to  final  temperature  and  from  surface  of 

discontinuity  emerges  radiation  flux  equal  in  absolute  value  to  [Sq]  » 

4 

w  oT^.  Let  us  trace  state  of  particle  of  gas,  flowing  into  wave. 
Current  point  on  diagrams  T,  t|;  S,  ti;  p,  q  moves  from  initial  position 
A  in  the  direction  of  compression  up  to  position  B,  in  which  flow  is 
equal  to  Sq.  Density  of  gas,  temperature,  pressure,  and  radiation 
flux  in  the  particle  monotonlcally  grow  during  approach  to  discontl- 
ulty.  From  formulas  (7.48)  and  (7.49)  it  follows,  and  this  one  may 
see  from  Fig.  7.26,  that  on  those  branches  of  curves,  which  emerge 
from  initial  point  A,  i.e.,  in  the  zone  of  heating,  compression  is 
very  small.  Even  at  T  -  on  this  branch  compression  composes  only 

1/(1  -  q^)  «  1.13  (if  7  “  1.25,  qj^  -  0.111),  and  during  temperatures 
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before  discontinuity  T_  smaller  than  compression  in  the  heating 
zone  is  still  less.  If  one  were  to  approximately  exclude  from 
equations  (7.^8)  and  (7.49)  and  express  S  through  T  with  an  accuracy 
up  to  small  terms  of  the  second  order  relative  to  we  will  obtain 

“•y— (7.50) 
This  equation,  which  Is  obtained  from  Integral  of  energy  (7.40),  If 

O  O 

one  were  to  omit  In  It  members  p/p,  D  /2,  u  /2,  has  a  simple  physical 
meaning.  It  means  that  energy  of  absorbed  radiation  In  zone  of  heat¬ 
ing  Is  expended  only  on  Increase  of  temperature  of  gas.  And  Indeed, 

It  Is  easy  to  show  that  work  of  compression  p/p  and  change  of  kinetic 

energy  (D  /2)  -  (u  /2),  which  basically  are  proportional  to  with  an 

2 

accuracy  of  small  terms  of  the  second  order,  proportional  to  com¬ 
pensate  one  another. 

Equation  of  energy  conservation  In  the  absence  of  braking  and 
compression  of  gas,  recorded  In  the  form 

(7.51) 

is  valid  even  In  the  general  case  when  heat  capacity  depends  on  tem¬ 
perature.  If  one  were  to  carry  It  to  point  x  *  0  directly  before 
discontinuity,  we  will  find  maximxun  temperature  of  heating  T  : 

(7.52) 

In  gas  with  constant  heat  capacity  D  ~\rr,  and  T_  l.e., 

heating  rapidly  grows  with  growth  of  amplitude  of  wave.  By  equation 

(7.52)  It  Is  possible  approximately  to  estimate  that  temperature  after 
the  front,  at  which  temperature  before  compression  shock  T  attains 
magnitude  (we  called  such  a  wave  critical).  The  approximation 
consists  In  the  fact  that  flow  from  the  surface  of  discontinuity,  as 
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before.  Is  assumed  equal  to  oT^,  whereas  In  reality  It  Is  somewhat 
more  since  temperature  after  discontinuity  Is  somewhat  higher  than 
T^.  Approximate  equation  for  determination  of  critical  amplitude 


^crlt 


oT*  »  DIT  )p„eIT  ) 
Kn  '  Kn'^0  KTD' 


(7.53): 


Table  7.2 


»  .... 

1 

D  ** 

Ti.'K 

m  r  -r 

’sec 

’ molecule 

sec 

'  molecule 

1 

23,3  90000 

3,7 

4000 

56.5 

150000 

122  60000 

2S.5  65000 

8.4 

9000 

81,6 

250000 

635  175  000 

32,1  75000 

13,1 

12000 

86,2 

275  000 

910  240000 

40,6  100000 

32,7 

25000 

88,1 

285000 

1020  285000 

In  Table  7.2  are  given  (calculated  by  formula  (7.52)  values  of 
temperature  before  compression  shock  In  air  of  normal  density  when 
considering  real  dependence  e(T).  From  the  table  It  Is  clear  that 
critical  temperature  In  air  Is  equal  to  approximately  300,000°K 

yy*  (285,000°K  according  to  equation  (7.53)). 

^  As  follows  from  determination  (7.53) i 

0  t 

critical  temperature  Is  the  temperature 

- - 

at  which  energy  flows  of  matter  and  radl- 
— ••**'  ■ _ _  atlon  become  approximately  Identical  (we 

0  t 

will  remember  remark  In  the  beginning  of 

T,  §  14). 

Jr. 

_ ^  Returning  to  Initial  equations  for 

0  Jt 

Fig.  7.28.  Profiles  of  gas  with  constant  heat  capacity,  we  will 

flow  and  density  of  radi¬ 
ation  and  temperature  in  find  approximate  solution  In  the  zone  of 
a  shock  wave  of  subcrlt- 

Ical  amplitude.  heating  of  a  subcrltlcal  wave.  If  tem¬ 

perature  In  the  zone  of  heating  Is  low  as  compared  to  temperature 


Fig.  7.28.  Profiles  of 
flow  and  density  of  radi¬ 
ation  and  temperature  in 
a  shock  wave  of  subcrlt¬ 
lcal  amplitude. 
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after  the  front  (T_  <  T^),  then  equlllbrliim  density  of  radiation, 
proportional  to  fou. th  degree  of  temperature-  of  gas  (Up  ~  T^),  is 
much  less  than  actual  density  U,  which  is  determined  by  radiation 
penetrating  the  gas  coming  from  behind  the  surface  of  discontinuity 
and  having  temperature  (U  ~  |Sq|  T^). 

Radiation  generated  In  the  actual  zone  of  heating  gives  small 
contribution  to  total  flux  and  density.  Density  of  radiation,  thus. 
Is  essentially  nonequilibrium  In  the  zone  of  heating.  Disregarding 
in  equations  (7.42)  and  (7.46)  Up  as  compared  to  U,  we  will  find  solu 
tlon  before  the  discontinuity  during  t  <  0; 


-5— (7.54) 

(7.55) 

(7.56) 

flu 

(7.57) 


All  magnitudes  exponentially  drop  In  optical  thickness  according 
to  their  distance  from  the  discontinuity  (Fig.  7.28).  Values  T_,  p_, 
p  are  easy  to  calculate  with  the  help  of  formulas  (7.52)  and  (7.48) 
and  equations  of  state. 

At  point  of  shock  discontinuity,  density  and  radiation  flux  remain 
continuous.  Really,  discontinuity  in  density  of  radiation  would  cor¬ 
respond,  by  the  formula  (7.4^),  to  Infinite  flow,  which  In  reality 
Is  limited  by  laws  of  conservation  of  energy,  and  discontinuity  In 
flow  would  lead  to  non- stationary  accumulation  or  decrease  of  energy 
of  radiation  at  point  of  discontinuity.  Consequently,  current  point 
on  diagrams  T,  q;  S,  q  during  passage  of  viscous  shock  Jumps  from 
position  B  on  one  branch  of  curves  to  other  branch  at  position  C, 
corresponding  to  the  very  same  flow  Sq.  (Derivative  of  flow,  of 
course,  endures  a  discontinuity).  The  same  occurs  also  with  point 
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on  diagram  p,  r\:  gas  is  compressed  in  shock  wave  in  accordance  with 
shock  adiahat  CB  passing  through  point  B.  After  shock  compression, 
state  of  particle  monotonically  nears  final,  toward  point  D.  Temper¬ 
ature  and  radiation  flux  decrease,  and  density  of  gas  and  pressure 
increase. 

In  a  wave  of  low  amplitude,  the  excess  of  temperature  after 


discontinuity  T_^  above  temperature  after  front  T^,  as  can  be  seen 
from  diagram  T,  t),  Just  as  the  change  of  volume  after  discontinuity, 
is  small.  Excluding,  as  earlier,  from  equations  (7.^8)  and  (7.49), 
for  the  second  branch  we  will  find,  with  an  accuracy  up  to  small  terms 


of  the  second  order  relative  to  connection  of  flow  and  temperature 

■) 

after  discontinuity:  j 

-5-i^z)e,A(r-r.).  (7.58)  ' 

In  order  to  decide  approximately  equation  of  radiation  transfer  I 

'i 

in  the  region  after  the  discontinuity,  we  note  that  temperature  here  ] 

1  4  /  i 

changes  and  it  is  possible  to  assume  »  Up^  »  4oT^/c  =  const.  Let 


us  obtain  at  x  >  0: 


(7.59)  I 

(7.60)  I 

where  ■  [(3  -  7)/(7  +1)]  T_  «  0,78  T_  at  7  ■  1.25. 

Value  of  radiation  density  at  point  of  discontinuity  we  will 
find.  Joining  at  point  x  *  0  two  branches  of  curves  U(S),  which  are 
given  by  formulas  (7.54)  and  (7.59).  Let  us  obtain* 

(7.61) 

♦Let  us  note  that  with  this  there  appears  a  new  value  of  flow 
Sq  -  (2/|/DoTj,  somewhat  differing  from  former:  Sq  *  aT§.  This  small 
disharmony  is  a  consequence  of  the  imperfection  of  diffusion  approxi¬ 
mation  and  disappears  during  use  of  exact  equation  of  radiation  trans¬ 
fer;  see  about  this  in  work  [47]. 
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Profiles  of  density  and  radiation  flux  In  subcrltlcal  wave  are 
depicted  In  Fig.  7.28,  where  for  comparison  Is  given  also  profile  of 
temperature. 

Let  us  look  at  the  limits  of  applicability  of  approximate  solu¬ 
tion  of  equations  In  zone  of  heating.  Formula  (7.50)  has  high  accu¬ 
racy  even  In  a  wave  of  critical  amplitude,  since  at  7  -  1.25  compres¬ 
sion  before  discontinuity  Is  small:  P^/Pq  «  1.15. 

Regarding,  however,  solution  of  radiation  transfer  equation 
(7.5^)>  It  Is  obtained  In  approximation  Up  «  U  and  loses  force  when 
density  of  radiation  U  becomes  comparative  with  equilibrium.  From 
formulas  (7.5^)  and  (7.50)  It  follows,  that  this  occurs  at  temperature 


Tj^,  satisfying  equation 


"1^. 


(7.62) 


Comparing  this  equation  with  expression  (7.55)#  in  which  we  con¬ 
sider  heat  capacity  constant  Q.  *  and  noticing  that  D  weakly 

depends  on  temperature  (D  at  7  «  const),  we  see  that  temperature 

Tj^  Is  very  close  to  critical  temperature  i't  follows  from  this 

that  density  of  radiation  In  heating  zone  always  Is  nonequilibrium 
temperatures  lower  than  critical  and  our  approximate  solution  is 
valid  for  waves  with  amplitudes  up  to  critical. 

It  Is  essential  that  radiation  density  becomes  of  the  order  of 
of  equilibrium,  when  are  energy  flows  of  radiation  and  hydrodynamics 
are  equal.  As  can  be  seen  from  formulas  (7.5^)-(7.57) #  optical  thick¬ 
ness  of  zone  of  heating  In  a  wave  of  subcrltlcal  amplitude  has  the 
order  of  unity.  Geometric  width  of  zone,  consequently.  Is  of  the 

order  of  the  average  mean  free  path  of  radiation  over  the  spectrum. 

-2  -1 

In  air  of  normal  density  this  width  Is  of  the  order  of  10  -  10  cm. 
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The  bigger  it  is  the  higher  the  temperature  behind  the  front  since  the 
mean  free  path  grows  with  increase  of  energy  of  quanta.  The  same  I 

order  approximately  has  the  width  of  the  zone  after  compression  shock,  1 
where  there  occurs  approach  to  final  states  of  gas  and  radiation.  | 


§  17.  Shock  Wave  of  Supercritical  Amplitude 

■5 

Let  us  consider  a  shock  wave  of  great,  supercritical  amplitude,  I 
when  temperature  after  front  T^  >  Temperature  in  the  zone  of  S 

heating  Increases  from  zero  to  magnitude  T_,  which  Is  equal  to  final 
Tj^  and,  consequently,  also  largely  than  Inasmuch  as  temperature  ’ 

Tj,,  defined  by  formula  (7.62),  is  close  to  critical  T  is  larger 

than  Tj^.  Compression  In  the  zone  of  heating  Is  small  and  equation 
(7.50)  remains  In  force. 

On  the  front  edge  of  the  zone  where  temperature  Is  lower  than 
magnitude  Tj,_,  radiation  as  before  Is  nonequilibrium  and  solution  of 
the  type  {7.3^) t  (7.55)  is  valid.  In  which  T,  S  and  U  exponentially 
drop  with  optical  thickness.  At  the  point  where  temperature  attains 


magnitude  Tj,,  density  of  radiation  becomes  of  the  order  of  equilibrium 

,4 


and  flow  S  of  the  order  of  Stefan  —  Boltzmann  flow  oT  .  During  further 
advance  In  the  direction  toward  discontinuity,  radiation  flux  grows 


owing  to  law  of  preservation  (7.50)  proportionally  to  the  temperature 

,4 


(S  ~  T),  l.e.,  becomes  less  than  Stefan  —  Boltzmann  flow  oT  .  This 
means  that  In  temperature  region  where  T  >  Tj,,  one-sided  flows  of 
opposite  direction  (which  are  of  the  order  of  oT^)  to  a  considerable 
degree  compensate  one  another;  generation  of  radiation  at  every  point 
is  comparable  with  absorption  and,  consequently,  density  of  radiation 
is  close  to  thermodynamic  equilibrium.  In  other  words,  in  the  shown 
region  of  the  zone  of  heating  radiation  is  in  local  equilibrium  with 
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substance,  and  radiation  transfer  has  the  character  of  radiant  thermal 
conduction.  Flow  S  is  now  determined  by  gradient  of  temperature,  and 
the  smallness  of  it  as  compared  to  Stefan  —  Boltzmann  corresponds  to 
the  fact  that  temperature  little  changes  at  a  distance  of  the  order 
of  the  mean  free  path  of  light.  In  order  to  obtain  solution  In  the 
zone  of  radiant  thermal  conduction,  one  should  replace.  In  equation 
of  diffusion  density  of  radiation  U  equilibrium  magnitude 


Up  -  U: 


16acr>  dT 
3  dx  ‘ 


(7.63) 


Solving  this  equation  Jointly  with  algebraic  equation  (7.50),  we 
will  find  profiles  of  temperature,  flow,  and  density  of  radiation  In 
the  equilibrium  region  of  the  zone  of  heating.  They  have  to  be  Joined 
with  the  solution  on  the  front  edge  in  the  nonequilibrium  region  at 
a  point  with  temperature  T  »  Tj^,  effectively  differentiating  both 
regions.  Optical  coordinate  of  this  point  we  will  designate  by  t,^. 
After  elementary  calculation  we  will  obtain  solution  in  nonequilibrium 


region,  at  x  <  x. 


T  >  T, 


T  tXJ  --VTIt-tJ. 

TV  wx"' 

in  equilibrium  region,  at  x^  <  t  <  0,  0  <  |x|  < 

t  I 

r  _  Vis  _  f  tv  >1  r*  ,  3/3, _  _ 

where  x^  is  expressed  through  temperature  before  discontinuity 

'’■'“TTstCTv)’"*]  ■ 


(7.64) 


(7.65) 


(7.66) 


Inasmuch  as  temperature  in  nonequilibrium  zone  drops  exponentially 
while  decreasing  a  few  times  at  optical  distance  equal  to  unity, 
magnitude  Ixvl  in  the  case  of  a  very  strong  wave,  when  »  T^, 


constitutes  the  optical  thickness  of  the  zone  of  heating. 

It  Is  necessary  to  note  that  in  the  equlllhrium  region  mean  free 
path  light  Is  averaged  hy  Rosseland  (see  §  12,  Chapter  II).  Tempera¬ 
ture  before  the  discontinuity  in  supercritical  wave  T_  almost  coin¬ 
cides  with  temperature  after  front  T^. 

Temperature  before  discontinuity  T_  never  can  become  higher  than 
final  temperature  after  front  T^.  Really,  If  T_  >  T^,  then  density 
of  radiation  In  the  zone  of  heating  before  the  discontinuity,  which 

4oT_ 

is  equal  to  approximately  U_  «  — - — ,  becomes  larger  than  density  of 

4oT^I 

radiation  after  the  front  ''Pi  -  — Consequently,  in  the  zone 
between  discontinuity  and  region  of  final  state  (0  <  t  <  +  oo)  density 

of  radiation  decreases  as  distance  from  discontinuity  increases.  Flow, 

jtt 

which  is  proportional  to  S  •^,  is  positive  and  is  directed  in  the 
direction  of  the  motion  of  gas.  But  this  contradicts  formulas  (7.48) 
and  (7.49),  which  are  a  consequence  of  the  laws  of  preservation  and 
which  indicate  that  flow  in  a  shock  wave  everywhere  is  negative  and 
is  directed  opposite  to  the  motion  of  gas. 

Thus,  temperature  T_  is  limited  from  above  by  magnitude  T^^. 

The  fundamental  impossibility  of  heating  gas  before  the  compressLcn 
shock  to  a  temperature  exceeding  the  temperature  after  the  front  T^, 
simultaneously  attests  to  the  necessity  of  the  appearance  of  dis¬ 
continuity  in  solution  (current  point  on  diagrams  T,  ti;  S,  t^,  so  that 
to  reach  final  position  D,  it  must  ’’Jump"  from  position  B'  to  another 
branch  of  the  curves).  The  presented  physical  considerations  about 

the  impossibility  of  an  excess  of  temperature  T_  above  T^  and  the 
necessity  of  the  appearance  of  a  discontinuity  find  their  confirmation 
in  the  strict  investigation  of  equations  of  regime  (see  work  [42]). 

Inasmuch  as  in  supercritical  wave  T_  «»  T^  and  density  of  radiation 
before  discontinuity  is  close  to  equilibrium,  it  still  before 


discontinuity  almost  attains  its  final  volume.  Thus, 

(7.67) 

and  in  the  region  after  discontinuity  density  of  radiation  remains 
practically  constant: 


at  t>0.  (7.68) 

From  formula  (7.65)  it  follows  that  flow  at  point  of  discontinuity 
is  equal  to 


S, 


*&ri  T, 
/3  'K' 


(7.69) 


On  diagrams  T,  tij  S,  current  point  in  supercritical  wave  moves 
along  curves  from  point  A  to  point  B’,  and  then  skips  point  O’,  where 
flow  is  the  same.  Temperature  after  discontinuity  T,  it  is  possible 

•T 

to  calculate  by  the  formulas  (7.^8)  and  (7.^9).  It  is  equal  to 

r.-O-Y)?*!-  (7.70) 

If  one  were  to  use  approximation  of  thermal  conduction  in  the 
region  after  the  discontinuity,  then,  in  accordance  with  obtained 
condition  of  constancy  of  radiation  density  in  this  region,  temperature 
of  gas  also  turns  out  to  be  constant.  Temperature  on  the  shock  wave 
is  continuous  and  is  equal  to  final  T^.  Current  point  on  diagrams 
S#  T]  from  position  B'  Immediately  before  the  discontinuity 
moves  straight  to  final  position  D.  The  flow,  of  course,  experiences 
discontinuity  since  before  the  compression  shock  it  is  different  than 
zero  and  is  equal  to  Sq,  and  in  final  state  (point  D)  it  is  equal  to 
zero. 

Thus,  we  are  dealing  with  a  typical  case  of  "isothermal  Jxunp," 
which  we  have  already  encountered  in  §  3  and  12. 

Appearance  of  "isothermal  Jump”  is  a  consequence  of  mathematical 
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approximation.  In  which  flow  Is  considered  proportional  to  gradient 
of  temperature.  This  excludes  the  possibility  of  the  existence  of  a 
temperature  Jump,  since  during  discontinuity  of  temperature  flow 
becomes  Infinite. 

Actually,  because  of  the  statlonarlness  of  the  process  In  the 
shock  wave,  flow  Is  continuous,  but  temperature  experiences  a  discon¬ 
tinuity. 

There  are  no  contradictions  here;  simply  In  the  region  after 
discontinuity  radiation  Is  nonequilibrium  (density  Is  lower  than 
equilibrium  olnce  density  corresponds  to  temperature  T  «  T^,  and 
temperature  of  gas  T_|_  >  T^)  and  flow,  which  Is  determined  by  gradient 
of  true  density  of  radiation.  Is  not  expressed  through  gradient  of 
temperatures.  After  shock  discontinuity,  as  before,  there  Is  a  peak 
of  temperature,  and  the  profile  of  temperature  in  the  supercritical 
wave  has  the  form  depicted  in  Pig.  7-25. 

We  will  estimate  optical  thickness  of  the  peak  of  temperature 

after  discontinuity  on  simple  physical  considerations.  Geometric 

thickness  of  peak  Ax  Is  such  that  radiation  born  In  this  zone  gives 

flow  Sq,  outgoing  from  surface  of  discontinuity  and  going  Into  the 

heating  of  gas  flowing  In  wave.  Energy  radiated  In  1  sec.  In  layer 
2 

Ax  (per  1  cm  of  surface  of  discontinuity).  Is  of  the  order  of 

A* Ax. 

This  magnitude  approximately  Is  equal  to  flow  Sq,  which,  according  to 
formula  (7.69),  Is  of  the  order  of  Sq  oT^T^.  Hence  Is  obtained 
thickness  of  peak  of  temperature; 

At— (7.71) 
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It  fast  decreases  with  Increase  of  amplitude  of  wave,  and  in  a  very- 
strong  wave  peak  is  much  thinner  than  mean  free  path  of  radiation. 
Therefore,  It  also  will  he  "cut"  In  the  approximation  of  radiant  ther¬ 
mal  conduction,  from  which  will  fall  out  parts  connected  with  dis¬ 
tances  smaller  than  the  mean  free  path  of  radiation. 

In  conclusion  we  will  give  the  value  of  the  width  of  the  zone  of 
heating  In  a  shock  wave  of  supercritical  amplitude  spreading  along 
air  of  normal  density.  These  values  are  estimated  with  the  help  of 
formula  (7.66)  and  calculated  hy  the  method  In  §  8,  Chapter  V  of 
Rosseland  mean  free  paths  of  radiation  In  real  air.  At  T^  -  500,000°K, 
=»  3.4,  and  width  is  of  the  order  of  40  cm.  At  T^  »  750#000°K  » 

=  14,  and  width  Is  of  the  order  of  2  m.  Inasmuch  as  peak  of  temper¬ 
ature  Is  very  narrow,  these  widths  at  the  same  time  represent  also 
the  width  of  all  the  front  of  the  shock  wave. 

§  18.  Shock  Wave  During  Large  Density 
of  Energy  and  Radiation  Pressure 

In  §  3  It  was  shown  that  In  a  shock  wave  not  too  weak.  In  a  case 
when  there  Is  thermal  conduction  but  no  viscosity,  continuous  transi¬ 
tion  of  gas  from  Initial  state  to  final  Is  Impossible,  Discontinuity 
unavoidably  appears,  which  corresponds  to  viscous  shock  wave,  and  In 
the  framework  of  the  given  approximation  It  Is  Infinitely  thin  (since 
from  the  very  beginning  the  viscosity  of  matter  was  excluded  from 
consideration).  If  thermal  conduction  flow  Is  proportional  to  gradient 
of  temperature,  then  on  discontinuity  all  magnitudes  experience  a 
Jump,  with  the  exception  of  temperature;  an  "isothermal"  Jump  takes 
place.  In  §  12  and  17  were  examined  concrete  examples  of  "isothermal" 
Jumps,  to  which  electron  and  radiant  thermal  conductions  lead. 

However,  at  extraordinarily  large  amplitudes  of  shock  wave,  when 
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density  of  energy  and  radiation  pressure  'beccme  sufficiently  large  as 


compared  to  energy  and  pressur ;  jf  the  substance,  the  position  changes.  « 


Discontinuity  disappears  and  gas  in  the  shock  wave  passes  continuously 
from  initial  state  to  final  only  because  of  radiant  thermal  conduction, 
even  if  viscosity  of  the  substance  is  not  taken  into  account.  This 
question  was  considered  by  S.  Z.  Belen*kly  and  (later)  by  B.  A.  Belokon' 
[50]. 


For  description  of  the  internal  structure  of  the  front  of  the 
shock  wave,  we  will  originate  from  general  hydrodynamic  equations 
(T-'^O)  where  S  is  flow  of  radiant  thermal  conduction.  Total  pressure 
and  energy  are  composed  of  magnitudes  pertaining  to  substance  and 
radiation,  where  radiation  is  considered  in  thermodynamic  equlllbilum. 
A  point  describing  state  in  wave  on  diagram  p,  V,  moves  along  straight 
line 


(7,72) 

where 


P— V~+-4-4^.  (7-73) 

Temperature  and  relative  volume  after  the  front  of  the  wave  T^, 
are  connected  by  equation  of  shock  adlabat  (in  variables  of  temperature 
—  volume),  which  during  calculation  of  pressure  and  energy  of  radiation 
was  in  §  10,  Chapter  III  (formula  (5.76)).  Let  us  copy  it  here  in 
the  form 


^QpT’t  (  % _ 

»»j  \  iJio  J 


^aT\ 

3c 


(1-7x1.). 


(7.74) 


where  “  (7  -  l)/(7  +  1)  is  final  volume  without  taking  into 
account  density  and  radiation  pressure.  From  this  formula  it  is  clear 
that  at  r,,  -  '%i  at  «  p^^^  ,,  - 


T  1  11  nf"  iT-|-iiii'  1  -  irm  '  ii  rr'i  1 1'-i  1  -Wi  iir  v-'-ft  -  tfilTMi¥|-Try^ 


Let  us  consider  dependence  of  temperature  on  volume  during  com¬ 
pression  of  gas  In  the  front  of  the  wave,  for  which  we  will  substitute 
expression  (7.75)  In  equation  of  straight  line  (7.72); 


This  formula  Is 
PqD^  through 


more  conveniently  written  otherwise,  to  replace  In  It 
and  Ti^: 


"^11+3  c  lu  ^  3 


(7.75) 


Function  T(ti)  In  Interval  0  <  t]  <  1  has  maximum  (we  will  designate 
coordinates  of  maximum  through  T_.^). 

Radiation  flux  In  wave  S,  as  also  In  a  case  when  density  and 
radiation  pressure  are  small.  Is  directed  always  to  one  side,  toward 
the  flow  of  gas,  and  turns  Into  zero  only  at  x  «  -00  and  x  -  +00,  before 
and  after  front  of  wave.  Therefore,  temperature  In  the  wave  Is  obliged 
montonlcally  to  Increase  from  Initial  T  -  0  to  final  T^,  otherwise 

S  dT/dx  would  change  sign  Inside  wave. 

If  radiation  pressure  Is  small,  « 

'<  p„„_,  then,  as  follows  from  formula  (7.75)# 

gaS 

W  “  «  Ti^o  -  (7  -  i)/(7  +  1). 

Point  on  diagram  T,  t)  skips  from  one  branch 
of  curve  T(ri)  to  another,  passing  maximum, 
and  Isothermal  jump  appears  (see  §  5#  17). 

If  however  radiation  pressure  Is  great 

Prad  Pgas'  %iax^  function 

T(ti)  passes  through  maximum,  lies  after  Interval  of  actually  realized 
volumes  1/7  <  j]  <  It  Is  close  to  zero  (this  one  may  see 

from  equation  (7.75)).  Thus,  In  this  case  density  of  gas  In  the 


gram  for  shock  wave 
with  radiation  In  the 
absence  of  dlscontlnU' 
Ity. 
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wave  changes  continuously  together  with  temperature,  and  dlscontlnult 


in  the  wave  is  lacking.  This  case  Is  shown  on  diagram  T  ,  t)  (Fig. 
7.29).  Profiles  of  temperature,  density  of  gas,  and  radiation  flux 


In  such  a  wave  are  depicted  schematically  In  Fig.  7.30. 


We  will  find  amplitude  of  wave,  at  which  discontinuity  disappears^ 


It,  obviously,  corresponds  to  such  case,  when  point  of  maximum 


temperature  coincides  with  final  point  T,  (exactly  so 

as  In  §  3).  Really,  at  ("small"  amplitudes)  discontinuity 

exists;  at  T^g^^^  <  ("large"  amplitudes  there  Is  no  discontinuity. 


Let  us  designate  parameters  of  the  front,  corresponding  to  transition 


amplitude,  differentiating  regions  of  continuous  solutions  and  Isother: 


mal  Jump  through  T,*  t)."^ 


Differentiating  equation  (7.75)  for  function  T(q)  and  considering 
dT/dq  »  0,  T  =  T,*  T)  =■  Tj,*  and  also  considering  In  this  equation  and 


In  equation  of  shock  adlabat  (7.7^)  =  T* 

»  q,*  we  will  obtain  a  system  of  two 


equations  for  unknowns  T,*  q;* 


n** 

^9oT* 


f  An  r*  .  4  or*«  ^  1 

'v  n*  3  e  )  i-n* » 


Excluding  from  this  system  T,*  we  will 


i 

obtain  quadratic  equation  for  q,*  one  of  the| 


roots  of  which,  responding  to  real  state  Is 


Fig.  7.30.  Profiles 
of  temperature,  den¬ 
sity  of  gas,  and  radi¬ 
ation  flux  In  a  shock 
wave,  taking  Into 
account  energy  and 
radiation  pressure  In 
the  case  when  jump  Is 
absent. 


Is  equal  to 


4+/2+i/n,.  * 


(7.76)  ^ 


Thus,  for  Instance,  at  7  »  5/3^  q^^Q  “ 
1/4,  q*  »  1/6.45  (this  \/-alue  Is  somewhat 


larger  than  limiting  volume  during 


Ojti 


rad 


»  P_oc^  equal  to  1/7).  Transition  amplitude,  according  to  (7.74), 
ga  s 


corresponds  to  pressure  ratio  of  radiation  and  the  substance,  in  final 
state  equal  to  (Prad^Pgas^*  "  “  ^-^5. 


Let  us  note  that  with  this  amplitude  speed  of  gas  after  the  front, 

with  respect  to  the  front,  is  exactly  equal  to  isothermal  speed  of 

sound  in  the  final  state  (and  during  amplitudes  larger  than  transition, 

when  there  is  no  discontinuity,  speed  of  gas  after  the  front  is  higher 

than  isothermal  speed  of  sound:  the  front  moves  with  supersonic  speed 

with  respect  to  the  gas  after  it). 

The  profile  of  temperature  in  a  shock  wave  without  discontinuity 

can  be  found,  using,  as  usual,  equations  of  hydrodynamics  (7.40)  and 

c7  d  4fTT^ 

equation  for  flow  of  radiant  thermal  conduction  S  =  -  — ^=— ,  We 

will  not  pause  on  this  here. 

In  the  work  of  V.  S.  Imshennlk  [51]  is  considered  a  shock  wave 
in  two-temperature  plasma,  taking  into  account  radiation  (temperatures 
of  electrons  and  ions  are  not  assumed  identical). 
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CHAPTER  VIII 


PHySICO-CHEMICAL  KINETICS  IN  HYDROUyNAMIC  PROCESSES 
1,  Dynamlgs  of  Nonequilibrium  Qae 

§  1*  Equations  of  Gas  DynamlcB  in  the  Absence  of 
Thermodynamic  Equilibrium 

In  the  preceding  chapter,  during  the  study  of  the  structure  of 
the  front  of  a  shock  wave  In  gas  with  delayed  excitation  of  certain 
degrees  of  freedom,  we  had  the  opportunity  to  meet  one  of  the  sim¬ 
plest  problems  of  dynamics  of  nonequilibrium  gas*  Parameters  after 
the  front  of  a  shock  wave  In  a  region  where  full  thermodynamic 
equilibrium  Is  established  do  not  depend  on  the  mechanism  and  speeds 
of  nonequilibrium  processesi  however,  the  kinetics  of  these  processes 
essentially  affect  the  distribution  of  hydrodynamic  magnitudes  In 
a  nonequilibrium  region  and  Its  width.  Distortions  of  gas-dynamic 
flowBj  Introduced  by  nonequilibrium  processes,  are  connected  mainly 
with  changes  of  heat  capacity  and  effective  adiabatic  Index  of  non- 
equlllbrliun  gas,  on  which  depends  the  course  of  the  gas-dynamic 
process.  It  Is  possible  to  see  the  Influence  of  the  adiabatic  Index 
on  gas-dynamic  solutions  In  examples  of  those  problems  which  were 
considered  In  Chapter  I,  Thus,  during  non- stationary  expiration  of 
gas  from  a  pipe  Into  a  vacuum,  exhaust  velocity  of  earlier  resting 
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gas  Is  equal  to  u  ■  ~  ^  where  Cq  Is  speed  of  sound  In  Initial 

state,  Cq  »  (7Pq/Pq)  Iiet  us  assume  that  Initially  equilibrium 

diatomic  gas,  heated  to  such  a  temperature  that  In  It  vibrations 
are  excited  "classically,”  with  the  opening  of  a  flap  of  a  pipe  Is 
expanded  so  fast  that  vibrations  remain  frozen,  and  energy  of  vi¬ 
brations  during  expansion  cannot  be  turned  Into  kinetic  energy  of 
expiration.* 

This  would  signify  that  exhaust  velocity  corresponds  not  to 
equilibrium  adiabatic  Index  7  =  9 A  to  Index  7'  =  7/5,  l.e., 

will  be,  roughly  speaking,  7/5  =1.4  times  less. 

Already  from  this  simplest  reasoning  one  may  see  what  consider¬ 
able  influence  can  be  rendered  by  nonequilibrium  of  gas  on  dynamics 
of  the  process.  The  necessity  of  calculating  the  kinetics  of  the 
establishment  of  equilibrium  appears  whenever  we  have  something  to 
do  with  rapidly  varying  processes  or  with  prcc?sses  whose  character¬ 
istic  scales  are  comparable  with  "lengths"  of  relaxation. 

One  of  the  most  Important  practical  problems  of  such  a  type  is 
the  problem  of  flow,  around  a  body,  of  strongly  rarefied  gas  in 
which  relaxation  times  are  comparable  with  the  time  period  for 
flowing  around  the  body,  l.e,,  "length"  of  relaxation  Is  comparable 
with  the  characteristic  dimensions  of  the  body.  During  entrance 
Into  atmosphere  of  ballistic  missiles  with  great  supersonic  speeds, 
before  the  body  will  be  formed  so-called  forward  shock,  as  Is  shown 
in  Pig,  8.1,  Distance  of  shock  wave  from  front  point  of  body  Is 

♦During  expansion,  density  of  gas  decreases,  kinetic  processf  s 
are  delayed,  and  transition  of  vibrational  energy  Into  energy  of 
translational  thermal  motion  of  molecules,  which  Is  necessary  for 
subsequent  transformation  of  the  latter  Into  energy  of  directed,  hy¬ 
drodynamic  motion,  Is  protected  for  a  long  time. 
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usually  several  or  aboirt  ten  times  less  than  the  radius  of  curvature 

of  the  front  part  of  the  body.  If  gas  is  so 
“■  rarefied  at  that  distance  that  it  does  not  con- 

■  ®  very  large  number  of  gas  kinetic  mean 

■  free  paths,  then  in  the  particles  of  gas  after 

Q  .  the  front  of  the  shock  wave  there  cannot  be  ex- 

dui^n^Buper-  cited  slowly  relaxing  degrees  of  freedom,  for 

instance,  there  cannot  be  established  chemical 

around  body, 

equilibrium.  Thanks  to  this  the  temperatures  in 


the  gas  compressed  by  the  shock  wave  turn  out  to  be  higher  than  dur¬ 
ing  a  condition  of  thermodynamic  equilibrium,  which  changes  condi¬ 
tions  of  heating  of  the  body.  Essentially,  we  deal  here  with  a  case 
when  the  character  of  gas-dynamic  distributions  is  important  in  the 
nonequilibrium  zone  of  the  shock  wave,  appearing  after  the  compres¬ 
sion  shock. 

In  a  number  of  problems  an  approximate  description  of  the  dy¬ 
namics  of  nonequilibrium  gas  turns  out  to  be  possible  by  means  of 
the  use  of  a  certain  effective  value  of  adiabatic  index,  correspond¬ 
ing  to  some  degree  of  "freezing”  of  part  of  the  heat  capacity,  for 
Instance,  when  the  change  of  energy  in  some  degrees  of  freedom  for 
characteristic  hydrodynamic  times  in  general  can  be  disregarded. 

In  the  general  case  it  is  necessary  to  consider  the  gas-dynamic 
process  simultaneously  with  kinetics  of  nonequilibrium  processes, 
which  introduces  a  complication  into  the  system  of  equations  describ¬ 
ing  the  phenomenon. 

Dynamics  of  nonvlscous  and  nonheat-conductlng,  thermodynamically 
equilibrium  gas  are  described  by  equations  of  continuity,  motion. 


and  adiabatic  naturei 
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-^+Qdivu»0, 

(8.1) 

e-^  +  Vp=0, 

.  (8.2) 

-0 

dt 

(8.3) 

to  which  Is  Joined  the  thermodynamic  connection  of  entropy  with 
pressure  and  density*  S(p,p)  instance,  in  gas  with  constant 

heat  capacity  S  »  c^  In  (pp”"^)  +  const). 

We  will  be  interested  in  the  motion  of  gas  whose  state  deviates 
from  thermodynamic  equilibrium.  We  will  not,  as  before,  conirlder 
viscosity  and  thermal  conduction,  considering  that  nonequilibrium 
is  connected  exclusively  with  delayed  flow  of  Internal  processes, 
not  going  beyond  the  framework  of  a  given  particle  of  matter,  let 
us  say,  delayed  excitation  of  molecular  vibrations. 

In  a  nonequlllbrixira  case.  Instead  of  the  equation  of  adiabatic 
nature  (8.3) ^  which  now  is  incorrect,  one  should  use  a  more  general 
equation  expressing  the  law  of  conservation  of  energyj  it  is  always 
accurate.  Assuming  that  external  sources  of  energy  are  absent, *  we 
will  record.  Instead  of  (8.J), 

■W+P-^-0-  (8.4) 

In  a  state  of  thermodynamic  equilibrium,  equations  (8,4)  and 
(8,3)  in  virtue  of  thermodynamic  identity 

TdS^dt  +  pdnr  (8,5) 

are  equivalent.  If  in  an  equilibrium  case  Intexmal  energy  e  is  de¬ 
termined  only  by  pressure  and  density,  •  ■  e(p,p),  then  in  the 


♦Thermal  effect  of  reversible  chemical  reaction  is  not  external 
source  of  energyj  it  is  considered  by  means  of  the  introduction  of 
a  corresponding  component  in  the  expression  for  Internal  ene^-gy  of 
gas. 
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absenoe  of  equilibrium  it  depends  still  on  other  parameters^  ohaiv 
acterizing  the  state  of  the  system,  which  are  not  equilibrium  (for 
instance,  on  degree  of  dissociation)*  Without  specifying  these 
parameters,  we  will  call  them  X* 

In  order  to  close  the  system  of  equations  of  gas  dynamics,  to 
equations  (8*1),  (8.2),  and  (8*4)  one  should  Join  a  relationship 
connecting  internal  energy  with  pressure,  density,  and  parameters 
of  state  Xr 

e  <s  c  (Pt  Qt  ^)» 

and  also  an  equation  of  kinetics,  which  describes  variations  of 
parameters  X  in  a  gas  particle  during  timet 

Usually  functions  e(p,  p,  X)  and  f(X,  p,  p)  are  expressed  not 
directly  through  density  and  pressure,  but  with  the  help  of  tempera¬ 
ture 

•  “•(Qif.  X),  -^«/(X,  Q,  T). 

There  is  additionally  Introduced  equation  of  state 

p-pCT*.  q.X). 

Under  temperature  T,  wherever  this  is  not  mentioned  especially, 
is  implied  the  temperature  corresponding  to  translational  degrees 
of  freedom  of  molecules  (atoms,  ions),  which  usually  are  equilibrium 
even  in  the  fastest  gas-dynamic  pTOcesses,  since  Maxwellian  distri¬ 
bution  of  molecules  in  speeds  is  established  extraordinarily  fast* 

Let  us  consider,  as  an  example  of  a  nonequilibrium  system, 
diatomic  gas  without  dissociation  but  with  delayed  excitation  of 
molecular  vibrations  (we  ^111  not  be  interested  in  too  high  tempera¬ 
tures,  at  which  degree  of  dissociation  is  still  insignificantly 
small) •  Role  of  parameter  X  is  played  by  nonequlllbrium  energy  of 
vibrations  a^j^b^  g  gas)  •  The  above-mentioned  relationships. 


which  one  should  add  to  system  of  equations  (8.1),  (8.2),  (8.4),  In 


this  case  It  Is  possible  to  i*ecord  In  the  form 

e  =  «i+e,  =  4-^^  +  *«'  (8.6) 

(8.7) 

dim  _eii(T)-e»  .  , 

it  t(r,  #)  •  (8.8) 

Here  Is  sum  of  energies  of  translational  and  rotational 
degrees  of  freedom  of  molecules  (rotational  energy  Is  assumed  to  be 
equilibrium,  l.e.,  corresponding  to  translational  temperature  T)  j 
«^lb(T)  Is  energy  of  vibrations  In  thermodynamic  equilibrium  with 
translational  degrees  of  freedom  of  molecules;  t(T,  p)  Is  relaxation 
time  for  establ'’  shment  of  vibrational  equilibrium. 

Analogous,  but  In  form  more  complicated.  It  Is  possible  to 
write  equations  for  all  other  cases  when  there  are  nonequilibrium 
dissociations,  chemical  reactions.  Ionization  or  when  translational 
temperatures  of  electron  and  atomic  (ionic)  gases  differ.  All  these 
cases  were  examined  In  the  preceding  chapter  VJhen  we  examined  the 
structure  of  the  nonequilibrium  layer  In  front  of  the  shock  wave. 


§  2,  Growth  of  Entropy 

A  very  Important  peculiarity  of  gas-dynamic  processes  In  which 
gas  Is  nonequilibrium  Is  the  growth  of  entropy  of  gas  and  dissipa¬ 
tion  of  mechanical  energy.  As  also  with  Internal  energy  e,  the 
entropy  of  nonequlllbrlum  gas  Is  no  longer  determined  by  only  two 
magnitudes!  pressure  and  density  or  temperature  and  density,  but 
depends  on  other  pareuneters  characterizing  the  nonequlllbrlum  state! 
S  »  S(p,  p,  X)  or  S(T,  p,  X)  ,  Increase  of  entropy  dS  now  Is  not 
equal  to  Inflow  of  heat  from  external  sources,  divided  by  tempera¬ 
ture,  as  In  equilibrium  case  ( dS  /  d^/^) .  Entz^py  3rows  with  time 
even  In  the  absence  of  Inflow  of  heat  ( when  dQ  ■  O) ,  only  because 
of  nonequlllbrlum  Internal  processes. 
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et  UB  explain  this  in  the  same  example  of  nonequilibrium  vi¬ 
brations*  Full  specific  entropy  of  gas  S  Is  composed  of  entropies 


corresponding  to  translational  and  rotational  degrees  of  freedom, 
which  In  virtue  of  equilibrium  It  Is  possible  to  unite,  and  entropy 
of  vibrations**  Let  us  designate  these  two  parts  of  entropy  through 


and 


(8.9) 


For  entropy  of  translational  -“nd  rotational  degrees  of  freedom  It 
iB  possible  to  record  thermodynamic  Identity: 


TdSi^dtt+pdV. 


(8.10) 


Usually  exchange  of  vlbrrtlonal  energy  In  molecules  occurs  much 
faster  than  exchange  between  vibrational  and  translational  energies. 
Therefore,  Boltzmann  distribution  with  respect  to  vibrational  exci¬ 
tations  for  molecules  Is  established  quite  fast,  and  It  Is  possible 
to  ascribe  to  vibrations  defined  temperature  This  temperature 

corresponds  to  actual  reserve  of  vibrational  energy  of  molecules 
»  ®vlb^^vlb^^  were  to  designate  vibrational  heat  capa¬ 
city  then  ■  °vlb^^vlb*  course,  vibrational  tempera¬ 

ture  can  strongly  differ  from  translational  temperatur*  of 
molecules  T,  which  nonequilibrium  of  gas**  consists  of.  If  It  Is 
possible  to  ascribe  to  vibrations  defined  temperature  then 

for  the  vibrational  part  of  entropy  It  Is  also  possible  to  recoil 


*l>urlng  nonequilibrium  dissociations  or  Ionizations  one  should 
record  expression  for  entropy  threi^jh  numbers  of  particles  of  various 
sorts  (molecules  and  atoms,  for  Instance),  which  are  not  assumed  to 
be  equilibrium* 

**We  have  already  encountered  a  similar  position  In  examining 
plasma*  Maxwelllem  distributions  and  temperatures  In  eleotron  and 
Ionic  gasses  are  established  very  i^st*  However,  eleotron  and  Ionic 
temperatures  differ  from  each  other  due  to  deceleration  of  exchange 
of  energy  between  eleotron  and  Ionic  gasaes. 
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thermodynamic  Identltyi 


TndSn^=dtn.  (8,11) 

(energy  and  entropy  of  vlbratione  do  not  depend  on  volume  of  gas.) 

It  Is  easy  to  see  that  entropy  of  a  nonequilibrium  system  only 
grows  with  time.  Independently  of  what  kind  of  transformations  the 
gas  endures.  Really,  in  virtue  of  equations  (8,9)*  (8,10),  (8.11), 
(8.4),  (8.6)  we  havei 


dS  _dS^  dSj^ _ i  /  ^  I  <  dtn  _dE^  f'  i _ 1_N  fo  j,r.\ 

~dt  dt  dt  ~  T  \  dt  dt  Tyt  dt  ~  dt  T  J  '  (8*12) 

Taking  Into  account  equation  of  kinetics  (8.8) ,  In  which 


«*=  j  c^(r)dT\  and  eK(r)=  jcK(r)rfr, 


we  see  that  at  T^jL^  <  T  vibrations  remove  energy  from  translational 

^^vlb  dS 

and  rotational  degrees  of  freedom,  >  0  and  >  0,  At  >  T 

de  -b  dS 

oscillations  return  their  energy  <  0,  but,  as  before,  -g|->  0. 

The  considered  example  illustrates  the  second  law  of  thermodynamics, 
according  to  which  without  participation  of  external  influences 
heat  Is  always  transmitted  from  a  more  heated  object  to  a  less 
heated  one,  as  a  result  of  which  entropy  of  all  the  system  is  In¬ 
creased,  In  this  case  the  "objects"  are  not  touching  bodies,  but 
different  degrees  of  freedom  of  one  and  the  same  body. 

If  at  some  moment  the  gas  was  In  thermodynamic  equlllbrlxan, 
then  participated  In  a  fast-flowing  process  during  which  equilibrium 
In  It  was  disturbed,  and  then  entered  Into  a  region  of  slow  changes 
of  state.  In  order  to  again  come  Into  equilibrium,  entropy  Is  In¬ 
creased  In  the  gas. 

Increase  In  entrepy  of  gas  is  accompanied  by  dissipation  of 
mechanical  energy.  Irreversible  transformation  of  It  Into  heat. 
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If  the  process  takes  place  without  participation  of  external  sources 
of  energy,  conforming  to  equation  of  energy  (8.4),  then  dissipated 
energy  cannot  again  be  turned  into  mechanical  energy  ever  under  any 
kind  of  conditions. 

The  phenomenon  of  dissipation  we  will  meet  more  specifically 
in  the  following  paragraph  when  examining  sound  absorption  in  a 
relaxing  medium.  Absorption  of  sound  waves  constitutes  a  character¬ 
istic  example  of  the  dissipation  of  mechanical  energy.  An  example 
of  Incomplete  use  of  energy  due  to  "irreversibility"  can  be  the 
above-considered  Idealized  case  of  expiration  of  gas  into  a  vacuum 
with  completely  frozen  vibrations.  Into  kinetic  energy  of  momentum 
goes  only  the  "reversible"  part  of  internal  energy*  the  energy  of 
translational  and  rotational  degrees  of  freedom,  but  the  energy  of 
vibrations  thus  will  remain  in  molecules,  thanks  to  which  the  exhaust 
velocity  turns  out  to  be  smaller.  Similar  effects  of  irreversibility 
in  the  presence  of  nonequilibrium  processes  can  lead  to  additional 
losses  in  high-speed  turbines  at  high  temperatures,  in  nozzles  of 
rocket  engines,  etc.  On  the  use  of  the  effect  of  increase  of  entropy 
with  time  is  based  the  Independent  method  of  measuring  time  of  vi¬ 
brational  relaxation  t  applied  by  Kantrowltz  [1]  for  Investigation 
of  relaxation  in  COg. 

To  gas-dynamic  calculations,  tedclng  into  'ccount  nonequilibrium 
processes  pertaining  mainly  to  the  problem  of  flowing  around  and 
aerodynamic  heating  of  bodies  entering  the  atmosphere  ( satellites, 
ballistic  missiles) ,  is  dedicated  extensive  literature  ( see,  for 
instance  [2,  2a]  j  in  the  same  place  are  reference  to  many  other 
works) .  We  will  not  remain  here  on  questions  of  the  reverse  influ¬ 
ence  of  physical  ch:imical  kinetics  on  gas  dynamics  of  processes. 
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We  will  Interest  ourselves  in  this  chapter  with  other  question: 
the  kinetics  of  nonequilibrium  processes  not  from  the  point  of  view 
of  Its  Influence  on  the  motion  of  gas,  but  fiK)m  the  point  of  view  of 
determining  concentrations  of  different  components  under  conditions 
of  an  essentially  nonequlllbrlvim  course  of  chemical  reactions.  Ioni¬ 
zation,  condensation  of  vapors  In  different  hydrodynamic  phenomena* 
E^drodynamlcs,  as  a  rule,  will  be  considered  In  approximate  form  by 
means  of  the  use  of  certain  effective  values  of  adiabatic  Index,  and 
to  an  already  known  hydrodynamic  solution  will  be  "added”  kinetics 
of  Interesting  processes* 

The  only  exception  will  be  the  following  two  paragraphs.  In 
which  there  will  be  considered  the  phenomena  of  absorption  and  dis¬ 
persion  of  sound  In  a  relaxing  medium  (l.e*,  there  will  be  studied 
the  Influence  of  nonequilibrium  processes  on  the  gas-dynamic  pro¬ 
cess  —  the  propagation  of  sound  waves)  • 

§  3*  Anomalous  Dispersion  and  Absorption  of  Ultrasonics 
Usually  noticeable,  dispersion  and  sound  absorption  In  gases, 
connected  with  viscosity  and  thermal  conduction,  appear  only  duid.ng 
very  small  lengths  of  sound  waves,  comparable  with  the  mean  free 
path  of  particles  In  gas,  and  frequencies  comparable  with  the  fre¬ 
quency  of  gas  kinetic  collisions  ( see  §  22  Oh*  l)  * 

However,  during  propagation  of  ultrasonic  waves  In  molecular 
gases,  sometimes  az^  observed  anomalous  high  dispersion  and  absorp¬ 
tion  In  a  region  of  much  larger  wave  lengths  and  amaller  frequencies* 
These  phenomena  are  connected  with  relaxation  processes  of  establish¬ 
ment  of  equilibrium  In  slowly  excited  degrees  of  freedcmi  of  gas* 

In  limiting  case  of  low  frequencies,  relaxation  times  for  establish¬ 
ment  of  equilibrium  In  those  degrees  of  freedom  which  give  a 


noticeable  contribution  to  heat  capacity  are  small  as  compared  to 
period  of  sound  vibrations*  In  these  conditions  the  state  of  a  par¬ 
ticle  of  gas  at  each  moment  is  a  state  of  thermodynamic  equilibrium 
and  ”follovrs”  changes  of  pressure  and  dent  lty  in  sound  wave. 

Speed  of  sounds  equal  to  the  square  root  of  adiabatic  deriva¬ 
tive  from  pressure  with  respect  to  density,  corresponds  to  its  own 
thermodynamically  equilibrium  valuei 

-  (8,lS 

Conversely,  in  a  limiting  case  of  very  high  fx*equenoies,  slowly 
releucing  degrees  of  fx*eedom  cannot  be  excited  in  a  sound  wavej  their 
energy  simply  corresponds  to  temperature  of  undisturbed  state  Tq. 
These  degraes  of  freedom  do  not  participate  in  periodic  change  of 
the  state  of  the  gasj  they  are  "frozen"  and  do  not  affect  adiabatic 
connection  of  changes  of  pressure  and  density.  The  active  part  of 
heat  capacity  now  is  less  than  equilibrium!  the  adiabatic  index  and 
speed  of  sound  is  larger  than  at  low  frequencies. 

In  the  intermediate  region  of  frequencies  there  occurs  gradual 
change  of  speed  of  so\ind  fram  equilibrium  value  a^  to  value  a^,  cor¬ 
responding  to  the  "frazen"  part  of  heat  capacity,  i.e.,  dispersion 
appears.  Thus,  for  instance,  measurement  of  Kneser  [3#  showed 
that  speed  of  so\ind  in  carbon  dioxide  at  room  temperat\ire  changes 
from  Sq  ■  260  m/sec  at  fi^uenoy  v  of  the  order  of  10^  seo~^  ^  10 
kilocycles)  to  a^  »■  27O  m/sec  at  --  10^  sec”^  C 1  Me.)  .  The  low 
speed  of  sound  corresponds  to  equilibrium  value  of  heat  capacity! 

*v  ^MCT + ^  ^  +  0,8i4  “  3,3i4 

*We  use  always  specific  heat  capacities!  A  is  gas  constant,  cal¬ 
culated  per  i  g.  In  avoiding  confusion,  speed  of  sound  here  we  will  - 
designate  by  letter  a  instead  of  c. 
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(a  COg  molecule  1b  linear^  so  that  *■  A|  at  room  temperature 
are  excited  only  low- frequency  vibrations  of  a  molecule  with  c  hy/k.  ■ 
-  954°K,  where  vibrational  heat  capacity  Is  still  less  than  Its 
olasBlcal  value  A)  •  High  speed  of  sound  corresponds  to  frozen  vi¬ 
brations,  l*e.,  heat  capacity  c^  +  Oj,q^  «  2,5  A,  From 

these  measurements  It  follows  that  relaxation  time  for  excitation 
of  vibrations  In  a  COg  molecule  (during  atmospheric  pressure)  cor¬ 
responds  to  a  certain  Intermediate  frequency  of  sound,  and  namely 
±/v  *^10  sec.  Rotations  In  molecules  at  room  temperature 
are  excited  very  fast  and  dispersion,  connected  with  delayed  excita¬ 
tion  of  rotations,  could  be  observed  at  atmospheric  pressure  only 

1  Q  10  -1 

at  extraordinarily  large  frequencies  v  10^  -  10  sec 

^rot 

( only  exception  Is  hydrogenj  see  §  2  Ch,  Vl) • 

Dispersion  of  sound  Is  observed  even  In  gases  In  which  occur 
slow  chemical  transformations  during  changes  of  temperature  (and 
density)  In  sound  wave.  An  example  can  be  the  reaction  of  polymeri¬ 
zation  of  nitrogen  peroxide  2N0glj  NgOji^,  which  occurs  lightly  at 
room  temperature,  since  heat  of  Its  activation  In  both  directions 
Is  small.  It  was  in  reference  to  Just  such  systems  that  the  theory 
of  dispersion  of  sound  was  for  the  first  time  developed  by  A, 

Einstein  in  1920  [5]  ,  Apparently,  analogous  phenomena  occur  also 
during  propagation  of  untrasonlos  In  certain  liquids. 

■  Measurement  of  dispersion  and  absorption  of  ultrasonics  Is  one 
of  the  most  Important  methods  of  studying  relaxation  precesses  and 

V 

experimental  determination  of  relaxation  times.  To  this  question 
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is  dedicated  much  literature^*  and  we  will  not  here  dlscuBS  lt«  In 
detail,  let  us  pause  only  on  basic  physical  peculiarities  and  regu¬ 
larities  of  the  phenomenon. 

Dispersion  of  sound  In  a  relaxing  substance  Is  always  accompan¬ 
ied  by  raised  absorption,  which  considerably  exceeds  "natural”  ab¬ 
sorption  because  of  usual  viscosity  and  thermal  conduction.  In  a 
sound  wave  a  particle  of  matter  accomplishes  consecutive  cyclical 
transformations,  returning,  upon  completion  of  each  cycle,  to  Initial 
state.  If  In  the  particle  there  occur  Internal  nonequilibrium  pro¬ 
cesses,  then  they  Inevitably  lead  to  Increase  of  entropy,  dissipa¬ 
tion  of  mechanical  energy,  l.e.,  to  sound  absorption.  It  Is 
necessary  to  emphasize  that  In  the  presence  of  dissipation  the 
state  of  the  particle,  upon  completion  of  the  cycle,  somewhat  dif¬ 
fers  from  the  Initial  state  ( since  entropy  of  It  Is  Increased) . 

However,  this  distinction,  let  us  say.  Increase  of  temperature 
proportional  to  Increase  of  entropy.  Is  a  magnitude  of  the  second 
order  of  smallness  with  respect  to  the  low  amplitude  of  sound  wave 
Ap  or  AT,  Inasmuch  as  Increase  of  entropy  AS  Is  proportional  to 
sound  energy,  which  In  turn  Is  proportional  to  (Ap)^  (see  $  5,  Ch. 

I)  •  Therefore,  In  the  first  approximation  motion  In  a  sound  wave, 
even  In  the  presence  of  absorption.  Is  adiabatic  and  It  Is  possible 
to  consider  the  cycles  as  closed. 

The  process  of  dissipation  of  mechanical  energy  and  sound  ab¬ 
sorption  Is  easy  to  comprehend,  considering  a  cycle  In  gas  on  dia¬ 
gram  p,  V.  In  Fig.  8.2  Is  conducted  two  families  of  adlabats,  one 


♦Survey  of  It  and  references  can  be  found,  for  Instance,  In  CQ • 
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of  whloh  (l)  corresponds  to  equilibrium  changes  of  state,  and  the 
other  (ll)  to  the  frozen  part  of  heat  capacity,  Adlabats  are  con¬ 
ducted  near  an  undisturbed  state  of  gas,  designated  by  point  0. 
During  very  slow  sound  vibrations,  a  point  describing  state  of  gas 
p,  V,  oscillates  near  the  center  0  along  one  (equilibrium)  adlabat, 
designated  in  Pig.  8.2  as  I*.  In  a  limiting  case  of  very  high 
frequency  the  point  oscillates  >near  the  center  along  one  "frozen" 
adlabat,  designated  by  II •.  And  in  either  case  nonequilibrium 
processes  do  not  occurj  entropy  of  gas  does  not  change  and  sound 
absorption  is  lacking.  Work  accomplished  upon  the  gas  for  the  cycle 
numerically  equal  to  the  area  of  a  figure  described  by  the  point 
on  the  diagram  p,  V,  Is  equal  to  zero,  as  to  which  the  absence  of 
absorption  attests.  The  fact  that  In  the  second  case  entropy  of 
gas.  In  thermodynamic  equilibrium  as  In  the  first  case,  does  not 
change.  Is  easy  to  see  In  the  example  of  vibrational  relaxation. 

As  can  be  seen  from  formula  (8.12),  speed  of  change  of  entropy  In 
nonequilibrium  px*ocess  Is  proportional  to  speed  of  change  of  vibra¬ 
tional  enerj^y.  But  during  strictly  frozen  vibrations  their  energy 
In  general,  does  not  change,  ■  const  and  dS/dt  -0, 

We  will  consider  now  sound 
waves  of  Intermediate  frequen¬ 
cies,  with  which  the  course  of 
relaxation  processes  Is  essential 
(Por  deflnltlveness  again  we  con¬ 
sider  vibrational  relaxation) . 

Por  simplicity  we  will  present 
that  a  Bound  wave  has  tlie  unique, 
step  profile  of  density,  depicted 


Pig.  8.2.  p,  V- 
dlagram  for  a  cycle 
In  a  sound  wave  with 
rectangular  profile. 


» 
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In  Pig,  8.3a.* 


In  this  graph  It  Is  possible  to  consider  as  distribution  of  den¬ 
sity  with  respect  to  a  coordinate  at  a  given  moment  of  time  or  as  the 


law  of  density  change  In  a  given  particle  of  gas  In  time.  The  same 
pertains  also  to  Pig,  8,3b,  on  which  Is  shown  a  corresponding  profile 
of  temperature  (or  pressure)  profiles  of  temperature  and  pressure  In 


this  case  are  similar  to  each  other) . 

We  will  trace  the  change  of 
state  of  a  particle  In  a  wave  both 
on  diagram  p,  V,  Pig,  8.2,  and  In 
Pig,  8.3a  and  b.  During  very  fast 
compression  of  gas  from  point  A  to 
point  B,  Its  state  changes  along 
"frozen"  adlabat  II.  Entropy  does 
not  change,  on  the  gas  Is  accom¬ 
plished  positive  work,  numerically 
equal  to  area  NABN,  Temperature 
and  pressure  of  gas  sharply  Increase, 
and  vibrational  energy  remains  con- 


Plg,  8. 3*  Acoustic 
wave  In  a  relaxing  gas 
with  step  profile  of 
density,  a)  profile 
of  density)  b)  profile 
of  temperature. 


stant,  corresponding  to  old,  low  temperature.  Then  during  a  certain 
time  density  of  gas  remains  constant  (transition  B-*  C).  There  occurs 


excitation  of  vibrations)  part  of  the  energjy  Is  taken  away  from  trans¬ 
lational  and  rotatloiial  degrees  of  freedom)  temperature  and  pressure 
drop,  entropy  Increases  (see  formula  (8,12)  i  T^^^^  <  T,  >  0, 

dS/dt  >  0) . 

Inasmuch  as  volume  of  gas  does  not  change,  work  In  the  period  of 
transition  B-»  C  Is  not  accomplished. 


*Thls  example,  possbuslng  great  clarity,  was  considered  earlier, 
for  Instance,  In  the  book  of  Q.  S.  Qorellk  [7]  . 
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Further^  gas  Is  very  fast  expanded  ( transition  C  -4  D)  along 
"frozen”  adiabat  II.  Temperature  and  pressure  dropj  entropy  does 
not  change]  vibrational  energy  also  does  not  change,  preserving 
its  own  value  obtained  by  moment  C.  Qas  accomplishes  work  numer¬ 
ically  equal  to  area  MCDN  (above  gas  is  accomplished  negative  work). 
And,  finally,  during  slow  transition  D-»  A  at  constant  volume, 
vibrations  are  partially  deactivated  since  their  energy  exceeds 
value  corresponding  to  falling  temperature]  vibrational  energy 
partially  passes  into  translational  and  rotational  energy]  tempera¬ 
ture  and  pressure  increase]  entropy  also  Increases  >  T, 

dEvib/dt  <  0,  dS/dt  >  0) .  Work,  with  this,  is  not  accomplished* 

Thus,  In  stage  of  expansion  C  D  a  gas  particle  performs  over 
the  surrounding  gas  less  work  than  would  be  accomplished  by  the 
surrounding  gas  above  it  in  stage  of  compression  A-4  B]  pax>tlcle 
"returns  back"  to  woric  not  con5>letely*  Part  of  the  energy  expended 
in  the  period  of  compression  "forever"  remains  in  it. 

This  energy,  numerically  equal  to  the  difference  of  works,  l,e*, 
area  of  figure  ABCD,  constitutes  mechanical  energy  lirreversibly 
passing  over  into  heat*  In  accordance  with  dissipation  of  mechani¬ 
cal  energy  sound  wave  is  weakened  (is  absorbed),  where  absorption 
of  energy  of  sound  for  the  period  (or  on  the  wave  lengttO  is  exactly 
equal  to  area  ABCD* 

On  the  other  hand,  irreversible  liberation  of  heat  is  connected 
with  Increase  of  entropy  after  the  eyelet  it  is  equal  to  T^dS* 

This  magnitude,  as  can  be  seen  from  Fig*  8*2,  is  proportional  to 

p 

AV  •  Ap  »  (Ap)  .  It  follows  from  this  that  displacement  of  point 
of  final  state  A*  with  respect  to  point  of  Initial  state  A  6p  m 
m  (dp/ds)y  •  AS  (Ap)^  is  a  magnitude  of  the  second  order  of 
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smallnesB  with  respect  to  amplitude  Ap«  Inasmuch  as  0,  6p  > 

>  0,  l.e,,  pressure  after  termination  of  cycle  Is  slightly  higher 
than  Initial,  Exactly  so  la  temperature  slightly  higher:  6T  ■ 


n«  e 

.  Increase  of  temperature  Is  equal  to  energy 

°V  V 


which  Is  dissipated  after  cycle,  divided  by  heat  capacity  at  constant 
volume. 

In  a  sinusoidal  (harmonic)  sound  wave,  point  on  diagram  p,  V 
describes  a  curve.  All  parameters  of  state  —  density,  pressure, 
and  temperature  -  change  with  the  course  of  time  by  harmonic  law. 
However,  due  to  delayed  excitation  and  deactivation  of  vibrations  In 
molecules,  changes  of  temperatxire  of  pressure  do  not  manage  to  fol¬ 
low  chariges  of  density,  and  sinusoid  of  pressure  Is  shifted  In  phase 
with  respect  to  sinusoid  of  density  ( volume)  •  It  Is  possible  to 
show  that  the  point  on  diagram  p,  V  describes  an  elliptic  trajectory, 
where  the  axes  of  ellipse  are  Inclined  with  respect  to  axes  of 


coordinates  p,  V, 

At  small  frequencies  v  ( or  "circular"  frequencies  to  •  2ri>)  the 
ellipse  will  stretch  along  equilibrium  adlabat  ( see  Figure  1  In 
Pig,  8,4),  The  thickness  of  It  In  the  limit  of  small  frequencies 
Is  proportional  to  frequency  ( to  first  member  of  expansion  with 
respect  to  small  magnitude  (u) ,  Energy  of  sound,  absorbed  for  the 
period.  Is  proportional  to  to,  and  for  unit  of  time  Is  proportional 
to  number  of  cycles  l.e*,  to  <d^.  At  large  frequencies,  the  ellipse 
will  stretch  about  the  "frezen"  adlabat  (Figure  2),  Its  thickness 


S64 


also,  because  of  expansion  Is  proportional  to  l/oj,  and  absorption 
In  a  unit  of  time  Is  proportional  to  co.l/a),  l*e,,  does  not  depend 
on  frequency.  The  biggest  absorption  for  the  period  occurs  In 
an  Intermediate  case,  when  frequency  Is  of  an  order  reverse  to 
time  of  relaxation*  The  ellipse,  with  this,  has  the  biggest  thick¬ 
ness  (Figure  5)  j  this  thickness  Is  of  the  order  of  vertical  dis¬ 
tance  between  equilibrium  and  "frozen"  adlabats  during  maximum 
change  of  pressure,  equal  to  amplitude  of  wave  ( distance  between 
points  Q  and  Q’  In  Pig,  8,4) .  If  the  relative  difference  of 
equilibrium  and  "frozen"  Indices  of  adlabat  Is  great  (namely  It  Is 
characterized  by  angle  between  adlabats  I  and  II,  l,e,,  distance 
QQOj  then  thickness  of  the  ellipse  can  even  become  of  the  order 
of  Its  length.  This  corresponds  to  a  large  shift  In  phase  between 
pressure  and  density  of  the  order  of  tt/S  ( If  ellipse  were  turned 
Into  a  circle,  shift  In  phase  would  become  exactly  equal  to  t/2) . 


Pig,  8,4,  p,  V-dlagram 
for  cycles  In  harmonic 
sound  waves  of  different 
frequency. 
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§  4.  Law  of  Dispersion  and  Coefficient  of 
Absorption  of  Ultrasonics 

Presented  in  the  preceding  paragraph,  qualitative  considera¬ 
tions  with  respect  to  dispersion  and  sound  absorption  in  the  presence 
of  relaxation  processes  in  a  substance  are  covered  in  elegant  mathe¬ 
matical  form.  In  the  common  form^thls  was  done  by  L,  I,  Mandel'shtam 
and  M,  A,  Leontovlch  [8]*;  formulas  for  dispersion  and  absorptions. 
Including  relaxation  time  t,  serve  usually  for  experimental  deter¬ 
mination  of  this  time  on  curves  of  dispersion  or  absorption,  measured 
by  experiment  depending  upon  ultrasonic  frequency. 

We  will  show  how  it  is  possible  to  conclude  the  law  of  disper¬ 
sion  and  the  coefficient  of  sound  absorption  in  a  relaxing  medium. 

For  simplicity  and  clarity  all  calculations  will  be  made  on  a  con¬ 
crete  example  of  gas  with  nonequilibrium  vibrations,  for  which  in 
§  1  was  formulated  a  full  system  of  equations  of  gas  dynamics 
(8,1),  (8,2),  (8,4),  (8,6),  (8,7)#  (8,8),  Let  us  racord  all  vari¬ 
ables  in  a  sound  wave  —  pressure,  density,  etc,  —  in  the  form  f  ■ 

»  fQ  +  f,  where  f^  is  mean  value  corresponding  to  undisturbed  gas, 
and  f’  is  variable  part  which  we  will  consider  a  small  magnitude 
(speed  u  -  Uq  +  u»  ■  u'j  since  undisturbed  gas  is  at  resti  Uq  ■  0)  , 
Actual  energy  of  vibrations  it  is  also  possible  to  present  in  the 
form  »  ^vlbO"*”  ®vib>  ^here  vibrational  energ:/  In  undis¬ 

turbed  gas,  which,  naturally,  is  in  equlllbrlur..  Variable  part  of 
equilibrium  vibrational  energy  we  will  record  in  the  form  - 

”  ®vlb^'*  where  is  vibrational  heat  capacity,  corresponding  to 

average  temperature  Tq  (if  at  temperature  Tq  vibrations  are  classical, 
c^^^  ■  Aj  otherwise  Is  expressed  by  quantum  formula  ( see  §  2 

♦An  account  of  this  theory  can  be  found  In  the  book  by  L,  D, 

Landau  and  Ye,  M,  Llf shits  [9]  , 
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§  4#  Law  of  Dispersion  and  Coefficient  of 
j  Absorption  of  Ultrasonics 

Presented  In  the  preceding  paragraph,  qualitative  considera¬ 
tions  with  respect  to  dispersion  and  sound  absorption  In  the  presence 
of  relaxation  processes  In  a  substance  are  covered  In  elegant  mathe¬ 
matical  form*  In  the  common  form^thls  was  done  by  L,  I*  !fandel»8htam 
and  M.  A,  Leontovlch  [8]*j  formulas  for  dispersion  and  absorptions. 
Including  relaxation  time  t,  serve  usually  for  experimental  deter¬ 
mination  of  this  time  on  curves  of  dispersion  or  absorption,  measured 
by  experiment  dependin'^  upon  ultrasonic  frequency* 

We  will  show  how  It  Is  possible  to  conclude  the  law  of  disper¬ 
sion  and  the  coefficient  of  sound  absorption  In  a  relaxing  medium* 

For  simplicity  and  clarity  all  calculations  will  be  made  on  a  con¬ 
crete  exjimple  of  gas  with  nonequlllbrium  vibrations,  for  which  In 
§  1  was  formulated  a  full  system  of  equations  of  gas  dynamics 
(8*1),  (8.2),  (b,4),  (8.6),  (8.7)#  (8.8),  Let  us  record  all  vari¬ 
ables  In  a  sound  wave  —  pressure,  density,  etc,  —  In  the  fora  f  » 

"  fQ  +  f*,  where  fQ  Is  mean  value  corresponding  to  undit "urbed  gas, 
and  f*  Is  variable  part  which  we  will  consider  a  small  magnitude 
(speed  u  ■  Uq  +  u»  «  u‘j  s' nee  undisturbed  gas  Is  at  resti  Uq  -  O) , 
Actual  energy  of  vibrations  It  is  also  possible  to  present  In  the 
fora  ®vlb^  where  vibrational  energy  In  undis¬ 

turbed  gas,  which,  naturally.  Is  In  equilibrium.  Variable  part  of 
equlllbrlvim  vibrational  energy  we  will  record  In  the  fora  e^^^(T)  »■ 

“  ®vlb^**  where  Is  vlbr  tional  heat  capacity,  correapondlng  to 

average  temperature  Tq  (if  at  temperature  Tq  vibrations  are  clasrloal, 
°vlb  "  otherwise  Is  expressed  by  quantum  formula  ( see  §  2 

♦An  account  of  this  theory  can  be  found  In  the  book  by  L.  D. 
Landau  and  Ye,  M.  Llf shits  [9]  . 


Ch.  III)). 

Let  us  place  In  the  equations  all  magnitudes  In  the  shown  form, 
and  we  will  dlsregai^l  members  of  the  second  order  of  smallness,  l.e., 
we  will  linearize  the  equation,  as  Is  done  In  acoustics  ( see  §  3$ 

Ch.  l) .  Let  us  obtain.  In  a  one-dlmenslonal  flat  case,  a  system  of 


equations  for  variables  of  parts  of  the  magnitudes: 


dx 


=  0,  e'  =  -ii4r+e;, 


dr  +0,  a*  To  tlST’  '  ' 

Po  _n  _  CkT'— 8k 

8i  ef  dr  “5r“  i  •  < 

Here,  In  equation  of  energy  (8.4),  Instead  of  specific  volume 
density  Is  Introduced,  but  both  parts  of  the  equation  of  state  are 
divided  by  Pq  ■  ^PqTq.  Relaxation  time  t  Is  considered  constant 
and  equal  to  t  -  t(Tq,  Pq)  . 

We  will  look  for  solution  of  system  (8.14)  In  the  form  of  a 
harmonic  plane  wave,  recoinilng  all  magnitudes  In  the  form 


(8.15) 

Wave  number  k  In  general  Is  complex:  k  «  k^^  +  Ikg.  Real  part 
k^  constitutes  reciprocal  length  of  wave  k^  ■  ±/k  and  determines 
actual  speed  of  sound  —  phase  speed  of  propagation  of  wave  a^  * 

*  Imaginary  part  kg  gives  coefflcl.ent  of  sound  absoirptloni 

(8.16) 

Magnitude  a  ■■  it  Is  possible  to  call  complex  speed  of 
sound. 

Amplitudes  f**  In  general  also  are  complex:  f‘*  «  |f**|e^^. 

The  complex  character  of  amplitudes  testifies  to  a  shift  In  phase 
of  some  magnitudes  relative  to  others  (by  difference  of  angles  9). 

Putting  In  equations  (8.14)  all  magnitudes  In  the  fo-^  (8.15) 
and  noticing  that  ■  -loif*,  «  Ikf',  we  will  obtain  a  system  of 
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algebraic  equations  for  shaded  magnitudes  (or  amplitudes#  If  one  were 
to  reduce  by  exponential  factor)  t 

r.  .. 


The  last  equation#  being  solved  relative  to  gives 

<«T' 


(8.17) 


i-itn  * 


(8.18) 


Namely  thanks  to  this  complex  connection  of  variables  of  parts 
of  actual  vibrational  energy  and  temperature  there  appear  dispersion 
and  absorption.  Already  from  this  It  Is  clear  that  In  limiting  cases 
m  0,  and  uiT  -4  when  and  -  0,  Imaginary  unit 

completely  falls  from  system  of  equations  (8.17) j  all  magnitudes  are 
real  (if  under  pSP*  etc.,  we  understand  amplitudes  p»*,  p»*  etc.). 
There  are  no  absorptions  and  shifts  In  phase  with  this. 

The  first  two  equations  of  system  (8.17),  which  were  obtained 
from  equations  of  continuity  and  motion  after  excluding  speed#  give 
the  usual  connection! 


P'  “  Q'  “  ®*Q'*  (8.19) 

where  a  Is  complex  speed  of  sound.  Excluding  from  the  remaining  four 

equations  e’,  and  T*,  we  will  find  one  more  connection  of  p» 

and  p*t 


P' 


A+ 


y-t 


^4 


H 

i—iwr 


(8.20) 


Magnitude  7  It  Is  possible  to  call  a  complex  adiabatic  Index. 

Let  us  Introduce  designations:  »  |a  +  CpQ  ■  -^A  +  c^^^^  are 

equilibrium  heat  capacities  during  constant  voliune  and  pressure  and 
5  7 

°Po*  ■  2^  heat  capacities  duMng  completely  frozen  vi¬ 
brations.  We  will  record  complex  adiabatic  Index  and  expression  for 
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complex  speed  of  sound,  which  follows  from  equations  (8.19),  (8,20), 


in  the  form 


a«  =  Y  — . 


- : - —*)’ 


(8.21) 


In  limiting  case  of  small  frequencies  ojt  «  1,  7  »  J!Q.  «■  7n>  a  ■ 

2  ^  ° 

-2  -  a^,  we  obtain  equilibrium  adiabatic  index  and  speed  of  sound. 

•  n  u 


*In  the  book  L,  D,  Landau  and  Ye.  M.  Llfshlts  [9]  there  is  derived 
an  excellent  formula  ( Ch,  VIII,  §  78,  formula  {7o,3}}»  which  gives 

This  divergence  is  connected  with  the  difference  in  determinations  of 
relaxation  time  t,  which  appears  in  the  eqiuition  of  kinetics.  Magni¬ 
tude  in  our  equation  (8.8)  constitutes  equilibrium  energy  of 

vibrations,  which  corresponds  to  translational  temperature  T.  Let  us 
note  relaxation  time  in  our  equation  of  kinetics  by  index  "T.”  If 
volume  of  gas  is  constant  and  translational  temperature  also  is  main¬ 
tained  constant:  T  ■  const,  then  equation  (8.8)  gives  exponential  law 
of  approximation  to  equilibrium  with  characteristic  time 

Energy  of  gas  e  ■  CYe^T  +  with  this,  is  not  constant. 

If,  however,  we  consider  energy  e  constant  (and,  of  course,  vol¬ 
ume)  and  use  equation  (8.8),  then  we  will  obtain.  Instead  of  simple 
exponential  law,  a  more  complicated  law  of  approximation  to  equili¬ 
brium. 

In  book  [9]  the  equation  of  kinetics  of  type  (8.8)  is  recorded 
in  such  a  way  that  under  equilibrium  one  should  understand  energy  of 
vibrations,  which  corresponds  to  equilibrium  temperature  Tp,  common 

for  translational  and  vibrational  degree  of  freedom  and  responding  to 
given  volume  V  and  energy  e  of  gas* 

Let  us  designate  relaxation  time,  which  appears  in  equation  of 
kinetics  (according  to  [9]),  hy  Tg.  An  equation  gives  exponential 
law  of  appiK)xlmatlon  to  equlllbrlumi 


if  volume,  energy  of  gas,  l.e.,  equilibrium  temperatux*e  Tp,  and  time 
Tg  ai?e  constant  (actually  Tg  depends  on  translational  temperatxire,  but 

it  is  assumed  that  deflection  fi*om  equilibrium  is  small,  so  that  at 
Tp  *  const  translational  temperature  T  changes  little.  During  small 

deflection  from  equilibrium  condition  V  «  const,  e  ■  const  it  is  pos¬ 
sible  to  consider  as  condition  of  approximate  Constance  of  entropy 
S  ••  const) . 

Footnote  continued  on  following  page 
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Experiments,  In  which  there  Is  obtained  a  gas  cloud  scat¬ 
tering  Into  a  vacuum,  were  set  up  during  rocket  Investigations  of 
the  upper  layers  of  the  atmosphere,  when  Into  space  were  released 
vapors  of  sodium  and  nitric  oxide.  The  same  phenomenon  took 
place  also  during  creation  of  artificial  comet  during  flight  to 
Moon  of  Soviet  space  rocket. 

Dynamics  of  the  scattering  of  a  gas  cloud  Into  a  vacuum  Is 
rather  simple;  an  Idealized  problem  about  adiabatic  scattering 
Into  vacuum  of  a  gas  sphere,  when  gas  possesses  constant  heat 
capacity,  was  considered  In  §§  28  and  29,  Ch.  I.  Here  we  are 
Interested  In  more  delicate  questions  of  the  state  of  gas  In  a 
stage  of  large  expansion,  so  to  say,  during  scattering  Into  Infin¬ 
ity,  which  It  Is  possible  to  consider  on  the  basis  of  the  most 
simple  diagram  of  scattering.  In  this  diagram  Is  taken  Into 
account  the  behavior  of  only  average  In  mass  parameters  of  gas. 

It  Is  clear  that  parameters  of  any  specific  particle  of  gas  change 
In  time  exactly  as  average  magnitudes,  and  differ  from  mean 
values  only  by  numerical  factors  of  the  order  of  unity,  which 
for  us  are  Immaterial, 

Let  us  consider  a  gas  sphere  of  mass  M,  possessing  energy 
E,*  In  the  stage  of  strong  expansion  almost  all  Initial  energy 
has  already  been  turned  Into  kinetic  energy  of  scattering,  and 


*We,  for  convenience,  will  remember  here  certain  conclusions 
In  §  28,  Ch.  I, 
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Coefficient  of  absorption  kg  ~  absorption  at  a  distance 
equal  to  wave  length,  kgX  ~  co. 

In  the  limit  of  large  frequencies  oyr  »  i  we  have 

(8.23) 

Coefficient  of  absorption  kg  »  const  does  not  depend  on  fre¬ 
quency]  absorption  on  wave  length  kgX  ~  i/co. 

Curve  of  dispersion  a^^cu)  and  frequency  dependence  of  absorp¬ 
tion  on  wave  length  kgX  -  kga^/m  ■  are  schematically  d^^picted 

in  Pig,  8,5.  It  is  simple  to  show  that  magnitude  kg/lc^  has  maximum 

at  oyr  -  /Cy^cp^/c^^cp^  -  1.  During  a 
- -  close  but  different  value  of  tor  the 


curve  of  dispersion  has  a  bend, 

Prom  formula  (8* 19)  it  follows 
that  pressure  in  the  sound  wave  is 
shifted  in  phase  with  respect  to  den¬ 
sity,  Really,  if  the  speed  of  sound 
is  a  complex  value,  then  p»  -  a%»  » 


V. 


Pig,  8.5,  Dependences 
of  speed  of  propaga¬ 
tion  a^  and  coefficient 

of  absorption  on  wave 
length  kgX  of  ultra¬ 
sonics  in  the  region  of 
relaxation. 


a^le^'^pt 


In  limiting  cases  oyr  « 


«  1  and  COT  »  1,  when  the  imaginary 
part  of  the  speed  of  sound  aspires  to 


zero,  shift  in  phase  9  disappears.  At  cor  ~  1,  when  the  real  and 
imaginary  parts  are  comparable,  shift  in  phase  9  is  considerable. 

If  in  the  substance  there  occurs  several  nonequilibrium  processes 
with  strongly  differing  times  of  relaxation,  strong  absorption  and 


dispersion  appear  every  time  when  cor  ~  1,  and  these  fi'equency  ranges 
clearly  are  divided.  In  the  case  of  close  relaxation  times  regions 
merge  and  are  experimentally  divided,  i.e,,  to  extract  relaxation 
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times  from  experimental  data  is  very  difficult. 

Dispersion  and  absorption  of  sound,  connected  with  nonequilibrium 
processes,  are  determined  by  vibrations  of  density  of  substance, 
i.e,,  in  virtue  of  equation  of  continuity  dp/dt  +  pdiv  u  *  0  are 
connected  with  divergence  of  speed.  Formally,  it  is  possible  to 
describe  them  by  a  coefficient  of  second  viscosity  which  charac¬ 
terizes  the  dissipative  member  in  the  equation  of  motion,  proportional 
to  the  divergence  of  speed  ( see  §  20  and  21,  Ch.  l) .  The  coefficient 
of  second  viscosity  it  is  possible  formally  to  connect  with  magni¬ 
tude  or  and  with  limiting  velocities  of  sound  a^  and  a^  ( see,  for 
Instance,  [9] )  • 

However,  it  is  possible  to  describe  anomalous  absorption  by 
means  of  the  introduction  of  a  coefficient  of  second  viscosity  only 
at  not  too  large  frequencies.  Coefficient  of  absorption,  because  of 
viscosity,  grows  proportionally  to  kg  ~  { see  §  22,  Ch.  l) .  There¬ 

fore,  during  a)-»  »  absorption,  connected  with  viscosity,  increases 
without  limit,  then,  as  in  reality,  coefficient  of  anomalous  absorp¬ 
tion  during  00  aspires  to  constant:  kg  «  const  (see  formula 
(8.25)). 

Certain  experimental  data  on  relaxation  times  for  excitation  of 
vibrations  and  rotations  in  molecules,  obtained  by  studying  dlspei^ 
slon  and  absorption  of  ultrasonics,  already  were  presented  by  us  in 
§§  2  and  4,  Ch.  VI. 

2.  Chemioal  Reactions 

§  5.  Oxidation  of  Nitrogen  During  a 
Strong  Explosion  in  AJr 

Atmospheric  air  consists  of  molecules  of  nitrogen  and  oxygenj 
chemically  it  is  in  equilibrium  and  very  stable.  For  dissociation 


of  molecules  Into  atoms  or  partial  transformation  of  them  Into  mole¬ 
cules  of  nitric  oxide  NO  it  Is  necessary  to  heat  air  to  several  thou¬ 
sand  degrees.  Reaction  of  the  oxidation  of  nitrogen  requires  great 
activation  energy.  Somewhat  less,  but  also  great,  is  the  activation 
energy  necessary  for  disintegration  of  molecules  of  oxide  into  oxygen 
and  nitrogen.  Therefore,  Independent  of  the  energy  advantage  of 
the  transformation  of  nitric  oxide  into  oxygen  and  nitrogen  at  low 
temperatures,  molecules  of  oxide  NO  are  extraordinarily  stable  with 
respect  to  disintegration. 

In  §  8  Ch.  VI  it  was  shown  that  If  at  a  temperature  of  4000°  K 

time  of  establishment  of  equilibrium  concentration  of  nitric  oxide 

in  air  of  normal  density  is  "d0“^  sec.,  then  at  2000°  K  It  Is  equal 

to  approximately  1  sec.  and  at  1000°  K  has  a  colossal  magnitude  of 
12 

the  order  of  10  sec,,  l.e,,  approximately  [JO  thousand  years!  Once 
formed  and  cooled  to  normal  temperature,  nitric  oxide  remains  in  the 
air  an  indefinitely  long  time.  In  reality,  oxidized  nitrogen  con¬ 
tinues  its  prolonged  existence  in  the  form  of  dioxide  NOg  ( or  even 
groups  of  NgOi^,  in  which  molecules  of  NOg  prefer  to  be  united),  since 
nitric  oxide  reacts  very  fast  with  atmospheric  oxygen  and  is  oxidized 
to  dioxide.  This  exothermic  reaction  requires  very  small  activation 
energy  and  occurs  easily  even  at  room  temperature  ( see  §  9  Ch,  Vl) , 

Thus,  the  chemical  process  In  heated,  and  then  cooled,  air  leads 
to  essentially  nonequilibrium  states,  found  In  sharp  contradiction 
with' the  laws  of  chemical  equilibrium,  according  to  which  nitric 
oxides  at  low  temperatures  must  be  completely  turned  into  nitrogen 
and  oxygen.  This  effect,  well-known  from  laboratory  practice,  car¬ 
ries  the  name  of  the  "hardening”  effect  of  oxides  of  nitrogen. 


Large  quantity  of  nitric  oxides  will  be  formed  during  a  strong 


explosion  in  air.  Atmospheric  nitrogen  is  oxidized  In  that  stage 


of  the  process  when  air  In  the  blast  wave  Is  heated  to  a  temperature 

of  several  thousand  degrees,  where  several  percents  of  nitrogen  Is 

oxidized.  During  pixjpagatlon  of  the  blast  wave,  air  originally  heated 

In  the  front  of  the  shook  wave  Is  rapidly  cooled.  Nitric  oxide 

formed  In  It  does  not  succeed  In  disintegrating  during  cooling  and 

remains  In  the  air  "forever.”  During  an  explosion  with  energy  of 
21 

10  erg,  equivalent  to  approximately  20,000  tons  of  trotyl.  In  the 
air  will  be  formed  nearly  100  tons  of  nitric  oxides.  Several  tens 
of  seconds  or  a  minute  after  termination  of  explosion  all  oxide  Is 
turned  Into  dioxide. 

In  the  usual  state  nitrogen  peroxide  constitutes  of  a  sharply 
colored  gas  of  a  reddish-brown  color  which  Is  connected  with  the 
predominant  absorption  by  NOg  molecules  of  green  and  blue  rays.  It 
gives  a  red  shade  to  the  cloud  which  rises  upward  after  termination 
of  explosion,*  as  was  noted  by  experiment  and  described  In  book  [12]  j 
see  also  §  5,  Ch.  IX. 

The  presence  of  oxides,  especially  a  small  quantity  of  nitrogen 
peroxide.  In  heated  air  enveloped  by  the  blast  wave  stTOngly  affects 
the  optical  properties  of  the  air  In  the  wave,  since.  In  distinction 
from  molecules  of  oxygen  and  nitrogen,  molecules  of  dioxide  Intensely 
absorb  and  radiate  light  In  the  visible  part  of  the  spectrum  (NO 
molecules  also  do  not  absorb  visible  light)  • 

Specific  peculiarities  of  the  kinetics  of  the  chemical  reactions 
of  formation  and  disintegration  of  oxides  of  nlt}?ogen  In  a  blast  wave 

♦Molecular  groups  NgO^^  do  not  absorb  visible  light,  l.e.,  NgOj^ 

■as  Is  colorless.  However,  dioxide  disappears  after  scattering  of 
v,*oud  of  explosion  in  atmosphere,  since  the  reaction  2NO2 -♦  NgOj^ 
does  not  occur  too  fast. 
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lead  to  the  appearance  of  interesting  optical  phenomena,  observed 
during  strong  explosion,  which  also  are  described  In  book  [12]  , 

These  phenomena  —  the  glow  of  the  shock  wave  at  comparatively 
low  temperatures  after  the  front,  of  the  order  of  4000-2000°  K,  when 
gae,  consisting  only  of  molecules  and  atoms  of  oxygen  and  nitrogen, 
should  not  gleamj  a  rather  sharp  cessation  of  glow  of  shock  wave  at 
a  temperature  near  2000°  K  and  a  breaking  away  of  the  front  of  the 
wave  from  the  boundary  of  the  luminescent  body,  the  so-called  "fiery 
sphere";  the  unique  effect  of  the  minimum  of  brightness  of  the  fiery 
ep3iei*e  at  the  time  of  breakaway,  when  the  glow  at  first  fades,  and 
then  the  sphere,  as  It  were,  again  Inflames,  —  will  be  examined  In 
§§  5-7,  Ch*  IX.  Here  we  will  pause  somewhat  In  greater  detail  on 
oonslderatlon  of  kinetics  of  reactions  of  oxidation  of  nitrogen  In 
a  blast  wave,  which  Is  the  necessary  basis  for  the  explanation  of 
the  shown  optical  phenomena*  This  problem  was  considered  by  one  of 
the  authors  [IJJ .  It  Is  necessary  to  note  that  the  study  of  kinetics 
presents  cn  Independent  Interest,  as  a  characteristic  example  of  an 
essentially  nonequilibrium  chemical  process  In  the  gas-dyn«unlc  phe¬ 
nomenon  of  a  strong  explosion, 

Qas  dynamics  of  a  strong  explosion  were  described  In  §  25,  Ch, 

I,  The  process  Is  self- simulating;  the  front  of  the  shock  wave 
spreads  from  the  center  of  -che  explosion  according  to  the  law  R^, 

~  t^/^*  Distributions  of  all  gas-dynamlo  magnitudes  In  radius  are 
represented  In  Pig,  1,50.  These  distributions  are  constant  In  time 
In  viartue  of  self-simulation;  with  the  passage  of  time  only  scales 
change. 

We  are  Interested  here  In  the  course  of  chemical  reaction  In 
defined  particles  of  air*  For  this,  first  of  all.  It  Is  necessary 
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Pig,  8.6*  r,  t-dlagram 
for  a  strong  explosion 
In  air.  f)  line  of  the 
front  of  the  shock  wave. 
1,  2,  3)  lines  of  three 
particles,  through  which 
the  front  passes  at  mo¬ 
ments  tQj,  ^Q2*  ^03* 


to  know  how  the  thermodynamic  state  of  a 
given  particle  changes  with  the  passage 
of  time. 

On  diagram  r,  t.  Pig,  8.6,  are  sche¬ 
matically  depicted  lines  of  the  front  of 
the  shock  wave  and  several  particles  after 
the  front,  designated  by  figv"es  1,  2,  3. 
Heated  and  compressed  at  moments  of  pas¬ 
sage  of  wave  front  tQ^,  tQg^  t^y  parti¬ 
cles  are  attracted  by  blast  wave,  while 
scattering  from  the  center,  and  with  this 
are  adlabatlcally  expanded  and  cooled 


Pig,  8,7*  Schematic  de¬ 
pendence  of  temperature 
on  time  In  three  parti¬ 
cles  heated  by  blast 
wave. 


until  the  pressure  In  them  falls  to  atmos¬ 
pheric  and  particles  stop. 

Curves  of  expansion  and  cooling  of 
air  particles  with  the  passage  of  time 
are  schematically  shown  in  Pigs,  6,7  and 
8,8. 

Calculations  by  formulas  in  §  23 
Ch.  I  show  that  during  an  explosion  with 


tm  * 

Pig.  8.8.  Schematic  de¬ 
pendence  of  density  on 
time  In  three  particles 
compressed  by  blast  wave. 
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energy  E  ■  10  erg,  to  which  will  pertain 
all  our  numerical  examples,  the  tempera¬ 
ture  in  the  front  of  the  shock  wave  drops 

to  magnitude  ■  2000°  K  during  a  per- 

-2 

lod  of  ^  ie  order  of  10  sec  from  the 
moment  of  energj’’  release.  Of  the  same 
order  are  cooling  times  of  air  particles 
from  a  temperature  of,  let  us  say. 


50CX)°  K  to  2000°--1500°  K«  Time  t  10**^  sec  Is  the  time  scale  of  the 
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gas-dynamic  process  during  an  explosion  with  energy  K  ■  10  erg, 
with  which  one  should  compare  times  characteristic  for  the  course  of 
chemical  reactions. 

Let  us  trace  at  first  kinetics  of  reactions  In  any  defined  par¬ 
ticle  of  air.  Let  us  assume  that,  for  Instance,  particle  1  was 
heated  In  the  front  of  the  shock  wave  to  a  temperature  of  Tfl  - 

»  3000°  K,  Speed  of  oxidation  of  nitrogen  with  such  a  temperature 
Is  very  high  and  equilibrium  concentration  Is  attained  during  a  period 
of  the  order  of  10“^  sec.  In  a  particle  of  air  "instantly"  approxi¬ 
mately  5^  of  the  nitrogen  Is  oxidized  and  subsequently  concentration 
of  oxide  "slowly"  changes  (decreases)  In  accordance  with  the  laws  of 
chemical  equilibrium,  while  "following"  cooling  and  expansion.  Disin¬ 
tegration  of  oxide  molecules  starts  to  lag  behind  cooling  only  If 
the  particles  cool  to  a  temperature  of  the  order  of  2300°  K,  at  which 
relaxation  ♦■•Ime  t  Increases  from  Initial  small  magnlcude  -^O"^  sec 
to  a  magnitude  comparable  with  gas-dynamic  scale  of  cooling  time, 
lO**  sec.  During  further  cooling,  disintegration  rapidly  ceases, 
since  the  disintegration  rate  Is  very  shaiTply  lowered  with  decrease 
of  temperature.  Thus,  already  at  2000°  K  disintegration  rate  Is 
characterized  by  a  relaxation  time  t  -  1  sec.  The  residual  "hardened" 
quantity  of  oxide  In  a  given  particle  corresponds  approximately  to 
that  concentration  which  was  In  It  at  the  time  when  relaxation  time 
T  was  comparable  with  characteristic  time  of  cooling  t  --  10  sec, 
l,e,,  when  temperature  In  the  particle  was  of  the  order  of  2300°  K, 

But  slightly  earlier  the  concentration  was  equilibrium,  and  equili¬ 
brium  concentration  rather  weakly  changes  with  decrease  of  tempera¬ 
ture  by  several  hundreds  of  degrees,  which  very  essentially  changes 


disintegration  rate  ( see  §  4  Ch.  Ill  and  §  8  Ch.  VI)  •  Therefore, 
residual  concentration  of  oxide  in  par’-.icles  of  air  is  simply  equal 
to  equilibrium  concentration  at  a  temperature  near  2300°  K,  and  this 
is  a  magnitude  of  the  order  of  Dependence  on  time  of  the  concen¬ 

tration  oxide  in  a  particle  is  schematically  shown  in  Fig*  8*9*  Cer¬ 
tainly,  the  exact  value  of  residual  concentration  depends  on  the 
specific  particle,  l.e,,  on  the  density  with  which  it  arrived  at  the 
abruptly  changed  (for  reaction)  temperature  «2300°  K,  at  which  t  t, 
and  on  the  time  of  coollngj  however,  these  components  do  not  affect 
the  order  of  magnitude  of  the  residual  concentration.  Reaction  of 
the  oxidation  of  oxide  to  dioxide  at  temperatures  *^000°  K  proceeds 
quite  fast  ( see  §  9j  Ch.  VI)  •  Therefore,  the  concentration  of  dioxide 
still  remains  an  equlllbrliom  concentration,  but  dioxide  is  moreover 
in  equilibrium,  not  with  equilibrium  but  with  an  actual,  "hardened" 
quantity  of  oxide.  At  temperatures  of  the  order  of  2000°  K  concen- 
tratlon  of  dioxide  composes  approximately  10“  %  { see  Table  5.9,  §  21 
Ch.  V) .  Subsequently  all  oxide  gradually  oxidizes  to  dioxide^  where 
in  the  beginning  this  process  "follows"  after  cooling,  and  then,  at 
a  temperature  of  M.500°  K  and  lower,  lags  behind  cooling.  Full  oxi¬ 
dation  of  oxide  occurs  even  in  a  quite  cold  particle,  tens  of  seconds 
after  the  explosion. 

In  particles  of  air,  which  the  front  of  the  shock  wave  heats  to 
a  temperature  below  *^200-2000°  K,  nitric  oxide,  in  general,  will  not 
be  formed  since  speed  of  oxidation  with  such  a  temperature  is  minute, 
and  the  particle  fast  skips  that  region  of  temperatures  near  2000°  K, 
in  which  the  speed  of  the  reaction  composes  still  a  noticeable  magni¬ 
tude,  Thus,  the  spherical  shell  of  air,  heated  in  the  front  of  the 
shock  wave  to  a  temperature  of  -^200-2000°  K,  limits  the  mass  of  air 


in  which>  in  general,  oxide  appears,  and  then  dioxide  ( the  law  of 

motion  of  this  layer  is  depicted  on  diagram  r,  t  Pig,  8,6,  let  us 

say,  by  line  5)*  An  estimate  of  the  full  quantity  of  nitric  oxides 

which  will  be  formed  during  a  strong  explosion  follows  from  this. 

It  is  determined  by  the  mass  of  air  heated  in  front  of  the  shock 

wave  to  a  temperature  higher  than  '^200-2000°  K  and  the  equilibrium 

concentration  of  the  oxide  with  such  a  temperature  (at  slightly 

higher  —  2^00°  K) ,  since  namely  with  such  temperatures  there  occurs 
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hardening.*  During  an  explosion  with  energy  of  10  erg  the  radius 
of  the  front  of  the  shock  wave,  at  a  temperature  of  front  *■  2000°  K, 
is  equal  to  approximately  100  m.  The  mass  of  air  in  the  spherical 
volume  of  such  a  radius  composes  approximately  5000  m  and  during 
concentration  mass  of  oxide  is  found  to  be  equal  to  --50  m.  The 
mass  of  dioxide,  after  connecting  to  every  molecule  of  NO  one  more 
atom  of  oxygen,  will  compose  *^5  m,  l,e,,  nearly  100  m,  as  was  men¬ 
tioned  above. 


t 


Pig.  8,9.  Schematic 
dependence  on  time  of 
equilibrium  (  Cjjq)  and 
actual  (  Cjjq)  concen¬ 
trations  of  nitric 
oxide  in  a  defined  par¬ 
ticle  of  air  in  the 
blast  wave. 


Let  us  consider  now  what  the  distri¬ 
bution  is  of  the  concentration  of  oxides 
in  radius  at  a  given  moment  of  time. 

Here  are  possible  two  typical  cases.  If 
at  considered  moment  t’  (Pig.  8.10)  tem¬ 
perature  on  the  front  of  the  wave  is 
higher  than  ~2500°  K,  practically  in  all 
particles  after  the  front  concentrations 
of  oxide  and  dioxide  are  equilibrium  con¬ 
centrations  and  distribution  of 


♦We  remember  that  equilibrium  concentration  of  nitric  oxide  in 
al..'  depends  only  on  temperature,  not  on  density  ( see  §  4  Ch,  III  and 
§  8  Ch.  VI) . 
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concentrations  are  determined  simply  by  distributions  of  temperature 


and  density  after  the  front.  An  exception  Is  only  the  very  thin  layer 


of  air  directly  after  the  front.  In  which  still  by  the  given  moment 
oxides  have  not  been  formed  (Pig.  8.10). 


If  we  concern  ourselves  with 
moment  t**,  at  which  the  tempera- 


Plg.  8.10.  Distribution 
of  concentration  of  nitric 
oxide  after  the  front  of  a 
shock  wave  during  an  ex¬ 
plosion  with  energy 

E  »  10^^  erg 

Temperature  on  front  ■» 

-  5000°K.  Concentration 
practically  everywhere  Is 
equilibrium.  Are  shown 
value  of  temperatures  and 
densities  In  several  points. 
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Pig.  8.11.  Distribution 
of  concentration  of  ni¬ 
tric  oxide  after  the 
front  of  a  shock  wave 
during  explosion  with 
E  -  1021  erg.  Tempera¬ 
ture  on  the  front  T^  - 

»  l600°  K,  The  solid  curve 
Is  the  actual  concentra¬ 
tion!  the  dotted  one  Is 
equilibrium  concentra¬ 
tion.  At  X  >  4m  CjjQ  *• 

**  ( .  There  are  shown 

values  of  temperatures 
and  densities  at  several 
points. 


ture  behind  the  front  Is  less  than  '^000®  K,  for  example  l600®  K, 

then  near  the  front  there  are  found  particles  heated  by  the  front  up 

to  a  temperature  lower  than  2000®  Kj  In  them  there  are  generally  no 

oxides.  Par  behind  the  front,  at  a  temperature  higher  than  *^500®  K, 

the  concentration  In  equilibrium,  and  In  the  Intervening  layer  there 

are  oxides,  but  their  concentration  Is  nonequilibrium.  Close  to  the 

front  It  Is  less  than  the  equilibrium  concentration  and  a  little 

further  away,  in  those  particles  In  which  chilling  has  begun.  It  is 
higher  [Pig.  8.11]. 
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For  calculation  of  the  concentration  of  oxide  In  a  nonequilibrium 


region,  and  also  for  a  more  exact  determination  of  quantity  of  "har¬ 
dened”  oxide.  It  Is  necessary  to  solve  the  equation  of  kinetics  of 
oxidation  reaction  of  nitrogen  (6,45)  In  a  given  particle  of  air, 
taking  Into  account  the  laws  of  Its  cooling  and  expansion  In  a  blast 

f 

wave.  Laws  of  expansion  and  cooling  of  air,  which  follow  from  solu¬ 
tion  of  problem  about  strong  explosion  (§  25,  Ch,  l)  ,  It  Is  possible 
to  approximate  fairly  well  by  the  following  formulas,  convenient 
for  the  calculation  of  kinetics: 

1  _  1  I  j;_|  J_ 

T  “  "5^  *  Iq  * 

where  Tq  and  Pq  are  temperature  and  density  In  the  particle  at  Ini¬ 
tial  moment  tQ,  when  through  It  passed  the  front  of  the  shock  wave; 
a  and  b  are  numerical  constants  depending  only  on  effective  adiaba¬ 
tic  Index  In  gas-dynamic  solution.  At  7  ■»  1.30,  a  «  0,44,  b  »  0.75, 

It  turns  out  (see  [13])  that  by  means  of  corresponding  selec¬ 
tion  of  new  variables  In  the  equation  of  kinetics  (6,45)  this  equa¬ 
tion,  together  with  shown  laws  of  cooling  and  expansion.  It  Is  pos¬ 
sible  to  present  In  universal  dimensionless  form: 

'5- (8.24) 
where  magnitude  x  Is  connected  with  a  variable  —  time  —  and  y  Is 
proportional  to  concentration  of  oxldej  6  Is  a  numerical  constant 
less  than  unity.  Initial  condition,  corresponding  to  absence  of  oxide 
at  Initial  moment  t  ■  t^.  Is  reduced  to  condition  y  ■  0,  when  x  Is 
equal  to  a  certain  magnitude  of  Xq,  depending  only  on  moment  t^,  pa¬ 
rameters  of  Initial  state  and  constants  entering  Into  equation  of 
kinetics  (6,45). 
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Ya.  B,  Zel'dovich,  P.  Ya.  Sadovnikov,  and  D.  A.  Prank-Kamenetskiy 
[14]  studied  the  kinetics  of  the  oxidation  reaction  of  nitrogen  in 
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laboratory  conditions  with  a  law  of  cooling  of  the  type  h  ^  ^  t 

and  constant  density. 

With  this,  the  equation  of  kinetics  (6.45),  with  the  help  of  the 
introduction  of  new  variables,  also  is  reduced  to  an  equation  of  the 
type  (8.24)  with  initial  condition  y  -  0  at  x  »  Xq.  In  the  book  [l4] 
solution  of  equation  y  **  y(x,  Xq)*  is  tabulated. 

Knowing,  from  the  gas-dynamic  solution  of  the  probl;-^m  about 
strong  explosion,  parameters  of  initial  state  of  a  particle  of  air, 
it  is  possible  thus  to  obtain  a  full  solution,  l.e.,  dependence  of 
concentration  of  oxide  Cj^q  on  time.  It  fully  corresponds  to  the 
qualitative  considerations  presented  above.  Thus,  was  calculated  the 
curve  depicted  in  Pig.  8.11. 

3.  Disturbance  of  Thermodynamic  Equilibrium  During 
Scattering  oC  Gas  in  a  Vacuum 

§  6.  Scattering  of  a  Gas  Cloud 
The  phenomenon  of  scattering  of  a  gas  cloud  into  a  vacuum  is 
encountered  in  the  most  varied  natural,  laboratory,  and  technical 
processes.  During  Impacts  of  meteorites  against  the  surface  of  the 
planet  there  occurs  a  sharp  braking  of  the  meteorite  and  a  transfor¬ 
mation  of  kinetic  energy  into  heat.  If  the  speed  of  the  blow  is 
great,  of  an  order  of  several  tens  of  km./sec.,  there  are  developed 
very  high  temperatures  of  tens  and  hundreds  of  thousands  of  degrees. 


*As  A.  S.  Kompaneyets  noted,  equation  (8.24)  with  6  ■  0  is  solved 
exactly,  in  Bessel  functions. 
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The  body  of  the  meteorite  and  part  of  the  ground  of  the  planet  are 
evaporated.  The  phenomenon  reminds  us  of  a  strong  explosion  on  the 
surface  of  the  planet,*  If  the  planet  Is  without  atmosphere,  for  In¬ 
stance  as  the  Moon,  the  cloud  being  formed  of  steam,  while  possessing 
high  rates  of  scattering,  surmounts  gravity  force  and  is  freely  ex¬ 
panded  into  the  vacuum.  There  exists  an  assumption  that  as  a  result 
of  such  "explosions"  during  blows  of  huge  meteorites  lunar  craters 
were  formed. 

Analogous  phenomena  occur  also  during  the  much  more  frequent 
collisions  of  small  bodies  In  the  solar  system  —  asteroids.  Scatter¬ 
ing  Into  vacuum  of  colossal  gas  clouds  Is  observed  during  flashes  of 
Novae,  when,  as  a  result  of  the  disturbance  of  energy  balance  of  a 
star,  there  occurs  an  emanation  of  great  energy)  from  the  central  lay¬ 
ers  to  the  periphery  spreads  a  shock  wave,  detaching  from  the  star  and 
ejecting  Into  outer  space  a  gas  cloud. 

To  a  certain  degree  similar  phenomena,  but,  of  course.  In  Incom- 
mensurably  smaller  scales,  are  encountered  In  laboratory  conditions, 
for  Instance,  during  the  evaporation  of  anode  needles  In  pulse  X-ray 
tubes  under  the  action  of  powerful  electron  pulse  (V,  A.  Tsukerman 
and  M,  A,  Manakov  [15]),  during  the  explosion  of  wires  by  electrical 
current  In  evacuated  Installations,  etc.  Certainly,  In  laboratory 
conditions  expansion  Is  not  Infinite,  since  It  Is  limited  by  the 
walls  of  the  evacuated  vessel)  however.  In  the  stage  when  the  gas 
has  still  not  reached  the  walls,  scattering  Into  vacuum  occurs  Just 
as  If  vacuum  were  "infinite." 

*K(ydro-dynamlcs  of  this  process  will  be  )ionslde’.»ed  below.  In 
Chapter  XII, 


Experiments,  In  which  there  Is  obtained  a  gas  cloud  scat¬ 
tering  Into  a  vacuum,  were  set  up  during  rocke=t  Investigations  of 
the  upper  layers  of  the  atmosphere,  when  Into  space  were  released 
vapors  of  sodium  and  nitric  oxide.  The  same  phenomenon  took 
place  also  during  creation  of  artificial  comet  during  flight  to 
Moon  of  Soviet  space  rocket. 

Dynamics  of  the  scattering  of  a  gas  cloud  Into  a  vacuum  Is 
rather  slmplej  an  Idealized  problem  about  adiabatic  scattering 
Into  vacuum  of  a  gas  sphere,  when  gas  possesses  constant  heat 
capacity,  was  considered  In  §§  28  and  29,  Ch,  I,  Here  we  are 
Interested  In  more  delicate  questions  of  the  state  of  gas  In  a 
stage  of  large  expansion,  so  to  say,  during  scattering  Into  Infin¬ 
ity,  which  It  Is  possible  to  consider  on  the  basis  of  the  most 
simple  diagram  of  scattering.  In  this  diagram  Is  taken  Into 
account  the  behavior  of  only  average  In  mass  parameters  of  gas. 

It  Is  clear  that  parameters  of  any  specific  particle  of  gas  change 
In  time  exactly  as  average  magnitudes,  and  differ  from  mean 
values  only  by  numerical  factors  of  the  order  of  unity,  which 
for  us  are  Immaterial, 

Let  us  consider  a  gas  sphere  of  mass  M,  possessing  energy 
E,*  In  the  stage  of  strong  expansion  almost  all  Initial  energy 
has  already  been  turned  Into  kinetic  energy  of  scattering,  and 


♦We,  for  convenience,  will  remember  here  certain  conclusions 
In  §  28,  Ch.  I. 
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matter  scatters  Inertlally  with  average  speed 


Radius  of  the  sphere  is  of  the  order  of  R  ■>  utj  density  of 


the  gas  drops  with  passage  of  time  according  to  the  law: 


4«/P/3  :  )  ' 


(8.25) 


where  scale  of  time  is  approximately  expressed  through  initial 
radius  of  sphere  Rq  and  density  of  substance  PqZ 


\Qt4aiu*lZj  u  • 


(8.26) 


If  one  were  to  be  interested  in  temperature  of  gas  in  the 
stage  of  large  expansion,  then  it  is  necessary  to  consider  that 
small  Internal  energy  which  still  remains  in  the  gas  and  which 
we  disregarded  during  calculation  of  speed  of  scattering.  Let 
us  te.ke  into  account  that  during  adiabatic  scattering  there 
remains  constant  specific  entropy  of  gas  S.  Considering  for 
simplicity  that  matter  behaves  as  gas  with  a  certain  constant 
effective  value  of  adiabatic  indes,  we  will  obtain  law  of  cooling 
of  gas: 


(8.27) 


where  A(s)  is  entropy  constant,  calculated  by  known  formulas  of 
statistical  mechanics.  If  comparatively  high  temperatures  are 
considered,  then,  taking  into  account  processes  of  ionization, 
dissociation,  etc.,  it  is  possible  to  assume  tentative  values  of 


adiabatic  Index  7  *•  In  any  case  the  Index  Is  not  larger 

than  5/5  «  1.66,  which  corresponds  to  full  freezing  of  all  Internal 
degrees  of  freedom  of  gas, 

§  7.  The  Effect  of  "Hardening" 

We  will  observe  how  physical  chemical  processes  take  place  In 
gas  expanding  by  cubic  law  p  t  and  cooled  according  to  the  law 
T  ^  . 

We  will  assume  that  In  the  beginning  the  temperature  was  high, 
let  us  say,  several  tens  or  hundreds  of  thousands  of  degrees,  so  that 
molecules  were  dissociated  and  atoms  strongly  Ionized.  Let  us  assume 
also  that  Initial  density  of  gas  also  was  great  as  this  occurs  If  a 
gas  cloud  Is  formed  as  a  result  of  fast  energy  release  In  Initially 
solid  matter.  Then  In  the  early  stage  of  scattering  with  large  den¬ 
sity  and  temperature  all  relaxation  processes  occur  very  fast  and 
gas  Is  In  thermodynamic  equilibrium,  where  characteristics  of  Its 
state,  for  Instance  degree  of  Ionization  or  dissociation,  "follow" 
after  cooling  and  expansion.  If  the  gas  during  all  the  scattering 
continued  to  remain  In  thermodynamic  equilibrium,  then  as  It  expands 
and  cools  all  electrons  must  be  united  with  Ions  Into  neutral  atoms, 
and  all  atoms  possessing  chemical  affinity  would  be  united  Into  mole¬ 
cules. 

Really,  equilibrium  degrees  of  Ionization  and  dissociation  de¬ 
pend  on  temperature  by  exponential  law  and  on  density  only  by  power 
law*  ®ionlz  exp  (-I/2kT),  where  I  Is  Ionization  potential. 

During  expansion  ad  Infinitum  and  cooling  to  zero  of  temperature, 
equilibrium  degrees  of  Ionization  and  dissociation  very  fast  rush  to 
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zero,  since  at  T  p '  -4  0  exponential  member  decreases  much  faster 

than  Increases  pre-exponential  factor.  Being  equilibrium,  gas  will 
scatter  Into  Infinity  In  the  form  of  neutral  molecules  or  atoms.  If 
the  latter  do  not  possess  chemical  affinity,  as,  for  Instance,  atoms 
of  metals  or  Inert  gases  (we  now  are  distracted  from  the  question  of 
condensation  of  gas,  which  we  will  discuss  subsequently). 

It  Is  easy  to  see,  however,  that  however  great  speed  of  estab¬ 
lishment  of  thermodynamic  equilibrium  might  have  been  In  the  begin¬ 
ning,  as  compared  to  speeds  of  cooling  and  expansion,  a  moment  must 
come  when  the  relationship  of  the  speeds  of  these  processes  will  be¬ 
come  Inverse,  thermodynamic  equilibrium  will  cease  to  be  established, 
and  degree  of  Ionization  and  dissociation  will  start  to  deviate  from 
equilibrium  values  more  and  more. 

Actually,  during  cooling,  equilibrium  shifts  In  the  direction 
of  a  decrease  In  degrees  of  Ionization  and  dissociation,  l.e.,  recom¬ 
bination  of  electrons  with  Ions  and  atoms  Into  molecules  predominates 
over  Ionization  and  dissociation.  With  high  densities  a  basic  role 
Is  played  by  recombination  In  triple  collisions,  and  with  low  densi¬ 
ties  by  photorecombination  In  parled  collisions,  so  that  by  the  stage 
of  large  expansion.  Interesting  us.  It  is  sufficient  to  estimate  the 
speed  of  the  latte:.’. 

Relaxation  time  for  establishment  of  equilibrium  Ionization  Is 
of  the  order  of  t  ^  l/nlFo,  where  n  Is  the  number  of  Ions  In  1  cm^, 
proportional  to  density  of  gasj  v  is  the  thermal  velocity  of  electrons, 
V  and  a  Is  effective  section  of  photorecombination,  which  Is 

Inversely  proportional  to  temperature  a  ~  T  ,  Thus,  owing  to  regu¬ 
larity  (8,25),  (8.27),  relaxation  time  Is  proportional  to 
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Even  during  the  highest  possible  value  7  ■  5/5  magnitude  of  t 

2 

Increases  with  passage  of  time  as  t  t  .  Characteristic  time  for 
noted  changes  of  temperature  and  density  Is  of  the  order  of  the  actual 
moment  t,  since  with  power  laws  (8.25),  (8.27) 

dT  _T_  dQ_ 

rfl  ~  t  •  <<t  ~  <  * 

Consequently,  relaxation  time  grows  faster  than  the  gas-dynamic 
time  scale  and,  starting  from  some  moment,  recombination  will  start 

all  the  more  strongly  and  cooling  will  fall  behind  more  strongly. 
Moreover,  approximately  from  this  moment  the  probability  of  recom¬ 
bination  of  a  given  electron  with  all  lone  during  all  the  subsequent 
process  of  scattering,  up  to  Infinity,  turns  out  to  be  lees  than 
unity,  since  the  Integral  of  probability  of  recombination  or  number 
of  collisions  converges. 

Under  the  "hardest”  conditions,  when  7  «  5/5  and  t  ■  T^(t/t^)^, 
where  t^  Is  a  certain  arbitrary  moment  of  time,  and  »  t( t^) ,  the 
number  of  acts  of  recombination  of  a  given  electron  with  lone  for 
all  time  from  t^  and  to  «  Is  equal  approximately  to 


w- f  iiSiTd/ ^  ^  5  ^  ^-const. 


(8.28) 


Starting  from  moment  t^,  at  which  relaxation  time  >  t^,  the 
number  of  recombinations  w  <  1,  Thus,  during  spherical  scattering 
of  gas  Into  a  vacuum  equilibrium  Is  not  only  disturbed,  but  recombi¬ 
nation  In  general,  does  not  proceed  to  the  end.  Gas,  cooling  temper¬ 
atures  to  zero  during  scattering  to  Infinity,  remains  partially  ionr 
Ized  and  dissociated!  "hardening"  of  Ions  and  atoms  occurs. 

Starting  from  a  certain  moment.  In  the  gas  are  almost  ceased 
gas  kinetic  collisions.  Deactivation  of  vibrational  and  rotational 
excitation  of  molecules  by  Impacts  of  particles  Is  ceased.  This 


follows  from  convergence  of  the  same  Integral  of  collisions  (8,28) • 
However^  hardening  of  molecular  vibrations  and  rotations  does  not 
occur*  vibrational  and  rotational  energies  of  molecules  pass  due  to 
spontaneous  emission  of  light  quanta.  Vibrational  transitions  give 
radiation  in  the  Infrared  region  of  spectrum,  and  rotational  —  in 
the  radio  range. 

Regarding  cases  of  nonspherlcal  scattering,  in  principle  during 
cylindrical  symmetry  of  hardening,  with  respect  to  ionization,  there 
exists  (n  t  ),  and  in  flat  cases  it  is  lacking,  since  n  t”  , 
and  the  Integral  of  collisions  with  recombination  /n'vadt  /nT'^^^dt 
~  parts  as  at  t  -4  ».  Disturbance  of  ionization 

equilibrium,  as  will  be  shown  in  the  following  paragraph,  occurs  also 
in  a  flat  case.  Certainly,  if  we  talk  about  a  finite  mass  of  gas, 
then  during  sufficiently  large  expansion  ’’flat”  (and  ’’cylindrical”) 
case  certainly  will  cross  into  ’’spherical,” 

In  view  of  the  convergence  of  the  Integral  of  collisions  with 
gas  kinetic  section  placed  in  it,  during  spherical  scattering  with 
passage  of  time  energy  exchange  of  chaotic  translational  motion  of 
atoms  ceases.  Further  scattering  continues  in  general,  without  col¬ 
lisions,* 

All  particles  —  atoms,  ions,  etc,  —  fly  by  inertia  with  speeds 
which  they  obtained  as  a  result  of  the  last  collision,  Eesldes  pa]>- 
tlcles,  in  general,  possess  a  non-radial  (’’chaotic”)  conq)onent  of 


*It  is  curious  to  note  that  ’’collisions"  (more  exactly,  the  Inter*- 
actlon  of  particles)  do  not  cease  in  the  case  of  scattering  of  com¬ 
pletely  ionized  gas,  since  effective  section  of  "collisions”  is  a 

T  ^  and  at  7  ■  5/5,  T  the  Integral  of  collisions  parts  even 

in  a  spherical  case:  /n*va  dt  ~  /nT^^T  ^dt  ~  /dt -♦  •,  The  expan¬ 
sion  into  vacuum  of  a  gas  cloud  without  collisions  ( in  approximation 
of  free  molecular  flux)  is  examined  in  the  work  of  Molumd  [15a]  •  See 
also  [24,  25], 
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speed.  One  would  think,  "hardening"  of  chaotic  speed  should  occur, 
l.e.,  "temperature,"  In  reality  there  Is  none,  for  reasons  of  purely 
geometric  character.  The  question  consists  of  the  definition  of  the 
ideas  of  "hydrodynamic"  and  "internal"  energies  In  conditions  of  the 
absence  of  collisions  of  particles.  As  V,  A,  Belokon*  [l6]  noted, 
the  Internal  energy  of  a  unit  of  voliune  of  gas  Is  equal  to  the 

difference  between  full  kinetic  energy  n’^g  ( n  In  the  number  of  par- 

■*  —p 

tides  in  1  cm-^,  m  Is  their  mass,  and  v  Is  mean  square  of  speed) 

and  kinetic  energy  of  "hydrodynamic"  motion  n  X  (y)  2  is  square 

of  mean  speed) : 

^MTTp“^nojiM — ^rMapoa=n-j(t'*  ~ 


Let  US  assume  that  collisions  cease  at  the  time  t^  when  gas 
occupies  a  sphere  of  radius  r^  (Plg.  8.12) ,  At  points  A  and  B  parti¬ 
cles  arrive  from  this  sphere  at  moments  t»  and  t**,  possessing  speeds 
whose  directions  are  Included  In  cones  shown  In  Pig,  8,12, 

It  Is  clear  that  the  more  the 
distance  from  center,  the  less  the 

flare  of  the  cone  and  the  nearer  ^ 

to  (T)^,  l.e.,  the  less  difference 

^  In  limit  t -»  «,  r-^  «  all 

particles  fly  In  a  strictly  radial 
direction  and  ^  ■  (^2^  l.e.,  all 
kinetic  energy  Is  turned  Into  "hydro- 
dynamic," 


Pig.  8.12.  Concerning  the 
question  of  scattering  of 
gas  Into  a  vacuum  without 
collisions. 


§  8,  Residual  Ionization 
Let  us  consider  kinetics  of  Ioni¬ 


zation  emd  recombination  during 
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scattering  of  gas  into  a  vacum  and  we  will  estimate  residual  Ioniza¬ 
tion  In  gas  during  Its  expansion  ad  Infinitum  (results  expounded  below 
were  obtained  In  the  work  of  one  of  the  authors  [17]).  us  assume 

that  In  the  beginning  temperature  of  gas  was  high  and  atoms  were 
repeatedly  Ionized.  During  adiabatic  cooling  of  expanded  gas  degree 
of  Ionization  decreases,  electrons  "sit  In  their  own  places"  In  atoms. 
We  will  consider  scattering  that  Is  not  too  fast,  when  recombination 
of  electrons  with  repeatedly  Ionized  atoms  In  early  stage  of  scatter¬ 
ing  proceeds  so  fast  that  at  each  moment  there  Is  Ionization  equili¬ 
brium.  We  will  consider  that  Ionization  eqvilllbrlxiiA  Is  disturbed  only 
In  that  stage,  when  the  last  electrons  "sit  In  their  own  places," 
l.e.,  when  a  process  reverse  to  first  Ionization  takes  place. 

Let  us  compose  an  equation  of  kinetics  In  the  region  of  first 
Ionization,  taking  Into  account  two  basic  meohanismst  ionization 
by  electron  Impact  and  photo-ionlzatlon  and  the  corresponding  Inverse 
processes  of  recombination.  Ionization  by  heavy  particles,  which  is 
essential  only  during  extraordinarily  small  concentrations  of  fi?ee 
electrons.  It  Is  possible  to  disregard.  Equations  of  kinetics  (6,70) 
and  (6.91)  It  Is  somewhat  convenient  to  convert,  expressing  members 
of  Ionization  through  coefficients  of  recombination  with  the  help 
of  the  principle  of  detailed  equilibrium  by  the  formulas  (6.71)# 

(6.72) «  and  (6,92).  Introducing,  Instead  of  numbers  of  Ions  and 
electrons  In  1  cm^  N.  •  N.,  the  degree  of  Ionization  x  •  where 

N  Is  the  number  of  Initial  atoms  In  1  cm^,  and  considering  that  de¬ 
gree  of  Ionization  Is  small,  x  «  1,  we  will  record  the  equation  of 
kinetics  In  the  form 

■y— (8.29) 
Here  x^  Is  equilibrium  (at  given  temperature  and  density)  degree  of 
Ionization,  which  Is  expressed  by  Saha  formula.  At  Xp  «  1  formula 
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(6.72)  gives 


?  1 
.2 


xp  =  6.96.10’(^^yr2*r.  ^8.50) 

b  Is  total  coefficient  of  recombination;  by  the  formulas  ( 6,77) $ 
(6,94),  it  is  equal  to 


»=t,+i,=t,/,,+l,28.|0-»^(i+2)i^.  (6.31) 

During  known  laws  of  expansion  and  cooling  N(  t) ,  T( t) ,  which 
are  given  by  formulas  (8.25)  and  (8.27),  expression  (8.29)  constitutes 
an  ordinary  differential  equation  relative  to  sought  function  x(t). 
Inasmuch  as  we  are  Interested  mainly  in  the  qualitative  side  of  the 
matter,  we  will  solve  this  equation  approximately. 

At  first  speeds  of  ionization  and  recombinations,  proportional 
to  both  components  in  the  right  part  of  equation  (8.29) ,  are  great 
as  compared  to  speeds  of  expansion  and  cooling.  (For  comparison  of  * 
speeds  of  different  processes  we  consider  relative  speeds,  measured 
in  reverse  seconds,  for  Instance,  ^  -1“,  ^.)  Ionization  and  re¬ 

combination  almost  completely  compensate  one  another;  degree  of  ioni¬ 
zation  "follows"  after  expansion  and  cooling,  remaining  close  to 
equlllbrlvim.  Approximately  x(  t)  «  3Cp(  t)  =  Xp[T(t),  N(t)]  and 
difference  jx^  -  x^ j  «  x^. 

The  small  deviation  of  the  degree  of  ionization  from  equilibrium, 

which  inevitably  exists.  Inasmuch  as  temperature  and  density  change 

in  time,  it  la  possible  to  estimate  approximately,  considering  in 

the  left  part  of  equation  (8,29)  dx/dt  «  dx  /dt,  replacing  x  in  ex- 

presslon  for  coefficient  of  recombination  (8.31)  ty  x  ,  and  also  con- 
o  o 

sidering  x^  -  x  «  2x  (x  -  x)  ,  It  is  easy  to  see  that  relative 


deviation  jx  -  x|/x  grows  with  passage  of  time  (since  speed  of  re- 
laxatlon  process  becomes  less  and  less  as  compared  to  speed  of  change 
of  macroscopic  parameters  —  temperature  and  density)  . 
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Ionization  equilibrium  noticeably  is  disturbed  and  starts  harden¬ 
ing  when  difference  of  speeds  of  ionization  and  recombination  in¬ 
creases  to  a  magnitude  of  the  order  of  the  speeds  themselvesj  i,e., 
when  magnitude  jXp  -  x  j  becomes  of  the  order  of  Xp, 

It  is  possible  to  estimate  the  moment  of  "beginning  of  hardening" 
t^  and  magnitudes  T^,  N^,  x^,  at  this  instant,  considering,  as  earlier, 
dx/dt  «  dXp/dt,  X  •*  Xp  in  coefficient  of  recombination  and  equating 

2  2  2 
difference  x  -  x^  magnitude  x^ 

P  P* 

Differentiating  with  respect  to  time  the  equilibrium  degree  of 
ionization  by  the  formula  (8,30)j  taking  into  account  the  fact  that 
the  exponential  Boltzmann  factor  changes  the  fastest  of  all,  and  ising 
law  of  cooling  (8,27),  which  gives  «  -5(7  -  l)p  we  will  find  the 
equation  determining  the  moment  of  "beginning  of  hardening": 

=  I  (Y  - 1 )  ^ .  (8.32) 

Here  b^  «  This  equation,  Jointly  with  expressions  for 

laws  of  expansion  and  cooling  (8.25),  (8,27),  and  Saha  formula  (8,30) 
referred  to  moment  t^,  is  reduced  to  transcendental  equation  for 
temperature  T^.  Finding  T^,  it  is  easy  to  calculate  the  remaining 
magnitudes  t^,  N^,  and  Xp^,  (in  given  approximation  the  actual  degree 
of  ionization  x^  it  is  possible  to  consider  equal  to  equilibrium  3Cp^.) 

After  "beginning  of  hardening"  speed  of  ionization,  proportional 

2 

to  X  ,  continues  rapidly  to  decrease  with  passage  of  time  by  exponen- 

tlal  law  e  '*') .  Recombination  rate,  proportional  to  square  of  ac¬ 
tual  degree  of  ionization,  in  virtue  of  hardening,  drops  much  slower 
and  soon  becomes  considerably  higher  than  speed  of  ionization: 
x(t)  »  Xp(t).  In  these  conditions,  acts  of  ionization  it  is  possible 
to  disregard,  assuming  that  only  recombination  occurs*  Equation  of 
kinetics  is  then  written  approximately,  in  the  form 

69.1 


—bNj^  at  *>tt. 

This  differential  equation  is  reduced  to  quadra ture^  if  we  disregard 
two  as  compared  to  l/kT  in  coefficient  of  triple  recombination, 
which  always  can  be  done,  and  put  approximately  adiabatic  index  7  ■ 

»  5/5.  With  such  particular  value  of  adiabatic  index  both  members 
of  recombination  turn  out  to  be  equally  time-dependent  owing  to 
equation  of  adlabat  T  ~  -  t"^  and  from  both  members  it  is  possible 

to  take  time  factor  t.  The  equation  is  reduced  to  quadrature,  and 
during  an  arbitrary  value  of  adiabatic  index,  if  one  of  the  two  me¬ 
chanisms  of  recombination  predominates,  it  is  possible  to  disregard 
the  second.  In  this  last  case  the  final  expressions  turn  out  to  be 
especially  simple.  Inasmuch  as  dependence  of  the  solution  on  index 
7  in  a  reasonable  Interval  of  values  of  7  from  7  1.5  to  7  5/5 

is  not  too  strong,  we  will  write  out  final  expressions  for  7  «  5/5. 

If  gas  is  expanded  fast,  hardening  starts  early,  during  high 
density  and  degree  of  ionization.  Recombination  occurs  mainly  in 
three-body  collisions  and  residual  ionization,  corresponding  to  t 
«,  is  equal  to 

If,  however,  gas  is  expanded  slowly,  hardening  starts  late,  in 
a  stage  of  strong  scattering  and  cooling,  during  small  concentration 
of  electrons.  Electrons  recombine  with  ions  basically  in  double 
collisions  with  the  emission  of  light  quanta.  Residual  degree  of 
ionization  in  this  case  is  equal  to  x^  -  x^(kT^/[). 

Let  us  note  that  in  this  ( the  last  one)  case  the  gas  sphere  turns 
out  to  be,  as  a  rule,  transparent  for  quanta  emitted  during  photo- 
recombination.  Quanta  desert  the  sphere,  removing  with  themselves 
ionizing  energy,  which,  consequently,  does  not  participate  in  acceler¬ 
ation  of  gas.  Into  kinetic  energy  of  scattering  at  this  stage  passes 
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only  energy  of  translational  degrees  of  freedom  of  particles  If  gas 
la  monatomic,  so  that  the  adiabatic  index  in  this  case  is  Indeed 
close  to  5/5* 

For  example  we  will  estimate  residual  ionization  of  gas  from 
atoms  of  iron,  forming  during  fast  heating  and  evaporation  of  metal¬ 
lic  iron.  Let  us  assume  that  initial  heating  during  normal  density 
of  solid  iron  corresponds  to  temperature  Tq  *  116,000°  K  ■  10  ev. 
Appraisal  of  initial  energy  and  entropy,  taking  into  account  elec¬ 
tronic  specific  heat  (according  to  method  in  §  14  Ch*  III),  gives 
Eq  »  72  ev/atom,  S  »  6l  cal/mole  degree*  Speed  of  scattering  with 
this  is  u  *  15*5  km/sec* 

If  initial  radius  of  sphere  is  Rq  *  10  m  ( large  iron  meteorite) , 
then  at  the  time  of  beginning  of  hardening  during  scattering  up  to 
a  radius  of  »  800  m  -  4550°  K,  *  1*4*10^’^  cm“^,  x^  -  4.2.10*'^ 

-4 

and  residual  ionization  x_  «  2.1*10  * 

If  initial  radius  is  Rq  »•  1  cm,  which  is  close  to  laboratoiy 

scales,  then  R^  ■  50  cm,  *  9500°  K,  6*6»10^'^  cm  x^  »  0*58 

and  x^  ■  0,13.  Residual  ionization  is  the  greater,  the  relatively 
faster  expansion  and  cooling  occurs,  l.e.,  the  smaller  the  mass  of 
the  gas  sphere  and  the  higher  the  initial  heating. 


§  9*  Remarks  About  Plat  Scattering  and 
About  Expiration  of  Qas  into  a  Vacuum 

During  scattering  of  a  flat  layer  residual  ionization  is  equal 

to  zero,  although  ionization  equilibrium  is  essentially  disturbed 

and  degree  of  ionization  aspires  to  zero  not  by  exponential  law,  as 

equilibrium,  but  much  slower,  by  power  law.  Really,  taking  into 

account  only  one  photo-recombination,  which  always  becomes  predominant 

during  sufficiently  strong  expansion,  we  will  find 

-dAr*»- 
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At  7  -  5/^  T  ~  In  a  flat  case  N  ~  t"^,  T  ~  t"^'^,  so  that 

dx/dt  ~  Integrating,  we  will  obtain  |  |  ~  t^'^  -  t}'^. 

X  X^  1 

At  t  -»  «»  degree  of  Ionization  aspires  to  zero,  as  x  ~  t^'^  ->  0, 
l.e.,  by  power  law,  whereas  equilibrium  degree  of  Ionization  aspires 
to  zero  by  exponential: 

Xp  ~  exp  ^  ~  exp  ( — const  /*). 

Disturbance  of  Ionization  equilibrium,  similar  to  that  which 
occurs  during  scattering  Into  vacuum  of  a  flat  layer,  takes  place 
even  on  the  edge  of  a  wave  of  rarefaction,  during  flat  expiration  of 
gas  Into  a  vacuum  ( see  §  11  Ch.  I) .  Let  us  assume  that  wave  of  rare¬ 
faction  Is  propagated  along  motionless  gas  with  Initial  density  and 
speed  of  sound  pQ,  Cq.  During  expiration  Into  a  vacuum  the  front 


2 

boundary  of  the  gas  flies  with  speed  u.  «■  -  ( see  Pig,  8.13), 

“7  -  i 

Head  of  wave  of  rarefaction  spreads  along  Initial  gas  with  speed  of 

sound  Cq,  It  Is  easy  to  show  that  density  of  assigned  particle  of 

o 

gas  with  lagrange  coordinate  m  g/cm  ,  calculated  from  boundary  with 

vacuum,  with  passage  of  time  drops  according  to  the  law: 

a 


„  /  m  \(y+T> 

'•w; 


). 


o 

♦If  x^  Is  a  coordinate  of  the  boundary  of  gas  x^  ■  u^t  *  -^=-^c^t, 

then  from  formulas  (1,54),  (1,55),  (l«56)  §  11  Ch,  I  It  follows  that 
at  time  t  density  Is  distributed  on  coordinate  x  according  to  law: 

Lagrange  coordinate  of  a  particle  of  gas,  which  Is  at  time  t  at  point 
X,  Is  equal  to 

*  tti  a  V4-1 

— 5 ,  [(1^) 

»i 

Expressing  x  -  x^  through  density  p,  we  will  find 

Footnote  continued  on  following  page 
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l.e.,  somewhat  more  slowly  than  during  scattering  of  flat  layer  Into 
vacuum  (for  Instance,  at  7  «  5/5,  p  t“^/^) . 


With  this,  hardening  Is  lacking,  but 
thermodynamic  equilibrium  Is  disturbed 
Just  as  In  the  case  of  scattering  of  a 
flat  layer  when  p  t  degree  of  Ioni¬ 
zation  aspires  to  zero  with  passage  of 
time  by  power  law  ( certainly,  with  another 
exponent) ,  but  not  by  exponential  law. 

It  Is  Interesting  to  note  that  In 
this  case,  when  we  are  Interested  In  mag¬ 
nitudes  not  averaged  with  respect  to  the  entire  mass  of  gas  but  per¬ 
taining  to  a  certain  gas  particle,  actual  "equilibrium,"  more  exactly, 
"stationary"  value  of  Ionization  differs  from  the  thermodynamically 
equilibrium  value.  Actually,  the  particle  Is  In  the  field  of  radia¬ 
tion,  which  goes  from  deeper  layers  where  temperature  Is  higher, 
"stationary"  degree  of  Ionization  corresponds  to  an  equality  of  num¬ 
bers  of  Ionizations  and  recombinations  In  1  cm^  In  i  sec.  But  photo- 
recomblnatlon  does  not  depend  on  density  of  radiation  (induced  recom¬ 
bination  Is  Immaterial),  and  photo-lonlzatlon  proceeds  more  Intensely 
than  In  the  case  when  density  of  radiation  corresponds  to  temperature 
of  the  actual  particle.  In  the  particle  Is  bias  lighting  from  with¬ 
out,  relgnltlon  from  an  outside  source  —  radiation,  proceeding  from 
high- temperature  layers  (Fig.  8.15).  Therefore,  even  the  "stationary" 
level  of  Ionization  should  be  higher  than  this  follows  from  the  laws 
of  thermodynamic  equilibrium. 

FOOTNOTE  CONTINUED  FROM  PRECEDING  PAGE 

whence  follows  given  formula, 
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Pig.  8.15.  Concerning 
the  question  about  ex¬ 
piration  of  gas  Into  a 
vacuum. 
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4*  Condensation  of  Vapor  During  Adiabatic  Expansion 

§  10.  Saturation  of  Vapor  and  Appearance  of 
Centers  of  Condensation 

If  the  vapor  of  any  substance  Is  adlabatically  expanded  and 
cooled,  then  It,  at  a  certain  moment,  becomes  saturated  and  then 
supersaturated,  after  which  condensation  starts.  It  Is  known  that 
condensation  is  strongly  facilitated  in  the  presence  of  ions,  duet 
motes,  alien  particles,  which  become  centers  of  condensation  and 
around  which  are  formed  drops  of  liquid.  Ions  and  dust  motes  create 
even  more  favorable  conditions  for  the  fastest  formation  of  centers 
of  condensation,  but  their  presence  is  not  at  all  obligatory.  In 
pure  supersaturated  vapor,  centers  of  condensation  appear  as  a  result 
of  the  adhesion  of  molecules  into  molecular  complexes.  After  the 
achievement  of  so-called  critical  sizes  complexes  become  stable,  do 
not  disintegrate  and  reveal  a  tendency  toward  further  growth  and 
transformation  into  drops  of  liquid. 

The  phenomenon  of  condensation  of  vapor  during  adiabatic  expan¬ 
sion  is  encountered  in  technology,  in  the  laboratory,  and  in  nature. 
It  lies  in  the  basis  of  the  work  of  a  cloud  chamber,  widely  used  in 
nuclear  physics  for  registration  of  fast  charged  particles.  A  cloud 
chamber  is  a  vessel  filled  by  vapors  of  water,  alcohol,  or  other 
liquids.  The  needed  supersaturation  is  created  thanks  to  t  ,e  expan¬ 
sion  of  vapor  during  fast  movement  of  a  piston.  Vapor  is  condensed 
on  ions,  which  are  formed  along  the  trajectory  of  a  fast  particle, 
and  drops  of  liquid  are  registered  by  optical  methods. 

Condensation  of  water  vapor  contained  in  air  frequently  is  ob¬ 
served  during  the  expansion  of  air  in  wind  tunnels.  Condensation  cf 
water  vapor  contained  in  atmosphere  and  gases  passing  from  the  Jets 
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of  Jet  engines  leads  to  the  formation  of  a  characteristic  trace  dur¬ 
ing  the  motion  of  Jet  aircraft. 

The  fact  that  during  adiabatic  expansion  of  vapor  at  a  certain 
moment  condensation  should  start  is  easy  to  explain  with  the  help 
of  a  temperature  —  specific  volume  diagram.  As  is  known  from  thermo- 
dynamlcs^  the  pressure  of  saturated  vapor,  being  in  equilibrium  with 
liquid,  obeys  the  equation  of  Clapeyron  —  Clausius  (see,  for  instance, 
[18]).  If  it  is  possible  to  consider  vapor  as  ideal  gas,  then  this 
equation  leads  to  the  following  connection  between  specific  volume 
of  saturated  vapor  and  temperature*: 

(8.33) 

where  U  is  heat  of  evaporation,  R  is  gas  constant,  and  B  is  coeffi¬ 
cient  which  it  is  possible  to  consider  approximately  constant. 

From  this  formula  it  is  clear  that  temperature  of  saturation 
depends  on  volume  of  vapor  very  weakly,  by  logarithmic  law.  On  the 
other  hand,  adlabat  of  Poisson  for  vapor  constitutes  a  curve  of  ex¬ 
ponential  type  T  .  r(7-l) 

,  which  must  intersect  curve  of  saturation 
(Pig,  8,14).  At  the  point  of  intersection  0,  earlier  unsaturated 
expanded  vapor  becomes  saturated. 

Let  us  trace  movement  of  process  in  time.  If  vapor  is  always 
expanded,  then  specific  volume  monotonically  grows  with  the  passage 
of  time.  Instead  of  considering  change  of  temperature  in  time  T( t) , 
it  is  possible  to  consider  change  of  temperature  with  increase  of 
volume  T(V)  ■  T[V(t)],  using  diagram  T(V)  (see  Pig,  8.14), 

Crossing  into  state  of  saturation,  vapor  continues  to  be  ex-  ' 
pajided,  following  adlabat  of  Poisson,  and  becomes  supersaturated 

♦This  follows  from  formulas  p  »  const  e  pV  «=  RT,  where  p  is 
pressure  of  saturated  vapor. 
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( supercooled)  .  Speed  of  formation  of  centers  of  condensation  very 

shai^ly  depends  on  degree  of  supersaturation.  Therefore,  during 
further  Increase  of  degree  of  supersaturation  the  number  of  nuclei 

of  liquid  phase  fast  Increases.  Soon  after  passage  of  the  state  of 

saturation  the  speed  of  condensation  attains  such  a  magnitude  that 

emanation  of  latent  heat  stops  the  growth  of  supersaturation  ( If,  of 

course,  expansion  occurs  not  too  fast)  , 

Condensation  Is  accelerated  even  during  a  constant  number  of 
centers  due  to  Increase  of  surface  of  drops,  to  which  adhere  molecules 
of  vapor.  Accelerated  condensation  not  only  stops  growth  of  super- 
saturation  but  leads  even  to  a  decrease  In  degree  of  supersaturation. 
Formation  of  new  nuclei,  which.  In  the  highest  degree.  Is  sensitive 
to  the  magnitude  of  supersaturation.  Immediately  ceases  and  subse¬ 
quently  condensation  proceeds  by  means  of  the  adhesion  of  molecules 
to  drops  already  available.  Thus,  all  centers  of  condensation,  as  a 
rule,  are  engendered  In  the  actual  beginning  of  the  process  of  con¬ 
densation,  as  scon  as  there  Is  attained  a  sufficiently  large  super- 
saturation. 

During  work  with  a  cloud  chamber  vapor  Is  quickly  expanded  to 
a  defined  volume  so  that  In  It  Is  created  known  Initial  supersatura- 
tlon.  This  supersaturation  Is  chosen  so  large  that  all  Ions  became 
centers  of  condensation  and  by  the  number  of  drops  It  Is  possible  to 
count  number  of  Ions,*  Thus,  a  question  about  the  number  of  centers 
of  condensation  does  not  appear  here. 

It  Is  another  matter  In  gas-dynamic  processes,  such  as  expan¬ 
sion  of  gas  In  wind  tunnels,  expiration  from  Jets,  or  the  scattering 
of  a  gas  cloud  formed  as  a  result  of  heating  and  evaporation  of  Ini¬ 
tially  solid  matter,  for  Instance  metal.  Here  speed  of  expansion 

♦At  the  same  time  nuclei  not  containing  Ions  virtually  are  not 
formed. 
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1b  determined  by  the  general  dynamics  of  the  process,  and  the  number 
of  centers  of  condensation,  i.e,,  in  the  end  the  number  of  drops  of 
condensate,  is  unknown  and  depends  on  speed  of  expansion.  Even  if 
in  the  gas  there  are  ions  (which  does  not  always  occur,  of  course), 
during  sufficiently  slow  expansion  they  do  not  all  become  centers  of 

condensation  by  far.  In  virtue  of 
the  above-stated  causes,  supersatura- 
tlon  in  the  system  due  to  intensely 
proceeding  condensation  can  fall  af¬ 
ter  only  part  of  the  ions  are  turned 
into  centers  of  condensation.  All 
the  more  unknoym  is  the  number  of 
centers  in  pure  vapor  in  the  absence 
of  outside  particles.  The  number  of 
centers  of  condensation  depends  on 
the  maximum  accessible  supersatura- 
tlon  ( supercooling)  and  is  determined 
by  the  play  of  opposite  influences: 
cooling  of  vapor  owing  to  the  accom¬ 
plishment  of  the  woric  of  expansion 
and  the  heating  of  it  due  to  emanation 
of  latent  heat  during  condensation. 

In  §  12  it  will  be  shown  how  it  is  possible  to  calculate  number 
of  centers  of  condensation,  knowing  speed  of  expansion  and  cooling 
of  vapor. 


Pig,  8,14.  T,  V-dlagram 
for  condensation  process 
during  adiabatic  expan¬ 
sion  of  vapor,  P)  adla- 
bat  of  Poisson  for  vaporj 
NP)  curve  of  saturated 
vaporj  O)  point  of  satu- 
rationj  DR)  adiabat  of  an 
equilibrium,  two-phase, 
vapor-liquid  systemj  FA) 
actual  adiabat  of  vapor- 
liquid  drops  system, 
taking  into  account  ki¬ 
netics  of  condensation. 


§  11,  Thermodynamics  and  Kinetics  of  the 
Condensation  Process 

Let  us  consider  the  process  of  condensation  in  an  adlabatlcally 
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expanded  substance  from  a  purely  thermodynamic  point  of  view#  l.e.# 
assuming  that  at  every  moment  of  time  there  Is  thermodynamic  equili¬ 
brium*  Up  to  the  moment  of  saturation  vapor  was  expanded#  following 
adlabat  of  Poisson.  After  achievement  of  a  state  of  saturation  and 
the  beginning  of  condensation#  substance  constitutes  already  a  two- 
phase  vapor-liquid  system#  and  equation  of  adlabat  Is  complicated 
both  due  to  transformation  of  part  of  gas  phase  into  liquid  with  dif¬ 
ferent  thermodynamic  properties  and  because  of  emanation  of  latent 
heat.  Equation  of  adlabat  of  a  two-phase  system  It  Is  possible  to 

record  In  the  following  form* 

lc,(i-x)+c,xirfr+i?r(i-x)^-lt;-(c,-ct)7’jdi=o.  (8.34) 

Here  c^  Is  heat  capacity  of  vapor  during  constant  volume]  Cg  Is 
heat  capacity  of  liquid]  x  Is  degree  of  condensation#  defined  as  the 
ratio  of  the  number  of  molecules  In  liquid  phase  to  the  total  number 
of  molecules  In  a  given  mass  of  matter]  V  Is  specific  volume  of  mat¬ 
ter#  which  Is  less  than  specific  volume  of  vapor  with  respect  to  1  - 
-XI  V  -  V  n(l  -  x)  .*  In  this  equation  we  disregarded  surface 
energy  of  drops  of  liquid#  which  is  very  small  as  compared  to  latent 
heat#  If  drops  contain  many  molecules.  Equation  of  adlabat  (8.34)  Is 
accurate  even  In  the  absence  of  thermodynamic  equilibrium.  If  the 
state  is  nonequilibrium#  the  degree  of  condensation  x  Is  determined 
by  kinetics  of  condensation.  In  conditions  of  thermodynamic  equili¬ 
brium#  l.e.#  "infinitely"  slow  expansion#  vapor  at  each  moment  is  In 
equilibrium  with  liquid#  l.e.#  Is  saturated.  The  state  of  matter 
changes  along  curve  of  saturation  (8.33)#  which#  if  one  were  to 

♦Specific  volume  of  two-pliase  system  V  ■  1  -  x) , 

where  is  specific  volume  of  liquid  phase.  Inasmuch  as  density 

of  llquld^is  much  higher  than  vapor  density,  at  a  degree  of  conden¬ 
sation  not  too  close  to  unity,  the  first  member  it  Is  possible  to 
disregard:  V  ••  Vyan(  1  -  x) .  Heat  capacities  of  liquid  and  vapor 
C2,  c^  In  formula  (0*34)  are  assumed  constant. 


replace  specific  volume  of  vapor  by  specific  volume  of  matter,  ob¬ 
tains  the  form  ^ 

(8.35) 

If  we  exclude  from  the  two  equations  (8.354)  and  (8.35)  degree  of 
condensation  x,  we  will  obtain  a  differential  equation,  which  de¬ 
scribes  the  adiabatic  process  in  a  two-phase  system  in  variables  T, 

V.  Solution  of  this  equation  gives  adlabat  T(V).  Constant  of  inte¬ 
gration  In  the  common  solution  is  determined  by  entropy  of  matter. 

It  is  possible  to  express  by  temperature  and  volume  at  point  of  sat¬ 


uration  0,  since  adlabat,  obviously,  passes  through  this  point.  We 
will  not  here  write  out  the  solution  but  will  depict  adlabat  in 
Fig.  8.14.  It  is  spread  somewhat  lower  than  the  curve  of  saturation, 
which  is  clear  from  comparison  of  formulas  (8.33)  and  (8.35),  if  one 
were  to  consider  that  x>  0.1  -  x<  1.  During  small  degree  of  con¬ 
densation,  when  X  «  1,  adlabat  of  a  two-phase  system  almost  coin¬ 
cides  with  curve  of  saturation.  Divergence  of  both  curves  determines 


degree  of  condensation  xi 


1— X 


Degree  of  condensation  raonotonlcally  Increases  along  adlabat 
with  increase  of  volume. 


It  is  curious  to  note  that  during  adiabatic  expansion  of  matter 
ad  infinitum,  V  ->  »  ( and  cooling  to  zero  of  temperature,  T  -+  O) ,  de¬ 
gree  of  condensation  silong  a  thermodynamically  equilibrium  adlabat 
aspires  to  unity  I  x  ->  1. 


In  other  words,  during  unlimited  expansion  of  matter,  according 
to  the  laws  of  thermodynamics  vapor  should  be  completely  condensed. 
During  adiabatic  expansion  to  a  defined  volume  is  condensed  only  a 
defined  part  of  vapor. 
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In  reality,  of  course,  the  state  of  matter  In  the  process  of 
condensation  never  can  exactly  follow  equilibrium  adlabatj  it  only 
more  or  less  nears  equilibrium,  with  which  the  nearer  to  equilibrium 
the  more  slowly  external  conditions  change,  i.e*,  the  more  slowly 
expansion  occurs. 

Above  it  has  already  been  noted  that  centers  of  condensation 
are  engendered  basically  immediately  after  the  passage  of  the  state 
of  saturation,  at  the  time  of  achievement  of  maximum  super saturation. 
After  that,  if  only  expansion  does  not  occur  too  fa^3t,  accelerated 
condensation  restricts  growth  of  supersaturation  and  new  nuclei  do 
not  appear.  The  state  of  matter  passing  through  maximum  deviation 
from  equilibrium  adlabat  (D.  R.)  (Plg.  8.14,  maximum  supercooling), 
nears  equilibrium. 

However,  degi*ee  of  supercooling  does  not  drop  to  zero  and  actual 
adiabat  ( F.  A.)  never  attains  thermodynamic  equilibrium  ( D.  R.) ,  pas¬ 
sing  always  lower  than  the  latter.  Condensation  now  proceeds  be¬ 
cause  of  growth  of  drops.  Simultaneously  two  processes  occuri 
direct  —  the  adhesion  of  molecules  of  vapor  to  drops  —  and  the  re¬ 
verse  —  the  evaporation  of  drops.  Speed  of  growth  of  drops  (l.e., 
speed  of  condensation)  is  determined  by  the  difference  in  speeds  of 
direct  and  Inverse  processes,  with  which  the  greater  it  is  the  higher 
the  degree  of  supersaturation.  In  saturated  vapor,  l.e.,  on  equili¬ 
brium  adiabat,  adhesion  and  evaporation  accurately  compensate  one 
another  and  growth  of  drops  is  lacking.* 

*A  thermodynamically  equilibrium  adiabat,  strictly  speaking, 
corresponds  to  the  state  of  saturation  with  respect  to  a  flat  surface 
of  liquid,  l.e.,  with  respect  to  drops  of  ’’infinitely  large”  radius. 
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In  the  course  of  condensation  degree  of  supersaturatlon,  regu¬ 
lating  the  balance  between  adhesion  and  evaporation,  automatically  Is 
adjusted  to  the  process  In  such  a  way  that  there  exists  a  surplus  of 
adhesion  over  evaporation  and  that  speed  of  condensation  "follows" 
after  expansion  of  substance*  In  the  system  Is  maintained  a  state 
close  to  equilibrium,  l.e.,  to  saturation. 

Considerable  deflection  from  thermodynamic  equilibrium  can  occur 
only  during  very  strong  expansion,  when  acts  of  adhesion  become  too 
rare. 

Thus,  during  the  scattering  of  vapor  Into  a  vacuum,  the  speed 
of  adhesion,  which  Is  proportional  to  vapor  density,  l.e.,  t“^,  from 
a  certain  moment  Is  no  longer  In  a  state  to  follow  expansion]  con¬ 
densation  ceases,  and  the  remainder  of  the  vapor  scatters  to  Infinity, 
again  following  Poisson’s  adlabat  of  gas  (Pig.  8.14),  There  occurs 
hardening,  l.e..  Into  Infinity  matter  scatters,  not  completely  con¬ 
densed  as  the  laws  of  thermodynamics  require  but  partially  In  the 
form  of  gas  and  partially  In  the  form  of  drops  of  condensate  (for 
greater  detail  about  this  see  the  following  paragraph) , 

During  fast  expansion  of  matter,  condensation  carnot  "follow" 
expansion,  and  from  the  very  beginning  the  state  considerably  devi¬ 
ates  from  thermodynamic  equilibrium.  During  very  fast  expansion  to 
a  defined  volume,  as  takes  place  In  a  cloud  chamber,  condensation 
cannot  occur  during  the  time  of  expansion  and  starts  only  after  ex¬ 
pansion  ceases.  During  very  fast  expansion  Into  a  vacuvim,  condensa¬ 
tion  does  not  occur  at  all  and  matter  scatters  into  Infinity  In  the 
gas  phase.  This  corresponds  to  the  biggest  deflection  from  thermo¬ 
dynamic  equilibrium  and  maxlmr«n  hardening. 
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§  12,  Condensation  In  a  Cloud  of  Evaporated  Matter, 

Scattering  Into  a  Vacuum 

In  this  paragraph  more  specifically  Is  considered  the  process  of 
condensation  during  the  expansion  of  vaporj  there  will  appear  basic 
ways  of  quantitative  calculation,  and  numerical  results  are  presented. 
Let  us  observe  how  condensation  proceeds  in  a  cloud  of  evaporated 
matter  expanding  into  a  vacuum.  We  will  consider  the  phenomenon  of 
"explosion"  of  large  meteorites  during  an  impact  against  the  surface 
of  a  planet  ( deprived  of  atmosphere)  or  during  collisions  with  aster¬ 
oids,  about  which  was  mentioned  In  the  beginning  of  §  6,  We  are  In¬ 
terested  In  the  question.  In  what  form  does  evaporated  matter  of  the 
ground  of  a  planet  and  the  body  of  a  meteorite  scatter  Into  Interplan¬ 
etary  space:  In  the  form  of  pure  gas  or  In  the  form  of  ultimate  par¬ 
ticles  and  what  are  the  dimensions  of  bhe  latter?  The  so?  'tlon  of 
this  problem  was  obtained  In  the  work  of  one  of  the  authors  [I9]  ,♦ 

All  numerical  results  will  refer  to  the  condensation  of  the  va¬ 
por  of  Iron,  In  reference  to  the  case  of  the  evaporation  of  the  body 
of  Iron  meteorites.  Let  us  observe  when  a  state  of  saturation  is 
attained  during  expansion  of  Iron  vapor.  Below,  In  the  table,  are 
represented  calculated  temperature  and  density  (number  of  atoms  In 
1  cm^  n^)  of  vapor  at  the  time  of  saturation  for  several  values  of 
entropy  of  vapor  S.  Assuming  that  the  process  of  expansion  proceeds 
adlabatlcally.  It  Is  possible  to  say  that  the  very  same  entropy  Is 
possessed  by  "solid"  Iron  at  the  time  of  heating.  In  the  table  are 

V 

represented  magnitudes  of  Initial  heating  Sq  and  temperature  Tq  of 
Iron  during  normal  density  of  solid  metal,  corresponding  to  these 

♦Certain  qualitative  remarks  about  the  phenomenon  of  condensa¬ 
tion  of  an  evaporated  substance  were  done  in  the  work  of  the  authors 
[20]. 
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values  of  entropy.  These  magnitudes  were  calculated  with  the  help  of 
the  method  presented  In  §  Ch.  Ill  (considered  are  both  the  nuclear 
and  the  electron  part  of  heat  capacity) ,  In  the  last  column  stand 
the  average  speeds  of  scattering  of  a  gas  sphere  of  iron  atoms,  esti¬ 
mated  by  the  formula  u  «  (see  §  6),  l.e.,  on  the  assumption  that 
by  the  moment  of  condensation,  vapor  was  already  strongly  cooled  and 
all  initial  energy  of  heating  was  turned  Into  kinetic  energy  of  scat¬ 
tering. 

Let  us  estimate  the  n\imber  of  centers  of  condensation,  l.e., 
number  of  particles  of  condensate  In  final  state.  The  theory  of  for¬ 
mation  of  nuclei  of  liquid  phase  in  pure  supersaturated  vapor  was 
well-developed  by  a  number  of  authors;  Pol’mer,  Bering,  and  Bering, 
Parkash,  Ya,  B.  Zel’dovlch,  Ya.  I.  Prenkel*.  A  detailed  account  of 
It  with  references  to  original  works  can  be  found  in  a  book  of  Ya. 

I.  Frenkel*  [21]  (see  also  [22]).  We  will  remember  here  only  basic 


positions  of  this  theory. 
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In  vapor  phase,  from  time  to  time,  occur  fluctuations,  at 
which  molecules  of  vapor  cohere,  forming  molecular  complexes  —  nuclei 
of  liquid  phase.  In  unsaturated  vapor,  when  gas  phase  Is  stable, 
complexes  are  unstable  and  soon  disintegrate  (are  evaporated).  In 
supersaturated  vapor  only  complexes  of  very  small  dimensions  are  un¬ 
stable.  Ii:crea3e  of  the  smallest  complexes  because  of  adhesion  of 
new  molecules  is  unprofitable  with  respect  to  power  because  of 
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growth  of  surface  energy  on  the  boundary  between  liquid  and  gas  phases, 
Growth  of  complexes  of  sufficiently  large  dimensions  is  profitable 
with  respect  to  power  since  favorable  volume  energy  effect  ( emana¬ 
tion  of  latent  heat)  during  sufficiently  large  dimensions  becomes 
larger  than  unfavorable  surface.  During  every  degree  of  supersatura¬ 
tion  there  exist  defined,  critical  sizes  of  complexes.  Supercritical 
nuclei  (with  radius  larger  than  critical)  are  stable,  "viable”  and 
reveal  a  tendency  toward  further  growth  and  transformation  into  drops 
of  liquid.  Speed  of  fomatlon  of  viable  nuclei  of  centers  of  conden¬ 
sation  is  proportional  to  the  probability  of  the  appearance  of  com¬ 
plexes  of  critical  sizes.  For  the  formation  of  such  complexes  there 
should  be  expended  some  energy  it  is  necessary  to  surmount 

the  potential  barrier,  therefore,  the  probability  of  such  fluctua¬ 
tions,  according  to  the  law  of  Boltzmann,  is  proportional  to  exp 

Magnitude  of  potential  barrier  or  activation  energy  de¬ 

pends  on  critical  radius  of  the  complex  and  is  simply  connected  with 
the  degree  of  supersaturation,  which  it  is  possible  to  characterize, 
for  Instance,  as  a  magnitude  of  supercooling 


Here  T  is  vapor  temperature,  saturated  at  a  given  density,  and  T  is 
actual  vapor  temperature. 

Speed  of  formation  of  viable  nuclei,  i.e,,  the  number  of  centers 
of  condensation  from  calculation  per  one  molecule  of  vapor,  appearing 
in  1  sec.  in  stationary  conditions,  when  in  the  system  there  is  main¬ 
tained  constant  supersaturatlon  ( supercooling) ,  and  supercritical 
nuclei  depart  from  the  system  with  replacement  by  an  equivalent 
quantity  of  vapor,  is  equal  to 

/-cr^,  (8*?6) 
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where 

C«no2® 

3A^«T  * 

Here  n  is  the  nximber  of  molecules  of  vapor  in  1  cm^j  v  is  their 
thermal  velocity]  a  is  surface  tension]  oj  is  volume  in  liquid,  hap¬ 
pening  per  one  molecule]  q  ■  U/R  is  expressed  in  degrees  of  heat  of 
evaporation.  Critical  radius  r*  of  a  nuclei  is  connected  with  degree 
of  supercooling  by  the  formula 

a  _  2ff«> 

®  kqt»  * 

It  is  possible  to  generalize  a  theoiy  in  the  case  of  electri¬ 
cally  charged  nuclei  inside  which  is  an  ion  ( see  [19] ) .  Speed  of 
formation  of  nuclei,  as  before,  is  described  by  formula  (8,36)]  only 
constant  b  decreases. 

Let  us  compose  an  equation  of  the  kinetics  of  condensation.  Let 
us  make  a  basic  assumption  about  the  fact  that  the  process  of  expan¬ 
sion  of  vapor  occurs  so  slowly  that  the  process  of  formation  of  nuclei 
it  is  possible  to  consider  quasi- stationary.  Speed  of  formation 
moreover  at  each  moment  of  time  coincides  with  stationary  speed 
(8.36),  corresponding  to  actual  supercooling  0,  which  exists  in  the 
system  at  a  given  moment. 

If  l(tO  is  the  nximber  of  centers  of  condensation  appearing  in 
1  sec.  at  moment  t»  (from  calculation  on  one  molecule  of  vapor),  and 
g(tt')  is  the  number  of  molecules  at  moment  t  in  a  drop  of  liquid 
which  grew  from  the  nuclei  appearing  at  time  t’,  then  the  degree  of 
condensation  by  moment  t  x(t)  it  is  possible  to  record  in  the  form 

t 

*(0-5 /(<')«(«')</<'.  (8.37) 

»i 

Integration  with  i»espect  to  time  here  is  conducted  from  the  mo¬ 
ment  of  saturation,  i.e.,  from  the  moment  when  nuclei  started  to  ap¬ 
pear. 
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The  speed  of  growth  of  a  drop  of  supercritical  dimensions  Is 
equal  to  the  difference  In  the  speeds  of  adhesion  of  vapor  molecules 
to  the  surface  of  a  drop  and  the  evaporation  of  the  drop.  It  can  be 
approximately  recorded  In  the  form  (see  [19#  21]) 

=  (8.38) 

where  4Trr  Is  magnitude  of  surface  of  drop;  nv  Is  flux  of  molecules 
of  vapor.  The  factor  In  parentheses  Is  proportional  to  the  difference 
of  speeds  of  adhesion  and  evaporation.  In  the  state  of  saturation# 
when  0-0#  adhesion  and  evaporation  compensate  one  another  and  speed 
of  growth  Is  equal  to  zero.*  In  supersaturated  vapor  0  >  0  and  a 
drop  on  the  average  grows,  dg/dt  >  0;  In  unsaturated  vapor  —  0  <  0 
and  a  drop  on  the  average  evaporates,  dg/dt  <0. 

Equations  (8.37)#  (8,38)#  (8.36)#  together  with  equation  of  adl- 
abat  of  a  two-phase  system  (8.3^)#  by  the  formula  of  saturated  vapor 
(8,33)  and  law  of  expansion  of  matter,  which  In  the  case  of  scatter¬ 
ing  Into  a  vacuum  Is  given  by  expression  (8.25),  form  a  full  system 
of  equations  for  calculating  the  kinetics  of  condensation. 

In  accordance  with  the  qualitative  picture  presented  In  preced¬ 
ing  paragraphs,  the  solution  of  this  system  It  Is  possible  to  divide 
Into  two  Independent  stages.  The  first  stage  Is  the  consideration 
of  the  small  Interval  of  time  Immediately  after  achievement  of  a 
state  of  saturation,  when  supercooling  at  first  grows,  and  then, 
passing  through  maximum,  drops  due  to  starting  condensation.  In  this 

short  stage  muclel  appear.  Calculation  of  their  quantity,  equal  to 

00 

‘1 

♦Here  will  be  disregarded  the  Influence  of  curvature  of  drop. 
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gives  the  full  number  of  particles  of  condensate  (from  calculation 
on  one  Initial  molecule)  .  Actually  Integration  with  respect  to  time 
here  spreads  not  to  t  but  to  a  very  short  Interval  of  time, 

since  In  virtue  of  formula  (8.36)  speed  I  very  sharply  drops.  Just 
as  supercooling,  passing  through  maximum,  starts  to  decrease. 

The  second  stage  Is  the  consideration  of  the  growth  of  the  al¬ 
ready  known  number  of  drops  during  all  the  subsequent  stage,  up  to 
t  ». 

A  strict  solution  of  the  system  of  equations  presents,  of  course, 
great  difficulties.  In  work  [193  Is  an  approximate  solution.  The 
approximate  consideration  of  the  first  stage  Is  based  on  the  extra¬ 
ordinarily  sharp  dependence  of  1(6),  In  virtue  of  which  It  Is  possible 
to  consider  that  practically  all  nuclei  are  formed  during  a  very 
short  time  near  the  moment  when  supercooling  Is  maximum  ( solution  In¬ 
deed  leads  to  an  extreme  form  of  dependence  of  6( t) ) , 

Referring,  for  details  of  the  solution,  to  work  [I9] ,  we  will 
give  results  of  calculation  for  a  concrete  example. 

Let  us  consider  a  sphere  of  atoms  of  Iron  with  a  mass  of  35*000 
m,  which  was  heated  and  turned  Into  dense  gas,  let  us  say,  during 
the  Impact  of  a  huge  Iron  meteorite  against  the  surface  of  the  Moon, 
Let  us  assume  that  speed  of  Impact  was  such  that  Initial  heating  of 
Iron  ai;  normal  density  composed  Sq  «  72  ev/atom.  Initial  tempera¬ 
ture  was  Tq  -  10  ev  ■  116,000*^  K,  In  the  stage  of  strong  cooling  by 
the  moment  of  saturation  vapor  scatters  practically  Inertlally,  with 

average  speed  u  ■  15.5  km/sec.  Vapor  becomes  saturated  at  time  t^  ■ 

-  -  -2 

-  6.8  •  10  sec  from  the  beginning  of  scattering  during  expansion 
to  a  radius  of  1050  m.  With  this  T^  «  2130°  K,  n^  ■  7»15  •  10^^  cm^. 
In  §  8  It  was  shown  that  during  the  scattering  of  Initially 
hlgh-lonlzed  gas  Into  a  vacuum,  there  remains  In  It,  even  In  the 
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stage  of  strong  cooling,  residual  Ionization,  which  is  much  higher 

than  thermodynamic  equilibrium.  In  our  example  the  residual  degree 

of  Ionization  Is  equal  to  approximately  2,1  •  10“'^  (equilibrium  lonl- 

-8 

zatlon  by  the  moment  of  saturation  would  be  equal  to  4  •  10“°)  ,  It 

Is  possible  to  trust  that  centers  of  condensation  under  conditions 

of  such  considerable  Ionization  will  contain  Ions.  As  calculations 

show,  the  number  of  centers  of  condensation  very  weakly  depends  on 

whether  they  are  charged  or  not,  so  that  the  assumption  about  the 

fact  that  condensation  proceeds  on  Ions  Is  not  essential, 

Maxlmiun  accessible  supercooling  In  our  example  turns  out  to  be 

equal  to  0  «  0,0765  (b/0  „  -  43*1) .  A  nucleus  of  critical  dlmen- 

max  '  max 

slons,  with  such  supercooling,  contains  46  atoms.  The  nimiber  of  cen- 

—  1*1 

ters  of  condensation  v  »  4  •  10  ‘  per  atom,  l.e,,  much  less  than  the 

/  ~4x 

number  of  Ions  per  atom  (2.1  •  10  ; ,  In  distinction  from  the  process 

In  a  cloud  chamber,  where  all  Ions  become  centers  of  condensation, 

-5 

Only  an  Insignificant  fraction  of  nuclei  of  the  order  of  10  Is  not 
charged. 

Consideration  of  the  second  stage,  growth  of  drops,  shows  that 
during  a  prolonged  time  condensation  "follows"  expansion  of  matter, 
and  In  the  system  there  Is  supported  a  state  close  to  saturation. 

Only  by  moment  tg  *^2,5  sec  during  the  scattering  of  a  sphere  to 
40  km,  does  density  of  matter  become  so  small  that  further  growth  of 
drops  ceases  and  hardening  sets  In,  By  this  moment,  and  this  means, 
only  then.  Is  condensed  approximately  half  of  Iron  vapor.  ^7  knowing 
the  degree  of  condensation  x^  and  the  number  of  particles  of  conden¬ 
sate,  can  be  found  also  their  dimensions  (number  of  atoms  In  a  par¬ 
ticle  Is  equal  to  In  our  example,  to  Infinity  scatter  Iron 

-  5  21 

particles  3*1  *  ^0  cm  in  radlusj  all  of  them  *^3  •  10  • 


Approximately  half  of  the  matter  departs  to  Infinity  In  the  form  of 
gas* 

Theory  permits  establishing  approximate  laws  of  similarity  for 
transition  to  other  initial  conditions.  It  turns  out  that  during 
conditions  of  sufficient  slowness  of  expansion,  when  initial  assunq?- 
tlons  are  accurate,  the  degree  of  condensation  of  a  given  substance 
during  scattering  to  infinity  does  not  depend  on  initial  conditions, 
but  dimensions  of  particles  of  condensate  are  proportional  to  Initial 
linear  dimensions  of  an  evaporated  body  (to  the  cube  root  of  mass) 
and  fast  decrease  with  growth  of  initial  heating, 

§  13,  Concerning  the  Question  of  the  Mechanism  of  Formation  of 
Space  Dust.  Remarks  About  Laboratory- 
Investigation  of  Condensation 

It  Is  necessary  to  realize  that,  considered  in  the  preceding 
paragraph,  the  process  of  condensation  of  an  evaporated  substance 
during  scattering  into  vacuum  is  one  of  the  mechanisms  of  formation 
of  space  dust  in  the  solar  system  (this  assumption  was  expressed  in 
work  [191 ) .  In  interplanetary  space  there  are  little  particles  of 
various  dimensions,  which  we  call  space  dust.  Sometimes  these  par¬ 
ticles  fall  on  Earth  in  the  form  of  meteoric  rain.  During  their 
revolution  around  the  Sun,  particles  experience  a  certain  braking 
under  the  effect  of  aberrational  component  of  light  pressure,*  The 

♦Light  pressure  Itself  basically  acts  in  a  radial  direction. 

The  force  of  pressure  is  Inversely  proportional  to  the  square  of  the 
distance  of  a  particle  to  the  Sun,  and  its  action  is  equivalent  to 
only  a  small  decrease  of  gravity  force,  i.e,,  the  radial  component 
of  light  pressure  influences  only  the  radius  of  orbit.  Braking  is 
caused  only  by  a  ( tangent  to  orbit)  component  of  light  pressure,  ap¬ 
pearing  due  to  aberration  of  light.  For  greater  detail  about  this, 
see  book  of  V.  G,  Fesenkov  [253 • 
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smallest  particles  with  dimensions  of  the  order  of  10"  -  10  cm  fall 

on  the  Sun  and  disappear  ( see  about  this  In  ) .  Consequently,  In 
the  solar  system  there  must  exist  a  sou-^ce  making  up  reserves  of 
minute  particles  of  space  dust. 

It  was  noted  (in  particular,  by  K.  P.  Stanyukovlch)  that  such 
a  source  can  be  the  mechanical  breaking  up  of  matter  during  collisions 
of  small  bodies  of  the  solar  system  —  asteroids  —  or  during  Impacts 
of  meteorites  against  the  surface  of  a  planet  deprived  of  atmosphere 
when  particles,  obtaining  considerable  speed,  burst  from  the  field 
of  attraction  and,  not  being  braked  In  the  atmosphere,  depart  Into 
space. 

It  Is  possible  to  think  that  the  above-described  phenomenon  of 
condensation  of  evaporated  matter  of  the  ground  of  planets,  meteo¬ 
rites,  or  asteroids  also  la  a  supplier  of  minute  particles* 

During  energetic  collisions  of  asteroids,  when  kinetic  energy 
of  the  Impact  Is  sufficient  for  the  full  evaporation  of  both  colli¬ 
ding  bodies,  the  mechanical  effect  of  the  breaking  up  of  solid  matter. 
In  general.  Is  absent  since  all  mass  Is  completely  evaporated.  In 
this  case,  for  the  formation  of  minute  particles  there  Is  only  the 
mechanism  of  condensation. 

Liquid  drops,  growing  during  condensation,  gradually  cool  thanks 

to  losses  of  energy  on  thermal  radiation  and  harden.  It  Is  possible 

to  show  that  the  process  of  cooling  by  radiation  proceeds  much  faster 

than  evaporation  of  heated  particles,  which  Is  very  sharply  delayed 

according  to  cooling.  Thus,  once  born,  particles  of  condensate  will 

/ 

continue  their  existence  In  the  form  of  hard  dust  motes.  Inasmuch 
as  In  the  cosmos  there  occur  collisions  of  bodies  of  the  most  varied 
dimensions  and  speeds,  there  are  born  particles  of  condensate  also 
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of  the  most  varied  dimensions. 

The  phenomenon  of  condensation  of  evaporated  matter  during  gas- 
dynamic  expansion  it  is  possible  to  use  also  for  laboratory  study 
of  condensation  of  the  vapor  of  metals  or  other  solid  (and  liquid) 
substances  and  the  study  of  optical  properties  of  minute  particles. 

Dimensions  of  particles  of  condensate  depend  on  initial  condi¬ 
tions!  therefore,  by  means  of  corresponding  selection  of  these  con¬ 
ditions  it  is  possible  to  obtain,  in  the  laboratory,  particles  of 
desirable  dimensions.  Let  us  give  results  of  a  rough  estimate  for 
conditions  close  to  laboratory  conditions.  If  one  were  to  quickly 
evaporate  1  g  Iron,  having  Imparted  to  it,  by  any  means,  initial 
energy  of  Sq  =«  13  ev/atom  corresponding  to  initial  temperature  (dur¬ 
ing  density  of  hard  metal)  Tq  *  35,000°  K,  then  condensation  of  vapor 

during  scattering  into  a  vacuum  (in  an  evacuated  vessel)  is  finished 

-5 

by  moment  t  «  5  ♦  10  sec  during  the  scattering  of  a  small  cloud 

-li 

30  cm.  Particles  of  condensate  have  dimensions  of  the  order  of  10 
cm. 

Calculations  of  kinetics  of  condensation  are  easily  transposed 
also  to  other  possible  laws  of  expansion  of  matter,  which  take  place, 
let  us  say.  In  a  wind  tunnel  or  during  expiration  from  a  Jet.  These 
calculations  do  not  contain  anything  new  In  principle,  as  compared 
to  the  case  of  scattering  Into  a  vacuum,  and  we  will  not  pause  on 
them.  Let  us  note  that  If  degree  of  condensation  of  vapor  Is  small 
or  total  energy  of  vapor  Is  much  larger  than  heat  of  evaporation, 
condensation  shows  little  on  gas  dynamics  of  the  process.  Kinetics 
of  condensation  It  Is  possible  to  calculate  on  the  basis  of  the  known 
gas-dynamic  solution  found  In  the  first  approximation,  without  taking 
Into  account  condensation.  Just  as  we  did  In  the  preceding  paragraph. 
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CHAPTER  IX 


LIGHT  PHENOMENA  IN  SHOCK  WAVES  AND  DURING  STRONG 

EXPLOSION  IN  AIR 

1.  Brightness  of  Front  of  Shock  Waves  of  Great 
Amplitude  in  Gases 

§  1.  Qualitative  Dependence  of  Luminance  Temperature 
on  True  Temperature  after  the  Front 

Optical  measurements  have  great  value  for  determination  of 
temperature  of  highly  heated  bodies  and,  in  general,  for  investigation 
of  high- temperature  processes.  The  usual  method  consists  of  measuring 
in  some  manner,  the  brightness  of  the  surface  of  a  luminescent  body 
(by  photographic  means,  with  the  help  of  photocells,  electron- optical 
multipliers).  Then  by  the  brightness  find  the  effective  temperature 
of  radiation,  which,  by  definition,  coincides  with  the  temperature  of 
an  ideal  black  radiator  sending  from  the  surface  precisely  the  same 
luminous  flux  as  the  investigated  object  (see  §  8,  Chapter  II). 
Especially  wide-spread  are  photographic  methods  of  determining 
brightness  and  effective  temperature,  nded  on  a  comparison  of 
degrees  of  blackening,  which  produce  on  photographic  film  light 
emanating  from  the  body  and  light  from  a  standard  source  with  known 
temperature  and  spectrum,  let  us  say,  from  the  sun.  For  greater 
accuracy  we  photograph  usually  in  a  narrow  spectrum  section,  since  the 
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studied  object  and  the  standard  source,  possessing  different  temper¬ 
atures,  send  different  spectra  of  radiation,  and  furthermore,  on  the 
wave  length  of  the  light  depends  sensitivity  of  photographic  material, 
which  creates  difficulty  during  recalculation  of  degree  of  blackening 
by  temperature. 

Optical  (In  particular,  photographic)  methods  are  widely  applied 
also  during  the  study  of  shock  waves,  Oas,  heated  In  a  strong  shock 
wave  to  high  temperature,  radiates,  and  the  surface  of  the  front  of 
the  wave  gleams.  The  brightness  of  the  glow  depends  on  the  amplitude 
of  the  shock  wave  and  the  dimensions  of  the  heated  region  after  the 
front.  So  that  effective  or  actual  luminance  temperature,  measured 
during  the  experiment,  can  be  Judged  relative  to  true  temperature  of 
substance  after  the  front  of  the  wave,  confidence  Is  necessary  In  the 
fact  that  a  luminescent  object  radiates  as  an  Ideal  black  body. 

If  the  front  of  the  shock  wave  constitutes  a  "classical”  Jump 
and  after  It  spreads  a  qu5-te  extended,  optically  thick  region  with 
more  or  less  constant  temperature  equal  to  the  temperature  after  the 
front,  then  heated  matter,  limited  by  the  surface  of  the  front,  radi¬ 
ates  from  the  surface  as  an  Ideal  black  body,*  Measuring  the  bright¬ 
ness  of  the  surface  of  the  front,  it  Is  possible  In  such  a  case  to 

*If  the  region  of  heated  gas  after  the  "classical"  Jump  Js 
optically  thin  (for  Instance,  the  shock  wave  departs  only  a  small 
distance  from  the  piston  creating  It,  Inserted  In  the  gas),  the  gas 
emits  light  as  a  volume  radiator.  Luminous  flux,  outgoing  from  the 
surface  of  the  optically  thin  layer  In  the  direction  of  normal  to  the 
surface.  Is  equal,  as  was  shown  In  §  7,  Chapter  II,  to: 

[1  -  exp  (-H^d)],  where  Is  flux  corresponding  to  an  Ideal  black  body 

of  the  same  temperature,  Is  the  coefficient  of  absorption,  and  d  Is 

the  thickness  of  layer  heated  by  shock  wave.  During  small  optical 

thickness  >t^d  «  1,  ®vp*  ^  limit  of  nj^d  »  1  flux 

aspires  to  Plancklan  «  S^p,  As  was  noted  In  §  21,  Chapter  V,  while 

studying  the  bulld-up  of  brightness  In  time  t  «  d/D  (D  Is  speed  of 

wave),  I,  Sh,  Model*  measured  the  coefficients  of  absorption  of  red 
light  In  a  shock  wave  [1], 
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determine  directly  the  temperatures  after  the  front  of  a  shock  wave, 
l.e,,  amplitude  of  wave,  which  Is  Important  not  only  for  experimental 
Investigations  hut,  also.  It  has  great  practical  value.  Experience 
shows  that  In  a  certain  range  of  amplitudes  (and,  of  course,  during 
sufficiently  great  thickness  of  heated  region  after  the  front)  the 
front  of  a  shock  wave.  Indeed,  radiates  as  a  black  body.  This  Is 
confirmed  by  the  fact  that  luminance  temperature  coincides  with 
temperature  after  the  front,  calculated  on  the  basis  of  shock  rela¬ 
tionships  and  equation  of  state  along  one  of  the  other  experimentally 
determined  parameters  of  the  front,  let  us  say,  by  speed  of  propagation 
of  the  shock  wave. 

However,  experiments  and  theoretical  consideration  show  that  such 
coincidence  cannot  be  observed  at  any  amplitudes.  Luminance  temper¬ 
ature  of  a  sufficiently  strong  shock  wave  becomes  less  than  true 
temperature  after  the  front,  where  starting  from  a  certain  amplitude. 

It  drops  very  fast  during  growth  of  amplitude;  It  attains  a  limiting, 
comparatively  low  value  and,  subsequently,  hardly  changes  during  any 
amount  of  large  Increase  of  amplitude.  Typical  dependence  of  luminance 
temperature  of  the  front  of  a  shock  wave  on  true  temperature  after  the 
front  Is  depicted  in  Pig.  9,1,  where  Is  represented  a  curve,  obtained 
on  the  basis  of  theoretical  appraisals  (made  In  the  following  para¬ 
graphs),  of  effective  temperature  of  red  light  for  a  shock  wave  In 
air  of  normal  density.  Pig.  9.i  testifies  to  the  existence  of  the 
effect  of  "saturation"  of  brightness.  However  strongly  gas  Is  heated 
by  a  shock  wave,  even  up  to  a  million  degrees,  nevertheless  it  Is 
Impossible  to  "see"  a  temperature  higher  than  hundreds  of  thousands 
of  degrees;  there  exists  an  upper  limit  of  temperature  after  the  front 
of  a  shock  wave,  which  It  Is  possible  to  "see". 
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This  effect  can  be  easily  explained  on  the  basis  cf  concepts 
about  the  structure  of  the  front  of  a  shock  wave,  taking  into  account 
the  radiation  presented  in  §  3,  Chapter  VII.  The  question  on  bright¬ 
ness  of  front  of  shock  waves  of  great  amplitude  was  considered  in  the 
works  of  authors  [2-4]. 

We  will  consider  that  after  the  front  of  a  flat  shock  wave  there 
spreads  a  sufficiently  extended,  optically  thick  region  with  a  constant 
high  temperature,  and  we  will  observe  what  kind  of  flux  of  visible 
radiation,  which  emerges  from  the  surface  of  the  front  of  the  wave 
and  is  recorded  by  an  Instrument,  is  located  far  from  the  front,  at 
"infinity". 


Fig.  9.1.  Dependence 
of  luminance  temperature 
of  the  surface  of  the 
front  of  a  shock  wave 
in  the  air  on  true  temper¬ 
ature  after  the  front  (for 
red  light). 


Let  us  consider  at  first  a 
shock  wave  not  too  great  in  amplitude, 
in  which  the  role  of  radiation  is 
insignificant  and  there  is  no  heating 
of  gas  before  compression  shock.  If 
one  were  to  digress  from  the  change 
of  temperature  in  the  front,  connected 
with  relaxation  processes  in  gas. 


then  the  distribution  of  temperature 
in  the  shock  wave  constitutes  the  "classical"  Jump,  shown  in  Fig.  9.2a. 
Thickness  of  Jump,  together  with  relaxation  layer,  usually  is  much 
less  than  range  of  radiation;  therefore,  we  have  a  typical  example  of 
an  ideal  black  radiator:  an  optically  thick  layer  of  heated  (to 
constant  temperature  T^)  matter  is  limited  by  a  surface  with  a  very 
sharp  Jump  of  temperature.  If  cold  gas  is  before  the  front,  as  usually 
occurs,  it  is  transparent  in  the  visible  part  of  the  spectriun  (is 
colorless);  the  Instrimient  will  register  luminous  flux,  corresponding 
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to  Plancklan  radiation  of  temperature  the  effective  temperature 
of  radiation  will  be  equal  to  the  true  temperature  of  gas  after  the 
front . 

Let  us  consider  now  a  shock  wave  of  great  amplitude,  let  us  say, 
with  temperature  after  the  front  of  «  65,000°K.  Prom  the  surface 
of  shock  discontinuity,  basically,  there  are  radiated  quanta  with 
energies  of  the  order  of  ten  or  several  tens  of  ev,  (Maximum  of 
Plancklan  spectrum  at  a  temperature  of  T  =  65,000°K  was  apportioned 
to  quanta  hv  *  2.8  k.T  ■  l6  ev) ,  Such  quanta  exceed  Ionization 
potentials  of  atoms  and  molecules,  are  very  strongly  absorbed  In  cold 
gas  before  shock  discontinuity,  and  heat  It,  Before  the  shock  dis¬ 
continuity  there  will  be  formed  a  heated  layer,  and  the  profile  of 


temperature  In  the  shock  wave  obtains  the  form  depicted  In  Pig,  9.2b 
(In  air,  for  Instance,  during  »  65>000°K  maxlm\an  temperature  of 
heating  before  the  actual  shock  Is  T  ■  9000\) , 


Fig.  9.2.  Concerning  the 
question  of  glow  of  a  shock 
wave. 


In  distinction  from  cold,  heated 
gas  always  absorbs  little  quanta  of 
visible  light  (hv  ~  2-;5  ev) .  In 
monatomic  gases,  quanta  smaller  than 
Ionization  potential  of  atoms  I,  are 
absorbed  by  excited  atoms,  whose 
excitation  energy  exceeds  I  —  hv  ; 

In  accordance  with  the  law  of 
Boltzmann,  concentration  of  excited 


atoms  Is  proportional  to  exp  [  — 


so  that  coefficient  of 


absorption  very  sharply,  by  Boltzmann  law.  Increases  with  Increase  of 
temperature  exp  (  —  .  In  molecular  gases,  such  as  air. 


there  Is  still  a  number  of  other  mechanisms  of  absorption  of  visible 


light;  in  any  case  the  coefficient  of  absorption  of  visible  light  is 
always  very  sensitive  to  temperature  and  grows  fast  during  heating. 

Now  the  quanta  of  visible  light,  which  are  radiated  from  the 
surface  of  the  shock  discontinuity  and  whose  flux  for  the  actual  shock 
corresponds,  roughly  speaking,  to  temperature  T^,*  before  getting  on 
the  recording  Instrument  located  at  ’’infinity”,  have  to  penetrate 
through  heated  layer.  They  are  partially  absorbed  in  this  layer. 
Therefore,  the  effective  temperature  of  visible  radiation  of  the  front 
of  the  shock  wave  will  be  -less  than  true  temperature  after  the  front: 
the  heated  layer,  as  it  were,  shields  the  highly  heated  gas  after  the 
front  of  the  shock  wave.  Shielding  and,  consequently,  deflection  of 
I’ef  from  T^  is  stronger,  the  greater  the  optical  thickness  of  the 
heated  layer  for  visible  light  i.e.,  the  higher  the  temperature 

of  heating  and  the  higher  the  amplitude  of  the  wave. 

While  optical  thickness  «  1,  shielding  is  insignificant,  and 
deflection  of  T^^  from  T^  is  very  small;  the  front  gleams  as  a  black 
body  of  temperature  T^.  Because  of  the  clear  dependence  of  absorption 
of  visible  light  on  temperature  and,  in  turn,  the  rather  sharp  depend¬ 
ence  of  temperature  of  heating  on  amplitude  of  wave  (see  §  16,  Chapter 
VII),  the  beginning  of  strong  shielding,  corresponding  to  the  achieve¬ 
ment  of  optical  thickness  of  a  magnitude  of  the  order  of  unity, 
very  clearly  sets  in  during  growth  in  amplitude  of  wave.  In  air  strong 

*In  reality  the  flux  of  quanta  is  somewhat  larger,  since  directly 
after  the  discontinuity  the  temperature  is  higher  than  the  temperature 
after  the  front  (see  Fig,  9.2b), 

**It  is  emphasized  that  optical  thickness  of  the  heated  layer  for 
visible  radiation  has  nothing  in  common  with  (averaged  over  the 

spectrum)  optical  thickness  of  the  layer  corresponding  to  the  large 
quanta  "controlling"  the  heating.  As  was  shown  in  §  16,  Chapter  VII, 
temperature  in  the  heated  layer  drops  approximately  exponentially  with 
respect  to  averaged  optical  thickness  T  =  T_exp  (-V5|t1)  (at  T_<  T^), 

so  that  averaged  thickness  of  the  layer  is  of  the  order  of  mlty, 
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shielding  starts  at  a  temperature  after  the  front  of  near  = 

=  90,000°K  (see  §  ;i). 

In  a  shock  wave  of  still  larger  amplitude,  optical  thickness  of 
heated  layer  for  visible  light  Is  larger  than  unity,  and  the  layer  Is 
almost  absolutely  opaque  for  visible  quanta  radiated  by  highly  heated 
gas  after  the  front  of  the  wavet  shielding  of  this  region  Is  almost 
full.  Thus,  with  Increase  of  amplitude  of  wave,  effective  temperature 
of  visible  light  In  the  beginning  coincides  with  temperature  after  the 
front,  then  starts  to  lag  behind  it,  passes  through  a  clearly  expressed 
maximum  ("saturation"  of  brightness)  and  fast  drops. 

The  appearance  of  strong  shielding  by  the  heated  shell  does  not 
signify,  however,  that  the  brightness  of  the  front  of  a  shock  wave  of 
very  great  amplitude  drops  to  zero  and  the  wave  ceases  to  gleam. 

Heated  gas  before  a  shock  discontinuity  not  only  absorbs  but  radiates 
visible  light  Itself,  While  the  temperature  of  heating  Is  not  very 
high  and  the  shell  Is  transparent,  intrinsic  emission  of  It  Is  lost 
against  the  background  of  passing  visible  radiation,  emitted  by  the 
much  more  strongly  heated  gas  after  the  front.  When  the  heated  layer 
absolutely  ceases  to  pass  the  high- temperature  light,  to  the  first 
plane  comes  forward  Its  Intrinsic  radiation. 

In  order  to  obtain  an  Idea  on  the  brightness  of  this  Intrinsic 
radiation  of  the  heated  layer,  let  us  note  that  the  temperature  In  It 
monotonlcally  Increases,  starting  from  "zero,"  more  exactly,  from  the 
temperature  of  the  cold  gas  before  the  front.  Due  to  sharp  temperature 
dependence  of  absorption  of  visible  light  In  the  most  forward  layers  of 
the  zone  of  heating,  where  the  temperature  Is  low,  light  is  not 
absorbed  and  Is  not  radiated.  In  deeper  layers  during  high  temperature 
visible  quanta  are  Intensely  emitted,  but  right  here  again  they  are 
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absorbed,  being  not  In  a  state  to  emerge  outside  In  virtue  of  opacity 
of  gas.  To  "infinity"  from  the  surface  of  the  front  there  emerge 
quanta,  generated  In  a  certain  Intermediate,  radiating  shell  of  the 
heating  zone,  distant  from  "infinity"  at  an  optical  distance  (corre¬ 
sponding  to  frequencies  of  visible  light)  of  the  order  of  unity.  In 
Pig.  9.2c  radiating  layer  Is  shaded.  Obviously,  effective  temperature 
of  radiation  coincides  with  average  temperature  of  radiating  layer. 

The  position  of  the  layer  Is  determined  only  by  the  profile  of  the 
temperature  of  gas  T  (x)  and  by  temperature  dependence  of  absorption 
(T)  on  the  condition  that  the  layer  will  stand  from  the  cold  gas 
at  an  optical  distance  of  the  order  of  unity.  As  was  shown  In  §  17, 
Chapter  VII,  profile  of  temperature  on  the  front  edge  of  the  heated 
zone  in  shock  waves  of  great  amplitude  hardly  depends  on  amplitude  of 
wave.  Consequently,  also  not  dependent  on  amplitude  Is  Intrinsic 
radiation  of  the  heated  layer,  l.e.,  effective  temperatures  of  a  very 
strong  shock  wave.  In  air  of  normal  density  this  limiting  luminance 
temperature  In  red  light  Is  equal  approximately  to  20,000^  (see  §  *'1 ) . 

The  effect  of  shielding  and  the  sharp  understating  of  luminance 
temperature  of  the  front  of  the  shock  wave,  as  compared  to  true  temper¬ 
ature  after  the  front,  was  observed  experimentally  by  I,  Sh.  Model’ 

[1].  In  his  experiments,  by  photographic  means  was  measured  luminance 
temperature  of  the  front  of  shock  waves  In  heavy  Inert  gases  —  xenon, 
krypton,  and  argon  —  In  which  It  Is  possible  to  obtain  high  temperatures 
In  a  shock  wave.  Speed  of  the  front  In  these  experiments  was  equal  to 
17  km/sec.  Optical  thickness  of  the  heated  region  after  the  front  of 
the  shock  wave  was  known  to  be  great,  so  that  In  the  absence  of 
shielding  the  front  had  to  radiate  as  a  black  body.  However,  by 
experiment  was  observed  a  luminance  temperature  of  000°K, 
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which  was  several  times  lower  than  the  temperatures  after  the  front 
calculated  hy  speed  of  front  and  shock  relationships  (in  Xe  —  " 

^  110,000^,  In  Kr  -  «  90,000°K,  In  Ar  -  60,000°K).  If  one 

were  to  consider  that  the  accuracy  of  experimental  determination  of 
effective  temperature  of  visible  (red)  light  was  not  less  than  ±20^, 
then  the  shown  divergence  must  be  attributed,  namely,  to  the  shielding 
by  the  heated  layer.  Unfortunately,  In  experiments  of  I,  Sh,  Model’ 
there  was  recorded  only  one  point  with  respect  to  amplitude  of  wave 
that  does  not  give  the  possibility  of  tracing  the  character  of  the 
entire  curve  of  dependence  of  luminance  temperature  on  true  temper¬ 
ature  after  the  front. 

It  Is  necessary  to  note  that  the  phenomenon  of  "saturation"  of 
brightness  during  high  temperatures  vms  observed  by  many  authors  In 
spark  discharge.*  It  Is  known  that  increase  of  entering  speed  of 
energy  Into  channel  of  spark  discharge,  starting  from  a  certain  speed, 
does  not  lead  to  Increase  of  luminance  temperature  higher  than 
~lj'5,000°K  in  air.  Also  limited  Is  the  temperature  of  glow  and 
during  discharge  In  argon,  xenon  (during  discharge  In  capillaries 
higher  temperature  Is  observed  —  near  90,000°K  In  air). 

At  present  It  Is  still  Impossible  with  confidence  to  Judge  the 
nature  of  this  effect  of  saturation:  whether  It  Is  connected  with 
shielding  of  high  temperatures  In  the  channel.  In  what  measure  Is 
there  similar  shielding  In  a  shock  wave,  and  whether  true  temperature 
Is  limited  In  the  channel  at  the  expense  of  losses  on  radiation,  etc, 

* Source  material  can  be  found  In  the  survey  of  M,  P,  Vanyukov  and 
A.  A,  Mak  [5]  about  strobe  lights  of  high  brightness,  and  also  In  the 
work  I.  Sh,  Model’  [1], 
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§  2*  Absorption  of  Light  Quanta  In  Cold  Air 

Of  especially  great  practical  Interest  Is  the  question  on 
brightness  of  strong  shock  waves  In  air  of  normal  density,  which  we 
will  consider  more  specifically.  It  Is  necessary  to  determine  the 
upper  boundary  of  amplitude  Interval  In  which  the  front  of  a  shock 
wave  radiates  visible  light  as  an  Ideal  black  body  and  to  estimate 
maximum  and  limiting  luminance  temperature.  The  problem  leads, 
obviously,  to  an  appraisal  of  the  optical  thickness  of  heated  layer 
for  visible  radiation,  which  determines  degree  of  shielding  of  highly 
heated  region  after  the  front,  and  to  finding  the  Intrinsic  radiation 
of  the  heated  layer. 

For  this  It  Is  necessary,  first  of 
all,  to  deflnltlze  the  geometric  thickness 
of  the  heated  layer  and  the  distribution 
of  temperature  In  It  with  respect  to 
geometrical  coordinate,  which.  In  turn, 
depends  on  how  there  are  absorbed  In  the 
air  comparatively  large  quanta  with 
energies  of  the  order  of  tens  to  hundreds 
of  ev,  responsible  for  heating  of  gas 
before  the  shock  discontinuity.  Let  us 
summarize  data  known  from  literature 
about  the  absorption  of  such  quanta  In 
cold  air. 

Above  we  have  repeatedly  noted  the  well-known  fact  that  cold  air 
Is  absolutely  transparent  for  visible  light.  Noticeable  absorption 
starts  In  the  ultraviolet  region  of  the  spectrum  at  wave  length 


Fig.  9.3.  Coefficient  of 
absorption  of  ultraviolet 
radiation  In  cold  air. 
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o 

X  =  i860  A  (liv  =  6.7  ev).*  For  absorption  Is  responsible  a  system  of 

o 

Schuman-Rvinge  bands  of  oxygen  molecule,  which  at  X  =  ,1760  A  (hv  = 

=  7.05  ev)  passes  into  continuum,  connected  with  dissociation  of  molecule 
during  absorption  of  light.  Absorption  fast  increases  with  Increase 

o  -1 

of  energy  of  quanta  (at  X  =  i860  A  =  0.0044  cm  ),  and  at  hv  »  8  ev 

-1 

attains  a  magnitude  of  the  order  of  »  100  cm  .  The  experimental 
curve  of  the  dependence  of  the  coefficient  of  absorption  on  wave  length 
in  this  region  of  the  spectrum  is  shown  in  Pig.  9.3.**  Quanta  exceeding 
ionization  potentials  of  molecules  of  oxygen  and  nitrogen  = 

=  12.1  ev,  I,,  »  15.6  ev,  experience  strong  photoelectric  absorption. 

1^2 

Effective  absorption  cross  sections  from  basic  level  of  molecules 

weakly  depend  on  frequency  in  the  range  of  energies  from,  hv  =  I  and 

-I8  2 

hv  25  ev  and  are  equal  approximately  to  Oq  =  3.10  cm  ,  - 

-I8  2  -1 

=  5.10  cm  ,  which  gives  coefficient  of  absorption  «  120  cm  . 

During  further  increase  of  frequency,  coefficient  of  absorption  should 

experience  Jumps  connected  with  successive  inclusion  in  the  absorption 

of  different  electrons  filling  L- shell  of  atoms  of  nitrogen  and  oxygen. 

Levels  in  the  L- shell,  apparently,  will  be  not  too  far  from  each  other, 

so  that  Jumps,  probably,  lie  in  the  region  of  energies  hv  from  13  to 

30-40  ev  (experimental  data  about  Jumps,  as  far  as  we  know,  are 

lacking) . 

After  that,  the  coefficient  of  absorption  monotonlcally  drops 
with  increase  of  frequency  up  to  energy  of  quanta  -  ^10  ev,  equal 
K-binding  energy  of  nitrogen  atom  (for  oxygen  boundary  of  K- absorption 

* Strong  absorption  of  close  ultraviolet  solar  radiation  in  the 

o 

region  X  ~  2000-3000  A  is  connected  with  the  existence  of  an  ozone 
layer  at  a  height  of  ~  25  km.  Oxygen  and  nitrogen  do  not  absorb  in 
this  part  of  the  spectrum;  therefore,  talking  about  shock  waves  in  air 
near  the  surface  of  Earth,  one  should  establish  upper  boundary  of 

transparency  of  air  for  X  i860  A. 

**The  curve  is  taken  from  the  work  Schneider  [6]. 
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410  ev  absorption  coefficient 


hv^  =»  5?0  ev).  During  energy  hVj^  « 
sharply  Increases,  since  quanta  larger  than  hVj^  are  able  to  knock  out 
K- electrons  from  atoms  of  nitrogen,  but  then  monotonlcally  drops  to 
hv^  a  530  ev,  when  In  absorption  are  Included  K- electrons  of  oxygen. 
Coefficients  of  absorption  of  quanta  hVj^  «.  410  ev  before  and  after 
Jump  of  K-absorptlon  In  nitrogen,  calculated  according  to  [7,  8],  are 
equal  to  1,6  cm  and  35  cm  ,  Experimental  material  on  absorption 
of  air  in  the  Intermediate  region  of  frequencies  from  tens  to  hundreds 
of  ev  Is  extraordinarily  scanty 1  measurements,  as  far  as  we  know, 
were  done  only  for  two  lines,  hv  =*  182  ev  [9]  and  hv  «  280  ev  [10], 

On  the  basis  of  all  this  fragmentary  Information  Is  composed  a 
table  which  gives  a  more  or  less  graphic  presentation  about  coeffi¬ 
cients  of  absorption  and  mean  free  paths  of  quanta  In  tens  and  hundreds 
of  ev  In  cold  air  of  normal  density. 


Table  9.1 


hy,  SV 

8 

18-25 

182 

280 

.  410 
Bafor# 
JuBp 

410 

After 

Jimp 

Xv,  CVM"1 

1  100 

-120 

12 

5,3  I 

1  1,6 

35 

ly,  CM 

0,01  I 

ESSl 

0,19 

1  0,63 

1  0,029 

§  3.  Maximum  Luminance  Temperature  for  Air 

« 

In  §  16,  Chapter  VII  It  was  shown  that  if  anqplitude  of  the  shock 
wave  Is  lees  than  critical  (and  In  air  of  normal  density,  critical 
amplitude  corresponds  to  temperature  after  front  of  T^  »  285,000%), 
then  the  transfer  of  radiation  from  the  highly  heated  region  after 
the  front  to  layers  located  before  the  shock  discontinuity  does  not 
have  diffusion  character.  The  air  in  them  is  heated  to  temperatures 
much  lower  than  the  temperature  after  the  front,  and  emission  of 
radiation  In  the  zone  of  heating  introduces  practically  no  contribution 
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to  the  passing  radiation  flux,  generated  after  the  discontinuity.  Air 
Is  heated  simple  In  virtue  of  the  absorption  of  passing  quanta  at 
distances  of  the  order  of  mean  free  paths  for  absorption,  and  thickness 
of  zone  of  heating  Ax  In  order  of  magnitude  Is  equal  to  the  mean  free 
path  of  I  those  quanta  which  carry  the  basic  energy  of  the  spectrum. 
Mathematically  this  Is  expressed  by  formula  (7.55)>  determining 
exponential  drop  of  heating  with  respect  to  averaged  optical  thickness 
T,  corresponding  to  a  certain  coefficient  of  absorption  n  =  1/1 , 
averaged  over  the  spectrum: 

X 

e  =  Ts=j^x(fx*  (9«1) 

0 

This  formula  shown  that  effective  optical  thickness  of  heated 
layer  Is  of  the  order  of  unity,  l.e,,  geometric  thickness  Is  of  the 
order  of  Ax  1/k  «  I . 

Prom  the  table  In  the  preceding  paragraph  It  follows  that  mean 

free  paths  of  quanta  with  energies  of  the  order  of  10-100  ev  In  cold 

-2  -1 

air  change  from  10  to  10  cm. 

It  Is  easy  to  see  that  the  mean  free  paths  of  these  quanta  are 
such  approximately  even  In  not  too  strongly  heated  air  In  the  zone  of 
heating. 

Let  us  consider,  for  Instance,  a  shock  wave  with  a  temperature 
after  the  front  of  ■  65,000®K.  Maximum  of  Plancklem  spectrum  was 
apportioned  to  quanta  hv  «■  16  ev,  l,e.,  a  considerable  part  of  the 
energy  of  the  spectrum  Is  concentrated  In  an  energy  b€uid  from  queuita 
exceeding  Ionization  potentials  of  atoms  and  molecules  hv  >  I  13  ev. 

♦Foimula  (7, ’^5)  le  recorded  not  for  specific  Internal  energy  but 
for  temperature,  Pomxila  (9.1}  Is  more  general;  It  Is  accurate  even 
In  those  cases  when  heat  capacity  depends  on  temperature,  as  takes 
place  In  air. 
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The  biggest  temperature  of  heating,  as  Table  7»2  shows  Is 
T__  »  9000°K.  With  such  a  temperature  degree  of  Ionization  and 
excitation  of  atoms  Is  small,  i.e,,  quanta  hv  »  I  are  absorbed 
practically  the  same  as  In  cold  air.  If  one  were  to  take  a  more 
powerful  shock  wave,  let  us  say,  with  a  temperature  after  the  front 
of  T^  “  100,000°K,  then  maximum  of  the  spectrum  corresponds  to  quanta 
hv  6*  24  ev  and  basic  energy  of  the  spectrum  Is  concentrated  In  the 
region  of  higher  energies  of  quanta,  of  the  order  of  several  tens  of 
ev. 

At  a  temperature  of  heating  T__  *  25>000°K,  first  Ionization  of 

atoms  is  noticeable,  but  second  is  virtually  lacking,  Quanta  with 

energies  of  several  tens  of  ev  knock  out  from  atoms,  mainly,  not  the 

external,  optical  electrons,  but  the  more  deeply  lying  electrons, 

which  at  a  temperature  of  25,000°K  still  are  not  touched  by  thermal 

Ionization  and  excitation.  Thus,  In  this  case,  quanta  carrying  out 

heating  are  absorbed  approximately  the  same  as  In  cold  air. 

Hence  there  can  be  made  the  conclusion  that  the  thickness  of  the 

zone  of  heating  before  a  shock  discontinuity  In  waves  of  subcrltlcal 

amplitude  (T^^  <  285,000°k)  has  the  order  of  the  mean  free  paths  of 

ten  ~  one  hundred  electron  volt  quanta  In  cold  air,  l,e..  Ax  10  — 

-1 

—  10  cm.  With  this  Ax  Is  increased  In  shown  limits.  If  one  were  to 
pass  to  waves  of  even  greater  amplitude  In  a  range  of  temperatures 
after  the  front  from  tens  of  thousand  of  degrees  to  T^  ~  200,000\, 
which  corresponds  to  a  shift  in  the  characteristic  energies  of  quanta 
from  hv  ~  10-^0  ev  to  hv  50-100  ev. 

We  will  consider  now  how  far  visible  light  shields  the  heating 
zone.  In  Table  9.2  are  given  coefficients  of  absorption  and  mean  free 
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paths  of  red  light  X  «  6500  A  In  air  of  normal  density  at  different 
temperatures. 


Table  9*2 


15 

17 

20 

30 

SO 

100 

4,1 

13,5 

60 

290 

350 

2000 

0,25 

7.410-* 

1,6610-* 

3,45- 10-* 

2,85- 10-* 

5l0-« 

Noticeable  shielding  sets  in  when  mean  free  path  ,  fast 
decreasing  with  temperature  rise,  becomes  comparable  with  the  thickness 
of  the  zone  of  heating,  l.e.,  with  the  mean  free  path  of  heating 
radiation  I  (average  lover  the  spectrum).  Let  us  Introduce  for  conven¬ 
ience  the  Idea  of  "temperature  of  transparency"  T*,  which  we  will 
define  as  condition 

=  (9.2) 

The  meaning  of  this  Idea  Is  obvious t  temperature  of  transparency 
differentiates  two  temperature  ranges  In  a  shock  wave.  At  T  <  T*  > 
>  Ax  and  air  in  the  zone  of  heating  Is  transparent  for  visible  light. 

At  T  >  T*  <  Ax  and  air  Is  opaque. 

Inasmuch  as  absorption  of  visible  light  very  sharply  depends  on 
temperature,  and  averaged  mean  free  path  changes  comparatively  little 
(only  by  one  order),  defined  by  equality  (9.2),  the  temperature  of 
transparency  Is  Included  In  quite  narrow  limits,  namely:  T*  « 

«  17, 000-20, 000°K.  It  Is  possible  to  estimate  optical  thickness  of 
the  zone  of  heating  for  visible  light,  assigning  for  simplicity 
Boltzmann  temperature  dependence  of  the  absorption  coefficient  of 

visible  light  »  const*exp  ( - considering  average 

coefficient  of  absorption  h  to  be  constsuit.  Considering  that  Internal 
energy  of  edr  at  normal  density  and  tenqjeratures  of  the  order  of  tens 
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of  thousands  of  degrees,  rc;^hly  spealtlng.  Is  proportional  to  e  ~  T 
with  the  help  of  formula  (9.1)  we  will  find  approximately  the  optical 
thickness  In  the  heated  zone  from  "Infinity”  (l.e,,  from  the  region 
of  cold  air)  to  a  point  with  temperature  Tr  (T)(full  optical 
thickness  of  the  zone  of  heating  Is  (T^)) 


X  T  g 

i_  C  ,,  _  f  „  j<r  C  const  1,4  dT 

.1  ^  J  ^ 


H  /— 4v 


•const*  c 


0 

i-kM 

kT  _ 


1.4  kT 
/3  I-  i 


(9.3) 


In  a  shock  wave  with  *=  90,000°k,  In  which  temperature  before 
discontinuity  Is  equal  to  temperature  of  transparency  T*  » 

’S'  20,C00°K,  optical  thickness  of  the  zone  of  heating  Is  equal.  In 
accordance  with  determination  of  temperature  of  transparency  (9.2), 
to  »  0,8l  «  0.12  (I  •*  14  ev,  hv  •*  2  ev). 

Consequently,  If  one  were  to  look  at  the  surface  of  the  front  of 
a  shock  wave  In  a  direction  normal  to  surface,  flux  of  visible  radi¬ 
ation,  outgoing  from  the  surface  of  shock  discontinuity,  will  be 
weakened  by  the  heated  layer  approximately  125^,  and  effective  temper¬ 
atures,  Instead  of  90*000^,  will  be  equal  to  approximately  80,000*^ 
(with  such  temperatures  little  visible  quanta  lie  5n  the  Rayleigh- Jeans 
part  of  the  spectrum,  and  their  Intensity  Is  proportional  to  first 
degree  of  temperature;  therefore,  effective  temperature  Is  simply 
proportional  to  brightness). 

During  further  Increase  of  em^lltude  of  wave  the  optical  thickness 
of  the  layer  grows  and  brightness  drops;  for  Instance,  with  Increase 
of  temperature  after  the  front  by  only  10,0C0®K  at  ■  100,000\, 

T_  -  25,000°;:,  (T_)  -  0.37,  -  67,000%  l.e., 

effective  teaq)erature  Is  already  less  than  80,000°. 
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Maximum  of  brightness  corresponds  to  temperature  after  the  front 
near  *  90^000°K,  and  maximum  elfective  temperature  is  equal 
approximately  to  =  80,000°K.-^  At  a  temperature  after  the 

0X  luoljC 

front  of  T.  »  140,000^,  T  =«  50>000°K,  t  (T  )  »  1.5^  and  shielding 
is  almost  complete, 

§  4.  Limiting  Brightness  of  a  Very  Strong  Wave  in  Air 

We  will  estimate  the  intrinsic  radiation  of  the  heated  layer  in 
a  wave  of  great  amplitude,  determining  the  limiting  brightness  of  the 
front  of  the  shock  wave.  Let  us  consider  a  shock  wave  of  supercritical 
amplitude  with  a  temperature  after  the  front  much  higher  than  critical, 
equal  to  285jOOO°k.  In  §  17^  Chapter  VII  it  was  shown  that  distri¬ 
bution  of  temperature  in  the  front  of  a  wave  with  respect  to  averaged 
optical  thickness  t  has  the  form  depicted  in  Pig,  9.4,  Tlie  temper¬ 
ature  of  heating  before  the  actual  shock  discontinuity  coincides  with 
the  temperature  after  the  front  T^.  Temperature  in  the  heated  layer 
monotonlcally  drops  to  temperature  of  cold  air,  where  averaged  optical 
thickness  of  all  the  zone  of  heating  can  be  very  great;  it  is  even 
greater  the  higher  the  amplitude  of  the  wave.  The  main  part  of  the 
zone  of  heating  is  composed  of  a  region  with  temperatures  from  T_  =  T^ 
and  up  to  temperature  of  the  order  cf  critical  Tj^  »  500,000°K.  This 
part  of  the  zone,  inherently,  will  be  expanded  with  increase  of  ampli¬ 
tude  (see  Fig.  9.4) . 

On  the  front  edge  of  the  zone,  where  the  temperature  is  lower 
thar  J500,000'^K,  distribution  of  temperature.  Just  as  in  the 


*We  emphasize  that  all  these  values  are  estimates  since  coefficients 
of  absorption  of  visible  light  in  heated  air,  calculated  by  the  formula 
Cramer,  cannot  be  recognized  as  fully  reliable. 
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subcritical  zone,  has  an  exponential  character  and  hardly  depends  on 


amplitude; 


e»e*  r  =  r,e"  ‘  ‘ 


(9.4) 


(see  §  17,  Chapter  VII,  formula  (7.64),  and  also  Fig.  9.4;  optical 
coordinate  pertains  to  a  point  where  temperature  Is  equal  approxi¬ 
mately  to  T  «  »  300,000°K). 

At  the  end  of  §  1  It  was  noted  how 
a  body  with  similar  distribution  of 
temperature  radiates  visible  light.  At 
low  temperatures  the  air  Is  transparent 
and  does  not  radiate;  at  high  —  It  Is 
absolutely  opaque  and  does  not  ’’release" 
outside  visible  quanta.  The  radiating 
layer,  which  sends  basically  flux  of 
visible  light  to  "Infinity,"  In  cold  air, 
lies  somewhere  between  transparent  and  opaque  regions  (it  Is  shaded 
In  Fig.  9.4).  The  temperature  In  the  radiating  layer,  obviously.  Is 
close  to  the  temperature  of  transparency  of  air,  defined  by  equality 
(9.2),  where  I  Is  the  mean  free  path,  average  over  the  spectrum.  In 
the  region  where  lies  the  radiating  layer.  Luminance  temperature  of 
visible  radiation  also  approximately  coincides  with  temperature  of 

transparency.  If  the  average  mean  free  path,  as  before,  is  Included 
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In  the  Interval  10  —  10  cm,  then  limiting  luminance  temperature 

should  be  equal  to  17,000-20,000°K  (see  Table  9.2). 

Let  us  be  convinced  of  the  fact  that  this  appraisal  Is  Indeed 
accurate.  In  other  words,  of  the  fact  that  heating  on  the  front  edge 
of  the  zone  of  heating  In  a  very  strong  shock  wave  Is  carried  out  by 
quanta  which  have  namely  such  a  mean  free  path.  For  this,  let  us  note 


Fig.  9.4.  Position  of 
a  radiating  layer 
(shaded)  In  a  shock 
wave  of  very  great 
amplitude. 
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that  at  temperatures  higher  than  critical  In  the  zone  of  heating 
local  equilibrium  takes  place,  but  at  lower  temperatures  radiation  Is 
nonequilibrium  just  as  In  the  heated  layer  of  a  subcrltical  shock  wave. 

Approximately,  one  may  assume  that  from  a  surface  where  temper¬ 
ature  Is  equal  to  «  300,000°k,  to  the  left  (see  Fig.  S.k)  goes  out 
Planckian  spectrxmi  of  radiation  of  such  a  temperature.  Independently 
of  how  high  temperature  rises  after  this  surface. 

The  general  tendency  of  absorption  of  large  quanta  corresponding 
to  a  spectrum  with  temperature  of  300,000^K  (maximum  of  spectrum  was 
apportioned  to  quanta  hv  «  'JO  ev).  Is  such  that  coefficient  of  absorp¬ 
tion  drops  with  growth  of  frequency.  As  can  be  seen  from  Table  9*lj 
in  energy  band  of  quanta  in  hundreds,  electron  volt  monotonlcally 
deci  ases  with  Increase  of  frequency.  Therefore,  when  moving  In  the 
direction  of  a  temperature  decrease  from  a  surface  where  T  =  500,000‘^K, 
In  the  beginning  small  quanta  are  absorbed,  then  more  energetic  quanta. 
As  It  moves  toward  a  region  of  low  temperatures  the  spectrum  becomes 
harder  and  harder.  Calculation  made  In  work  [4]  shows  that  Into  the 
region  of  temperatures  of  the  order  of  transparency  temperatures,  where, 
as  we  expect,  lies  radiating  layer,  penetrate  only  very  hard  quanta 
with  energies  hv  «  200  ev.  In  Table  9.5  are  presented  energies  of 
quanta  "conducting"  heating  In  the  region  of  low  temperatures  on  the 
front  edge  of  the  zone  of  heating.  In  the  same  place  are  shown  also 
mean  free  paths  corresponding  to  these  quanta,  exactly  equal  to  mean 
free  paths  approximately  averaged  over  the  spectriun. 

We  see  that  In  the  region  of  temperatures  T  20,000°K  the 
average  mean  free  path  Is  Z  10  cm,  i.e.,  temperature  of  trans¬ 
parency  Is  faster  closer  to  17,000°K, 
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Thus,  the  limiting  luminance 

Table  9.3 


T<,  Yi 

> 

> 

I,  CM 

temperature  of  a  very  strong  shock 

X,  ej»-l 

wfiVP  ■?  R  pmifll  flT'TiT’nvl TUfl+iPl  V  tin 

50  (XX) 

20  000 
15000 

10  (XX) 

140 

2(X) 

212 

0.95- 10-» 
1,02- 10-1 
l,16-10-i 

JO  5  17,000^,  independent  of  amplitude, 

9‘,8 

*•6  The  general  dependency  of  luminance 

uemperauure  ^in  rea  xignu;  on  temper- 

ature  after  the  front  is  shown  in  Fig.  9.1.  It  is  necessary  to  note 
that  coefficients  of  absorption  in  the  visible  region  of  the  spectrum 
rather  weakly  depend  on  frequency;  therefore,  estimated  values  of 
luminance  temperatures  approximately  pertain  not  only  to  red,  but,  in 
general,  to  all  the  visible  region  of  the  spectrum, 

2.  Optical  Phenomena,  Observed  During  Strong  Explosion, 
and  Cooling  of  Air  by  Radiation 

§  5.  General  Description  of  Light  Phenomena 

During  an  atomic  explosion  in  air  there  are  obtained  a  powerful 
shock  wave  and  very  high  temperatures.  Temperature  after  the  front 
of  the  wave  passes  through  a  continuous  series  of  values  in  a  wide 
range  from  hundreds  of  thousand  of  degrees  to  normal.  During  explosion 
there  is  observed  a  series  of  interesting  and  very  unique  optical 
phenomena.  Below  is  presented  the  general  description  of  the  physical 
process  of  development  of  an  explosion  in  air,  near  the  surface  of  the 
earth  (i,e,,  in  air  of  normal  density).  This  description  is  completely 
borrowed  from  the  American  book  "The  Effects  of  Atomic  Weapons"  [11], 
issued  in  1950.* 

*W'e  quote'  points  2.1;  2,6-2,22;  6,2;  6,19}  6,20  of  the  second  and 
sixth  chapters  of  the  book  and  also  present  photograph  2  and  Figs,  6.6; 
6.18;  6.20.  In  1957  in  the  United  States  there  appea'»’ed  a  second  pub¬ 
lication  of  this  book,  which  was  translated  into  the  Russian  langueige 
[12],  The  second  putllcation  was  revised,  as  compared  to  the  first. 

In  it  are  considerably  expanded  divisions  concerning  the  destructive 
action  of  the  explosion,  but  divisions  dedicated  to  the  description  of 
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During  nuclear  fission  of  uranium  or  plutonium,  in  an  atomic  bomb 
there  occurs  emanation  of  huge  energy  content  in  minute  initial  volume 
during  a  very  short  interval  of  time.  Subsequently  we  will  consider 
that  energy  liberated  during  explosion  of  the  bomb  is  approximately 
equivalent  to  energy  liberated  during  an  explosion  of  20,000  tons  of 
trotyl,  which  is  nearly  10  erg  (more  exactly,  8,4*10  erg).  Such 
a  bomb  is  called  a  nominal  atomic  bomb.  As  a  result  of  the  extraor¬ 
dinarily  high  concentration  of  energy,  the  temperature  of  fissionable 
material  attains  a  million  degrees.  Inasmuch  as  the  explosion  occurs 
in  the  limited  vol\ime  occupied  by  the  bomb,  pressure  sharply  increases 
and  attains  several  hundreds  of  thousands  of  atmospheres. 

When  heating  up  a  substance  to  extraordinarily  high  temperature, 
there  occurs  energy  release  in  the  form  of  electromagnetic  radiation, 
whose  spectrum  embraces  a  wide  range  of  wave  lengths  spreading  from 
infrared  (thermal)  rays  through  the  visible  region  of  the  spectrum  to 
the  region  of  ultraviolet  rays  and  emerges  beyond  its  limits.  A  large 
part  of  the  radiation  is  absorbed  in  layers  of  air  directly  adjoining 
the  bomb,  as  a  result  of  which  air  is  heated  to  a  glow.  Thus,  several 
microseconds  after  the  explosion  the  exploding  bomb  obtains  the  form 
of  a  luminescent  sphere,  called  a  fiery  sphere. 

According  to  propagation  radiant  energy  heats  ambient  air;  as  a 
result  the  fiery  sphere  is  increased  in  dimension,  but  temperature, 
pressure,  and  brightness  correspondingly  decrease.  Upon  expiration  of 

[FOOTNOTE  C0NT*D  FROM  PRECEDING  PAGE], 
the  physical  phenomena  in  the  fiery  sphere  are  shortened.  Inasmuch  as 
we  here  are  interested  in  namely  these  last  questions,  we  will  borrow 
the  description  of  the  physics  of  the  explosion  from  the  first  pub¬ 
lication,  All  lengths  measured  in  feet,  yards,  and  miles,  we  trans¬ 
lated  into  meters. 
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O.i  millisecond*  the  radius  of  the  fiery  sphere  becomes  equal  approxi¬ 
mately  to  14  m,  and  temperature  of  its  surface  is  approximately  equal 
o 

to  300^000  K.  At  this  instant  illuminance,  observable  at  a  distance 
of  10,000  m,  is  approximately  100  times  more  than  the  illuminance  of 
the  surface  of  earth  by  the  sun. 

During  the  above-described  conditions,  in  the  whole  volume  of  the 
fiery  sphere  is  maintained  almost  identical  temperature;  inasmuch  as 
radiant  energy  can  quickly  spread  between  any  two  points  inside  the 
sphere,  there  is  not  created  considerable  temperature  gradients.  Since 
the  temperature  inside  the  fiery  sphere  everywhere  is  identical,  it  is 
possible  to  identify  it  with  an  isothermal  sphere,  which  in  a  given 
stage  is  Identical  with  a  fiery  sphere. 

As  the  fiery  sphere  expands  in  air  there  appears  a  shock  wave;  in 
the  beginning  the  front  of  the  shock  wave  coincides  with  the  surface 
of  an  Isothermal  sphere.  After  lowering  temperature  approximately  to 
300,000°K  speed  of  shock  wave  becomes  larger  than  speed  of  expansion 
of  an  Isothermal  sphere.  In  other  words,  transfer  of  energy  by  shock 
wave  starts  to  occur  faster  than  by  means  of  radiation.  Nevertheless 
the  luminescent  sphere  continues  to  be  increased  in  dimension.  Inasmuch 
as  strong  ecompreslon  of  air,  caused  by  passage  of  shock  wave,  causes 
an  Increase  of  temperature  sufficient  to  bring  sphere  to  a  glow. 

In  this  stage  Isothermal  sphere  is  a  zone  of  high  temperature 
inside  a  fiery  sphere,  large  in  dimensions,  formed  by  the  shai’ply 
outlined  front  of  the  shock  wave.  Interface  between  the  core  of  this 
sphere,  possessing  very  high  temperature,  and  the  somewhat  "colder” 
air  heated  by  the  shock  wave,  is  called  the  front  of  radiation, 

. . . . _'5 

*i  millisecond  «  10  sec. 
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The  above-described  phenomena  are  schematically  represented  in  a 
series  of  photographs  of  the  fiery  sphere  (Pig.  9.5) >  corresponding 
to  different  moments  of  time  after  an  explosion  of  an  atomic  bomb; 
qualitative  temperature  gradients  are  shown  on  the  left,  gradients  of 
pressure  on  the  right.  In  the  beginning,  temperature  is  identical 
within  the  limits  of  the  entire  fiery  sphere,  which  at  this  time  is 
also  an  Isothermal  sphere j  then  there  appear  two  different  temperature 
zones;  at  this  Instant  the  fiery  sphere  becomes  larger  than  the 
Isothermal  sphere  remaining  inside.  The  isothermal  sphere  ceases  to 
be  visible  since  it  is  covered  by  the  brightly  luminescent  front  of 
the  shock  wave.  By  this  moment  pressure  is  increased  to  maximum,  but 
then  already  on  the  surface  of  the  fiery  sphere  it  is  sharply  lowered, 
which  witnesses  to  the  identity  of  the  fiery  sphere  with  the  front  of 
the  shock  wave. 

The  fiery  sphere  continues  rapidly  to  increase  in  dimensions 
during  approximately  15  milliseconds;  during  that  time  its  radius 
attains  approximately  90  and  temperature  of  surface  is  lowered 
approximately  to  5000°K,  although  inside  the  fiery  sphere  it  is 
considerably  higher.  Temperature  and  pressure  of  shock  wave  are  » 
lowered  so  much  that  the  air  through  which  the  shock  wave  passes 
ceases  to  gleam.  Weakly  visible,  the  front  of  the  shock  wave  continues 
to  move  ahead  of  the  fiery  sphere;  this  phenomenon  is  called  breaking 
away  of  the  shock  wave  fi-om  the  luminescent  sphere.  Speed  of  propa¬ 
gation  of  the  shock  wave  in  this  period  is  equal  to  approximately 
4500  m/sec. 

In  spite  of  the  gradual  decrease  with  time  of  propagation  rate 
of  the  front  of  the  shock  wave,  it  always  remains  larger  than  speed 
of  expansion  of  the  fiery  sphere.  In  1  sec  the  fiery  sphere  attains 
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Fig.  9.5.  Qualitative 
picture  of  the  change 
of  temperature  and 
pressure  in  the  fiery 
sphere.  Energy  of  the 
explosion  is  nearly 
21 

iO  erg  =»  16  kilograms 
of  uranium  20,000  m 
of  trotyl, 

KEYi  (a)  Milliseconds; 
(b)  Temperature;  (c) 
Pressure. 


its  maximum  radius  of  140  m,  and  the 
front  of  the  shock  wave  by  this  time  goes 
forward  approximately  180  m.  In  10  sec, 
when  the  fiery  sphere  rises  approximately 
450  m,  the  shock  wave  departs  from  place 
of  explosion  approximately  5700  m  and 
exceeds  the  bounds  of  the  zone  of  its 
maximum  destroying  action. 

The  essential  peculiarity  of  an 
atomic  explosion  in  air  is  the  special 
effect  which  is  observed  at  the  time  of 
breakaway  of  the  front  of  the  shock  wave 
from  the  limiinescent  sphere.  The  temper¬ 
ature  of  the  surface  of  the  luminescent 
region  drops  approximately  to  2000°k  and 
then  starts  anew  to  be  increased,  attaining 
a  second  maxiuium  near  7000°K,  Minimum 
temperature  is  attained  approximately 
15  milliseconds  after  explosion,  and 
after  approximately  0,5  sec  again  is 
increased  to  maximum.  Subsequently  there 


occurs  a  continuous  lowering  of  the  temperature  of  the  fiery  sphere 


due  to  its  expansion  and  occurring  loss  of  energy. 

It  is  interesting  to  note  that  the  radiation  of  the  larger  part 
of  the  radiant  energy  of  an  atomic  explosion  occurs  after  the  brightness 
of  the  fiery  sphere  becomes  minimum.  Up  to  this  time  there  is  radiated 
only  nearly  I,'  of  total  endf^,  in  spite  of  the  fact  that  temperature 

of  surface  in  this  period  is  very  high.  This  is  explained  by  the  fact 

. .  ...  ....  . 


that  toe  duration  of  this  period  15  milliseconds  is  extremely  small  as 
compared  to  the  time  during  which  radiation  occurs  after  achievement 
of  minimum  h rightness. 

As  was  mentioned  above,  the  fiery  sphere  very  quickly,  less  than 
1  sec  after  the  eijqjloslon,  attains  a  maximum  radius  of  140  m.  Conse¬ 
quently,  if  the  bomb  explodes  at  a  height  less  than  140  m,  the  fiery 
sphere  should  touch  the  surface  of  earth;  this  was  observed  during  the 
test  "Trinity”  at  Alamogordo  (New  Mexico). 

In  view  of  its  small  density,  the  fiery  sphere  floats  upward  like 
a  balloon.  Several  seconds  after  beginning  of  motion,  speed  of  sphere 
attains  maximum  magnitude,  equal  to  90  m/sec. 

The  direct  effects  of  the  atomic  explosion  can  be  considered 
completed  after  approximately  10  sec,  when  the  fiery  sphere  almost 
ceases  to  gleam  and  the  excess  pressure  of  the  shock  wave  decreases 
to  practically  safe  values. 

As  was  shown  earlier,  the  density  of  substances  inside  the  fiery 
sphere  is  very  small  since  they  possess  high  temperature;  therefore, 
the  sphere  rises  above  toe  place  of  the  explosion  of  the  bomb;  as  it 
rises  the  fiery  sphere  is  cooled.  Cooling  approximately  to  1800°K 
occurs  mainly  because  of  loss  of  energy  due  to  luminous  emitteince; 
then  lowering  of  temperature  occurs  as  a  result  of  adiabatic  expansion 
of  gases  and  mixing  of  them  with  ambient  air  because  of  turbulent 
convection.  After  cessation  of  glow  it  is  possible  to  consider  the 
fiery  sphere  as  a  great  bubble  of  heated  gases,  the  temperature  of 
which  decreases  as  the  "bubble"  rises. 

The  very  important  distinction  between  an  atomic  and  an  ordinary 
explosion  consists  of  the  fact  that  in  the  first  case  the  quaintity  of 
liberated  energy  per  unit  of  mass  is  imneasurably  larger.  As  a  result. 
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there  Is  created  a  higher  temperature,  and  consequently,  a  larger  part 
of  the  energy  liberated  at  the  time  of  the  explosion  Is  emitted  In  the 
form  of  luminous  emlttance.  For  Instance,  nearly  1/3  of  all  energy 
liberated  during  an  atomic  explosion  Is  emitted  In  the  form  of  luminous 
emlttance.  For  a  nominal  atomic  bomb  this  composes  approximately 
6.7»10^^  cal,  which  Is  equivalent  to  2, 8 -10^®  erg. 

The  amount  of  energy  passing  through  the  whole  spherical  surface 
of  the  fiery  sphere,  l.e.,  through  solid  angle  Kir,  Is  equal  to 

li  2 

a  T  •47rR  ,  where  R  Is  radius  of  sphere,  and  T  Is  temperature  of  surface 
(dependences  of  R  and  T  on  time  are  shown  In  Fig.  9*6).  Inasmuch  as 
Into  the  air  penetrates  only  part  of  energy  f^,*  the  quantity  of 
radiant  energy  reaching  all  points  on  a  spherical  surface  located  at 
a  moderate  distance  from  point  of  explosion  will  be  equal  to 

li  o 

f^a  T  ‘I^ttR  .  Hence  flux  of  radiant  energy  9  per  unit  of  area  at 
distance  B  Is  obtained  by  means  of  dividing  this  expression  by  surface 

0 

area  of  sphere  4TrD  ,  l.e,, 

Fran  this  formula  It  Is  possible  to  calculate  flux  of  radiant 

energy  at  a  given  point  at  distance  D  for  different  moments  of  time 

after  an  atomic  explosion,  using  values  R  and  T  from  Pig,  9*6,  and 

f^  from  Fig.  9.7.  In  order  not  to  construct  curve  for  different 

distances,  magnitude  9B^,  equal  to  fQ  oT^^,  Is  given  In  Fig.  9*8  as 

2 

a  function  of  tlmej  energy  flow  Is  measured  In  cal/cm  'Sec  and 
distance  In  m.  By  the  curve  It  Is  possible  to  easily  deteralne  energy 
flow  at  any  given  distance  at  any  moment. 


♦It  Is  considered  that  air  passes  only  wave  lengths  exceeding 

m  1660  %  so  that  fQ  Is  the  fraction  of  mergy  of  Plancklan  spectrum 

of  temperature  T,  Included  In  the  wave  length  range  from  Kv  •  I66O  A 
to  X  ■  00,  Function  fQ  (T)  Is  shown  In  Pig.  9,7, 


743 


ttalllil 


Tlnet  seo 

Fig.  9»6.  Dependence  of 
radius  of  the  fiery 
sphere  (curve  1)  and 
temperature  (ctirve  2) 
on  time,  starting  from 
the  moment  of  explosion. 


Tlme^  3«e 


Pig.  9.7.  The  fraction 
of  equilibrium  radiation 
Included  in  wave  length 

range  from  X  =  i860  A  to 
X  «  CD  depending  upon 
temperature 


In  order  to  obtain  some 
idea  about  the  magnitude  of 
illuminance  it  is  expedient  to 
introduce  tne  unit  "sun, "  which 
is  defined  as  energy  flow  equal 
to  0.052  cal/cm  sec  and  is 
assumed  equal  to  solar  energy 
Incident  on  the  upper  boundary 


Fig.  9.8.  Dependence  of  energy  flow  of  the  atmosphere.  The  right 
emitted  by  the  fiery  sphere  on  time 

past  after  the  explosion.  ordinate  in  Fig.  9.8  gives 

2 

value  (pD  ,  where  <p  is  expressed 

in  suns,  and  D  in  meters. 

2 

During  minimum  brightness,  magnitude  of  9D  is  equal  approximately 
6  2 

to  6.8»10  sun*m  ,  so  trat  at  this  instant  the  fiery  sphere,  observed 
at  a  distance  of  2600  m,  should  seem  approximately  as  bright  as  the 
sun.  In  reality  it  will  be  somewhat  less  bright  depending  upon 
cleanness  of  air,  and  also  due  to  absorption  of  radiation  in  the 
atmosphere." 


On  this  we  finish  the  description  borrowed  from  the  book.  [11], 

As  long  as  the  front  of  the  shock  wave  does  not  break  away  from 
the  boundary  of  the  luminescent  body  and  the  latter  simple  coincides 
with  the  front  of  the  shock  wave,  the  law  of  propagation  of  the  fiery 
sphere  is  very  well  described  by  formula  R  t^/^,  which  follows  from 
the  solution  of  the  problem  about  strong  explosion,  considered  in  §  25, 
Chapter  I,  By  the  moment  of  breakaway,  temperature  on  the  front  of 
the  shock  wave  is  equal  to  approximately  2000°K,  which  corresponds  to 
a  pressure  of  p^  «  50  atm.  This  pressure  is  considerably  higher  than 
atmospheric,  i.e,,  initial  assumptions  lying  in  the  basis  of  solution 
(Pf  »  Pq)»  are  executed. 

Comparison  of  theoretical  law  R  ~  t^/^  with  experimental  data  is 
done  in  the  book  of  L,  I,  Sedov  [15], 

In  the  book  is  plotted  a  graph  of  straight  line  5/2  log  R 
depending  upon  log  t,  on  which  are  marked  experimental  points  relating 
to  the  explosion  of  the  atomic  bomb  in  New  Mexico  in  1945.  Experimental 
points  lie  very  well  on  a  theoretical  straight  line.  According  to 
formula  (1,110)  slope  of  the  straight  line  is  connected  with  energy 
of  explosion  Ei 

R  =  [a  (7)  5/2  log  R  =  >1  log  (a  )a  |-  +  log  t. 

Here  cx  ■  where  is  coefficient  in  formula  (1,110), 

During  air  density  ■  l,25*10”^g/cm^  magnitude  of  oE  is  obtained 

20 

equal  to  8,45*10  erg.  Dependence  of  coefficient  a  on  adiabatic  index 
7  is  presented  in  the  book  of  L,  I,  Sedov  [15], 

If  one  were  to  assiune  7  -  1,4,  as  L,  I,  Sedov  did,  then  a  ■  1.175 
20 

and  E  -  7. 19 *10  erg.  In  reality,  the  effective  adiabatic  index  is 
somewhat  less  since  at  high  temperature  air  is  strongly  dissociated 
and  ionized;  coefficient  a  with  this  is  larger  and  energy  of  explosion 
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txims  out  to  be  smaller,  Thu£,  for  instance,  if  one  were  to  take 

PO 

7  a  1.32,  there  is  obtained  a  =  1.3  and  E  =  6,5*10  erg. 

§  6,  Breaking  Away  of  the  Front  of  a  Shock  Wave 
from  the  Boundary  of  the  Fiery  Sphere 

We  will  observe  what  the  nature  of  the  glow  of  the  fiery  sphere 
is  at  temperatures  after  the  front  of  the  shock  wave  of  an  order  of 
several  thousands  of  degrees,  and  we  will  clarify  the  causes  of  the 
phenomena  of  breakaway  of  a  front  of  a  shock  wave  from  the  boundary 
of  a  luminescent  body  and  the  minimum  brightness  of  the  fiery  sphere. 
These  questions  were  considered  in  the  works  of  one  of  the  authors 
[14,  15]. 

In  the  absorption  (and  emission)  of  visible  light  in  heated  air 
there  participates  a  whole  series  of  mechanisms:  the  photoionization 
of  highly  excited  atoms  and  molecules  of  oxygen  and  nitrogen  and 
molec\xles  of  nitric  oxide,  the  knocking  out  of  weakly  bound  electrons 
from  negative  ions  of  oxygen,  the  molecular  absorption  (without 
breakaway  of  electrons)  by  molecules  of  Og,  NO  remaining  in  excited 
states,  and  finally,  the  molecular  absorpt^ion  by  molecules  of  NO^ 
present  in  small  quantity  in  heated  air.  Coefficients  of  absorption, 
connected  with  all  these  mechanisms,  were  estimated  in  Chapter  V.  The 
comparative  role  of  different  mechanisms  of  absorption  and  the  absolute 
value  of  coefficients  strongly  change  depending  upon  temperature  and 
air  density.  At  temperatures  higher  than  ~  12,000-15,000°K  basically 
there  occurs  photoionization  of  molecules  and  atoms  of  oxygen  and 
nitrogen.  During  air  density  approximately  10  times  more  than  normal, 
which  takes  place  after  the  front  of  a  shock  wave,  and  temperatures 
12,000-15*000°K  the  mean  free  path  of  visible  quanta  turns  out  to 
be  of  the  order  of  millimeters.  The  mean  free  path  sharply  decreises 
during  temperature  increase. 
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In  the  region  of  lower  temperatures,  '^000-6000°K,  on  the  first 
plan  there  sets  in  photoionization  of  NO  molecules,  absorption  by 
negative  ions  of  oxygen,  and  molecular  absorption  by  molecules  of  Og, 

Ng,  and  NO,  The  mean  free  paths  of  visible  light  in  this  interval  of 
temperatures  also  strongly  depend  on  temperature  and  have  an  order  of 
10-100  cm  (during  tenfold  compression  in  the  shock  wave).  At  still 
lower  temperatures,  lower  than  '^5000°K,  all  mechanisms  lead  to 
extraordinarily  weak  absorption  rapidly  decreasing  with  lowering  of 
temperature.  Practically  the  only  mechanism  of  absorption  of  visible 
light  in  air  at  T  <  5000°K  is  absorption  by  molecules  of  nitrogen 
peroxide  NOg,  In  spite  of  the  small  concentration,  nitrogen  peroxide 
rather  strongly  absorbs  visible  light,  ensuring  mean  free  paths 
measured  in  meters.  Thus,  at  a  temperature  of  T  «  5000*^  and  density 
five  times  more  than  normal,  concentration  of  dioxide  is  equal  to 

°N0  *"  mean  free  path  of  red  light,  calculated 

2  -IQ  2 

with  absorption  cross  section  Ojjq  -  2,15  x  10  ^  cm  ,  is  ■  220  cm. 

It  is  known  that  after  the  front  of  the  shock  wave  of  a  strong 
explosion,  temperature  Increases  from  front  to  center  (see  §  25, 

Chapter  I),  If  one  were  to  consider  that  stage  of  explosion  when  the 
temperature  on  the  front  is  equal  to  several  thousand  degrees,  then 

pi 

during  nominal  energy  of  explosion  E  ■  10  erg  (corresponding  approxi¬ 
mately  to  20,000  m  of  trotyl)  the  blast  wave  embraces  a  sphere  with  a 
radius  of  the  order  of  hundreds  of  meters,  and  temperature  after  the 
front  noticeably  Increases  during  removal  from  front  to  center  at  a 
distance  of  the  order  of  meters. 

In  this  stage  radiant  heating  of  air  before  the  shock  discontinuity 
and  shielding  of  the  surface  of  the  front,  considered  in  §  1  and  3, 

^Concent ration  c^^  is  defined  as  the  ratio  of  the  number  of  1-th 
particles  to  the  initial  number  of  molecules  in  cold  air. 


temperatures  lower  than  '«2000°K  time^  necessary  for  the  formation  of 
any  noticeahle  qtiantity  of  oxide^  it  turns  out  to  be  extraordinarily 
large  as  compared  to  the  time  of  existence  of  heated  particles  in  the 
shock,  wave^  and  reaction  does  not  manage  to  occur. 

Thus,  in  layers  of  air  heated  by  the  front  of  the  shock  wave  to  a 
temperature  lower  than  '^OOO'^K,  nitrogen  peroxide,  the  only  absorbing 
agent,  will  never  be  formed]  these  layers  are  absolutely  transparent 
for  visible  light  and  by  themselves  do  not  gleam. 

At  the  time  when  temperature  on  the  front  is  less  than  2000°k^ 
we  will  say  when  «  iOOO*^,  from  afar  will  be  seen  a  luminescent 
disk,  the  radius  of  which  is  less  thart  the  radius  of  the  front  of  the 
shock  wave.  The  horizontal  section  of  the  blast  wave  is  depicted  in 
Fig*  9.9*  Beams  of  type  B  intersect  layers  of  air  heated  by  the  shock 
wave  to  a  temperature  lower  than  '«2000°K  and,  therefore,  nonliunlnous , 


front  of  shock  wave 

Fig,  9*9.  Diagram  (P,  U,  V,)  and  boundary 

of  the  glow  of  a  of  fiery  sphere  (0.  Sh,) 

fiery  sphere  after  on  diagram  R,  t, 

breakaway.  Internal 

circle  —  0,  Sh,  —  is  The  fiery  sphere  is  limited  by 

the  boundary  of  the  • 

luminescent  body,  the  beams  A  going  out  from  center  0 

fiery  sphere;  external 

circle  —  P,  U,  V,  —  is  exactly  to  distance  ,  corre- 

the  front  of  the  shock  *  * 

wave,  spending  to  the  radius  of  those 

layers  of  air  at  a  given  moment, 

which  earlier  were  heated  by  the 
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front  to  a  temperature  of  ~2000°K  and  in  which  a  quantity  of  nitrogen 
peroxide  Is  necessary  for  a  noticeable  flow.  Inasmuch  as  particles  of 
air  In  the  blast  wave  scatter  from  the  center  (actually,  more  slowly 
than  the  front  Itself  moves),  the  radius  of  the  fiery  sphere  Rq  Is 
Increased,  The  fiery  sphere  is  expanded  as  long  as  pressure  in  the 
blast  wave  does  not  drop  to  atmospheric  and  motion  does  not  cease,* 

The  nonlumlnous  front  of  the  shock  wavs,  detaching  from  the  fiery 
sphere  when  the  temperature  on  It  is  '^2000°K,  departs  far  forward. 

(The  trajectory  of  the  front  and  the  fiery  sphere  are  schematically 
depicted  In  Fig.  9,10), 

§  7.  The  Effect  of  Mlrdmum  Brightness  of  the  Fiery  Sphere 

We  will  observe  how,  with  the  passage  of  time,  brightness  and 
effective  temperature  of  the  surface  of  the  fiery  sphere  change  in  the 
stage  of  breakaway  of  the  shock  wave  from  the  boundary  of  the  lumi¬ 
nescent  body.  When  temperature  of  the  front  drops  below  '^OOO^K, 
the  mean  free  path  of  visible  light  grows,  to  a  magnitude  of  the  order 
of  a  meter  and  the  fiery  sphere  ceases  to  radiate  as  an  ideal  black 
body.  The  effective  temperature  in  these  conditions  one  should 
calculate  by  the  general  formula  (2,52)  in  accordance  with  distributions 
of  temperature  and  coefficient  of  absorption  along  the  radius  after 

*Durlng  adiabatic  expansion  to  atmospheric  pressure  of  particles  of 
air  with  initial  temperature  T^  »»  2000^^  corresponding  to  pressure  on 
front  pf  «  50  atm,  particles  cool  to  T  ~  800*^,  Probably,  with  the 
passage  of  time  the  boundary  of  the  luminescent  region  somewhat  shifts 
deep  into  layers  with  temperatures  closer  to  2000^,  since  radiating 
ability  proportional  to  exp(-i:.v/kT),  very  rapidly  decreases  with 
lowering  of  temperature  even  duriJig  constant  coefficient  of  absorption 
(hv  »  kT  at  hv  «»  2  ev,  T  ~  2000-:l000°K) ,  More  exactly,  the  boundary 
of  the  fiery  sphere  is  determined  by  the  sensitivity  of  the  recording 
instinmaent. 
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the  front  of  the  waves.* 

_2 

We  will  consider,  for  example,  moment  of  time  t  =  1,5*10  sec 

when  radius  of  the  front  Is  R  ■  I07  m  and  temperature  on  front  Is 

-  5000*^  (all  calculations  pertain  to  an  explosion  with  energy 
21 

E  ■  10  erg).  In  Pig,  9,11  Is  shown  the  distribution  of  the  coeffl- 

o 

dent  of  absorption  of  red  light  X  «  6500  A  along  the  radius  after  the 
front  of  a  shock  wave  (coordinate  x  Is  counted  off  from  the  front  to 
the  depth  of  the  sphere).  In  the  same  place  are  shown  temperature  and 
relative  air  densities  (conqjresslon  r\  -  p/Pq)  at  several  points.  Dis¬ 
tributions  of  temperatixre  and  density  after  the  front  are  taken  from 
the  solution  of  the  problem  about  a  strong  explosion;  concentrations 
of  nitrogen  peroxide  were  calculated  as  presented  In  §  5>  Chapter  VIII, 

Inasmuch  as  the  exact  values  of  the 
effective  absorption  cross  sections 
of  red  light  by  excited  molecules  of 
NOg  are  unknown,  for  tentative 
calculations  were  accepted  the 
following,  apparently,  probable 
values  of  sections  (see  §  21,  Chapter 
Y)t 

T,  •K  4000 

®NO,  M»*  s,o 

7  -  1.25, 

*Radiatlng  layer  has  a  thickness  of  the  order  of  tens  of  meters, 
which  Is  considerably  less  than  the  radius  of  the  sphere  Rq  ~100  m. 

Therefore,  curvature  of  the  layer  it  Is  possible  to  disregard  and  to 
consider  It  flat,  l,e,,  to  use  formula  (2,52),  Let  us  note  that  formula 
(2.52),  into  which  enters  Integral  exponential,  appearing  as  a  result 
of  the  calculation  of  slanting  rays,  gives  a  luminance  tenq[)erature 
averaged  over  the  disk.  If  one  were  to  be  Interested  by  the  brightness 


aooo  2600  2000 

2,iS  1,8  0.84 


Fig,  9.11.  Distri¬ 
bution  of  the 
absorption  of  red 
light  after  the  front 
of  a  shock  wave  at  a 

temperature  of  » 

■  JOOO^K  for  an  explo¬ 
sion  with  E  ■  10^^  erg. 
There  are  shown  values 
of  temperatures  euid 
densities  at  several 
points.  Adiabatic  Index 
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Prom  Fig,  9.ii  it  is  clear  that  at  temperatures  higher  than 
6000-7000°K,  absorption  connected  with  the  many  mechanisms  enumerated 
above  grows  very  greatly  and  rapidly  during  removal  from  the  front, 
when  temperature  is  increased.  In  region  T  6000°k  absorption 
weakens  and  passes  throtigh  minimum,  since  with  such  temperature  all 
these  mechanisms  give  very  small  coefficient,  but  concentration  of 
dioxide  is  still  small  (equilibrium  of  reaction  NO  +  -^  0^  »-  NO^  at 
such  high  temperatures  is  shifted  to  the  side  of  disintegration  of 
dioxide).  Concentration  of  dioxide  Increases  at  lower  temperatures 
'~4000-3000°K,  which  also  leads  to  Increase  of  absorbing  ability  near 


front  of  wave. 

Essentially,  layers  of  air  with  temperatures  higher  than 
~6ooo-7000°K  turn  out  to  be  absolutely  opaque  and  from  internal  "hot" 
sphere  with  such  a  temperature  on  the  surface  there  emerges  outside 
a  flux  of  Planck  radiation.  External  layer  of  air,  containing  dioxide, 
plays  a  double  role.  On  the  one  hand,  it  absorbs  this  high- temperature 
radiation,  outgoing  from  surface  of  "hot"  sphere,  but  on  the  other 
hand  it  radiates  light  Itself,  Formally  it  is  possible  to  describe 
this  position  by  breaking  down  the  integral  with  respect  to  in 
formula  (2,51)  into  two  parts t  one  with  respect  to  external  layer  of 
dioxide  with  optical  thickness  t*,  and  the  other  with  respect  to 
internal  "hot"  region  t*  <  <  oo: 

^  Of* 


[FOOTNOTE  C0NT»D  PROM  PRECEDING  PAGE], 
in  the  center  of  the  disk,  then  instead  of  integral  exponential 
Ep  (“^  )  one  should  write  usual  exp(-'^),  where  is  optical  thickness, 
counted  off  along  the  radius  from  the  surface  of  the  front  to  the 
depth  of  the  sphere.  Subsequently,  there  is  calculated  average 
luMnance  ten^erature. 
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In  distinction  from  formula  (2,5i)  we  here,  instead  of  density 
of  radiation,  write  flux,  which  is  all  the  same. 

In  the  second  Integral  it  is  possible  to  carry  out  certain  mean 
value  S*p,  corresponding  to  effective  temperature  of  "hot”  sphere 
T*  (T*  7000°k),  and,  using  properties  of  Integral  exponentials,  to 


record* 


(?'.♦)  =  2  C  (Tv)  dTv  +  5vp  (T*)  E,  (tC). 


The  first  member  gives  intrinsic  emission  of  layer  of  dioxide,  and  in 
the  second,  factor  (t*)  considers  the  shielding  by  this  layer  of 
"hlgh-temperat\xre"  radiation  of  "hot"  sphere.  Calculations  show  that 


with  passage  of  time  the  relative  role  of  the  second  member  Increases, 
and  Intrinsic  radiation  of  dioxide  becomes  small,  l.e.,  the  role  of 


dioxide  leads  basically  to  shielding  of  high- temperature  radiation. 

In  considered  example  -  5000^  optical  thickness  of  layer  of 
dioxide  t*  »  2,42,  and  effective  temperature  of ^lery  sphere  is  equal 


to  Tg^  -  4110®K. 


Pig,  9.12,  Distribution  of 
absorption  of  red  light  after 
front  of  shock  wave  at  a 
cemperature  on  front  of  » 

»  1600°K  for  explosion  with 
21 

E  ■  10  erg.  There  are  shown 
values  of  temperatures  and 
densities  at  several  points. 
Adiabatic  index  y  1.50, 


Another  typical  picture  of 
distribution  of  coefficient  of 
absorption  along  the  radius  appears 
when  temperature  on  front  of  shock 
wave  drops  lower  than  2000^. 
Absorption  starts  not  at  once  after 
front  but  somewhat  deeper,  since  in 
layers  close  to  front  and  heated 
during  passage  of  front  to  a  temper¬ 
ature  lower  than  2000^,  dioxide  is 
lacking,  and  these  layers  do  not 
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absorb  light.  Such  a  picture  Is  depicted  In  Fig,  9,12  (t  - 
«  2.64’10~^  sec,  R  =  I58  m,  -  l600°K) . 

Let  us  trace  how  effective  temperature  of  radiation  changes  with 
the  passage  of  time,  While  temperature  on  front  of  shock  wave  Is 
higher  than  '-2000°Kj  In  layers  of  air  agri.ln  seized  by  the  front  will 
be  formed  dioxide j  full  optical  thickness  of  layer  of  dioxide  Increases 
and  brightness  drops,  Lvjnlnance  temperature  at  4;  5000°k  exceeds 

temperature  of  front,  since  layer  of  dioxide  does  not  completely 
shield  hlgh-temperature  radiation  (with  T*  7000°K),  proceeding  from 
depth.  When  temperature  of  front  becomes  lower  than  2000°k^  In  layers 
of  air  seized  again,  dioxide  no  longer  will  be  formed.  Even  If  full 


quantity  of  molecules  NOg,  available  by  this  moment  In  air,  remained 
constant,  optical  thickness  of  shielding  layer  of  dioxide,  all  the 
same,  would  decrease  with  passage  of  time,  since  due  to  scatterlrig  of 
air  the  same  number  of  molecules  NOg  would  be  distributed  along 
spherical  layer  of  a  larger  and  larger  radius.  It  is  easy  to  see  that 
optical  thickness  of  layer  of  dioxide  Is 

\  nHO|®NO,d^ 

•  •*. 

where  ,  number  of  molecules  NOg  In  1  cm",  decreases  during  constant 
full  nuzQber  a  a 


a  JI 

NKCt*‘  j  H  nNOjdr, 


roughly  speaking,  it  Is  proportional  to  R  ^  ~ 

In  reality,  full  quantity  of  dioxide,  after  Its  formation  ceases, 
even  somewhat  drops  due  to  disintegration  of  molecules  NOg  (see  §  5» 
Chapter  VIII),  which  leads  to  a  still  faster  fall  of  optical  thickness 
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Thus,  starting  from  the  moment  when  temperature  on  front  becomes 
less  than  ~2000°K,  shielding  by  layer  of  dioxide  decreases  and  grad¬ 
ually  internal  hot  region  is  "bared,"  Effective  temperature  of  fiery 
sphere,  passing  through  minimum,  is  Increased j  sphere,  as  it  were, 
again  inflames,  which  Is  observed  by  experiment. 

The  presented  concepts  about  the  nature  of  minimum  brightness  are 

illustrated  in  Table  9*4,  in  which  are  presented  results  of  calculation 

21 

of  effective  temperatures  for  explosion  with  energy  of  E  =  10  erg, 

Tg^  passes  through  minimum  equal  to  3600°K,  sind  t*  passes  through 
maximum  at  a  temperature  of  front  T^  »  2600°K,  close  to  temperature 
of  breakaway  T^  »  2000^K. 

It  is  interesting  to  trace  what  occurs  with  minimum  of  brightness 
during  transition  from  one  energy  of  explosion  to  another.  All  times 
and  dimensions  in  a  strong  blast  wave  are  changed  similarly,  propor¬ 
tionally  to  E^/^  (thanks  to  approximate  accuracy  of  self- simulating 
solution  of  problem  about  a  strong  explosion) ,  Roughly  speaking, 
optical  thicknesses  at  corresponding  moments  of  time  (during  Identical 
temperature  of  front),  also  change  as  (since  concentration  of 

dioxide  in  basic  region  Is  equilibrium  and  depends  mainly  on  tempera¬ 
ture  and  density  of  particle,  but  not  on  time  of  existence  of  it  in  a 
heated  state).  It  follows  from  this  that  shielding  by  layer  of  dioxide 
decreases  with  decrease  of  energy  of  explosion,  but  excess  of  T^^  over 
T~  Increases:  mlnimian  becomes  less  deep.  As  an  example  in  Table  9.4 

are  given  results  of  calculation  T^^.  (T^.)  for  energy  of  explosion 

20 

E  -  iO  erg.  Position  of  minimum  was  not  changed,  and  minimum 
brightness  became  higher:  T^^  »  4800°K. 

In  the  limit  of  very  small  energies  of  explosion  minimum  should, 
in  general,  disappear.  Conversely,  in  the  limit  of  very  high  energies 
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of  explosion  all  dimensions  and  optical  thicknesses  become  large; 
radiation  of  fiery  sphere  more  and  more  nears  radiation  of  black  body 
and  nears  until  the  moment  when  becomes  equal  approximately 
to  2000°  K,  l.e,,  minimum  becomes  deeper  «  2000°K.  Lower 

than  2000°K  luminance  temperature  is  not  able  to  fall  since  even 
during  very  high  energies  of  explosion  and  long  times  of  process, 
dioxide,  all  the  same,  will  not  be  formed  at  T  <  2000°K,  and  air 
heated  in  shock  wave  to  temperature  <  2000°k  Is  transparent  and 
does  not  radiate. 


Table  9.4.  Calculated  in  Work  [15], 
Values  of  Luminance  Temperature  of  a 

Fiery  Sphere  in  Red  Light  X  =  6500  A 
in  the  Stage  of  Minimum  of  Brightness. 


1.10*  sec 

X,  M 

Tf  K 

K 

0,75 

82 

5000 

5930 

1,06 

1,C5 

93 

4000 

4810 

1,96 

1.50 

107 

3000 

4110 

2,42 

1,81 

109 

2000 

3600 

3,23 

l.U 

112 

2300 

4150 

2,16 

2,25 

128 

2000 

4520 

1,80 

2,29 

132 

1800 

4810 

1,61 

2.64 

138 

1000 

5400 

1,15 

2.94 

143 

1400 

5600 

1.11 

£a.l0»  e>'e 

0,43 

40 

5000 

6380 

0,61 

0,61 

53 

4000 

5560 

1,16 

0,72 

58 

3000 

5000 

1.42 

0,82 

00 

2600 

4800 

1.77 

0,95 

05 

2300 

5390 

1.18 

1.01 

00 

2000 

5850 

0,96 

1,16 

70 

1800 

6050 

0.88 

1.36 

73 

1000 

6510 

0,71 

1,41 

75 

1400 

6960 

0,54 
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§  8,  Cooling  of  Air  by  Radiation 

We  will  present  that  gas-dynamic  process  during  strong  explosion 
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in  air  with  energy  E  10  erg  occurs  adiabatlcally,  as  is  described 
in  §  25f  Chapter  I,  Scattering  of  air  enveloped  by  blast  wave  is 
strongly  delayed  until  the  moment  when  pressure  in  it  drops  to  a 
magnitude  of  the  order  of  atmospheric.  Subsequently  shock  wave 
gradually  weakens,  is  turned  into  acoustic  and  removes  with  Itself 
far  forward  a  large  fraction  of  total  energy  of  explosion.  In  central 
regions  after  achievement  of  atmospheric  pressure  and  cessation  of 
motion  there  remains  a  large  mass  of  air,  irreversibly  heated  by  the 
shock  wave.  In  it  is  concentrated  ’’residual”  energy  of  explosion, 
which  composes  a  very  considerable  (of  the  order  of  tens  of  percents) 
fraction  of  total  energy  of  explosion.  The  air  turns  out  to  be  heated 
to  very  high  temperatures.  Thus,  for  instance,  layers  of  air  through 
which  front  of  shock  wave  passed  with  amplitude  p^  *•  750  atm  heating 
them  to  temperature  T^  **  11,000®K,  after  expansion  to  atmospheric 
pressure  remain  heated  to  temperature  of  the  order  of  2000°K.* 

The  layers  closer  to  center,  initially  heated  by  front  of  shock 
wave  to  several  hundreds  of  thousands  of  degrees  (pressure  on  front 
of  the  order  of  hundreds  of  thousands  of  atmospheres),  remain  heated 
to  tens  of  thousands  degrees,  etc. 

Thus,  after  explosion  will  be  formed  huge  volume  of  air  with 
radius  of  the  order  of  hundreds  of  meters,  heated  to  high  temperatures. 
In  central  regions  temperature  attains  hundreds  of  thousands  of  degrees j 
toward  periphery  it  gradually  drops  to  thousand  degrees  and  lower,  to 
standard  atmosphere  temperature, 

*Resldual  temperature,  roughly  speaking,  is  equal  to  T^^^  ••  T^ 

(1  atm/p|.  atm)(^“^^/^.  For  appraisal  it  is  possible  to  take  effective, 
value  of  adlaba«lc  index  y  ••  1,5« 
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Let  us  set  up  the  question:  what  is  further  fate  of  residual 
energy  of  air,  irreversibly  heated  by  blast  wave,  and  how  does  this 
air  cool?  This  question  was  considered  in  works  of  A,  S,  Kompaneyets 
and  authors  [ lb,  I7 ] . 

It  is  clear  that  resorption  of  energy  by  meeuis  of  molecular 
thermal  conduction  does  not  play  a  role.  During  coefficient  of  diffu- 

p 

Sion  of  heat  (temperature  transfer)  of  air  of  the  order  of  1  cm  /sec 
volume  with  radius  of  ~10^^  cm  would  cool  in  a  year.  Convection  rise 
of  heated  sphere  because  of  difference  in  densities  of  cold  and  hot 
air  at  identical  atmospheric  pressure  and  (connected  with  the  rise) 
the  mixing  of  hot  gas  with  surrounding  masses  of  cold  are  more  essen¬ 
tial.  However,  in  the  first  2-3  sec  after  explosion  rise  is  small. 

Rise  cannot  exceed  magnitude  of  gt  /2,  where  g  is  acceleration  due  to 
gravity,  which  composes  5  m  for  1  sec,  20  m  for  2  sec,  and  45  m  for 
3  sec.  Therefore,  being  Interested  in  the  first  several  seconds  after 
the  moment  of  explosion,  it  is  possible  not  to  consider  convection. 

The  basic  process  leading  to  cooling  of  air  and  energy  dissipation 
of  irreversible  heating  in  space  is  luminous  emlttance.  Actual  possi¬ 
bility  of  radiant  cooling  is  a  corollaiy  of  the  fact  that  cold  air  is 
transparent  in  a  certain  spectrum  "window":  in  the  visible  part  of 
the  spectrum  and  adjacent  regions  of  ultraviolet  and  Infrared  radiation. 
Thanks  to  the  existence  of  Just  such  a  "window"  of  transparency,  corre¬ 
sponding  quanta,  radiated  by  heated  gas,  can  freely  depart  to  great 
distances,  removing  with  themselves  energy  from  the  heated  volume, 

A  characteristic  peculiarity  of  the  process  of  de-excitation  of 
energy  from  heated  air  is  its  non- stationary  nature.  In  this  respect 
there  is  a  fundamental  distinction  from  the  similar,  at  first  glance, 
process  of  radiation  of  stars  (xn  particular  the  sun,  feeding  by 


illuminated  energy  our  planet).  In  stars  the  loss  of  energy  because 
of  ra nation  from  the  surface  Is  compensated  by  flow  of  energy  from 
within,  liberated  due  to  nuclear  reactions  occurring  in  central  parts 
(see  Chapter  II,  §  14),  As  a  result  conditions  are  established,  in 
which  each  element  of  volume  obtains  as  much  radiant  energy  as  it 
emits,  and  df strlbutlon  of  temperature  along  the  radius  of  a  star  has 
an  established,  stationary  (during  the  period  of  visible  times) 
character. 

In  the  considered  case  there  are  no  sources  of  energy;  initial 
distribution  of  temperature  is  determined  by  the  preceding  history  of 
the  phenomenon  and  by  the  gas  dynamics  of  the  process  of  propagation 
of  a  blast  wave,  and  the  air  gradually  cools  because  of  the  fact  that 
energy  is  carried  away  by  radiation. 

Our  problem  consists  of  clarifying  how  the  process  of  cooling 
takes  place,  how  temperature  changes  at  different  places  in  the  heated 
volume  and,  finally,  the  most  essential,  what  are  the  radiant  cooling 
rate  and  the  radiation  flux  from  the  surface  of  a  heated  body, 

§  9.  Appearance  of  Temperature  Step  —  Cooling  Wave 

The  basic  factor  determining  uniqueness  of  the  process  is  the 
extremely  sharp  temp  craturc  dependence  of  transparency  of  air,  about 
which  we  have  already  spoken  repeatedly  above.  If  we  consider  tempera¬ 
ture  dependence  of  the  mean  free  path  of  certain  radiation  averaged 
over  the  spectrum,  characteristic  for  a  given  temperature,  let  us  say, 
the  mean  free  path  of  quanta  hv,  >-5  times  exceeding  kT,*  end  to 
consider  that  during  constant  pressure,  close  to  atmospheric,  air 

*We  are  reminded  that  maxlmur.  of  Planck  spectrum  with  respect  to 
frequency  was  apportioned  to  quanta  hv  m  2,8  kT;  metxlmum  of  weighing 
function  during  Rosseland  method  of  averaging  mean  free  path  lies  In 
the  region  i.v  «  4kT, 


density  decreases  with  growth  of  Its  temperature,  then  we  will  come 
to  the  following  conclusions.  The  mean  free  path  of  quanta  changes 
from  kilometers  at  temperatures  of  the  order  of  6000°K  to  a  hundred 
meters  at  T  ~  8000°K,  tens  of  meters  at  T  ~  10,000°K,  and  ten 
centimeters  at  T  ~  15,000°K. 

Obviously,  radiation  flux  outgoing  from  the  heated  volume  with 

smooth  distribution  of  temperature  is  determined  by  the  temperature 

of  that  layer  (radiating)  in  which  the  mean  free  path  has  the  order 

of  cha'^acterlstic  dimensions  of  the  problem,  the  order  of  ten  meters. 

External,  less  heated  layers  are  transparent  and  by  themselves  virtually 

do  not  radiate  light.  The  deeper  ones  are  opaque  and  quanta  generated 

in  them  are  not  in  a  state  to  depart  a  considerable  distance.  We  have 

already  encountered  such  a  position  when  examining  radiation  of  heated 

zone  of  air  before  discontinuity  in  a  very  strong  shock  wave.  By 

analogy  it  is  possible  also  to  introduce  into  this  problem  the  idea 

of  transparency  temperature  Tg*  as  such  a  temperature  at  which  the 

mean  free  path  of  light  has  the  order  of  characteristic  distance 

where  temperature  noticeably  changes.  In  distinction  from  the  problem 

-2  -1 

about  glow  of  heated  layer,  where  dimensions  yere  10  -10  cm  and 

temperature  of  transparency  '-20,000°K,  here  scale  is  of  the  order 
of  10  meters  and  temperature  of  transparency  Tg  ~  10,000°K. 

We  will  present  now  a  spherical  volume  of  motionless  air  with 
smooth  (at  initial  moment)  distribution  of  temperature,  changing  along 
radius  fran  '^100,000°K  in  the  center  to  several  thousand  degrees  on 
the  periphery,  and  we  will  see  how  this  distribution  changes  with  the 
passage  of  time  (we  will  disregard  motion  of  air,  which  could  appear 
because  of  gradients  of  pressure). 

In  accordance  with  the  above  said,  it  is  possible  to  expect  that 
the  layer  begins  to  radiate  and  to  be  cooled  with  a  temperature  of  the 


order  of  transparency  temperature  (T^  10,000*^) ;  at  the  following 

moment  in  smooth  (in  the  beginning)  distribution  of  temperature  there 
will  be  formed  a  "recess",  as  shown  in  Pig,  9*15*  Subsequently  this 
"recess"  obtains  the  form  of  a  temperature  step,  which  spreads  to  the 
depth  of  the  heated  sphere,  to  the  center.  One  after  another  layers 
of  air  are  cooled  from  initial  temperature  to  a  temperature  of  the 
order  of  10,000^,  after  which  they  become  transparent  and  practically 
cease  to  radiate.  Internal  layers  hardly  change  their  temperature 
until  they  approach  a  step,  since  in  these  layers  the  mean  free  path 
of  light  is  very  small<  and  emitted  quanta  right  here  are  absorbed 


Inversely. 


Pig.  9.i;5.  Appearance 
of  step  (wave  of  cooling) 
from  continuous  distri¬ 
bution  of  temperature  and 
its  propagation  in  air  at 

rest;  tQ<t<t  <t 


Lagrangian  coordinate 

Fig,  9.14,  Appearance  and 
propagation  of  wave  of  cooling 
in  scattering  and  adibat^ cally 

cooled  air;  t^  <  t'  <  t''  <  t" ' , 


Thus,  air  is  cooled  as  a  result  of  propagation  by  it  of  some  kind 
of  narrow  temperature  step,  which  it  is  possible  to  call  "wave  of 
cooling,"  Temperature  in  wave  of  cooling  sharply  (as  compared  to 
initial  smooth  distribution)  drops  from  initial  value  T^,  equal  to 
temperature  in  that  place  toward  which  at  a  given  moment  the  upper 
boundary  of  the  wave  approached,  to  a  lower  value  —  the  temperature 
of  transparency  at  which  air  practically  ceases  to  radiate. 


Depicting  consecutive  changes  of  distribution  of  temperature  in 
Pig,  we  were  distracted  from  change  of  temperature  because  of 


gas-dynamic  motion,  considering  air  to  be  motionless.  In  reality 

step  will  be  formed  until  air  pressure  drops  to  atmospheric  and  motion 

is  ceased,  and  namely,  when  speed  of  cooling  by  radiation  of  layer 

with  temperature  ~10,000°K  becomes  comparable  with  speed  of  adiabatic 

cooling  connected  with  scattering  and  expansion  of  air  in  blast  wave. 

In  the  earlier  stage  of  explosion  speed  of  adiabatic  cooling  is  great, 

and  air  does  not  manage  to  de-exclte  its  energies,  since  region  of 

temperatures  '^10,000°K  at  which  step  could  be  formed  is  "skipped" 

very  fast  and  air  becomes  transparent,  never  managing  to  lose  noticeable 

energy  conteni;  on  radiation.  Subsequently,  when  adiabatic  cooling 

decreases  as  pressure  falls  and  scattering  declerates,  in  the  first 

plan  there  sets  in  cooling  by  radiation.  Appraisals  show  that  during 
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explosion  with  energy  E  =  10  erg  the  step  after  the  front  of  the 
shock  wave  starts  to  be  revealed  in  layer  with  T  10,000°K  at  time 
t  ~  lO”^  sec  when  temperature  on  the  front  is  of  the  order  of  2000 °K 
and  pressure  is  of  the  order  of  50  etm  (pressure  in  a  blast  wave  little 
changes  from  front  to  center,  see  §  25>  Chapter  I), 

Taking  into  account  adiabatic  cooling,  the  picture  of  distri¬ 
butions  of  temperature  in  air  through  which  spreads  wave  of  cooling 
is  depicted  in  Fig,  9*14.  Along  the  axis  of  abscissas  there  is 
located  not  a  Euler  but  a  Lagrange  coordinate,  i,e,.  Fig.  9.14  shows 
how  temperature  of  given  particles  of  air  changes  and  how  a  cooling 
wave  spreads  not  through  space  but  through  a  "mass"  of  gas. 
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§  10*  Energy  Balance  and  Speed  of  Propagation 
of  a  Cooling  Wave 

Wave  of  cooling  runs  throijgh  air  practically  undisturbed  by 
radiation.  Temperature  of  gas  by  the  moment  of  approach  of  upper 
boundary  of  step  is  determined  only  by  preceding  history  of  the  process 
and  hydrodynamic  motion  (if  such  exists).  This  is  explained  by  the 
fact  that  at  temperatures  of  the  order  of  tens  of  thousands  of  degrees 
and  gradients  of  temperature  of  the  order  of  a  thousand  degrees  per 
meter,  which  take  place  in  initial  distribution,  radiant  thenaal 
conduction  is  too  small  to  create  any  noticeable  energy  flow  in  opaque 
region  to  which  the  wave  of  cooling  still  has  not  come.  Radiant 
thermal  conduction,  coefficient  of  which  Is  proportional  to  Rosseland 
mean  free  path  I  (T)  and  cube  of  temperature,*  fast  increases  with 
increase  of  temperatvire  and  becomes  essential  only  in  the  region  of 
temperatures  of  the  order  of  hundreds  of  thousands  of  degrees,  near 
the  center  of  the  explosion.  It  limits  rise  of  temperature  in  the 
center  by  a  magnitude  of  such  an  order  and  levels  temperature  near 
the  center. 

Coefficient  of  thermal  conduction  becomes  again  large  in  region 
of  temperatures  lower  than  10,000°K,  where  mean  free  path,  sharply 
increasing  with  decrease  of  temperature,  becomes  very  great,**  However, 
this  does  not  mean  that  at  low  temperatures  radiant  thermal  conduction 
also  levels  temperature,  since  In  this  region  heated  air  becomes 

*We  are  reminded  that  energy  flow,  trarsferable  by  means  of  radiant 
thermal  conduction,  S  =  ^T/dr,  where  coefficient  of  radiant  thermal 

conduction  is  x  =  l6aZ  (T)T^/3  (see  §  12,  Chapter  II), 

**1(T)  passes  through  minimum  at  T  ~  50#000°K,  and  coefficient  of 
radiant  thermal  conduction,  proportional  to  l(T)T^,  at  T  ~  10,000®K, 
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transparent  and  the  idea  of  thermal  conduction,  in  general,  loses  its 
meaning  —  transfer  of  radiation  obtains  essentially  another  character, 
in  particular,  leading  to  the  formation  of  a  wave  of  cooling. 

Thus,  thanks  to  small  thermal  conduction  on  upper  edge  of  wave 
of  cooling,  energy  flow  of  radiation,  proceeding  in  the  wave  from 
within,  is  clof  to  zero  and  cannot  influence  properties  of  the  wave. 
The  entire  radiation  flux,  discharging  energy  of  particles  of  air 
which  are  cooled  in  the  wave,  is  generated  inside  the  actual  wave. 
Definition  of  this  flux,  which  we  will  designate  S^,  composes  a  basic 
problem  of  theory  (to  the  solution  of  it  will  be  dedicated  §  5  of  this 
Chapter) .  This  problem  is  nontrivial  since  inside  the  wave  is  a  very 
sharp  distribution  of  temperature.  It  is  clear  only  that  flux  is 

li  li 

Included  in  limits  of  aT^  >  Sg  >  crTg  since  radiating  layer  in  the 
wave  lies  at  temperatures  lower  than  the  upper  T^,  at  which  air  is 
absolutely  opaque,  but  above  lower  Tg,  lower  than  which  air  is  trans¬ 
parent;  it  does  not  radiate  and  is  not  cooled  because  of  de-excltatlon 
of  energy. 

If  flux  Sg  is  known,  then  speed  u  of  propagation  of  wave  of 
cooling  throiagh  mass,  on  which  in  the  end  depends  time  of  cooling  of 
heated  volume,  can  be  found  from  condition  of  energy  balance.  The 
fact  is  that,  according  to  appraisals,  the  wave  of  cooling  spreads 
along  air  undisturbed  by  radiation  with  a  speed  less  than  the  speed 
of  sound.  Pressure  during  the  extent  of  the  thin  layer  —  the  "front" 
of  the  wave  —  manages  to  level  out  and  turns  out  to  be  practically 
constant.  Density  of  gas  is  automatically  "tuned"  to  change  of 
temperature  so  that,  while  passing  through  wave  and  being  cooled,  a 
particle  of  air  is  compressed  proportionally  to  1/T  (if  it  is  con¬ 
sidered  that  pressure  p  ~  pT),  This  is  Illustrated  in  Fig.  9.15. 


Process  of  cooling  air  in  the 

wave  occurs  at  constant  pressure. 

If  is  initial  air  density  at  the 

time  of  the  approach  of  the  wave, 

then  quantity  of  air  flowing  through 
2 

i  cm  of  surface  of  front  in  1  sec 


Pig,  9.15.  Schematic 
illustration  of  profiles 
of  temperatur''  and  den¬ 
sity  of  gas  i  e  front 
of  a  cooling  wave.  Pointer 
u  shows  direction  of  air¬ 
speed,  flowing  in  wave. 

This  change  is  equal,  obviously. 


is  equal  to  p^^u.  Change  of  its 
energy  during  cooling  from  tempera¬ 
ture  to  Tg  is  (during  constant 
heat  capacity)  P^^uc^  (T^  -  T^), 

;o  the  energy  drawn  off  from  the 


surface  of  the  front  of  the  wave  by  radiation,  i,e,,  equal  to  flux  Sg, 
Thus,  we  obtain  the  fundamental  equation  of  energy  balance  on  a 


wave  of  cooling,  which  we  consider  here  as  a  discontinuity* 


(9*5) 

If  we  consider  that  heat  capacity  c^  is  not  constant,  then  we 
will  obtain  more  general  equation* 

Sg  =  P^u(w^  -  Wg),  (9,6) 

where  w  is  specific  enthalpy  of  air. 

If  7  is  effective  adiabatic  index,  then  w  ■  ■  — and  speed 
of  wave  is  equal  to 

(9.7) 

In  the  third  section  of  the  chapter  it  will  be  shown  that 
radiation,  outgoing  from  the  surface  of  the  wave  of  cooling,  always 
is  generated  on  the  lower  edge  of  the  step,  independently  of  ‘'amplitude 
of  wave,  which  it  is  possible  to  characterize  by  ratio  T^/Tg  or  w^^/Wg, 
l,e,,  during  any  amount  of  high  teng)eratures  of  initial  gas  T^,  temper¬ 
ature  of  outgoing  radiation  is  close  to  Tg, 
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Plow  value  is  determined  basically  by  temperature  of  trans¬ 
parency  and  approximately  is  equal  to 

S2  »  2aT^.  (9.8) 

Actual  temperature  of  transparency  is  not  a  magnitude  strictly 
defined.  As  was  already  mentioned  above,  it  tentatively  differentiates 
transparent  and  opaque  temperature  ranges  and  is  found  from  the  con¬ 
dition  that  average  (over  the  spectrum)  mean  free  path  of  radiation 
at  a  temperature  equal  to  the  temperature  of  transparency  is  of  the 
order  of  characteristic  scale  of  problem  d,  for  instance  the  distance 
at  which  temperature  of  air  drops  from  T2  to  a  sufficiently  small 
magnitude,  let  us  say,  2000°K. 


Table  9*5.  u,  km/sec  at  p  -  i  atm 


VK  X. 

ItTOO 

9700 

9900 

20000 

2,7 

2.1 

1.7 

50000 

1.8 

1,4 

1.1 

100000 

1.8 

1.2 

1.0 

When  wave  spreads  along 
expanded  air,  this  scale  is 
determined  by  hydrodynamic  of 
the  process  on  the  whole;  it 
is  less  the  larger  the  speed 
of  adiabatic  cooling.  If  one 


were  to  approximately  describe  coefficient  of  absorption  of  air  by 


Boltzmann  dependence  x  exp  (-I/kT)  with  a  certain  effective  value 
of  "ionization  potential,"*  then  temperature  of  transparency  turns 


out  to  be  only  weakly,  logarithmically  depending  on  scale  d.  Just  as 


on  air  density,  which  enters  only  into  pre-exponential  factor: 


I 

I  (7,)  ■:  const  «  d\  7, 


(9.9) 


*ln  reality,  x  is  the  sirni  of  members  of  type  vdiere  I  is 

ioni"ation  potential  for  components  corresponding  to  photoelectric 
absorption,  and  excitation  energy  for  components  of  molecular  absorp¬ 
tion,  All  values  of  I  are  of  the  order  of  5-10  ev;  if  one  were  to 
consider  a  not  very  great  temperature  range,  then  always  it  is  possible 
to  interpolate  x(T)  by  dependence  of  the  type  exp  (-I/kT) , 
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Above  it  has  already  been  said  that  Tg  10,000°K  at  d  10  m 
and  atmospheric  pressure  (at  d  100  m  Tg  8000°Kj  at  d  1  m  Tg  ~ 
12,000°K).  Thus,  flow  value  Sg  «=  SoTg  changes  In  rather  narrow 
limits  and,  If  we  consider  strong  waves  of  cooling  with  large  temper¬ 
ature  gradient  (T^  »  Tg,  w^  »  Wg),  then  It  will  appear  that  speed 
of  propagation  of  wave  along  Initial  gss  depends  basically  only  on 
pressure  of  gas  p.  Independently  of  upper  temperature  T^: 

at  u}i>a)3. 

*  y  P 

For  Illustration  of  numerical  values  In  Table  9*5  are  given 
speeds  of  u  for  atmospheric  pressure  ar^d  several  magnitudes  of  T^  and 
Tg,  Prom  the  table  It  Is  clear  that  speed  of  wave  of  cooling  Is  of 
the  order  of  1  km  sec. 


§11,  Contraction  of  Cooling  Wave  Toward  Center 


Character  of  cooling  and  dependence  of  time  of  cooling  on 
dimensions  of  heated  volume  in  the  considered  case  are  essentially 
different  than  those  which  would  take  place  during  spreading  of  heat 
by  the  mechanism  of  the  usual  thermal  conduction.  During  usual  thermal 
conduction  there  gradually  occurs  similar  lowering  of  temperature  of 


all  the  mass  of  a  body,  and  time  of  cooling  of  body  with  radius  R  is 


proportional  to  square  of  radius  t  ~  R^CpP/n,  where  "n  is  coefficient 
of  thermal  conduction.  During  cooling  by  radiation  along  the  body 


runs  the  wave,  and  time  is  proportional  to  first  degree  of  radius 
t  ~  R/u, 

If  dimensions  of  a  heated  boay  have  the  order  of  R  100  m  and 


pressure  of  the  order  of  atmospheric,  then  during  speed  of  wave  of 
cooling  u  ~  1  km/sec  it  contracts  from  the  periphery  to  the  center 
during  the  time  t  0,1  sec.  During  that  time  air  is  cooled  from 


high  temperatures  of  the  order  of  tens  and  hundred  thousands  of 
degrees  to  temperature  of  transparency  10,000°K. 

Lines  of  propagation  of  cooling  wave  together  with  lines  of 
front  of  shock  wave  and  boundary  of  fiery  sphere  on  radius  —  time 
diagram  are  depicted  schematically  in  Fig.  9, ±6, 

Wave  appears  at  the  moment  of 
time  when  temperature  on  the  front 
is  of  the  order  of  2000° K.*  Step 
will  be  formed  in  the  layer  with 
T  ~  10,000° K,  which  will  be  approx¬ 
imately  10  m  from  the  surface  of  the 
front.  In  the  beginning,  while 
pressure  is  still  high  (p  ~  50  atm 
at  the  moment  of  onset  of  step), 
speed  of  propagation  of  the  wave 
along  the  mass  is  small  and  in  spite 
of  the  fact  that  along  the  mass  the 
wave  runs  deep,  toward  the  center,  in  space  it  moves  fonvard,  being 
attracted  by  fast  scattering  air.  Gradually  the  wave  is  delayed  (in 
space),  then  turns  back  and  "collapses"  in  the  center. 

The  point  of  turn,  determining  maximum  radius  of  surface  of  front 
of  cooling  wave,  corresponds  to  zero  speed  of  wave  in  space,  i,e,,  to 
equality  of  (directed  oppositely  to  speed  of  gas-dynamic  scattering) 
particles  of  air  and  speed  of  propagation  of  wave  through  mass. 


Fig,  9.16.  Lines  of  front 
of  shock  wave  (F,  U.  V.), 
boundary  of  fiery  sphere 
(0,  Sh,),  and  front  of 
wave  of  cooling  (V,  0.) 
on  diagram  r,  t.  Approx¬ 
imate  scales  pertain  to 
energy  of  explosion 
E  «  10^^  erg. 


*In  spite  of  the  approximate  coincidence  of  moments  of  appearance 
of  cooling  wave  and  breakaway  of  front  of  shock  wave  from  boundary  of 
fiery  sphere,  direct  physical  connection  between  these  two  absolutely 
different  phenomena  is  lacking. 


I  111  numri  fill  I  TTiliiifliriii 


After  passage  of  a  wave  of  cooling  through  air  heated  by  explosion, 
its  temperature  everywhere  turns  out  to  be  lower  than  '^10,000°K,  and 
the  whole  volume  becomes  more  or  less  transparent.  Subsequently, 
cooling  by  radiation  proceeds  considerably  slower  and  has  volume 
character,  i.e.,  every  particle  emits  light  in  accordance  with  its 
radiating  ability,  and  this  light,  almost  without  absorption,  departs 
from  place  of  explosion  to  great  distances.  Certainly,  volume  is  not 
completely  transparent  and  some  fraction  of  radiation  sticks  on  the 
way  in  external  layers,  i.e.,  there  occurs  a  certain  transfer  of  energy 
from  central  regions  to  peripheral.  In  particular,  this  promotes 
nitrogen  peroxide,  which  is  contained  in  external  layers  with  temper¬ 
atures  '~5000-1000°K  (which  earlier  in  the  shock  wave  were  heated  to 
a  temperature  higher  than  2000°K) . 

Similar  transfer  of  energy  occurs  during  passage  of  wave  of 
cooling,  since  radiation  flux,  outgoing  from  surface  of  wave,  partially 
is  absorbed  in  "transparent"  (and  in  reality  not  fully  transparent) 
peripheral  layers.  In  ultraviolet  region  of  spectrum,  in  general, 
absorption  is  strong  and  ultraviolet  quanta  are  absorbed  near  front 
of  wave.  This,  however,  does  not  Introduce  essential  changes  in  all 
the  above-described  qualitative  picture  of  cooling  of  air  by  the  wave, 
founded  on  an  assumption  about  high  degree  of  transparency  at  temper¬ 
atures  lower  than  T  ,  since  in  region  of  strong  absorption  with  wave 

o  ^ 

lengths  X  <  2000  A  there  is  contained  less  than  ):,%  of  the  energy  of 
the  spectrum,  corresponding  to  a  temperature  of  10,000°K. 

One  should  not  think  that  after  the  moment  of  "collapse"  of  the 
wave  of  coo].ing  in  the  center  cooled  air  ceases  to  gleam  and  that  the 
surface  of  the  wave  of  cooling  at  that  stage,  when  it  still  exists, 
also  is  the  boundary  of  the  fiery  sphere.  Air,  after  passing  through 
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wave  of  cooling,  radiates  fully  sufficiently  in  order  to  brightly 
gleam  even  when  energy  effect  of  emission  becomes  small  and  further 
cooling  ceases. 

Wave  is  inside  fiery  sphere  and  collapses  toward  the  center, 
leaving  behind  it  still  s\ifficiently  strongly  heated  and  brightly 
luminescent  air.  The  boundary  of  the  fiery  sphere  (i.e,,  boundary 
of  glow)  is  composed  of,  at  a  later  stage  of  explosion,  layers  with 
temperatures  of  the  order  of  2000-5000°k,  which  are  cooled  by  radi¬ 
ation  very  slowly.  After  pressure  becomes  equal  to  atmospheric  and 
motion  practically  ceases,  these  layers  turn  out  to  be  practically 
motionless.  The  boundary  of  the  fiery  sphere  at  first  moves  forward 
from  the  center  together  with  scattering  air,  but  then  is  braked  and 
remains  as  is  shown  in  Fig,  9, ±6, 

The  approach  of  the  wave  of  cooling  to  center  is  accompanied  by 
a  certain  draining  of  mass  of  air  from  periphery  to  center,  since  wave 
leaves  behind  itself  sharply  cooled  particles,  and  cooling  during 
constant  pressure  is  accompanied  by  compression.  For  Instance,  if  in 
the  beginning  in  the  center  temperature  was  100,000°K  and  after 
"collapse"  of  wave  became  i0,000°K,  where  pressure  at  the  time  of 
collapse  was  not  changed  (remained  equal  to  atmospheric),  then  air 
density  in  center  is  Increased  moreover  several  tens  of  times,  which 
occurs  because  of  drainlrig  of  masses  to  center.  This  draining,  however, 
does  not  show  on  far  from  center  layers  with  comparatively  low  temper¬ 
atures  of  the  order  of  2000°-3000°K,  so  that  the  position  of  the 
boundary  of  the  fiery  sphere  remains  constant. 

On  this  we  will  end  consideration  of  the  process  of  cooling  of 
air  on  the  whole,  regularities  of  propagation  of  the  wave  of  cooling 
and  the  glow  of  the  fiery  sphere,  i.e,,  consideration  of  the 
"macroscopic"  picture. 
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In  subsequent  paragraphs  we  will  study  the  internal  structure 
of  the  wave  of  cooling;  just  as  in  gas  dynamics,  along  with  the  study 
of  general  flows  of  gas  with  shock  waves,  it  is  studied  by  investigation 
of  the  "microscopic"  picture  —  the  internal  structure  of  the  front  of 
a  shock  wave.  Namely  consideration  of  internal  structure  of  wave  of 
cooling  permits  finding  the  most  important  characteristic  of  a  wave  — 
radiation  flux  from  surface  of  wave. 

3.  Structure  of  Front  of  Wave  of  Cooling 
§  12.  Formulation  of  the  Problem 

Till  now,  when  speaking  of  wave  of  cooling,  we  have  considered 
it  as  some  kind  of  a  discontinuity  in  which  temperature  of  gas  endures 
a  sharp  jump.  There  was  indicated  the  condition  of  energy  balance, 
equivalent  to  a  relationship  describing  the  preservation  of  total 
flizx  of  energy  during  flow  of  gas  through  a  discontinuity,  as  is  the 
case  In  examining  shock  waves.  In  distinction  from  shock  waves,  here 
it  was  sufficient  to  formulate  only  one  energy  relationship,  since 
motion  in  a  wave  of  cooling  is  subsonic  and  it  is  possible  to  disregard 
change  of  pressure  during  transition  through  front  of  wave  (in  this 
respect  wave  of  cooling  is  similar  to  front  of  slow  burning).  Such 
"macroscopic"  consideration  does  not  permit  making  conclusions  rela¬ 
tive  to  the  most  Important  magnitude  determining  speed  of  wave,  radi¬ 
ation  flux  S^,  which  departs  from  front  of  wave  to  "infinity,"  For 
finding  flux  Sg  it  is  necessary  to  investigate  internal  structure  of 
transition  layer  of  front  of  wave,  i.e.,  find  continuous  solution  of 
equations  describing  transfer  of  radiation  in  wave.  This  was  done  in 
al.  ady  quoted  works  [16,  17]. 

Being  distracted  from  concrete  dimensions  and  form  of  cooled 
mass  of  gas,  we  will  look  for  solution  of  non- stationary  equations  of 
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radiant  heat  exchange  In  the  form  T(x  -  ut),  corresponding  to  plane 
wave,  which  spreads  with  constant  speed  u  along  gas  with  assigned 
values  of  temperature  and  density  T^,  p^. 

Speed  u  should  be  found  from  equations,  like  determination  of 
speed  of  flame  In  a  burning  mixture. 

In  fact  equations  do  not  have  exact  solution  of  form  t(x  -  ut). 
According  to  propagation  of  wave  thickness  Is  Increased  of  layer  of 
cooled  gas.  In  which  absorption  of  light  although  small  Is  still 
different  than  zero,  and  temperature  of  transparency,  defined  by 
relationship  l{'^2)  “  where  under  d  It  Is  possible  to  Imply  thick¬ 
ness  of  cooled  layer,  decreases  with  passage  of  time. 

In  an  unlimited  medium  during  Inverse  relation  of  mean  free  path 
on  temperature  the  temperature  of  transparency.  In  general,  turns  out 
to  be  equal  to  zero,  since  layer  of  gas  cooled  to  any  amount  of  low 
temperatures,  because  of  Its  Infinite  extent  turns  out  to  be  absolutely 
opaque  even  during  huge  mean  free  path  of  radiation;  radiation  flux 
from  front  of  wave  Is  equal  to  zero  and  conditions  of  a  cooling  wave. 

In  the  strict  sense  of  the  word.  In  general,  do  not  exist.  A  situation, 
to  a  certain  degree  analogous,  takes  place  In  the  theory  of  stationary 
propagation  of  flame.  If  we  do  not  assume  that  chemical  reaction  rate 
In  an  unbumed  mixture  Is  Identically  equal  to  zero.  In  spite  of  the 
fact  that  In  reality  speed  Is  final,  although  It  Is  vanishingly 
minute,  mixture  will  bum  before  It  approaches  flame  front. 

This  moment,  fundamental  In  the  case  of  an  unlimited  medium 
creates  only  apparent  difficulty  In  real  conditions.  After  all, 
actually  a  heated,  and  consequently  cooled  by  wave,  region  always 
Is  limited;  temperat\ire  of  transparency  only  logarithmically  depends 
on  dimensions  of  cooled  region,  i,e.,  weakly  changes  with  Increase  of 


distance  passed  by  wave,  being  for  real  bodies  in  very  narrow  limits. 
Additional,  very  slow  dependence  of  solution  on  time  T(x  -  ut,  t) 
appears  only  one  the  lowest,  strongly  stretched  edge  of  the  wave,  in 
a  region  of  already  cooled,  almost  transparent  gas.  The  existence 
of  adiabatic  cooling  in  a  case  when  the  wave  spreads  along  expanded 
gas  makes  this  additional  dependence  still  less  essential,  since  air, 
after  passing  through  the  wave,  is  cooled  because  of  expansion  to  low 
temperatures  ar.d  fast  "skips"  the  temperature  range  in  which  it  is 
still  not  fully  transparent. 

Additional,  slow  dependence  on  time  T(x  -  ut,  t)  will  exist 
only  in  the  region  of  purely  adiabatic  cooling  and  will  hardly  affect 
profile  of  temperature  in  the  actual  wave. 

In  order  to  find  distribution  of  temperature  inside  front  of 
wave  of  cooling,  with  which  in  turn  is  determined  flux  Sg,  one  should, 
as  is  usually  done  in  the  theory  of  conditions  illustrated  in  Chapter 
VII  in  an  example  of  a  shock  wave,  consider  a  flat  stationary  process 
in  the  system  of  coordinates  connected  with  the  front. 

In  order  to  be  free  of  the  above- indicated  difficulty  and  to 
make  the  problem  stationary,  i,e,,  to  cross  from  true  solution 
^(x  -  ut,  t)  to  idealized  T(x  -  ut)  (in  the  laboratory  system  of 
coordinates),  it  is  possible  to  use  one  of  two  formally  artificial, 
but  in  virtue  of  what  was  said  physically  absolutely  Justified  methods, 
responding  to  the  real  position  of  things. 

It  is  possible,  first,  to  introduce  ^to  energy  equation  an 
additional  constant  member  A  playing  the  rox.'  of  adiabatic  cooling. 
Magnitude  A  assigns  constant  scale  d,  determining  temperature  of 
transparency  T^,  and  limits  absorption  in  region  cooled  by  radiation, 
making  optical  thickness  of  this  region  final. 


It  is  possible,  secondly,  not  to  consider  adiabatic  cooling,  but 
then  from  the  very  beginning  to  Introduce  temperature  of  transparency 
Tg  on  the  basis  of  appraisal  of  type  (9.9) >  and  to  assume  formally 
that  at  T  <  Tg  the  medium  absolutely  Is  transparent  (mean  free  path 
Z  =  oo) ,  Then  gas  will  be  cooled  only  to  temperature  T^,  after  which 
emission,  proportional  to  h  =  1/Z,  and  further  cooling  will  cease. 

Inasmuch  as  motion  of  gas  in  wave  of  cooling  is  subsonic 
(appraisals  have  attested  to  this),  kinetic  energy  of  gas  flow  It  Is 
possible  to  disregard  as  compared  to  thermal.  Equation  of  energy  at 
current  point  x  Inside  the  wave  Is  recorded  in  general  taking  Into 
account  additional  member  describing  adiabatic  cooling  in  the  form 


^Pl^p  dx  dx 


-A,  A  >  0. 


(9.10) 


If  one  were  to  not  assume  heat  capacity  constant,  this  equation 
is  conveniently  recorded  through  specific  enthalpy  of  gasj 


1  dx 


(9.11) 


Here  S  is  energy  flow  of  radiation  at  point  x  of  wave  (in  virtue  of 
preservation  of  flux  of  mass  pu(x)  -  p^u,  where  u  is  speed  of  wave, 
equal  to  speed  of  gas  influx  into  wave,  p^  is  initial  density  of  gas, 
and  p  and  u(x)  are  magnitudes  at  current  point  x. 

Directions  of  flow,  of  axis  x,  and  of  speed  are  shown  in  Fig. 


9.i5i  where  schematically  is  depicted  temperature  gradient  in  front 


of  wave.  Gas  flows  into  wave  from  the  left  to  the  right;  wave  spreads 
along  undisturbed  gas  from  the  right  to  the  left.  Before  wave,  at 


X  =»  -CD,  temperature  has  the  given  value  T  =  and  flow  S  *=  0,  in 
accordance  with  remark  made  in  §  10  about  the  fact  that  radient 


thermal  conduction  in  highly  heated  gas  is  immaterial  and  flow  in 
this  region  is  small.  Radiation  flux  S  changes  during  growth  of 
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X  from  -00  to  +oo  from  zero  to  magnitude  Sg,  equal  to  flux  departing 
from  front  of  wave  to  "infinity.” 

If  one  were  to  not  consider  adiabatic  cooling,  but  to  assume 
temperature  of  transparency  Tg  assigned  (second  method),  then  equation 
of  energy  (9*11)  gives  Integral 


S  -  up^  (w^  -  w).  (9.12) 

Here  constant  of  Integration  Is  expressed  through  enthalpy  of  Initial 
gas  «  w  (Tj^),  In  accordance  with  boundary  condition  x  -  -oo,  T  »  T^, 

S  «  0,  Being  applied  to  lower  part  of  wave,  where  T  -  Tg  and  flux  Is 
equal  to  flux  departing  to  Infinity  S  =  Sg,  Integral  of  energy  (9.12) 
leads,  as  one  should  have  expected,  to  equation  of  energy  balance 
(9.6),  connecting  value  of  magnitudes  on  both  sides  of  front  of  wave. 

If  the  latter  Is  considered  as  a  discontinuity. 

To  equation  of  energy  it  Is  necessary  to  Join  equation  of  transfer 
of  radiation  with  which  Is  determined  flux  S,  Let  us,  as  when  exam¬ 
ining  structure  of  front  of  shock  wave  taking  Into  account  radiation 
(see  Chapter  VII,  §  3)#  describe  trsuisfer  of  radiation  In  diffusion 
approximation . 

Furthermore,  we  will  Introduce,  as  earlier,  a  certain  mean  free 
path,  averaged  over  "he  spectrum,  of  quanta  I,  Equations  of  diffusion 
approximation  are  written  then  In  the  form 


dS  U,--U 

ft  k  dU 

3  d*  ’ 


(9.13) 

(9.14) 


where  U  Is  true  density  of  radiation,  and  Is  equlllbrlim  density, 
corresponding  to  ten^erature  of  substance  at  point  xt  Up  »  — . 

As  will  be  shown  below,  density  of  radiation  In  a  considerable 
part  of  the  wave  Is  close  to  equilibrium.  In  these  conditions,  as  It 


is  known  (see  §  12,  Chapter  II),  spectral  mean  free  path  is  averaged 
according  to  Rosseland*  In  the  region  of  strongly  cooled  air  there 
Is  no  local  equilibrium  and  the  Rosseland  method  of  averaging  does 
not  fit.  The  method  of  averaging,  however,  cannot  introduce  quali¬ 
tative  changes  in  the  results  of  consideration,  since  exponential 
Boltzmann  factor  of  tsrpe  effectively  describing  basic  tempera¬ 

ture  dependence  of  mean  free  path,  is  kept  during  any  averaging,  and 


on  the  p re- exponential  factor,  which,  of  course,  changes  during  change 
of  method  of  averaging,  all  effects  in  the  wave  depend  very  weakly, 
logarithmically,  as  temperature  of  transparency  Tg.  Therefore,  for 
simplicity,  we  will  imply  always  under  l (T)  Rosseland  mean  free  path. 
In  equations  (9*13) ^  (9.14)  it  Is  convenient  to  cross  to  optical 
coordinate  t,  which  we  will  count  off  from  point  x  =  -kd,  where  gas 
is  transparent  ai'jd  I  »  oo  (axis  t  is  directed  oppositely  to  axis  x): 


Equations  (9.13)  and  (9.14)  take  the  torn 


-c{U,-U), 


s 


0  dU 
T  dx  • 


(9.15) 

(9.16) 


To  equations  of  transfer  of  radiation  it  is  necessary  to  join 
boundary  conditions.  On  the  upper  edge  of  the  wave  during  t  =  oo,  as 
already  was  mentioned  above, 

t-oo,  5-0,  7-Ti.  (9.17) 

On  the  lower  edge  of  the  wave,  which  is  the  boundary  between 
absorbing  and  absolutely  transparent  media  (vacuum),  one  should 
subordinate  flux  and  density  of  radiation  to  known  diffusion  condition 
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on  the  boundary  of  a  medium  with  vacuum  (see  formula  (2,66))* 


T«»0,  Si 


(9.18) 


Equation  of  transfer  of  radiation  together  with  equation  of 
energy  and  boundary  conditions  completely  determine  structure  of  front 
of  wave,  flux  and  speed  u. 


§  15.  Radiation  Flux  from  Surface  of  Front  of  Wave 


Practical  interest  is  presented  mainly  by  strong  waves  of  cooling, 

in  which  gas  being  cooled  from  Initial  temperature  to  temperature 

of  transparency  Tg  de-excltes  a  corxsiderable  fraction  of  its  own 

energy:  »  Tg,  Weak  waves,  where  the  difference  between  and  Tg 

is  small,*  are  Interesting  basically  from  the  methodical  point  of  view. 

Inasmuch  as  in  this  case  it  is  possible  to  obtain  exact  analytical 

solution  of  equations.  It  is  clear  that  in  weak  wave  radiation  flux 

li  ii 

from  front  Sg,  Included  in  interval  aT^  >  Sg  >  oTg,  is  determined 
quite  exactly  in  virtue  of  proximity  of  extreme  values;  therefore, 
question  about  flux,  which  is  the  main  one,  actually  does  not  appear: 

li  h 

Sg  aTg  »  aT^,  Analytic  solution  for  a  weak  wave  can  be  found  in 
work  [16]:  here  we  will  not  pause  on  it  and  will  cross  directly  to 
the  consideration  of  a  strong  wave  of  cooling,  “ 

In  the  preceding  paragraph  it  was  shown  that  for  finding  steady- 
state  operation  it  is  necessary  to  use  one  of  the  two  methods:  either 
to  Introduce  into  energy  equation  a  constant  member  of  adiabatic 
cooling,  or,  from  the  very  beginning,  to  determine  temperature  of 

*WltVi  this,  however,  in  spite  of  proximity  of  and  Tg,  it  is 

assumed  that  temperature  dependence  of  mean  free  path  I  (T)  is  so 
sharp  that  i (T^)  «  l(Tg).  The  latter  is  a  condition  of  the  actual 

existence  of  a  wave  of  cooling. 
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transparency  and  to  consider  that  at  T  <  Tg  gas  is  absolutely 
transparent  {l  =  oo),  thereby  excluding  from  consideration  region 
already  cooled  by  radiation,  which  absorbs  light  very  weakly.  The 
first  method  gives  a  more  complete  picture  of  distribution  of  temper¬ 
ature,  since  it  permits  investigating  movement  of  temperature  in 
cooled  air  and  to  consider  weak  absorption  in  it.  However,  it  leads 
to  unnecessary  mathematical  complications  in  examining  profile  of 
temperature  inside  the  actual  wave  (at  temperatures  higher  than  temper¬ 
ature  of  transparency)  and  in  determining  flow  departing  from  front 
of  wave  to  infinity.  Meanwhile  inside  the  wave  adiabatic  cooling  is 
small  compared  to  cooling  because  of  radiation;  therefore,  it  is  more 
preferable  to  investigate  the  internal  structure  of  the  wave,  using 
the  second  method.  In  §  15  there  will  be  noted  certain  peculiarities 
of  conditions,  connected  with  the  existence  of  adiabatic  cooling. 

In  the  absence  of  adiabatic  cooling  the  integral  of  energy 
equation  is  given  by  formula  (9.12),  which  we  will  copy,  while  con¬ 
sidering,  for  simplicity,  heat  capacity  to  be  constant: 

S  =  up^Cp(T^  -  T).  (9.19) 

The  problem  consists  of  the  solution  of  system  of  equations 
(9.15) ^  (9.16),  (9.19)  together  with  boundary  conditions  (9.17), 

(9.18). 

Before  we  investigate  this  system,  we  will  try  to  estimate  radi¬ 
ation  flux  S2>  departing  from  front,  based  on  the  most  general  physical 
considerations.  This  consideration  will  tell  us  the  approximation 
which  can  be  made  during  solution  of  the  system  of  equations  and 
finding  the  profile  of  temperature  in  the  wave. 

Owing  to  the  actual  formulation  of  the  problem,  the  temperature 
at  no  point  of  the  wave  can  be  lower  them  temperature  of  transparency 


Tg,  since  gas,  after  being  cooled  to  temperature  Tg,  ceases  to  absorb 
and  to  emit  radiation,  and  further  cooling  is  ceased.  Consequently, 

Tg  is  minimum  temperature  in  the  wave  and  near  the  lower  edge  of  the 
wave  temperature  grows  according  to  distance  from  boundary  with 

"vacuum"  —  with  absolutely  transparent  region,  where  T  =  Tg  and  I  -  co, 

dT 

Thus,  on  the  lower  edge  at  t  =  From  energy  eq’aation  (9.19) 

it  follows  that  flux,  during  removal  from  lower  edge  to  depth  of  wave, 
decreases,  i,e.,  at  t  =  0  dS/dx  <  0.  Equation  of  "contlnnlt;/"  of 
radiation  (9.15)  Indicates  that  with  this,  density  of  radiat^ion  on  the 

lower  edge  of  the  wave  is  not  higher  than  equilibrium  density 

4aT^ 

Ug  <  Upg  - - -  (divergence  of  fl\ix  dS/dx  is  not  negative;  matter 

is  not  heated  by  radiation) ,  In  diffusion  approximation  is  flow 
boundary  of  medium  with  vacuum  is  connected  with  radiation  density 
by  condition  (9,18):  Sg  -  cUg/2,  Noticing  that  Ug  <  U^g,  we  will 

li 

find  that  flux  Sg  is  limited  from  above  by  ma^ltude  2ctT2,  Actually, 


On  the  other  hand,  effective  temperature  of  radiation 
determined  by  equality  Sg  -  ctT^^,  coincides  with  a  certain  average 
temperature  of  radiating  layer  and,  consequently,  cannot  be  lower  than 
Tg  £lnce  temperature  of  substance  in  radiating  layer,  as  also  at  any 
other  point  of  wave,  is  always  higher  than  Tg,  It  follows  from  this 
that  Sg  >  crTg,  and  flux  Sg,  departing  from,^ront  of  wave  to  infinity, 
turns  out  to  be  Included  in  very  narrow  limits: 

oT^  <  Sg  <  2oT^,  (9.20) 

Tg  <  Tg^  <  feg.  (9.21) 
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Thus,  independently  of  amplitude  of  wave,  at  any  amoimt  of  high 


initial  temperatures  the  lowest  edge  of  wave  always  radiates,  and 
radiation  flux  from  surface  of  front  of  wave  corresponds  to  temper¬ 
ature  close  to  Tg.  In  no  case  should  one  think  that  here  some  role 
is  played  by  the  (accepted  by  us  for  description  of  transfer  of  radi¬ 
ation)  diffusion  approximation  leading  to  boundary  condition  (9.18), 
Really,  diffusion  condition  (9.18)  corresponds  to  the  assumption  that 
quanta  going  out  from  a  medium  in  a  vacuum,  are  distributed  on  iso¬ 
tropic  angles,  and  from  the  vacuum  into  the  medium  quantum  do  not 
proceed  (in  the  vacuum  there  are  no  sources  of  light). 

Even  if  we  took  another  border  assumption  about  the  fact  that 

there  is  sharply  expressed  anisotropy  of  radiation  on  a  boundary  with 

a  vacuum  and  all  quanta  emerge  from  the  medium  normally  to  its  surface, 

diffusion  condition  (9.18)  would  be  changed  by  condition  *  cUg, 

which  would  lead  to  Inequalities  aT^  <  Tg  <  <  Alg, 

differing  from  (9.20),  (9.21)  by  an  immaterial  numerical  factor, 

4 

In  reality  limitation  of  flux  <  201^  is  connected  with 
statlonariness  of  conditions  of  cooling,  because  of  which  profile  of 
temperature,  completely  determining  flux,  cannot  be  arbitrary  and  is 
established  fully  by  determination  in  accordance  with  equations  of 
conditions. 

From  inequality  (9.21)  there  ensues  an  important  corollary, 

MiixCii  pcimxuS  ouxvxixg  oHc  ciiuxxc.  yj.v,k,xcm  auuuu  bi^iuCouic  Oj.  j.i.wixu. 


described  by  nonlinear  equations,  by  the  simplest  method.  Radiation 
of  a  heated  body  adjoining  a  transparent  medium  (or  vacuum)  is  gen¬ 
erated  basically  in  the  layer  near  the  surface  of  a  body  having 
optical  thickness  of  the  order  of  unity  or  several  units  (quanta 
generated  in  deeper  layers  are  not  in  a  state  to  emerge  outside. 
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almost  completely  being  absorbed  along  the  path).  Effective  tempera¬ 
ture  of  radiation  coincides  with  a  certain  average  ten5)erature  of 
this  radiating  layer.  But  because  of  Inequality  (9.21)  effective 
temperature  is  very  close  to  temperature  of  lower  edge  of  wave  Tg, 

This  means,  temperature  of  matter  after  point  t  *  0,  where  T  »  Tg, 
changes  very  little  at  an  optical  distance  of  the  order  of  several 
units  in  depth  of  wave.  This  permits  making  the  following  conclusion. 
In  a  strong  wave  of  cooling  in  which  T^  »  Tg,  radiation  flux 
on  lower  edge  of  wave,  in  radiating  layer,  changes  little  and  is 
almost  constant.  Really,  during  change  of  temperature  AT  <  To  flux 

^  C. 

changes  to  magnitude 

I  AS  I  ~  up^CpAT  4  uPiCpTg, 

and  at  T^  »  Tg  fl\Dc  at  point  t  =  0,  T  «  Tg  is  equal  approximately 
to  Sg  «  (9.19)).  Consequently, 

*»«  M 

Inasmuch  as  flux  on  lower  edge  of  a  strong  wave  is  almost  constant, 
situation  is  fully  analogous  to  position  in  photospheres  of  stationary 
stars,  where  radiation  flux  is  strictly  constant.  Thus,  problem 
determining  connection  of  flux  Sg  with  temperature  of  transparency  Tg 
(temperature  on  boundary  of  a  medium  with  a  vacuvim)  in  the  limit  of 
a  strong  wave  is  equivalent  to  known  problem  of  Milne  (see  §  Ip, 

Chapter  II),  It  has  exact  solution  during  strict  calculation  of 
angiilar  distribution  of  radiation 

(9,22) 

only  somewhat  differing  from  solution  in  diffusion  approximation* 


Hence,  one  should  mention,  it  is  clear  that  In  the  framework  of 


the  diffusion  approximation  flow  value  Sg  in  the  limit  of  a  strong 
wave  coincides  with  upper  boundary  of  Inequality  (9.20). 

§  14.  Distribution  of  Temperature  in  the  Front  of  a  Strong  Wave 


The  fact  that  temperature  only  slightly  changes  during  the  extent 
of  a  radiating  layer  with  optical  thickness  of  the  order  of  several 
units  testifies  to  the  existence  of  local  equilibrium  of  radiation 
with  matter.  Relative  deviation  of  density  of  radiation  on  lower 
edge  of  wave  from  equilibrium  is  less  the  stronger  the  wave,  l.e., 
the  larger  the  ratio  Actually,  from  equation  (9.15)  it  follows 

that 


But  because  of  the  above  said 


i£. 

d% 


i4*yi 


At 


since  I  AS  I  ~  Sg  change  of  flux  during  the  period  of  optical 

distance  At  ~  1.  Consequently,  relative  deviation  of  density  of 
radiation  from  equilibrium  in  strong  wave  is 


1/ 


Ti 


Pt 


cU^  Tt 


r, 


« 1. 


It  Is  possible  to  show  that  during  removal  in  depth  of  wave  from 
its  lower  edge,  relative  deviation,  l.e.,  degree  of  nonequilibrium  of 
radiation,  only  decreases,  so  that  if  wave  is  sufficiently  strong  and 
deviation  on  lower  edge  is  small,  then  condition  of  local  equilibrium 
is  executed  on  the  entire  extent  of  the  wave.*  Thus,  equations 


*Thls  proves,  by  the  way,  that  in  the  case  of  a  strong  wave,  as 
mean  free  path  of  radiation  it  is  possible  to  use  Rosseland  average. 
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describing  structure  of  the  front  of  a  strong  wave  of  cooling  are 
possible  to  solve  in  an  approximation  of  radiant  thermal  conduction, 
considering 

-  «  iOaT*  dT 

^  T  dr  “  3  dx  ’ 


Combining  this  equation  with  expression  (9.19)#  we  will  obtain 
equation  for  function  T(t),  which  is  Integrated  in  quadratures. 

On  lower  edge  of  wave  we  obtain  approximate  form  of  solution, 
which,  naturally,  coincides  with  diffusion  solution  of  problem  of 
Milne,  since  flux  S  »  const  (see  §  15,  Chapter  II): 


where  magnitude  t,  ,  which  can  be  considered  as  effective  optical 
thickness  of  wave,  depends  only  on  amplitude  of  wave: 


Optical  thickness  of  wave  sharply  Increases  with  Increase  In  ratio 
Ti/Tg,  We  will  not  introduce  here  general  expression  for  profile 
T(t),  which  on  lower  and  upper  edges  Is  simplified,  obtaining  the 
form  (9.24),  (9.25)  (see  [17]),  but  we  will  depict  profile  of  temper^ 
ature  on  graph.  Pig,  9.17  pertains  to  case  T^/Tg  =  5,  ■  I67O, 

Knowing  profile  T(t)  and  mean  free  path  depending  upon  temper¬ 
ature,  It  Is  easy  to  find  distribution  of  temperature  with  respect  to 

t 

geometric  coordinate  with  the  help  of  determination  — x  -  (T)  dt,* 

♦Inasmuch  as  In  fact  l  (Tp)  cd,  temperature  on  lower  edge  aspires 
to  magnitude  Tp  not  asymptotically,  but  with  slope  different  than  zero. 
Therefore,  origin  of  coordinates  x  -  0  It  Is  possible  to  place  at 
point  where  t  »  0,  T  -  Tp. 


/ 
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Fig.  9.i7.  Distribution 

of  temperature  with  Pig,  9.i8.  Dis tri¬ 
respect  to  optical  coor-  bution  of  temperature 

dinate  in  wave  of  cooling  with  respect  to  geo- 

with  Tg/T.  «  5;  *  i670,  metric  coordinate  on 

lower  edge  of  wave  of 
cooling;  Tg  «  10,000°K. 

In  Fig,  9.18  is  presented  distri¬ 
bution  temperature  t(x)  on  lower  edge 

of  wave  for  case  of  Boltzmann  dependence 

'5 

Pig,  9.19.  Profile  I(T)  =  const  exp  (I/kT),  As  scale  of 

of  temperature  in 

wave  of  cooling,  length  is  accepted  magnitude  Ig  »  KTg); 

temperature  of  transparency  is  taken  as 
equal  to  Tg  ■  10,000°K.  Fig.  9.18  shows  that  wave  has  the  form  of  a 
step.  In  fact,  Boltzmann  dependence  l(T),  ensuring  sharp  step  of 
temperature  in  wave,  takes  place  only  below  temperature  ~^0,000- 
-40,000°K,  until  multiple  ionization  of  gas  starts.  At  higher 
temperatures  mean  free  path  passes  through  minimum  and  starts  to  grow 
with  temperature  Increase,  xherefore,  upper  edge  of  sufficiently 
strong  wave  with  ~  50,000-100,000°K  is  strongly  stretched  (at 
I  »  const  profile  T(x)  on  upper  edge  would  coincide  with  profile 
T(t))  by  the  formula  (9,25).  Approximate  distribution  of  tempera¬ 
ture  in  wave  with  =  40,000°K  is  shown  in  Fig.  9.19. 

If  one  were  to  be  distracted  from  the  lengthiness  of  the  upper 
edge  of  the  wave,  which  imessentlally  shows  on  cooling  conditions  of 
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air  (since  flux  and  divergence  of  flux,  determining  cooling  on  upper 
edge,  are  Very  small),  then  geometric  width  of  the  step  will  compose, 
as  one  may  see  from  Pig.  9.18,  several  tenths  of  mean  free  path  ^(T^). 
At  Tg  ~  10,000°K  and  Ig  iO  m  width  of  wave  turns  out  to  be  of  the 
order  of  several  meters,  i.e.,  wave  of  cooling,  spreading  through  a 
large  volume  of  air  with  a  radius  of  a  hundred  meters,  is  indeed 
narrow  and  can  be  considered  as  a  discontinuity  of  temperature  and 
density  of  substance  (but  not  pressure,  which  changes  only  slightly 
during  the  period  of  the  wave), 

§  15.  Calculation  of  Adiabatic  Cooling 

In  preceding  paragraphs  by  means  of  artificial  cutting  of 
absorption  at  a  temperature  of  transparency  Tg  (l  -  00  at  T  <  Tg) 
there  was  excluded  from  consideration  the  region  of  cooled  air  with 
temperatures  lower  than  the  temperature  of  transparency.  In  ideality 
in  this  region  absorption  although  small  is  still  certain,  therefore, 
it  is  natural  to  inquire  how  temperature  behaves  in  the  zone  of  cooled 
gas,  which  occurs  with  radiation  flux  outgoing  from  front  of  wave. 
Process  in  this  region  is  essentially  nonstationary;  it  depends  on 
concrete  conditions;  dimensions,  hydrodynamic  motion,  mechanisms  of 
absorption  of  light.  We  will  consider  here  that  practically  important 
case,  when  wave  of  cooling  spreads  not  along  motionless,  and  along 
expanded  air,  and  air  cooled  by  radiation  continues  to  be  cooled 
adiabatically.  Adiabatic  cooling  quickly  brings  air  to  a  temperature 
zone  of  total  transmittance,  which  does  not  render  influence  on  con¬ 
ditions  of  cooling  wave.  During  a  period  of  comparatively  small 
time,  while  adiabatically  cooled  air  still  to  some  amount  noticeably 
absorbs  light,  speed  of  adiabatic  cooling  changes  only  slightly. 
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Therefore,  process  with  adiabatic  cooling  it  is  possible  approximately 
to  consider  stationary  and  to  describe  it  by  energy  equation  (9; 10) 
with  constant  member  A,  Integral  of  this  equation  is: 

upiCpT  +  S  =  —Ax  +  const,  (9.26) 

Constant  of  integration  here  is  arbitrary,  since  it  is  determined 
simply  by  selection  of  the  beginning  of  reading  of  coordinate  x;  it 
is  possible  to  assume  that  it  is  equal  to  zero. 

On  the  upper  edge  of  wave  at  x  -*•  — x  flux  S  -►  0,  It  can  appear 
that  this  artificially  Imposed  condition  contradicts  the  fact  of  the 
existence  of  a  gradient  of  temperature,  connected  with  presence  of 
adiabatic  cooling.  However,  it  is  assumed  that  mean  free  path  Z(T) 
so  fast  decreases  with  temperature  rise  that  product  S  ~  — Z (T) 
aspires  to  zero  at  T  cn,  which  is  physically  justified,  since  flux 
of  radiant  thermal  conduction  from  within,  from  the  zone  of  burning 
air  is  very  small.  On  the  lower  edge  of  the  wave  at  x  -♦  +no  flux 
aspires  to  constant  Sq— flux  departing  to  infinity,*  Therefore  temper- 
ature  in  wave  at  x  ±co  asymptotically  aspires  to  two  straight  lines; 

upiCpT  »=  —Ax  at  X  -►-CO, 

upj^CpT  «  —Ax  —  Sq  at  X  -►  +co. 

These  straight  lines  are  shifted  along  an  ordinate  to  magnitude 
Sq  (in  Fig,  9.20  they  are  shifted  to  segment  Sq/up^c^),  The  problem 
consists  in  determining  this  magnitude  Sq,  We  will  not  expound  here 
the  mathematical  solution  (see  [17]);  we  will  be  limited  by  qualitative 
consideration  of  the  course  of  the  process, 

*Thls  fiux,  as  we  will  see  below,  is  somewhat  different  than  fl\ix 
Sg  departing  from  effectively  defined  surface  of  front  of  wave. 
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Let  us  trace  the  consecutive 


Pig.  9.20.  Profile  of 
temperature  in  a  wave 
of  cooling  during  the 
calculation  of  adiabatic 
cooling. 


change  of  the  state  of  a  particle 
of  gas,  entering  into  the  wave  of 
cooling,  l.e.,  we  will  advance  from 
-CO  in  a  positive  direction  to  axis 
X  (Fig.  9.20).  At  first,  at  very- 
high  temperatures,  radiant  thermal 
conduction  is  Insignificant,  and 
the  particle  is  cooled  purely 
adiabatic ally;  the  temperature  of 


it  drops  along  the  upper  straight  line.  Then  the  particle  starts  even 
more  and  more  to  be  cooled  by  radiation  and  the  temperature  of  it 
descends  below  the  upper  straight  line.  Density  of  radiation  in  the 
particle  with  this  is  less  than  equilibrium  (the  particle  emits  more 
light  than  it  absorbs),  and  the  radiation  flux  in  it  grows. 

In  this  stage  speed  of  radiant  cooling  is  considerably  larger 
than  speed  of  adiabatic,  and  temperature  steeply  drops  (particle 
passes  through  wave  of  cooling).  Thus  it  continues  until  particle 
is  cooled  to  so  low  a  temperature  that  speed  of  radiant  heat  exchange 
becomes  less  than  speed  of  adiabatic  cooling. 

Due  to  an  extraordinarily  sharp  fall  of  absorption  (and  emission) 
with  lowering  of  temperature,  the  already  small  adiabatic  cooling  after 
thai  moment  makes  the  particle  quite  transparent,  and  radiant  heat 
exchange  ceases  altogether. 

Density  of  radiation,  which  is  determined  by  flux  being  generated 

in  more  heated  layers  and  passing  through  particles,  remains  almost 

4 

constant.  Equilibrium  density  of  radiation,  proportional  to  T  ,  fast 
decreases.  Therefore,  in  "transparent"  region.  In  distinction  from 
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”opaque”,  density  of  radiation  is  higher  than  equilibrium,  absorption 
exceeds  emission,  and  the  particle  is  heated  by  radiation;  radiation 
flux  is  weakened,  as  is  shown  in  Pig.  9.21.* 

Consequently,  on  axis  x  there  exists 

St 

_ -  such  a  point  x  =  x„  (corresponding  to  it, 

temperature  and  flux  we  will  designate 
^  by  Sg)#  which  divides  region  of 

'  "opaque"  air,  intensely  cooled  by  radl- 

^  !P3-\ix  d.is~ 

trlbution  of  radiation  ation,  and  almost  transparent  air,  weakly 

in  wave  of  cooling  ,  .. 

during  calculation  of  heated  by  radiation.  At  this  point 

adiabatic  cooling,  j  jx  x.  ^  x  , 

density  of  radiation  is  accurately  equal 

to  equilibrium  Ug  =  divergence  of  flux  is  equal  to  zero  and  flux 

is  maximum  »  S«, 
max  2 

Naturally  this  point,  at  which  cooling  of  air  by  radiation  is 
ceased,  is  considered  the  lower  boundary  of  the  wave  of  cooling; 
temperature  in  it  is  Tg  “■  temperature  of  transparency  —  and  flow  Sg 
is  flow  going  out  from  the  surface  of  the  front  of  the  wave.  Absorp¬ 
tion  of  this  flow  in  "transparent"  zone  is  small,  so  that  to  infinity 
departs  flow  Sq,  only  somewhat  smaller  than  Sg. 

Profiles  of  temperature  and  flow  T(x),  S(x),  answering  the 

described  picture,  are  depicted  in  Figs.  9.20,  9.21.  At  low  tempera¬ 
tures  curve  T(x)  is  spread  below  lower  asymptotic  straight  line, 
nearing  it  from  below,  since  gas  is  heated  by  radiation:  maximum  of 
flow  lies  at  the  point  where  temperature  strongest  of  all  deviates 
from  a  straight  line  downward  (this  follows  from  equation  (9.26)). 

*'ftils  situation  somewhat  reminds  us  of  the  position  in  the  front 
of  a  shock  wave  radiation:  after  shock  dlscontinxiity  density  of  radi¬ 
ation  is  less  than  equilibrium;  gas  is  cooled  by  radiation  and  sends 
flow  into  region  before  discontinuity,  where  flow  is  absorbed,  density 
of  radiation  is  higher  than  equilibrium,  and  gas  is  heated. 


738 


It  is  possible  to  show  that  Sg  is  connected  with  temperature 

of  transparency  by  the  same  relationship  as  in  a  wave  without  adiabatic  _ 

4 

cooling  Sg  =  2aT2.  Regarding  the  actual  temperature  of  transparency, 
it  is  possible  to  estimate  it  from  the  condition  that  at  a  temperature 
close  to  Tg  speed  of  radiant  cooling  is  comparable  with  speed  of 
adiabatic  cooling  A  by  which  approximately  is  determined  lower  edge 
of  wave. 

Temperature  Tg  depends  on  arbitrarily  assigned  magnitude  A  only 
logarithmically  in  virtue  of  exponential  dependence  ^(T),  just  as 
earlier  it  logarithmically  depended  on  arbitrarily  assigned  character¬ 
istic  scale  of  length  d  according  to  condition  i(Tg)  =  d).  In  this 
case  the  characteristic  scale  is  the  distance  at  which  temperature 
drops  due  to  adiabatic  cooling  from  magnitude  Tg  to  zero,  which, 
incidentally,  also  determines  position  of  lower  edge  of  wave,  i.e,, 
coordinate  Xg.  Actually  for  determination  of  temperature  of  trans¬ 
parency  there  remains  condition  i(Tg)  »  d,  only  now  there  is  assigned 
no  actual  magnitude  d,  and  magnitude  A,  with  which  scale  d  is  connected. 
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CHAPTER  X 

THERMAL  WAVES 

§  1.  Thermal  Conduction  of  a  Substance 
If  a  body  Is  heated  nonunlformly  or  in  It  there  occurs  energy 
release,  there  appears  a  heat  flux  transferable  by  means  of  thermal 
conduction.  Thermal  conduction  promotes  propagation  of  energy  and 
thermal  balance.  Along  with  gradients  of  temperature.  In  general, 
there  also  appear  gradients  of  pressure,  owing  to  which  the  substance 
Is  set  Into  motion.  In  many  cases  hydrodynamic  transfer  of  energy 
predominates  over  thermal  conduction.  However,  frequently  the  motion 
and  hydrodynamic  tr'ansfer  of  energy  are  Immaterial  and  heat  from 
sources  spreads  only  by  means  of  thermal  conduction.  At  low  tempera¬ 
tures  the  mechanism  of  heat  transfer  Is  the  ordinary  thermal  conduc¬ 
tion  of  the  substance. 

In  the  ordinary  thermal  conduction,  thermal  perturbations  are 
propagated  In  the  medium  comparatively  slowly  ( subsequently  this  will 
be  shown  In  the  example  of  a  gas) ,  Small  perturbations  of  pressure 
spread  with  transonic  speed  at  the  expense  of  a  certain  redistribu¬ 
tion  of  density,  and  pressure  Is  balanced  much  faster  than  temperature. 
If  changes  of  temperature  In  the  medium  are  small,  the  speed  of  the 
substance  Is  much  less  than  the  speed  of  sound  and  In  the  study  of 
propagation  of  heat  by  means  of  thermal  conduction  the  motion  of  the 
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substance  can  frequently  be  disregarded,  considering  that  the  process 
occurs  at  constant  pressure. 

Equation  of  energy  balance  then  has  the  form 

(lO.l) 

where  pis  the  density  which  can  approximately  be  considered  as  con¬ 
stant,  c  Is  the  specific  heat  capacity  at  constant  pressure,  S  Is 
P 

the  vector  of  heat  fliuc,  and  W  Is  the  energy  release  In  1  cm^  per  sec 
from  outside  sources. 

Thermal  conduction  of  heat  fl\ix  In  first  approximation  Is  pro¬ 
portional  to  the  gradient  of  temperaturei 

iS=-xgradr,  (l0o2) 

where  H  Is  the  coefficient  of  thermal  conduction,  depending  on  the 
properties  of  the  substance.  Putting  expression  (l0.2)  In  the  equa¬ 
tion  of  energy  balance  (lO.i),  we  obtain  a  general  heat-conduction 
equation  which  describes  the  temperature  of  the  medium  depending  upon 
coordinates  and  tlmei 

+  (I0o3) 

In  a  not  too  large  range  of  temperatures  the  coefficient  of  thermal 
conduction  and  heat  capacity  of  the  substance  hardly  change  and  are 
practically  constant.  Heat-conduction  equation  (lO.j)  Is  then  linear 
(with  the  exception  of  cases  when  energy  release  W  depends  on  tempera¬ 
ture  In  nonlinear  form) . 

When  n  -  const,  we  have 

qC^-xAT'  +  VF.  (10.4) 

If  one  were  to  divide  the  heat-conduction  equation  (10.4)  by 
pCp,  It  takes  on  the  form  In  which  the  properties  of  the  substance 
are  characterized  by  only  one  parameteri  the  coefficient  of  heat 
transfer  x  -  H/pCpi 

-jr-xAr+9, 
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(10.5) 


In  gases  the  coefficient  of  heat  transfer  is  approximately  equal 
to  the  coefficient  of  diffusion  of  moleculesi 


where  is  the  range  of  molecules,  and  v  is  their  average  thermal 

a 

2 

speed;  for  Instance,  in  air  under  normal  conditions  x  =*  0,205  cm  /sec. 
In  liquids  and  solids  the  mechanisms  of  thermal  conduction  are  more 
complicated.  We  will  not  remain  on  this  question  here.  Let  us  indl- 
cate  that  in  water  at  room  temperature  X  ®  1.5«10  cm  /sec. 

To  the  heat-conduction  equation  one  should  add  initial  and  boun¬ 
dary  conditions.  At  the  initial  moment  there  sets-in  distribution  of 

temperature  in  the  mediiimt 

7’(*,  y,  z,  0)  =  7’o(x,  y,  z).  (l0.6) 

On  the  boundaries  of  two  media  1  and  2  with  different  properties 

the  heat  flux  is  continuous 

(x  grad  7’)|  =  (x  grad  f),.  (10.7) 

On  the  boundaries  of  the  considered  body  there  are  given,  as 

functions  of  time,  the  temperature  or  flux  of  heat  or,  in  general, 

the  bond  between  them. 

Mathematical  theory  of  linear  thermal  conduction,  which  is  con¬ 
cerned  with  the  solution  of  equation  (l0.5)  in  reference  to  different 
specific  problems,  is  well  developed  and  is  widely  applied  in  the  most 
diverse  regions  of  physics  and  technology, 

§  2,  Nonlinear  (Radiant)  Thermal  Conduction 
At  high  temperatures  of  the  order  of  tens  and  hundreds  of  thou¬ 
sands  of  degrees  there  appears  a  completely  different  mechanism  of  heat 
transfer,  i.e,,  radiant  thermal  conduction.  We  became  acquainted  in 
detail  with  the  process  of  radiant  thermal  conduction  in  Chapter  II, 
and  also  in  Chapters  VII  and  IX,  where  we  considered  problems  about 
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the  structure  of  the  front  of  a  very  Intense  shock  wave  and  about 
cooling  of  air  by  radiation. 

An  essential  distinction  of  radiant  thermal  conduction  from  the 
ordinary  consists  In  that  the  coefficient  of  radiant  thermal  conduc¬ 
tion  strongly  depends  on  temperature,  owing  to  which  the  heat-conduc- 
tlon  equation  Is  nonlinear. 

The  heat  flux  transferable  by  the  mechanism  of  radiant  thermal 
conduction  Is  equal  to  (see  formula  (2,76))t 

(10.8) 

where  Up  »  ^otV^  the  density  of  energy  of  equilibrium  radiation, 
and  I  Is  the  Rosseland  path  of  light.*  Energy  flow  (10.8)  can  be 
recorded  through  the  gradient  of  temperature  In  the  form  of  (10.2), 

If  one  determines  the  coefficient  of  radiant  thermal  conduction  by 
the  formula 

Ic  _  16(|T»/ 

3  rfX  *  3  •  (10.9) 

Coefficient  of  radiant  thermal  conduction  depends  on  temperature 

both  due  to  the  proportionality  of  heat  capacity  of  radiation  c  ^  « 

rad 

■  dUp/dT  T^,  and  also  due  to  the  dependence  on  temperature  of  the 
radiation  path  1. 

In  the  radiant  mechanism  of  thermal  conduction  the  energy  can 
spread  with  a  speed  much  larger  than  the  speed  of  sound  In  the  sub¬ 
stance.  This  Is  connected  with  the  fact  that  the  speed  of  light  at 
non-relatlvlstlc  temperatures  Is  many  times  greater  than  the  speed  of 
sound.  If  In  a  body  there  takes  place  energy  release  and  the  substance 
Is  heated  to  a  sufficiently  high  temperature,  this  energy  In  the 


♦Let  us  recall  that  transfer  of  radiation  has  the  character  of 
thermal  conduction  If  the  density  of  energy  of  radiation  In  every 
point  of  the  medium  Is  close  to  equilibrium.  For  this  It  Is  necessaiy, 
that  the  dimensions  of  the  heated  region  considerably  exceed  the  range 
of  radiation. 
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beginning  spreads  quickly  by  means  of  radiant  thermal  conduction. 

Although  the  speed  of  propagation  of  heat  Is  much  larger  than  the 

speed  of  sound,  the  substance  does  not  succeed  to  come  Into  motion, 

the  pressure  In  It  does  not  succeed  In  being  balanced,  and  the  heat 

spreads  through  the  motionless  substance.  Subsequently  there  will  be 

given  an  appraisal  of  the  conditions  at  which  there  appears  motion. 

We  will  consider  here  the  propagation  of  heat  by  means  of  radiant 

thermal  conduction  only  In  a  motionless  medium,  the  density  of  which 

does  not  change  with  the  passage  of  time. 

Energy  balance,  as  before.  Is  described  by  equation  (lO.i)  or 

(10.3)  (but  not  (10,4),  since  h  const),  with  the  only  difference 

that  Instead  of  heat  capacity  at  constant  pressure  c^.  In  the  equation 

one  should  put  heat  capacity  at  constant  volume  c^.  It  Is  then 

assumed  that  the  density  of  energy  of  radiation  TJ  can  be  disregarded 

P 

as  compared  to  the  density  of  energy  of  the  substance  pe(T}. 

If  one  approximately  considers  heat  capacity  c^  as  a  magnitude, 
not  depending  on  temperature,  and  divides  the  heat-conduction  equation 
by  pc  ,  we  obtain  the  equation 

-^  =  div(xgrad  r)-|- g,  (lO.lO) 

corresponding  to  equation  (IO.5),  Coefficient  of  radiant  thermal 
transfer  x  Is  equal  to 

“  3  8ev  ■  (lO.ii) 

There  Is  a  deep  parallel  between  this  magnitude  and  the  coefficient 
of  ordinary  thermal  conduction  of  a  gas  X  ■  This  coincides 

with  the  coefficient  of  diffusion  of  molecules  which  are  heat  carriers. 
In  radiant  thermal  conduction  the  substance  Is  heated  and  cooled^  and 
the  energy  carrier  Is  the  radiation,  which  plays  the  role  of  an 
"intermediary."  Therefore,  the  coefficient  of  radiant  heat  transfer 
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is  not  simply  equal  to  the  coefficient  of  diffusion  of  radiation 
I c/5,  but  is  still  proportional  to  the  ratio  of  heat  capacities  of 
radiation  and  the  substance* 

In  many  cases  the  range  of  light  I  can  be  approximately  considered 
as  an  exponential  function  of  temperature  (density  of  the  medium  is 
considered  to  be  constant)  t 

l  —  AT\  m>0.  (10.12) 

In  a  completely  ionized  gas,  where  the  mechanism  of  radiation 
and  absorption  of  light  is  pui^ly  a  braking  mechanism,  m  «  7/2.  In 
the  region  of  multiple  ionization  of  gases  m  1. 5-2,5. 

At  exponential  law  (10.12)  the  coefficient  of  radiant  heat 
transfer  is  also  on  exponential  function* 

n  =  in  +  3,  (10.15) 

where  index  n  4*  5-5*  5  in  the  region  of  multiple  ionization.  In  the 
approximation  in  which  the  heat  capacity  of  a  gas  is  considered  to  be 
constant,  we  arrive  at  equation  (10*10)  with  coefficient  of  radiant 


heat  transfer,  equal  to 


Equation  of  nonlinear  thermal  conduction  has  the  form 

^-odiv(r»grad7’)  +  g. 


(10.14) 

(10.15) 


Usually  at  high  temperatures  in  the  region  of  multiple  ioniza¬ 


tion  the  specific  heat  capacity  and  internal  energy  of  a  gas  can  be 


approximated  by  exponential  functions  of  temperature* 

where  a  is  a  constant,  and  k  is  a  magnitude  equal  approximately  to 
0,5  (see  §  8,  Chapter  III).  In  the  root  law  of  heat  capacity 
the  heat-conduction  equation  can  also  be  reduced  to  the  form  of 
(10,15).  Let  us  introduce,  instead  of  temperature,  as  an  unknown 
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function,  the  Internal  energy  of  a  unit  of  volume 

We  obtain 


where 


dE 


^«a'div(£*'grad£)+5'. 


t _ a— ^  » 


B 


n+l  •  9 

(*+l  MOO)*^ 


.IF. 


(10.16) 


(10.17) 


Equation  ( 10.16)  does  not  differ  from  equation  ( 10.15)  j  their 
solutions  also  coincide.  In  order  to  cross  fi*om  the  solution  of 
equation  (10.15)  T  »  T(x,  y,  z,  t)  for  any  specific  pi*oblem,  to  the 
solution  of  equation  ( 10.16)  E  -  E(x,  y,  z,  t)  for  the  same  problem, 
one  should  only  replace  constants  a  and  n  by  a'  and  n,  and  also  replace 
the  function  of  the  source  q  by  q^  »  W  =*  qpcy.  Let  us  note  that  when 
n  »  5,  k  »  0.5,  and  n^  »  3. 

Subsequently  for  convenience  of  comparing  the  conclusions  of 
theories  of  nonlinear  and  linear  thermal  conduction,  we  will  orig¬ 
inate  from  equation  (10,15)  for  temperature.  We  will  then  consider 
that  the  found  solution  of  any  specific  problem  can  be  Immediately 
recorded  for  the  case  of  exponential  dependence  of  heat  capacity  on 
temperature. 

Besides  radiant  thermal  conduction,  which  presents  the  biggest 
Interest,  there  exists  one  more  example  of  nonlinear  thermal  conduc¬ 
tion.  This  Is  electron  thermal  conduction  In  plasma,  which  we  were 
concerned  with  In  §  12  of  Chapter  VII,  (ionic  thermal  conduction 
of  plasma  also  strongly  depends  on  temperature,  but  It  plays  a 
considerably  smaller  role  than  electron  thermal  conduction.)  Coeffi¬ 
cient  of  electron  heat  transfer  Is  y  ~ 

e  e 

It  Is  Interesting  that  a  nonlinear  heat-conduction  equation  of 
the  type  (10.15)  describes  a  completely  different  process,  namely  the 
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motion  of  a  polytropic  gas  (pressure  and  density  of  which  are  connected 
by  the  equation  p  -  const  p  ^  )  In  a  porous  medium.  Density  of  gas  p 
satisfies  the  equation* 

-^i-&div(e*gracle). 

Where  n  Is  the  polytropic  exponent,  and  b  Is  a  constant  which  Is 
determined  by  the  porosity  and  permeability  of  the  medium  and  proper¬ 
ties  of  the  filtering  gas. 

Specific  problems  of  nonlinear  thermal  conduction  correspond  to 
the  same  problems  of  the  theory  of  filtration. 

Processes  of  nonlinear  thermal  conduction  for  the  first  time 
were  considered  by  Ya,  B,  Zel’dovlch  and  A.  S.  Kompaneyets  [1],  who. 

In  particular,  found  the  exact  solution  of  the  problem  about  propaga¬ 
tion  of  heat  from  an  Instantaneous  plane  source.  Corresponding 
questions  of  the  theory  of  filtration  were  Independently  Investigated 
by  0,  !,■  Barenblatt  [2] ,  He  obtained  the  same  solution  for  the  case 
of  an  Instantaneous  lumped  source,  and  also  solved  a  number  of  other 
specific  problems, 

§  3.  Peculiarities  of  Propagation  of  Heat  During 
Linear  and  Nonlinear  Thermal  Conduction 

The  basic  features  of  the  process  of  nonlinear  thermal  conduction 

and  the  peculiarities  distinguishing  it  from  the  process  of  linear 

thermal  conduction,  are  best  of  all  clarified  In  an  example  of  the 

problem  about  propagation.  In  an  unlimited  Initially  cold  medium,  of 

heat  from  an  Instantaneous  plane  source  of  energy.  Let  us  assume  that 

at  Initial  moment  t  ■  0  In  plane  x  ■  0,  there  was  released  energy  S 
2  2 

per  1  cm  of  surface  (  I  in  erg/cm  ) ,  In  subsequent  moments  the  heat 
spreads  to  both  sides  from  plane  x  -  0, 
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The  heat-conduction  equation  ( 10.10)  for  the  considered  problem 


has  the  form 


3T  d  dT 
dt  At  ^  ' 


(10.18) 

where  the  distribution  of  temperature  In  space  obeys  the  condition 
of  conservation  of  energy 


(10.19) 


Magnitude  Q  Is  equal  to  5S/pc  If  the  process  occurs  at  constant 
pressure,  and  ^S/pCy  ii*  specific  volume  Is  constant. 

In  this  case  two  equations,  (IO.I8)  and  (IO.19),  are  equivalent 
to  one  heat-conduction  equation  (10,10)  with  a  delta-shaped  source 
(both  with  respect  to  time  and  coordinate)! 

9(*.  0  = 

At  initial  moment  t  -  0  the  temperature  of  the  medium  is  considered 
to  be  Identically  equal  to  zero  everywhere  except  the  point  where  the 
energy  release  took  placet 

rcx,  0)-<?6(x). 


Solution  of  the  problem  on  hand  In  the  case  of  linear  thermal 
conduction  x  =  const  Is  well-known.  It  Is  given  by  the  expression 


x« 

e 


'  (10,20) 

A  characteristic  property  of  linear  thermal  conduction  consists  In 
that  the  heat  Is  concentrated  at  the  point  of  energy  release  only  In 
Initial  moment  t  *  0  (when  x  »  0,  T-»  »  as  t”^/^) ,  In  subsequent 
moments  of  time  the  heat  Instantly  spreads  to  all  the  space  and  the 
temperature  tends  to  zero  for  Infinity,  when  x-^  ±00,  only  asymptot¬ 
ically,  Basle  energy  content  Is  concentrated  in  the  region  with  di¬ 
mensions  of  the  order  x  /4xt,  which  grows  with  the  passage  of  time 
In  proportion  to  /F.  Correspondingly,  as  l/ZF  and  temperature  di*opB, 
the  full  quantity  of  heat,  proportional  to  /  T  dx  ~  Tx 
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remains  constant*  Distribution  of  temperature  In  consecutive  moments 
of  time  are  shown  In  Pig.  10.1, 

The  asymptotic  character  of  decrea^£ 
of  temperature  to  Infinity  and  the  Instan¬ 
taneous  character  of  propagation  of  heat 
to  an  unlimited  distance  within  the 
scope  of  the  thermal  conduction  theory 
Is  connected  with  the  finite  character 
of  the  coefficient  of  thermal  conduction 
at  zero  temperature. 

Practically,  of  course,  at  a  large 
distance  to  a  given  moment  of  time  there  penetrates  only  an  insignifi¬ 
cantly  small  quantity  of  heat;  the  law  of  drop  of  temperature  to  In¬ 
finity  Is  extremely  sharp,  Qausslan;  however.  In  principle,  at  any, 
no  matter  how  long,  but  finite  distance  from  the  source,  the  tempera¬ 
ture  Immediately  after  the  moment  of  energy  release  Is  finite.  It  Is 
necessary  to  note  that  the  Qausslan  law  of  temperature  dropping  to 
Infinity  Is  connected  with  the  approximate  description  of  propagation 
of  heat  within  the  scope  of  the  thermal  conduction  theory.  In  reality, 
at  long  distances  the  temperature  Is  determined  not  by  the  diffusion 
of  "hot"  molecules  from  a  heated  region  ( In  a  gas),  but  by  direct, 
"straight-through"  molecules,  falling  from  a  heated  region  at  long 
distances,  not  experiencing  any  collisions.  Therefore,  In  reality, 
to  Infinity  the  law  of  drop  of  temperature  Is  not  Qausslan  (10, 20), 
but  only  exponential,  T  where  l_  Is  the  range  of  a  molecule. 

It  Is  clear  that  with  any  preexponential  factor.  In  a  given  moment 
of  time,  the  simple  exponential  exp(-x/l^)  finally  will  become  larger 
than  the  Qausslan  exponential  exp(-x2/4xt)  (x  "  *  However,  In 


Pig,  10,1.  Propagation 
of  heat  from  an  Instan¬ 
taneous  plane  source 
during  linear  thermal 
conduction. 
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this  region  at  large  dlstancea  there  is  such  an  insignificant  quantity 
of  heat  that  consideration  of  it  does  not  present  any  interest. 

We  shall  check  the  assiunption  on  the  possibility  of  disregarding 
the  motion  of  the  substance. 

If  the  medium  is  gas,  from  the  place  of  energy  release  ( in  this 
case  from  plane  x  *  O)  there  spreads  a  compresslonal  wave  (or  shock 
wave) .  The  speed  of  its  propagation  through  an  undisturbed  substance 
is  of  order  of  the  speed  of  sound  in  a  heated  region,  l,e,,  of  the 
order  of  the  thermal  velocity  of  heated  molecules  v.  Speed  of  propaga¬ 
tion  of  heat  by  means  of  thermal  conduction 


l.e,,  as  soon  as  the  heat  spreads  to  a  distance  longer  than  the  mean 
path  of  the  molecules,  the  speed  of  thermal  conduction  becomes  less 
than  the  speed  of  hydrodynamic  conduction.  Inasmuch  as  in  general 
there  is  no  meaning  to  consider  distances  less  than  the  path  of  mole¬ 
cules,  one  may  assxime  that  the  heat  spreads  always  with  subsonic 
speed.  If  the  quantity  of  released  energy  is  small  and  the  compres¬ 
slonal  wave  weak,  the  speed  of  the  substance  is  small  as  compared  to 
the  speed  of  sound.  It  is  possible  to  consider,  as  this  was  noted 
from  the  very  beginning,  that  the  role  of  hydrodynamics  reduces  simply 
to  the  equalization  of  pressure,  and  the  process  of  propagation  of 
heat  occurs  at  constant  pressure. 

If,  however,  the  energy  release  is  gi'eat  and  the  compresslonal 
wave,  going  a  considerable  distance  from  the  place  of  energy  release, 
is  a  shock  wave,  then  we  are  dealing  with  a  purely  hydrodynamic  pro¬ 
cess  of  a  severe  explosion,  which  was  considered  in  §  25  of 
Chapter  Ij  the  role  of  thermal  conduction  of  the  substance  in  the 
propagation  of  energy  turns  out  to  be  immaterial. 
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Let  us  now  assume  that  the  coefficient  of  thermal  conduction 
depends  on  temperature,  where  by  It  decreases  with  the  drop  of  tem¬ 
perature  and  turns  Into  zero  at  zero  temperature,  like  this  takes 

place  during  radiant  thermal  conduction. 
In  this  case  the  heat  cannot  Instantly 
penetrate  to  any  great  distances,  but 
spreads  from  the  source  with  terminal 
velocity  In  such  a  way  that  there  exlxts 

Fig.  10.2.  Propaga¬ 
tion  of  a  thermal  wave  a  clear  boundary  separating  the  heated 
from  an  Instantaneous 

plane  source.  region  from  the  cold,  to  which  thermal 

perturbation  did  not  yet  arrive.  Heat  spreads  from  the  source  In  the 
form  of  a  wave,  the  front  of  which  Is  the  shown  boundary  surface. 

Such  a  wave  is  called  thermal.  Distribution  of  temperature  in  a 
thermal  wave  In  consecutive  moments  of  time  Is  schematically  shown  In 
Pig,  10.2. 

In  a  cold  undisturbed  medium  the  temperature  and  flux  of  heat 
are  equal  to  zero.  Inasmuch  as  the  coefficient  of  thermal  conduction 
reverts  to  zero.  By  virtue  of  continuity,  the  flow  on  the  front  of 
the  wave  also  turns  Into  zero.  In  linear  thermal  conduction,  when 
X  ■  const,  the  return  to  zero  of  the  heat  flux  can  be  connected  only 
with  the  disappearance  of  gradient  of  temperature.  In  nonlinear 
thermal  conduction  with  coefficient  diminishing  to  zero  when  T-» 
the  flux  can  also 'disappear  when  the  gradient  of  temperature  differs 
from  zero,  only  at  the  expense  of  return  of  the  thermal  conduction 
coefficient  to  zero.  This  circumstance  In  particular  Is  also 
connected  with  the  appearance  of  a  sharp  front  of  a  thermal  wave. 
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In  order  to  explain  what  has  been  said,  we  will  consider  the 
layer  near  the  front  of  a  wave*  If  we  limited  ourselves  to  short 
periods  of  times,  during  which  the  wave  spreads  at  distances  that  are 
small  as  compared  to  the  size  of  the  region  enveloped  by  the  wave,  l.e,, 
with  coordinate  of  front  ( see  Pig.  10.2) ,  during  such  time  the  speed 
of  the  front  can  approximately  be  considered  as  constant* 

Distribution  of  temperature  near  the  front  can  be  found  In  the 
form  of  a  stationary  wave  T  »  T(x  -  vt)  ,  where  v  Is  the  speed  of  the 
front.  Profile  of  temperature  near  the  front  Is  quasl-statlonary  In 
the  system  of  coordinates  connected  with  the  front. 

Putting  In  equation  (10.18)  the  solution  In  the  form  of  T  ■» 

«  T( X  -  vt) ,  we  obtain,  for  the  profile  of  temperature  near  the  front, 

the  equation 

^  dz  dx^dz'  (10.21) 

Considering  X  “  aT^(n  >  0)  and  Integrating  this  equation  twice  with 
boundary  condition  T  »  0  when  x  -  x^,  we  obtain  the  profile  of  tem¬ 
po  raturej 

(10.22) 

It  Is  also  shown  schematically  In  Pig.  10.2. 

Coordinate  of  front  x^  and  speed  of  front  v  ■  In  this  formula 
are  indefinite  functions  of  time.  They  are  found  by  means  of  solution 
of  the  entire  problem  for  the  whole  space. 

The  fact  that  the  temperature  returns  to  zero  according  to  law 
(10.22)  also  confirms  the  accuracy  of  the  affirmation  about  the  exis¬ 
tence  of  the  sharp  boundary  of  the  heated  region,  l.e.,  the  front  of 
the  therme.l  wave.  If  Index  n  ^  0,  the  coefficient  of  heat  transfer 
does  not  return  to  zero  when  T  »  0,  and  equation  (10.21)  does  not 
have  solutions  returning  to  zero  at  a  finite  distance,  which 


corresponds  to  the  Instantaneous  character  of  propagation  of  heat  at 
any  large  distances. 

From  formula  (10,22)  It  follows  that  the  gradient  of  temperature 
near  the  front  of  a  thermal  wave  Is  proportional  to  dT/dx 


If  n  >  1,  the  gradient  of  temperature  on  the  front  (when  x  ■  x^ 
returns  to  Infinity,  l,e,,  the  front  Is  steep.  If  n  <  1,  (dT/dx) 

»  0.  The  flux  Is  always  equal  to  zero  when  x  »  x^i  S  ~  T^dT/dx  ~ 


1 

Ix^  -  x|  0  vvi.'^n  n  >  0. 

In  §§  12  and  17  Chapter  VII,  In  examining  the  structure 

of  the  front  of  a  shock  wave,  taking  Into  account  the  electron  and 
radiant  thermal  conduction.  It  was  shown,  as  In  front  of  a  shock  wave 
which  Is  spreading  through  a  gas,  there  breaks  loose  a  "tongue"  of 
heat  due  to  thermal  conduction. 

Profile  of  temperature  In  front  of  the  shock  Is  described  by 
formula  (10,22)  (if  motion  of  gas  In  front  of  shock  can  be  disre¬ 
garded)  ,  where  speed  v  Is  the  speed  of  the  front  of  the  shock  wave. 
The  profile  has  the  form  shown  in  Fig,  10,5a.  A  "tongue"  breaks 
loose  at  a  fully  defined,  finite  distance  Ax  -  x^  -  (Plg.  10.5a), 

which  depends  on  the  temperature  on  the  shock  wave  T^ 

1 


X{Tt)  Xi 
nv  tw  tw  ^ 


In  the  case  of  linear  thermal  conduction  x  ■  const,  the  "tongue" 
of  heat  spreads  an  Infinitum,  althoiJigh  Its  effective  width  Is  finite 
and  Is  constant  (at  constant  speed  of  shock  wave).  Solution  of 
equation  (l0,2l)  when  x  ■  const  has  In  this  case  the  form 

w 

Pi*oflle  of  temperature  In  a  heated  layer  Is  shown  In  Fig,  10,5b. 

As  was  already  noted,  the  temperature  returns  to  zero  only  at  Infinity, 


In  molecular  thermal  conduction 


Ax  X. 


the  law  of  drop  of  temperature  to 
infinity  due  to  the  "straight- 
through"  molecules  differs  from  that 
which  is  dictated  by  the  thermal 
conduction  theory,  not  taking  Into 
account  the  motion  of  separate  mole- 


Plg,  10,5.  Thermal  con-  account  the  motion  of  separate  mole- 
ductlon  heating  In  front 

of  a  shock  wave.  cules.  Similar  to  this,  during 

a)  during  nonlinear  ther¬ 
mal  conduction]  b)  during  heat  transfer  by  radiation,  the  pro- 
linear  thermal  conduction. 

file  of  the  thermal  wave  near  Its 

boundary  has  the  form  of  (10.22)  only  within  the  scope  of  the  approxi¬ 
mation  of  radiant  thermal  conduction.  If  we  consider  the  existence 
of  "straight-through"  quanta,  l.e.,  nonequilibrium  of  radiation  of 
front  edge  of  wave,  we  will  arrive  at  the  exponential  law  of  drop  of 
temperature  on  the  front  edge  of  a  thermal  wave:  T  ^  where  I 

is  the  range  of  radiation.  This  effect  was  studied  In  detail  In 
§  5  of  Chapter  VII  In  examining  the  structure  of  the  front  of 
a  shock  wave  taking  Into  account  the  transfer  of  radiation. 

Till  now  we  considered  propagation  of  heat  in  a  medium  with 
zero  initial  temperature.  If  Tq  0,  the  coefficient  of  nonlinear 
thermal  conduction  in  an  undisturbed  substance  is  finite  and  the  law 
of  drop  of  temperature  is  different  than  ( 10.22) j  however,  practically, 
at  small  initial  temperatures  the  coefficient  of  radiant  thermal  con¬ 
duction  when  T  ■  Tq  is  so  small  that  this  effect  can  be  disregarded. 
Much  more  essential  is  the  above-noted  nonequilibrium  of  radiation 
on  the  front  edge  of  a  thermal  wave,  which  leads  to  an  exponential 
decrease  of  temperature  T  e“^/^  instead  of  root  law  (l0,22). 
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Let  us  note  one  more  essential  distinction  of  nonlinear  thermal 
conduction  from  linear*  In  the  linear  case  there  Is  the  principle  of 
superposition.  If  there  Is  a  totality  of  sources  of  energy,  the  heat 
from  each  of  them  spreads  In  an  absolutely  Independent  form.  Solu¬ 
tion  of  the  equation  of  thermal  conduction  In  the  presence  of  extended 
sources  Is  possible  to  present  In  the  form  of  an  Integral  "with  respect 
to  sources"  from  solutions  corresponding  to  concentrated  sources.  In 
nonlinear  thermal  conduction  the  principle  of  superposition  Is  Incor¬ 
rect,  Propagation  of  heat  from  one  source  depends  on  the  temperature 
to  which  the  medium  Is  heated  at  the  expense  of  thermal  perturbation 
coming  from  another  source.  In  the  general  case  of  extended  sources 
the  solution  Is  Impossible  to  present  In  the  fom  of  an  Integral  with 
respect  to  sources, 

§  4,  Law  of  Propagation  of  a  Thermal  Wave  from  an 
Instantaneous  Plane  Source 

The  law  of  propagation  of  heat  from  a  source  Is  easy  to  obtain 
even  without  an  exact  solution  of  the  equation  by  means  of  estimating 
the  order  of  the  magnitude  of  characteristic  dimension  of  the  heated 
region,  or  from  dimension  considerations.  Problems  about  the  propaga¬ 
tion  of  heat  from  an  Instantaneous  source  (flat,  point,  filamentary) 
are  solved  exactly  (see  below).  However,  similar  semlqualltatlve 
appraisals  make  the  physical  meaning  of  regularities  very  graphic 
and,  furthermore,  frequently  are  useful  In  the  consideration  of  more 
complicated  problems,  for  which  exact  solutions  cannot  be  found. 

Let  us  consider  the  propagation  of  heat  from  a  plane  Instantane¬ 
ous  source.  Results  for  the  case  of  linear  thermal  conduction  were 
already  oresented  In  the  preceding  paragraph,  where  an  exact  solution 
of  the  problem  was  given.  In  order  to  demonstrate  the  general  trend 
of  semlqualltatlve  reasonings,  we  will  repeat  these  results  again, 
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Let  us  assume  that  the  coefficient  of  thermal  conduction  is  constant. 
In  equation  (i0.l8)  there  enters  one  unique  parameter,  l.e,,  the 

o 

coefficient  of  temperature  transfer  X»  /sec.  The  other  measured 

2  2 

parameter  is  energy  per  1  cm  :  erg/cm  of  surface  or  magnitude  Q, 


deg* cm.  If  X  Is  the  width  of  the  region  In  which  the  basic  quantity 
of  heat  Is  concentrated  to  moment  t,  from  considerations  of  size  It 
Is  clear  that  x^  ~  x^»  x  Speed  of  propagation  of  heat  ~ 

~  ~  T*  Average  temperature  In  the  heated  region  Is  of  the  order 

T  ~  These  simple  results,  which  coincide  In  order  of  magni¬ 

tude  with  the  one  that  gives  an  exact  solution  of  the  problem  ( 10,20), 
can  be  obtained  directly  from  equation  (10,18),  Replacing  in  It  the 
derivatives  ^T/^t,  5t/5x  by  ratios  T/t,  T/x,  equal  to  them  In  order 

of  magnitude,  and  replacing  X  ^  by  xT/x® ,  we  will  arrive  directly 
at  the  same  regularities. 

Let  us  now  turn  to  the  case  of  propagation  of  a  nonlinear  ther¬ 
mal  wave.  For  the  coefficient  heat  transfer  we  will  take  the  exponen¬ 
tial  dependence  x  •  at  which  the  heat-conduction  equation  has 
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at  “®ax  ^  W  (10,2?) 

In  the  equation  there  enters  one  parameter  a  cm^sec'dag^*  The  other 

measured  parameter  is  Q  deg* cm.  From  them  It  is  possible  to  compose 

one  (independent)  measured  combination  containing  only  length  and 
n  d^2 

timet  aQ  cm  sec  It  follows  from  this  the  law  of  motion  of 
the  front  of  a  thermal  wave: 

•  ’ll 

r+?. 

Speed  of  propagation  of  a  thermal  wave  Is  of  the  order 
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It  is  clear  that  with  a  large  Index  n,  the  thermal  wave  Is  very 
quickly  slowed  down  with  respect  to  propagation.  This  Is  connected 
with  the  fact  that  during  the  propagation  of  heat  the  temperature 
drops  and  the  coefficient  of  heat  ti*ansfer  decreases  very  sharply. 
Considering  that  average  temperature  In  a  thermal  wave  Is  of  the  order 
T  ~  Q/x^,  and  the  mean  coefficient  of  heat  transfer  x  "  ~  aQ^/x^, 

It  Is  possible  to  write  out  the  law  of  propagation  of  a  thermal  wave 
In  a  form  corresponding  to  the  linear  theory:  x^  ~  Here  one 

should  consider  that  the  mean  coefficient  of  heat  transfer  Itself  In 
this  formula  depends  on  time  according  to  the  law 

The  law  of  propagation  of  a  thermal  wave  can  also  be  obtained 
from  the  heat-conduction  equation,  replacing  the  derivatives  approxi¬ 
mately  by  ratios  of  magnitudes;  ^T/Bt T/tj  T/x^;  "Sx"^ 

T^^  2  _n  _ 

-»  JJ  ;  We  then  obtain  x-  ~  aT  t  -  x^l  using  the  relationship  T  ~ 

we  arrive  at  the  already  found  laws, 

§  5.  Self-Similar  Thermal  Wave  from  an 
Instantaneous  Plane  Source 

Let  us  find  an  exact  solution  of  a  two-dimensional  problem  about 
the  propagation  of  a  thermal  wave  in  an  unlimited  medium  during  Instan¬ 
taneous  energy  i*elease  at  the  time  t  **  0  In  plane  x  «  0.  The  process 
Is  described  by  a  nonlinear  heat-conduction  equation  (10.23),  where 
the  solution  satisfies  the  law  of  conservation  of  energy  (10,19). 

Prom  the  size  considerations  presented  In  the  preceding  para¬ 
graph,  It  Is  clear  that  the  solution  of  the  problem  on  hand  is 


Belf-slmllar,*  Really,  the  only  dlmenslonleBs  combination  which  can 
be  composed  from  coordinate  x,  time  t,  and  parameters  of  problem  a 


and  Q,  is 


I  ' 

‘\»+i 


(10.24) 

Magnitude  of  dimension  of  temperature  is  Q/(  aQ^t)  /at) 

Therefore,  the  solution  of  T(x,  t)  should  be  found  In  the  formi 

(10.25) 

where  f ( 4)  Is  a  new  unknown  function. 

Putting  expression  (10.25)  in  equation  (10.23)  and  passing  to 
differentiation  with  respect  to  self-similar  variable,  with  the  help 
of  formulas 

_ '^f  -  1  if 

«  11+2  t  '  dx  t 


we  obtain  an  ordinary  differential  equation  for  function  ft 

(ao.s6) 

Solution  of  this  equation  should  satisfy  the  condltioas  which 
follow  from  the  physical  conditions  of  the  problemi  T  ■  0  when  x  ■ 
m  ±00  on  T  0  when  x  ■  «  and  ■  0  when  x  ■  0  (by  virtue  of  symme¬ 
try  with  respect  to  plane  x  -  O)  .  Hence 

/(5)-0  «her.  t=oo;  ^.=  0  when  g  =  0.  (10.2?) 

Solution  of  equation  (10,26),  satisfying  conditions  (10.27),  was 
found  In  [1,  2]  .  It  has  the  form 

[ 20^+2) “[2^4:2)^] 

/(5)  =  0  6>5o*  ( 10,28) 


♦The  concept  of  self- similarity,  see  Sections  11  and  25  In  Chapter 
I.  See  qlso  Chapter  XII, 
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where  Is  the  constant  of  integration.  Constant  is  found  from 
the  equation  of  'jop.servation  of  energy  (10.19),  which  takes  on  the 


form 


5  'i 

““  -u 


(10.29) 


Calculation  gives 


I)  .  ■ 


t  _r(«+2)‘+»2‘-" 

I  ft  1  ✓  I  X 


Law  of  motion  of  front  of  thermal  wave  ^  is 


(10.30) 


(10.31) 


It,  as  one  should  have  expected,  with  an  accuracy  of  numerical  coef¬ 
ficient  coincides  with  the  law  found  in  the  preceding  paragraph 
from  semlqualltatlve  considerations. 

Temperature  in  a  plane  thermal  wave  is  conveniently  expressed  in 


the  form 


r«r. 


(10.32) 


where  x^.(  t)  is  the  coordinate  of  the  front,  determined  depending  upon 
time  by  formulas  (IO.3I)  and  (IO.30),  and  T  is  the  temperature  in 

V 

plane  x  -  0.  It  can  be  expressed  through  average  temperature  in  the 


wave  (average  with  respect  to  heated  volume)* 


1 


(10.33) 


where 

For  Instance,  when  n  -  5,  4q  "  0.77  and  ■  1.12T, 

In  the  calculation  of  variability  of  heat  capacity  the  profile 
of  temperature  differs  from  (10.32)  only  very  little.  Actually,  the 


profile  of  energy  is 
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But  E  ~  n’  »  ( n  -  k)  /(k  +  1)  j  whence 

Inasmuch  as  n  "*  5  and  k  ~  0.5,  this  expression  scarcely  differs 

from  (10.52)  (in  the  first  case  the  index  l/n  »  l/5j  in  the  second, 

1 

n  -  k  »  1/4.5) .  The  new  constant  ^Q(n’)  also  hardly  differs  in  the 
law  of  propagation  of  a  thermal  wave.  The  law  of  propagation  itself 
changes  more.  When  n  »  5,  k  «  0  ( constant  heat  capacity)  ~  t^'^j 

when  n  »  5,  k  =  0.5  (l.e.,  Cy  ~  T^*^),  x^  ~  t^+2  ^ 

Profile  of  temperature  T/T^  depending  upon  x/x^  is  depicted  in 
Fig,  10.4a,  for  the  case  of  n  »  5.  For  a  thermal  wave  with  coeffi¬ 
cient  of  thermal  conduction  strongly  depending  on  temperature,  the 
existence  of  a  "plateau”  of  temperature  is  characteristic;  temperatur 
is  almost  constant  and  is  equalized  by  thermal  conduction  in  all  the 
heated  region,  with  the  exception  of  the  comparatively  thin  layer 
near  the  front,  where  it  quickly  drops  to  zero.  Such  a  tendency  is 
expressed  more  sharply  the  larger  the  index  of  nonlinearity  n,  Fl\ax 
coordinate  distribution  Is  given  by  the  expression 

Flux  grows  almost  linearly  from  the  beginning  of  x  «  0  to  the  very 
edge  of  the  wave  and  quickly  drops  to  zero  only  near  the  edge,  as 
shown  in  Fig,  10,4b.  Divergence  of  flux  5s/Bx  is  almost  constant 
in  all  the  region  of  the  plateau.  The  main  region  of  heated  gas  is 
cooled  almost  uniformly  and  only  near  the  edge  of  the  wave  is  the  gas 
heated  by  the  heat  released  from  the  main  mass  of  gas  (see  Fig,  10.4c) 
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The  process  of  propagation  of  heat 


Pig.  10.4.  Pro¬ 
files  of  temperature^ 
flux,  and  divergence 
of  flux  In  a  thermal 
wave. 


goes  In  such  a  way  that  the  volume  of 
heated  gas  Is  almost  uniformly  cooled  and 
the  energy  lost  by  It  Is  absorbed  near  the 
I  front  of  the  wave,  due  to  which  the  wave 

^  /  X/Xm 

-fc  •  seizes  all  the  new  layers  of  cold  gas. 

V  Cooling^ !  Near  the  front  the  distribution  of 

c)  Jj'X'x, 

ea  ng-^  temperature  can  approximately  be  expressed 

Pig.  10.4.  Pro-  .  ..  - 

files  of  temperature, 

flux,  and  divergence  /  *inS  r?  i 

of  flux  In  a  thermal  |  x 

which  was  already  found  earlier  ( see  for¬ 
mula  (10.22)). 

We  shall  direct  In  solutions  (10*25),  (10.28),  and  (lO.JO)  the 
Index  n  to  the  limit  n->  0,  which  corresponds  to  the  transition  to 
linear  thermal  conduction  ( constant  a  In  equation  ( 10.25)  in  the 
limit  n  »  0  plays  the  role  of  a  constant  coefficient  of  heat  transfer 
X  “  const) . 

When  n-+  0,  ->  S/ZiT 

H 

0  “liT 

■»  _ <  ,  «"Xt 

Z4iu*  * 

l.e.,  we  arrive  at  the  known  solution  of  the  linear  heat-conduction 
equation  (10,20). 


0  “liT 

■»  _  <  , 

Z4iu* 


In  the  conclusion  of  this  paragraph  let  us  note  that  a  nonlinear 
second  order  equation  ( 10.26)  allows  a  transformation  group,  leaving 
the  equation  Invariant.  Actually,  It  Is  easy  to  check  by  direct  sub¬ 
stitution  that  If  we  Introduce,  Instead  of  ^  and  f,  a  new  Independent 

variable  and  f’  by  the  formulas 

J'-C*?,  f-C*/.  C-const. 
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In  variables  and  f’  the  new  equation  will  have  the  same  form  as 
(10.26) ,  According  to  the  Lie  theorem,  the  order  of  an  ordinary  dif¬ 
ferential  equation,  allowing  a  one-parameter  transformation  group, 
can  be  lowered  to  one.  For  lowering  the  order  It  Is  convenient  to 
Introduce  new  variables! 

_a 

y  =*£’"/.  s  =  ln$. 


In  these  variables  the  new  equation  contains  z  only  under  the 
sign  of  the  differential,  so  that  It  Is  possible  to  Introduce  a  new 
variable  p  ■  dy/dz  and  exclude  z,  obtaining  a  first  order  equation  In 
variables  p  and  yt 


4+2ii 

n* 


Consequently,  the  problem  of  solution  of  an  equation  of  the 
second  order  (10.26)  reduces  to  solution  of  an  equation  of  the  first 
order  and  a  quadrature.  Such  a  position  Is  characteristic  for  many 
self-similar  problems  of  the  theory  of  nonlinear  thermal  conduction.* 


§  6.  Propagation  of  Heat  from  an 
Instantaneous  Point  Source 

Let  us  consider  a  spherlcally-symmetrlc  problem.  Let  us  assxome 
that  at  the  time  t  0  at  point  r  -  0  energy  t  erg  was  released.  The 
heat-conduction  equation  In  this  case  has  the  form 

(10.34) 

Law  of  conservation  of  energy  gives 

m 

{TA3v*dr^  —  =  Q  deg*cji*. 

J 

Solution  of  the  problem  for  linear  thermal  conduction  x  "  const  Is 


known! 


r — 

'•  (4JIXI)*  (10.35) 


♦And  also  for  self- similar  problems  of  gas  dynamics.  For  details 
see  Chapter  XII. 


Heat  spreads  so  that  the  basic  energy  Is  concentrated  In  a  sphere^ 
the  radius  of  which  Is  on  the  order  of 

analogous  to  the  plane  case  when  x  --  Temperature  In  the  center 

drops  as  T  Q/r^ 

These  regularities  follow  directly  from  considerations  of  size; 
they  can  also  be  obtained  by  means  of  estimating  from  equations  (10.34) 
and  ( 10.35)  t  If  one  were  to  replace  the  derivatives  by  ratios  of  mag¬ 
nitudes  (see  §  4)« 


Let  us  now  consider  the  case  of  nonlinear  thermal  conduction 
with  X  •  and  n  >  0.  The  equation  takes  on  the  form 

(10.36) 

Let  us  find  the  law  of  motion  of  the  front  of  a  thermal  wave^  Just 
as  In  the  plane  case.  We  have 

where  x  Is  the  coefficient  of  heat  transfer,  corresponding  to  the 


average  temperature  of  the  heated  region  at  the  time  t. 

T~^, 

SO  that  r^  aT^t  aQ*^r^"^*^  t,  whence 

I  1 


But 

(10.37) 

(10.38) 


Speed  of  the  front  of  the  thezroal  wave  Is  proportional  to 

i 

(10.39) 


It  extraordinarily  sharply  decreases  with  respect  to  propagation  of 
the  wave.  For  Instance,  when  n  -  5,  drj,/dt  ••  l/r^^.  The  exact  solu¬ 


tion  of  the  heat-conduct Ion  equation  Is  found  In  self-similar  form 


where  self-similar  variable  i  Is  defined  as 


(10.40) 
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Putting  (10,40)  In  equation  (10,36),  we  obtain  an  ordinary  equa¬ 
tion  for  function  <p(  0  i  somewhat  differing  from  equation  (10,26)  for 
the  plane  case.  This  equation  was  solved  by  S.  Z,  Belen'kly  (de¬ 
ceased  and  Independently  by  G,  I.  Barenblatt  [2]  .* 

The  final  solution  can  be  written  In  a  form  similar  to  (10,32), 


where  radius  of  the  front 


(10,42) 


(10.43) 


Constant  Is  equal  to 


3ii+2 


Temperature  In  center  T  Is  equal  to 

c 


where 


r  I  f » r  1  **  y 

L2(3«.-I-2)  J  ’ 


(10,44) 


Is  the  average  volume  temperature  at  the  time  when  the  front  of  the 
wave  reached  radius  r^. 

For  Instance,  when  n  -  5,  ^  -  0,79,  and  T^  ■  1,28T,  With 
variable  of  heat  capacity  Cy  ~  T®*^-(k  ).5) 


♦Propagation  of  a  thermal  wave,  close  to  spherical,  was  considered 
by  E,  I,  Andrlankln  and  0,  S,  Ryzhov  [3]  .  E,  I.  Andrlankln  [4]  con¬ 
siders  a  spherical  thermal  wave  taking  Into  account  the  energy  of 
radiation. 
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as  also  In  the  plane  case.  In  the  law  of  propagation  of  a  thornial 
wave.  Instead  of  obtain  r^  ~  ^  when 

n  ■  5,  k  -  0,  r^  -  and  ~  n  ■  5,  k  ■  0.5,  n*  ■ 

_  11  ^  r,  --  4.1/15.5  ‘^^f  ^  „-14.5 

-  4. 5,  and  r^  ^  t  '  ,  ^f  • 

Distribution  of  temperature  along  the  radius  In  a  spherical  case 
Is  precisely  the  same  as  In  the  plane  case.  The  flux  In  almost  all 
the  region  from  the  center  and  to  the  front  grows  linearly  along  the 
radius  and  only  near  the  very  front  drops  to  zeroi 


Divergence  of  the  flux  Is  almost  constant  In  all  the  sphere  with  the 
exception  of  the  thin  layer  near  the  front:  volume  of  gas  Is  cooled 
comparatively  uniformly,  sending  energy  which  is  absorbed  near  the 
front,  and  heating  all  the  new  layers  of  the  substance. 

Let  us  Imagine  that  In  a  small  volume  of  gas  there  occurred  very 
fast  release  of  a  large  energy  content,  as  a  result  of  which  the  sub¬ 
stance  was  heated  to  a  very  high  temperature.  From  the  place  of 
energy  release  through  the  surrounding  gas  spreads  the  thermal  wave. 

Speed  of  propagation  of  the  thermal  wave,  according  to  foimula 
(10.39),  decreases  with  respect  to  distribution  and  drop  of  tempera¬ 
ture  of  a  heated  sphere  according  to  the  law:  dr^/dt  *-  aQ^/r^*^^, 

But  r^  bo  that  dr^/dt  ~  During  radiant 

thermal  conduction  n  -  5  and  dr^/dt  T^*^.  Speed  of  sound  in  a 

heated  gas,  roughly  speaking,  is  proportional  to  /T”.  Consequently, 

If  In  the  beginning  the  temperature  Is  very  high  ( Is  "infinite”)  the 
speed  of  propagation  of  thermal  waves  Is  certainly  greater  than  the 
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speed  of  sound.  During  propagation  of  a  wave  tl'.rough  a  motionless 
cold  gas  of  constant  density,  the  pressure  In  It  Increases,  Roughly 
speaking,  the  pressure  behind  the  front  of  a  thermal  wave  Is  propor¬ 
tional  to  temperature  p  ~  pT,  so  that  the  profile  of  pressure  approxi¬ 
mately  coincides  with  the  profile  of  temperature.  The  existence  of 
a  pressure  gradient  In  the  wave  permits  the  gas  to  accelerate, 
scattering  from  center;  Its  mass  Is  redistributed,  attempting  to  con¬ 
centrate  near  the  periphery,  at  the  front  of  the  thermal  wave.  Per¬ 
turbations  spread  through  the  gas  with  the  speed  of  sound.  Therefore, 
In  the  beginning,  while  the  thermal  wave  moves  much  faster,  the  sub¬ 
stance  behind  It  does  not  succeed  to  move  noticeably.  As  we  have 
seen,  the  thermal  wave,  with  respect  to  propagation.  Is  extraordinar¬ 
ily  quickly  slowed  down.  After  a  certain  time  Its  speed  drops  to  a 
magnitude  of  the  order  of  the  speed  of  sound  and  then  becomes  less 
than  It,  Prom  this  moment  the  thermal  conduction  wave  no  longer 
overtakes  the  sound  perturbations,  the  substance  moves  and  there  will 
form  a  shock  wave  which  bursts  forward,  spreading  In  front  of  the 
thermal  wave  with  a  speed  In  order  of  magnitude  coinciding  with  the 
speed  of  sound  In  the  heated  gas  behind  It,  Gradually  the  process 
emerges  into  the  conditions  described  by  the  solution  of  the  problem 
about  the  powerful  explosion  (see  §  25  of  Chapter  l)  ,  Thus,  the 
moment  of  formation  of  the  shock  wave  and  Its  equalization  In 
front  of  the  thermal  wave  approximately  coincides  with  the  moment 
when  the  speed  of  the  thermal  wave  drops  to  the  speed  of  sound  In  the 
heated  gas. 

An  estimate  shows  that  in  air  of  normal  density  this  occurs  when 
the  temperature  In  the  heated  sphere  drops  to  a  magnitude  of  oi*der  of 
300,000°  K,  If  Initial  temperature  of  air  at  the  time  of  energy 
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release  Is  much  greater  than  this  magnitude,  there  exists  a  clearly 
expressed  stage  on  which  the  energy  spreads  through  the  motionless 
air  by  means  of  radiant  thermal  conduction  in  the  form  of  a  thermal 
wave.  When  temperature  in  the  expanded  heated  sphere  drops  to 
'“300, 000°  K,  there  will  form  and  burst  forwaivi  a  shock  wave,  and  the 
role  of  radiant  thermal  conduction  reduces  exclusively  to  temperature 
balance  in  the  central  region. 

If,  however,  concentration  of  energy  in  the  beginning  is  such 
that  the  temperature  of  air  is  lower  than  500,000°  K,  a  thermal  wave 
in  general  does  not  appear,  and  energy  from  the  very  beginning  spreads 
by  hydrohynamic  means  due  to  the  shock  wave. 

At  the  end  of  §  5  we  noted  that  the  profile  of  temperature 
on  the  lower  edge  of  a  thermal  wave  coincides  with  the  profile  of 
temperature  in  the  heating  zone  of  a  very  strong  shock  wave  ( in  a  very 
strong  shock  wave  ahead  of  the  shock  there  bursts  a  "tongue"  of  heating 
by  radiant  thermal  conduction) ,  In  particular,  on  the  very  front 
edge  of  the  theimal  wave  radiation  is  unbalanced  by  the  "straight- 
through  quanta"  and  temperature  drops  to  zero  by  exponential  law 
depending  upon  the  optical  coordinate.  This  means  that  the  visible 
surface  brightness  of  the  front  of  a  thermal  wave  coincides  with  the 
surface  brightness  of  the  front  of  a  very  strong  shock  wave.  In 
§  4  of  Chapter  IX  we  showed  that  this  limiting  brightness  in  air 

of  normal  density  corresponds  to  effective  temperature  in  the  visible 
part  of  the  spectrum,  approximately  17,000°  K.  The  same  effective 
temperature  is  also  possessed  by  the  surface  of  the  front  of  a  ther¬ 
mal  wave.  Thus,  observing  a  thermal  wave  from  afar,  spreading  through 
air,  we  will  "see"  a  temperature  of  the  order  of  17>000°,  in  spite  of 
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the  fact  that  in  the  central  regions  of  the  wave  the  temperature  can 
reach  many  hundreds  of  thousand  degrees* 

§  7.  Certain  Self-Similar  Two-Dimensional  Problems 
Let  us  consider  several  self-similar  problems*  Two  of  them  we 
shall  investigate  by  the  semlqualltatlve  method  presented  in  §  4* 

For  one  we  will  obtain  an  exact  solution. 


Constant  Temperature  on  Boundary 

Let  us  assume  that  on  the  boundary  of  a  plane  half- space  x  »  0 
with  zero  initial  temperature  there  is  maintained  constant  temperature 
Tq*  Prom  the  boundary  inside  the  medium  there  spreads  a  thermal 
wave  as  shown  in  Pig,  10.5*  Inasmuch  as  there  is  a  scale  of  tempera¬ 
ture  Tq,  the  coefficient  of  heat  transfer  in  order  of  magnitude  is 
equal  to  x  ~  ^Tq,  and  the  front  of  the  thermal  wave  is  propagated 
according  to  the  law 

I 

The  value  of  the  nximerlcal  coefficient  in  this  formula.  Just  as 

the  profile  of  temperature,  which  ob¬ 
viously,  is  self-similar,  can  be  found 
by  means  of  numerical  integration  of  an 
ordinary  differential  equation  for  di¬ 
mensionless  function  t{i)t 

I - 

(•rpD* 


Pig,  10.5,  Propagation 
of  a  thermal  wave  at 
assigned  temperature  on 
the  boundary. 


under  boundary  conditions  f(o)  *  1,  f(«>)  “  0. 

The  heat  flux  through  the  boundary  deci^ases  with  the  passage  of 
time  according  to  the  lawi 


S'^aTl 


3T 


€TJ+‘ 


«r;+‘ 


(«TJ0 


I  m+’ 
t 

t 


K 
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How  the  energy  content  in  a  thermal  wave  changes  In  time  can  be  esti¬ 
mated  by  any  of  two  methods! 

*♦  I  111 


Constant  Flux  on  Boundai 


Let  us  assume  that  on  the  boundary  thei^  is  assigned  a  constant 
heat  flux  Sq,  proceeding  to  the  body  from  the  outside! 

-cvCfl7’‘(^),  =  const  wh«n  x  =  o! 

The  law  of  propagation  of  a  thermal  wave  and  change  of  tempera¬ 
ture  in  the  wave  in  time  will  be  found  by  replacing  the  derivatives 
with  ratios  of  the  magnitudes* 

The  flux  in  the  zone  of  a  thermal  wave  varies  from  Sq  to  zero* 
Average  temperature  in  the  wave  in  order  of  magnitude  is  given  by  this 


relationshlpi 


^0'— CyQ 


«r»+i 


But  from  the  heat-conduction  equation  it  follows  that  in  order  of 


magnitude 


*  *♦ 


From  these  two  approximate  equations  we  will  find  the  law  of  propaga¬ 
tion  of  a  thermal  wave  and  the  law  of  change  of  temperature  in  time! 

- •  I  iH-l  •  * 

When  n  »  5  x^  ^  T  "*  "* 

The  speed  of  a  thermal  wave  decreases  very  slowly  and  average 


temperature  slowly  increases*  Temperature  increase  is  explained  by 
the  fact  that  with  respect  to  propagation  of  the  wave  the  gradient  of 
temperature  decreases,  and  in  order  to  support  constancy  of  flux,  the 
coefficient  of  thermal  conduction  should  increase*  Propagation  of  a 
wave  is  shown  in  Pig*  10* 6* 
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Solution  of  the  Dipole  Type 

Let  us  assume  that  near  the  plane  boundary  of  a  half- space  In 
some  layer  there  occurred  an  energy  release.  Let  us  assume  that  the 
heat  spreads  In  the  body  so  fast  that  the  temperature  on  the  boundary 
drops  very  quickly  to  a  small  magnitude,  practically  to  zero.  In 
spite  of  the  fact  that  the  temperature  on  the  boundary  is  very  small, 
the  heat  flux  through  the  boundary  remains  finite  ( the  gradient  of 
temperature  is  correspondingly  very  great) ,  so  that  energy  flows  from 
the  body.  In  the  problem  there  exists  no  Integral  of  energy. 

We  Idealize  the  problem  on  hand  In  order  to  exclude  from  It  the 
dimensional  parameters  of  length  (for  Instance,  thickness  of  layer, 
where  the  energy  release  occurred,  or  its  distance  from  the  boundary) , 
We  shall  consider  that  the  energy  release  happened  Instantly  In  an 
infinitely  thin  layer  on  the  surface  of  the  body  x  ■  0,  whereby  in 
the  limit,  when  the  thickness  of  the  layer  of  energy  release  tends  to 
zero  and  the  layer  Itself  approaches  the  surface  x  -  0,  there  re¬ 
mains  the  final  "moment"  of  temperature, 

oa 

^  xT  (x,  0)  dx  <  CD  when  T(x,  0)->fl(x). 

0 

It  is  easy  to  show  that  in  this  case  under  the  condition  that 
temperature  on  the  boundary  Is  equal  to  zero.  Instead  of  an  integral 
of  energy,  as  in  the  problem  about  the  plane  Instantaneous  source, 
there  Is  an  Integral  of  "moment "i  the  moment  of  temperature  Is  kept 
In  time.  This  position  was  ertabllshed  by  Q,  I,  Barenblatt  [5]  . 

We  shall  multiply  by  x  the  heat-conduction  equation  (10.23)  and 
Integrate  from  0  to  «,  taking  into  account  that  there  Is  no  flux  at 
Infinity,  Integrating  by  parts,  we  find 

0 
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Pig,  10.6.  Propaga¬ 
tion  of  a  themal 
wave  with  a  given 
flux  on  the  boundary. 


If  on  the  boundary  T(0,  t)  «  0,  the  moment 
Is  kept  In  time,  and  the  ’’dipole  moment” 
of  temperature  Is  retained: 

J*r(i,0<fa-P-const.  (10.45) 

The  problem  Is  then  self-similar, 

since  there  are  only  two  dimensional  param- 

2  2  -1  -n 

eters,  P  deg* cm  and  a  cm  sec  deg  .  It 

was  solved  by  G.  I.  Barenblatt  and  Ya.  B. 


Zel’dovlch  [6]  In  reference  to  the  process  of  gas  filtration.  The 
front  of  a  thermal  wave  spreads  according  to  the  law; 

i 

Temperature  can  be  presented  In  the  form 


1 


(io.46) 

where  numerical  constants  and  M  are  equal  to 

Here  B( p,  q)  Is  the  so-called  beta  function,  for  which  there  exist 
tables. 

When  n  »  5  the  function  of  temperature  has  the  form 


r 


and  the  front  f oreads  according  to  the  law 

,  1  1 

Propagation  of  a  thermal  wave  Is  shown  In  Pig,  10.7. 

It  Is  easy  to  see  that  the  flux  through  boundary  x  ■  0  Is  dif¬ 
ferent  than  zero,  l.e.,  energy  flows  from  the  medium.  Actually,  when 
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x/x^  s  1 


^  ax  dx  ‘ 


dx\ r*  J 


(10.47) 


In  his  work  [2]  0,  I,  Barenblatt 


Investigated  a  whole  class  of  self- 
similar  solutions  of  two-dimensional 
problems  with  very  general  conditions 
on  the  boundary  of  half-spacex 

faCOBSttS  9>0 

or 

Fig,  10,7.  Solution  of  "the  •y*»const<9,  9>0. 

dipole  type,  , 

( temperature  of  flux  on  boundary  In- 

ci  ase  In  time  by  root  law) ,  They  also  considered  problems  with 


cylindrical  and  spherical  symmetries. 


§  8,  Remarks  on  the  Penetration  of  Heat  Into  a 
Medium  In  the  Calculation  of  Motion 

Above  It  was  noted  that  the  possibility  of  disregarding  the 
motion  of  a  medium  In  examining  thermal  waves  Is  connected  with  the 
fact  that  at  an  early  stage  of  propagation  of  a  thermal  wave  from  a 
source,  at  a  very  high  temperature,  the  speed  of  propagation  Is  much 
greater  than  the  speed  of  sound  and  the  substance  simply  will  not 
"shift  from  place," 

In  certain  cases,  however,  the  motion  of  a  medium  turns  out  to 
be  essential  from  the  very  beginning. 

Let  us  assume  that  the  temperature  on  the  boundary  of  a  medium 
grows  with  the  passage  of  time  by  root  law  Tq  »  const  t^( q  >0). 

The  distance  at  which  the  heat  penetrates  the  medium  by  the  me¬ 
chanism  of  radiant  thermal  conduction  Is  proportional  to 

_  »  1  M+i 

*  ,  (X-n- 


(10.48) 


Speed  of  propagation  of  a  thermal  wave  is  proportional  to 

*♦  rs“ 

~  I  ^  * 

A  shock  wave  from  an  energy  source  on  the  boundary  of  a  medium 
spreads  In  the  depth  of  the  medium  with  a  speed  of  order  of  the  speed 
of  sound  In  a  heated  substancei 

« 

Let  us  compare  the  speeds  of  propagation  of  thermal  and  shock 


nn  -  'I 

waves  and  D.  If  — 


<  -^  q  <  ^  In  the  beginning  of  the 


process,  when  t-»  0,  the  speed  of  the  thermal  wave  Is  always  greater 
than  the  speed  of  the  shock  wave,  and  the  thermial  wave  overtakes  the 


shock  wave.  In  this  stage  the  motion  of  the  medium  can  be  disregarded, 

as  this  was  done  above.  Only  starting  from  a  certain  moment  t>,  when 

dx~ 

speed  D  becomes  greater  than  the  shock  wave  will  burst  forward, 

overtake  the  thermal  wave,  and  the  substance  In  the  region  of  the 
thermal  wave  will  move  (of  course,  a  clear  time  boundary  t»  does  not 
exist,  and  the  process  of  "acceleration”  of  the  substance  occurs 


gradually]  t’  constitutes  an  effective  boundary  between  the  two 
stages)  . 

If  ^  q  >  ■fpz— the  position  Is  the  reverse:  when 

dx„ 

t  ->  0,  D  >  the  shock  wave  overtakes  the  thermal  wave,  and  the 

thermal  wave  from  the  very  beginning  of  the  process  spreads  through 
the  moving  substance.  Starting  from  a  certain  "effective"  moment  t*’, 
the  thermal  wave  bursts  In  front  of  the  shock  wave  and  spreads  through 
the  motionless  medium.  The  mass  of  substance,  enveloped  by  motion, 

-3-+  1 ,  P 

which  Is  proportional  to  Dt  ~  t*'^  (per  1  cm  of  surface),  then 
composes  an  ever  smaller  fraction  from  the  mass  heated  by  the  thermal 
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wave,  which  is  proportional  to  ~  t  2  , 

In  an  Intermediate  case  ^  ^  q  «  — the  speeds  of 

propagation  of  thermal  and  shock  waves  grow  with  the  passage  of  time 
by  identical  law.  In  general,  there  do  not  exist  clearly  expressed 
stages,  when  energy  penetrates  the  medium  only  by  one  method  ( either 
by  hydrodynamic  means,  or  by  means  of  thermal  conduction) ,  as  In 

extreme  cases  q  ^  The  substance  Is  heated  by  thermal  conduc¬ 

tion  and  moves  almost  simultaneously. 

It  Is  remarkable  that  in  the  particular  case  of  n  »  6  (when  the 
range  of  radiation  Is  I  ~  T^)  the  equations  of  hydrodynamics,  taking 
Into  account  radiant  thermal  conduction  (but  without  taking  Into  ac¬ 
count  energy  and  radiation  pressure) ,  allow  a  self-similar  solution. 
This  solution  corresponds  to  the  law  of  build-up  of  temperature  on 
the  boundary  of  a  medium  Tq  t^/^(the  existence  of  such  a  self¬ 
similar  solution  Is  shown  by  Marshak  [7] ) •  Scale  of  density  Is  con¬ 
stant  In  this  case  and  Is  equal  to  the  Initial  density  of  the  medium 
Pq,  pressure  p  ~  pT  ~  t^/^,  and  speed  of  the  substance  u  ~  /^p  ~ 

~  tVio. 

The  boundary  coordinate  of  the  perturbed  region  ( front  of  a 
thermal  or  shock  wave)  grows  with  the  passage  of  time  according  to 
the  law 

(10.49) 

A  self-similar  variable  is  the  combination  i  ■  const  xt“^^/^®, 
so  that  the  solution  of  the  equations  Is  In  the  form  of 

I  ^ 

r*=constl‘/,(5),  u  =  constr‘®/,(5)  and  etc. 


It  is  essential  that  the  self-similar  solution  be  possible  with 
an  arbitrary  law  of  dependence  of  thermal  conduction  (rar^ge  of 


radiation)  on  density:  x  “  ^‘(p)T^  (since  the  scale  of  density  does 
not  depend  on  time)  * 

The  fact  that  the  equations  of  gas  dynamics,  taking  Into  account 
radiant  thermal  conduction.  Indeed  allow  the  shown  self-similar  solu¬ 
tion,  can  easily  be  checked  by  means  of  direct  consideration  of  these 
equations,* 

The  character  of  the  self-similar  mode  depends  on  which  Is 
greater:  the  speed  of  sound  c  ~  /T" or  the  speed  of  propagation  of 
perturbations  by  means  of  thermal  conduction  x  Both  magnitudes 

grow  In  time  by  Identical  law  t^/^®  and  their  relationship  Is  deter¬ 
mined  by  proportionality  factors.  Therefore  the  character  of  the 
process  depends  on  the  numerical  value  of  the  coefficient  In  the  law 
of  bulld-up  of  temperature  on  the  boundary  of  a  medium  with  the  passage 

1/5 

of  time  Tq  ~  t  '  ,  Such  a  mode  Is  possible  In  which  through  an  un- 
dlstrubed  substance  there  runs  a  forward  shock  wave,  and  behind  It 
through  a  heated  and  compressed  substance  follows  a  themal  wave,  A 
mode  Is  possible  when  the  boundaiy  between  undisturbed  and  disturbed 
regions  Is  the  front  of  a  themal  wave,  behind  which  the  substance 
Is  set  Into  motion. 

Let  us  note  the  work  of  I,  V,  Nemchlnov  [8]  ,  In  which  he  considers 
certain  problems  of  heat  transfer  by  radiation  taking  Into  account 
the  motion  of  the  medium, 

§  9»  Self-Similar  Solution  as  a  Limiting  Solution  of  a 

Nonself-Slmllar  Problem 

Self-similar  solutions  are  Interesting  not  so  much  as  particular 
solutions  of  separate  narrow  classes  of  problems,  but  mainly  as  limits, 

♦Let  us  recall  that  the  equations  of  continuity  and  motion  In  the 
calculation  of  radiant  thermal  conduction  do  not  change,  and  In  the 
equation  of  energy  there  Is  Introduced  an  additional  energy  flow 
(10.8)  (see  §  9  of  Chapter  II)  . 
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toward  which  the  solutions  of  more  general  problems  not  self-similar 
In  their  formulation  as3rmptotlcally  tend.  This  question  was  Investi¬ 
gated  by  Ya,  B,  Zel'dovlch  and  G.  I.  Barenblatt  [9]  In  reference  to 
a  Cauchy  problem  for  a  nonlinear  heat-conduction  equation  In  a  one- 
dlmenslonal  plane  case  (10.23), 

The  basic  physical  peculiarities  of  asymptotic  behavior  of  a 
solution  Is  moat  conveniently  explained  In  an  example  of  linear  ther¬ 
mal  conduction,  when  the  solution  Is  especially  simple.  Let  us  assume 
that  at  Initial  moment  t  »  0  there  Is  assigned  a  distribution  of 
temperature  along  axis  xt  T(x,  O)  -  Tq(x),  where  the  temperature  Is 
different  than  zero  only  on  the  final  segment  of  axis  x,* 

As  Is  known,  the  solution  of  the  equation  of  thermal  conduction 
(10.18)  in  this  case  has  the  form  (x  ■  const): 


4  y  <«-V)« 

ro(y)e  **'  dy. 


(10.50) 

It  constitutes  a  generalization  of  solution  ( 10,20)  In  the  case 
of  a  distributed  source. 

Let  us  consider  the  behavior  of  temperature  when  t  •  at  large 
distances  from  the  place  where  the  heat  was  concentrated  In  the  Initial 
moment,  l.e.,  when  x  »  y.  Expanding  the  nucleus  of  the  Integrand 
expression  In  a  series  with  respect  to  powers  of  small  magnitude  y/x. 


we  obtain 


m  m 


(10.51) 


♦Such  an  Initial  condition  Is  set  up  In  reference  to  the  pi*oblem 
about  nonlinear  thermal  conduction.  In  the  linear  case  the  more  gen¬ 
eral  condition  of  sufficiently  fast  decrease  of  temperature  to  Infin¬ 
ity  Is  permissible. 
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The  solution  Is  in  the  form  of  the  sum  of  self-similar  terms. 

In  which  the  time  exponents  each  time  Increase  by  1/2,  and  the  coeffi¬ 
cients’  are  expressed  through  consecutive  moments  of  the  function  of 
Initial  distribution  of  temperature.  In  the  limit  t  ->  »  the  first 
member  remains  In  the  bracket,  corresponding  to  solution  (I0,l8)  for 
a  lumped  source,  where  the  following  member  of  the  expansion,  which 
characterizes  the  distinction  of  the  true  solution  fjrom  the  limiting 
one.  Is  on  the  order  of  l/t^^  with  respect  to  the  main  onex 

(10.51.) 

Owing  to  the  fact  that  equation  (10.18)  allows  arbitrariness  in  the 
selection  of  origins  coordinate  and  time  reading  and  the  scale  of 
temperature  (allows  transformation  groups  x»  ■  x  -  Xq,  t»  ■  t  +  t, 

T»  ■  kT)  ,  equation  ( 10.18)  Is  satisfied  more  generally  than  (10.20), 
a  self-similar  solution  of  the  form 

T,„(x~Xo,  (10.52) 

This  solution  corresponds  to  the  Instantaneous  release  of  a  defined 
quantity  of  heat  E  -  c^Q  at  point  x  «  Xq  at  the  time  t  ■  -t. 

It  Is  easy  to  check  that  by  means  of  corresponding  selection  of 
parameters  Xq,  t,  and  Q  It  Is  possible  to  achieve  that  a  self-similar 
solution  of  the  type  (10.52)  better  describe  the  exact  solution  (10.51) 
than  self-similar  solution  (10.20),  In  which  Xq  ■  0,  t  ■  0. 

Actually,  we  will  expand  function  (10.52)  In  powers  of  small 
magnitudes  Xq/x  an'^  r/t  (in  the  limit  t x -»  «) .  By  means  of 
comparison  of  the  expansion  with  exact  solution  (10.51)  we  see  that 
If  we  select  the  values  of  Q,  Xq,  and  t  equal  to 
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\  ^o(y)dy, 


•""in 

5  To(v)dl, 

9»ai> 

m 

J  Ttiy)v*dy 

^eft _ 

*  T  To(y)dy 


(10.53) 


the  members  of  the  order  of  and  t  ^  In  brackets  (10,51)  dlsap- 


pearj  so  that 


T(X,  *  +  ‘^*  (?)  [*+'^+  •••]  • 


(10,54) 


The  second  member  In  brackets  is  of  a  higher  order  of  smallness 
when  t -♦  «»  than  In  expression  {10,51’)  . 

The  physical  cause  of  the  best  coincidence  of  self-similar  solu¬ 
tion  (10,52)  with  the  exact  solution  consists  In  that,  the  self-slml- 
lar  solution  (10, 52)  corresponds  to  Instantaneous  release  of  the  very 
same  qiiantlty  of  heat  at  point  Xq,  which  Is  the  "center  of  gravity” 

X  of  the  Initial  distribution  of  temperature  Tq(x),  The  moment  of 
release  exactly  corresponds  to  the  time,  necessary  for  the  heat  to 
spread  by  means  of  thermal  conduction  from  point  x  -  0  to  the  "center 
of  gravity”  x  ■  Xq,  "Effective"  quantity  of  heat  E  ■  OyPQ  in  the 
Improved  self-similar  solution  (lO,52)  turned  out  to  be  exactly  equal 

00 

to  the  actual  quantity  of  heat  c^  f  Tq(  x)  dx. 

Analogously  we  can  find  a  self- similar  solution  which  In  the 
best  form  nears  the  exact  solution  with  distributed  sources  of  heat 
In  the  case  of  nonlinear  thermal  conduction. 

The  self-similar  solution  of  equation  (10,23)#  corresponding  to 
Instantaneous  liberation  of  heat  at  point  x  ■  0  at  the  time  t  ■  0, 
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as  described  In  §  5  (formulas  (10.32),  (10.35),  ( 10.31),  and  (10.30)). 
In  [9] ,  In  which  It  Is  possible  to  become  familiar  with  the  mathe¬ 
matical  side  of  the  Investigation,  It  Is  shown  that  by  means  of  a  cor¬ 
responding  coordinate  and  time  shift,  l.e.,  selection  of  Xq  and  t.  It 
Is  possible  that  the  self-similar  solution  T(x  -  Xq,  t  +  t,  Q)  will 
differ  from  the  exact  one  T(x,  t,  Q)  by  members  of  a  higher  order  than 

t"  ^  . 

§  10,  Concerning  Heat  Transfer  by  Unbalanced  Radiation 
Let  us  Imagine  that  In  rarefied  air  there  was  formed  a  spherical 
region  with  very  high  temperature  T,  so  high  that  the  mean  path  of 
radiation  i(T)  Is  much  greater  than  the  radius  of  the  sphere  R  and 
the  heated  sphere  Is  transparent  for  radiation  ,♦  Highly-heated  air 
radiates  like  a  volume  radiator.  Light  quanta  almost  freely  exceed 
the  bounds  of  the  sphere  and  are  absorbed  In  the  surrounding  layer 
of  colder  opaque  air.  Air  In  the  sphere  Is  cooled  by  the  emission 
of  light,  and  the  surrounding  cold  layers  are  heated.  The  heated 
sphere  Is  expanded,  and  the  temperature  In  It  dropsi  the  process  Is 
very  similar  to  the  process  of  propagation  of  a  thermal  wave  with  the 
only  difference  that  the  radiation  which  transfers  the  energy  Is  now 
essentially  unbalanced. 

There  appears  the  question  about  with  what  speed  Is  the  heated 
sphere  expanded.  Such  a  problem  was  considered  by  A,  S,  Kompaneyets 
and  Ye,  Ya,  Lantsburg  [10]  ,  Let  us  assume  that  the  air  In  the  sphere 
Is  heated  to  temperature  T,  If  the  sphere  Is  transparent,  the  density 
of  radiation  In  It  In  order  of  magnitude  Is  equal  to 

(10.55) 

♦Let  us  recall  that  range  l(T)  quickly  Increases  with  Increase  of 
temperature!  see  §  2. 
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where  U^(T)  -  hOT^/c  Is  the  equilibrium  density  of  radiation. 

Effective  temperature  of  radiation 
In  the  sphere,  determined  by  formula  - 
«  Up(TgP,  Is  less  than  the  temperature 
of  gas:  -  T[R/;(T)]  At  the 

boundary  of  the  sphere  the  temperature 
drops  to  zero  (Plg.  10,8).  Consequently, 
there  exists  a  spherical  surface  where, 
decreasing  with  the  drop  of  temperature, 
the  range  of  radiation  becomes  comparable 
with  radius  R.  Let  us  designate  tempera- 

A  surface  with  temperature  Tq  can  be  considered  as  the  boundary 
between  the  Internal,  transparent  region  and  the  opaque  external 
layer.  On  the  boundary  of  transparency  the  density  of  radiation  Is 
still  of  the  order  .  However,  It  Is  higher  than  equilibrium  density 
U  (Tq)  Just  as  In  the  outer-most  layers:  here  the  air  absorbs  radla- 
tlon  and  Is  heated.  Distribution  of  temperature  and  effective  tem¬ 
perature,  characterizing  the  density  of  radiation.  Is  schematically 
shown  In  Pig,  10,8,  Thickness  of  the  layer.  In  which  there  occurs 
absorption  of  radiation  and  In  which  the  temperature  drops  from  the 
temperature  of  transparency  Tq  to  0,  Is  much  less  than  radius  R, 
since  the  range  decreases  quickly  with  lowering  of  temperature.  This 
layer  can  be  considered  as  plane  and  the  state  In  it.  In  the  system 
of  coordinates  connected  with  the  layer,  as  quasi- stationary.  For 
detecting  the  speed  of  propagation  of  the  layer  —  the  "front"  of  a 
thermal  wave  —  one  should  consider  the  plane  stationary  mode,  as  done 


Pig,  10,8.  Distribution 
uf  gas  temperature  and 
effective  temperature  of 
radiation  In  an  unbal¬ 
anced  thermal  wave, 

ture  In  this  point  Tq: 


8C1 


in  Chapter  IX  in  finding  the  speed  of  an  air  cooling  wave  by  radia¬ 
tion.  Speed  of  the  wave  v  should  depend  only  on  the  density  of  radia¬ 
tion  supporting  the  propagation  of  the  wave  (or  its  effective 
temperature,  which  we  for  brevity  will  designate  T^)  and  temperature 
of  transparency  Tq  (t^  >  Tq)  ,  These  magnitudes  are  determined  by 
formulas  (10.55)  and  (10.56). 

Let  us  direct  axis  x  in  the  direction  of  propagation  of  the 
wave  and  write  out  a  system  of  equations.  The  equation  of  energy, 
on  the  assumption  that  heat  capacity  of  gas  is  constant,  has  the 


The  system  of  course  is  fully  analogous  to  the  system  describing 

cooling  wave  ( see  Chapter  IX) .  In  front  of  the  wave,  in  the  area 

* 

of  cold  air,  T  -  0,  U  «■  0,  S  -  0,  Behind  the  wave  a  condition  is 
placed  on  the  boundary  of  transparency!  when  T  ■  Tq,  U  -  U^. 

The  system  easily  reduces  to  a  nonlinear  equation  of  the  type 
dS/dU  -  f  ( S,  U) .  The  value  of  speed  v  is  determined  from  the  condi¬ 
tion  that  the  unknown  integral  curve  passes  through  two  end-points 
(S  =  0,  U  »  0,  and  S  »  Sq  =  vpc^Tq,  U  -=  see  Chapters  IX,  VIl)  . 

In  [10]  there  are  approximate  expressions  jr  speed  in  certain 
limiting  cases, 

1)  If  T^  -  Tq  «  T^,  then 

Y  /ri-roV 

^  ‘  yif/T+vV  ’ 

where  v  -  Up(TQ)/pCyTQ  is  the  density  ratio  of  radiation  and  gas 
energy  at  the  temperature  of  transparency. 
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2)  If  »  Tq,  then 


i  =  JL_£i_ 

«  “  /3«evro  ' 


By  looking  at  this  formula  it  can  appear  that  at  very  large 
densities  of  unbalanced  radiation  the  speed  of  a  wave  can  increase 
without  limit  and  even  exceed  the  speed  of  light.  In  reality  of 
course,  such  a  situation  is  impossible.  In  a  more  exact  description 
of  equations  of  radiation  transfer  in  diffusion  approximation,  tak¬ 
ing  into  account  the  finiteness  of  the  speed  of  light,  the  solution 

of  the  equation  leads  to  the  limited  value  of  speed  [il]  , 

a  P  i  U, 

After  we  find  the  speed  of  the  wave  front  v(T^,  Tq)  ,  i,e,, 

' U^,  Tq)  ,  we  can  find  the  law  of  expansion  of  the  sphere  r( t) ,  solv¬ 
ing  the  system  of  equations 

Jointly  with  conditions  (iO,55)  and  (10.56),  determining  and  Tq, 

Here  E  is  the  total  energy  of  heated  air,  which  obviously  is  con¬ 
stant. 


« 
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CHAPTER  XI 


SHOCK  WAVES  IN  SOLIDS 
§  i.  Introduction 

The  study  of  the  laws  of  propagation  of  shock  waves  In  a  con¬ 
densed  substance,  l.e..  In  metals,  water,  etc,  has  a  large  theoret¬ 
ical  and  practical  value.  In  particular.  It  Is  necessary  for  under¬ 
standing  and  calculating  explosive  phenomena.  Theoretical  treatment 
of  materials  of  these  Investigations  gives  us  Information  about  the 
equation  of  state  of  solids  and  liquids  In  the  region  of  high  pres¬ 
sures,  which  Is  very  Important  for  the  solution  of  a  large  number  of 
problems  of  geophysics,  astrophysics,  euid  other  divisions  of  science. 

For  a  description  of  hydrodynamic  processes  it  Is  necessary  to 
know  the  thermodynamic  properties  of  the  substance. 

If  for  gases  the  calculations  of  thermodynamic  functions  do  not 
cause  large  difficulties,  the  theoretical  description  of  the  thermo¬ 
dynamic  properties  of  solids  and  liquids,  at  the  high  pressures 
which  are  developed  in  powerful  shock  waves,  constitutes  a  very  com¬ 
plicated  problem,  at  present  very  far  from  its  final  solution. 
Therefore  a  special  role  is  being  obtained  by  experimental  methods 
of  investigation  of  a  condensed  substance  in  compressed  state. 
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Until  recently,  physicia  of  high  pressures  was  limited  to  the 
study  of  a  substance  compressed  in  static  conditions  in  piezometers 
of  various  design.  In  such  a  way,  however,  it  is  impossible,  with¬ 
out  the  construction  of  huge  installations,  to  compress  a  substance 
to  pressures  above  a  hundred  thousand  atmospheres  and  most  of  all, 
to  ensure  conditions  for  reliable  measurements,  since  at  higher 
pressures  there  starts  to  show  up  deformation  of  piezometric  bombs, 
disturbing  the  carrying  out  of  exact  measurements  of  physical  param¬ 
eters.  Meanwhile,  contemporary  science  and  technology  is  interested 
in  pressures  of  hundreds  of  thousands  and  millions  of  atmospheres. 

In  the  postwar  years  in  the  USSR  and  abroad  there  were  offered 
completely  different,  dynamic  methods  of  realization  of  high  pres¬ 
sures  and  compressions,  founded  o)i  the  utilization  of  powerful  shock 
waves.  Shock  waves  were  obtained  and  investigated  in  metals  and 
other  condensed  bodies  with  pressures  of  hundreds  of  thousands  and 
millions  of  atmospheres.  In  the  USSR  new  methods  were  developed  by 
L.  V.  Al'tshuler,  S,  B.  Kormer,  K.  K.  Krupnikov,  B.  N,  Ledenev, 

A.  A.  Bakanova,  M.  V.  Sinitsyn,  A,  I.  Funtikov,  V,  I.  Zhuchikhin, 
et  al.  [l-5]>  and  in  the  United  States  by  Walsh,  Christian,  Mallory, 
Goranson,  Bankroft,  McQueen,  Marsh  et  al.  [22-26]. 

Especially  large  successes  in  this  direction  were  attained  by 
Soviet  scientists,  who  obtained  record-breaking  pressures  of  five 
million  atmospheres  (American  authors  studied  shock  waves  of  smaller 
intensity;  work  on  the  highest  pressures  attained  by  them,  to  two 
million  atmospheres,  were  published  later  than  the  works  of  Soviet 
authors) . 

For  the  first  time  in  human  practice  a  solid  was  compressed 
two  and  more  times;  till  now,  so  solid  a  substance  could  be 
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"encountered"  only  in  central  regions  of  the  globe  and  other  cosmic 
bodies.  These  outstanding  achievements  in  the  area  of  obtaining 
high  pressures  and  densities  of  solids  permitted  us  to  make  a  large 
number  of  extremely  interesting  conclusions  concerning  the  thermo¬ 
dynamic  behavior  of  a  substance  in  such  unusual  conditions,  and  by 
semi-empirical  means  permitted  the  determination  of  Important  ther¬ 
modynamic  characteristics  of  strongly  compressed  metals. 

The  extraordinarily  small  duration  of  Impact  loads  demanded  the 
search  for  new  methods  of  measurement,  allowing  the  detennination  of 
physical  parameters  in  conditions  of  a  high-speed  process,  and  the 
creation  of  appropiate  instruments,  A  great  contribution  in  this 
direction  was  made  by  Soviet  researchers  V.  A,  Tsukerman,  G.  L. 
Shnirman,  A,  S,  Dubovik,  P,  V.  Kevlishvili,  Ye,  K,  Zavoyskiy  et  al, 
[6-12], 

A  basic  characteristic  feature,  (distinguishing  a  condensed  state 
from  a  gaseous  state  and  determining  the  behavior  of  solids  and 
liquids  during  their  compression  by  shock  waves,  is  the  strong  inter¬ 
action  of  atoms  (or  molecules)  of  the  bodies  with  each  other.  The 
range  of  action  of  Interatomic  forces  is  very  limited.  It  is  on  the 

order  of  the  dimensions  of  the  atoms  and  molecules  themselves,  l,e,, 

-8 

on  the  order  of  10  cm.  In  a  sufficiently  rarefied  gas,  where  the 
average  distances  between  particles  are  much  greater  than  the  dimen¬ 
sions  of  the  particles,  the  interaction  appears  basically  only  at 
collisions,  at  the  time  of  close  approach  of  atmos  or  molecules. 

Pressure  in  a  gas  has  a  thermal  origin;  it  is  connected  with 
transfer  of  momentum  by  particles  participating  in  thermal  motion 
and  always  in  proportion  to  temperature:  p  =  nkT, 


In  order  to  strongly  compress  a  gas,  comparatively  small  pres¬ 
sures  are  required.  The  limiting  compression  of  atmospheric  gas  in 
a  shock  wave  of  such  amplitude  can  he  considered  Just  as  strong. 
Otherwise,  a  condensed  substance  behaves  with  respect  to  com¬ 
pression,  In  solids  and  liquids  the  atoms  or  molecules  are  at  close 
distances  from  each  other  and  strongly  Interact,  This  Interaction 
in  particular  holds  the  atoms  In  the  body.  Forces  of  interaction 
have  a  double  character.  On  the  one  hand,  the  particles,  separated 
by  a  sufficiently  large  distance,  are  attracted  to  one  another;  on 
the  other  hand,  upon  closer  approach,  as  a  result  of  penetration  of 
electron  shells  into  each  other,  the  atoms  are  repulsed.  Equilibrium 
distances,  at  which  the  atoms  of  a  solid  are  found  in  the  absence  of 
external  pressure,  correspond  to  the  mutual  compensation  of  attrac¬ 
tive  and  repulsive  forces,  i,e,,  a  minimum  of  potential  energy  of 
interaction.  In  order  to  separate  atoms  at  large  distances,  it  is 
necessary  to  surmount  the  adhesive  forces  and  expend  energy  equal 
to  binding  energy,  which  for  metals  has  an  order  of  several  tens  or 
hundreds  of  kcal/mole  (on  the  order  of  several  ev/atom) .  In  order 
to  compress  a  substance,  it  is  necessary  to  surmount  the  repulsive 
forces  which  extraordinarily  quickly  increase  with  the  approach  of 

atoms.  Compressibility  of  metals  is  equal  by  definition  Hq  « 

1  dV 

=  “y  •  and  has  under  normal  conditions  an  order  of 


* 

Adhesive  forces  in  solids  are  of  various  origin.  In  accord¬ 
ance  with  their  nature,  solids  are  usually  subdivided  into  five 
groups*  1)  ionic  crystals,  for  instance  NaCl,  binding  energy  U  » 

»  i80  kcal/mole;  2)  crystals  with  covalent  bond,  for  instance  dia¬ 
mond,  U  -  170  kcal/mole;  5)  metals,  U  ~  50-200  kcal/mole;  4)  mole¬ 
cular  crystals  connected  by  Vanderwaals  forces,  weak  bond,  for 
Instance  in  CHj^  U  -  2,4  kcal/mole;  5)  crystals  with  hydrogen  bonds, 

for  instance  ice,  U  -  12  kcal/mole.  Here  we  will  be  basically 

interested  in  metals. 
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10  cir.‘^/d  «=  10  atm  .  T.i  order  to  compress  a  cold  metal  by  10^^ 

it  Is  necessary  to  apply  to  It  an  external  pressure  of  the  order  of 

5 

10  atm;  compressibility  usually  decreases  with  the  increase  of  fjres- 
sure;  for  double  compression  of  metals,  pressures  of  the  order  of 
several  million  atmospheres  are  required. 

Thus,  during  strong  compression  of  a  condensed  substance,  in 
it  there  is  developed  a  colossal  internal  pressure,  even  in  the 
absence  of  any  heating,  only  by  means  of  repulsion  of  atoms  from 
each  other.  The  existence  of  this  pressure  of  a  nonthermal  origin, 
absolutely  not  peculiar  to  gases,  and  determines  the  basic  peculiar¬ 
ities  of  behavior  of  solids  and  liquids  during  their  compression  by 
shock  waves.  In  shock  waves  of  very  great  amplitude,  as  we  will  see 
below,  there  also  occurs  strong  heating  of  the  substance,  leading  to 
the  appearance  of  pressure,  connected  with  thermal  agitation  of  atoms 
(and  electrons),  which  is  called  "thermal"  in  distinction  from  elas¬ 
tic,  or  "cold"  pressure  caused  by  repulsive  forces.  In  principle, 
if  the  amplitude  of  a  shock  wave  tends  "oo  infinity,  the  relative 
role  of  thermal  pressure  increases  and  in  the  limit  the  elastic 
pressure  becomes  small  in  comparison  with  thermal  pressure;  in  waves 
of  extraordinarily  great  amplitude  solid  matter  initially  behaves 
like  a  gas.  However,  in  shock  waves  with  pressures  of  a  million 
atmospheres,  obtained  in  laboratory  conditions,  pressures  of  both 
types  are  compai’able  with  each  other.  In  less  strong  waves,  with 
pressure  of  the  order  of  hundreds  of  thousands  of  atmospheres  and 
below,  elastic  pressure  predominates.  The  thermal  energy  of  the 
substance  compressed  by  the  shock  wave  is  also  small  in  this  case. 

All  internal  energy  obtained  by  substance  in  the  wave  is  expended  in 
overcoming  repulsive  forces  during  compression  of  the  body  and  is 
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concentrated  in  the  form  of  potential,  elastic  energy.  The  speed  of 
propagation  of  small  perturbations  in  a  condensed  substance,  in  dis¬ 
tinction  from  gases,  in  no  way  is  connected  with  temperature.  It 
is  determined  by  the  elastic  compressibility  of  the  substance. 

The  numerical  characteristic  of  “force"  of  the  shock  wave  also 
changes.  In  gases,  a  measure  of  "force"  of  a  wave  is  the  ratio  of 
pressures  on  both  sides  of  the  front,  A  limiting  compression  of 
several  tens  is  attained  when  this  ratio  is  equal  to  several  tens  or 
one  hundred.  The  speed  of  propagation  of  the  shock  wave  then  con¬ 
siderably  exceeds  the  speed  of  sound  in  the  initial  gas  and  the  gas 
behind  the  front  accelerates  to  speeds  close  to  the  speed  of  the 
shock  wave.  If  the  gas  in  the  beginning  was  at  atmospheric  pressure, 
a  shock  wave  with  an  amplitude  of  one  hundred  atmospheres  is  already 
"strong. " 

In  a  solid  or  liquid  substance  a  shock  wave  with  an  amplitude 
of  even  one  hundred  thousand  atmospheres  is  "weak,"  Such  a  wave 
hardly  differs  from  an  acoustic  wave;  it  spreads  with  a  speed  close 
to  the  speed  of  sound,  compresses  the  substance  a  total  of  several 
or  tens  of  percent  and  imparts  to  it  a  speed  behind  the  front,  ten 
times  less  than  the  speed  of  propagation  of  the  actual  wave. 

If  we  characterize  the  "force"  of  a  shock  wave  by  the  ratio  of 
its  speed  to  the  speed  of  sound  in  an  undisturbed  substance  or  by 
the  proximity  of  compression  to  limiting  compression,  then  for  con¬ 
densed  bodies  the  "strong"  waves  are  the  ones  with  pressures  not 
less  then  tens  or  hvmdreds  of  million  atmospheres. 

In  this  chapter  we  shall  consider  in  detai]  the  physical 
peculiarities  of  behavior  of  solids  at  high  pressures  and  densities, 
we  shall  familiarize  ourselves  with  the  properties  of  shock 


compression,  describe  the  experimental  methods  of  the  study  of  shock 
waves  spreading  in  solids,  and  discuss  the  results  obtained  by  these 
methods.  We  shall  consider  certain  physical  phenomena  observed  dur¬ 
ing  the  propagation  of  shock  waves  in  metals  and  other  bodies,  and 
also  during  unloading  of  a  substance  after  the  exit  of  a  shock  wave 
to  a  free  surface, 

i*  Thermodynamic  Properties  of  Solids 
at  High  Pressures  ajid  Temperatures 

§  2.  Compression  of  a  Cold  Substance 

Pressure  p  and  specific  internal  energy  e  of  solid  matter  can 
be  divided  into  two  parts.  One  of  them,  elastic  components  p  ,  e  is 

X  X 

connected  exclusively  with  the  forces  of  interaction  effective 

* 

between  atoms  of  the  body  ajid  absolutely  does  not  depend  on  tem¬ 
perature,  The  other,  thermal  components,  is  connected  with  heating 
of  the  body,  i.e,,  with  temperature.  Elastic  components  p  and  e 

A  ^ 

depend  only  on  density  of  the  substance  p  or  specific  volume  Y  “  i/p 
and  are  equal  to  total  pressure  and  specific  internal  energy  at 
absolute  zero  temperature;  that  is  why  they  are  sometimes  called 
"cold”  pressure  and  energy. 

In  this  paragraph  we  shall  consider  only  the  elastic  _ 

pressure  and  energy.  Therefore  we  will  assume  that  the  body  *  - 
absolute  zero  temperature. 


* 

Here  we  will  be  basically  concerned  with  metals  which  do 
do  consist  not  of  molecules,  but  atoms. 


k. 


Mechanically,  an  equilibrium  state  of  a  solid  at  zero  tempera- 

* 

ture  and  zero  pressure  is  characterized  by  mutual  compensation  of 
interatomic  attractive  and  repulsive  forces  and  a  minimum  of  poten¬ 
tial  elastic  energy,  which  can  be  taken  as  the  origin  of  its  read¬ 
ing  -  0.** 

We  shall  designate  the  specific  volume  of  bodies  in  this  state 
(p  =  0,  T  -  0)  through  Vq^.  This  volume  is  somewhat  less  than  volume 
Vq  under  normal  conditions  (p  «  0  or  1  atm,  or  all  the  same,  Tq  » 

»  500°  K),  since  during  heating  of  a  substance  from  absolute  zero  to 
room  temperature  Tq  there  occurs  thermal  expansion,  which  we  will 
discuss  in  the  following  paragraph.  Normal  volume  of  metals  Vq  is 
usually  larger  than  volume  Vq^,  which  we  will  call  zero,  by  1-2^. 

In  many  cases  this  small  distinction  of  volumes  Vq  and  Vq^  can  be 
disregarded. 

Considering  here  the  behavior  of  solid  matter  during  change  of 
volume,  we  will  bear  in  mind  the  Inclusive  compression  (and  expan¬ 
sion)  of  the  body,  detaching  ourselves  from  the  effects  conriected 
with  anisotropy  of  elastic  properties,  deformation  of  shift,  strength, 
etc,  which  appear  at  comparatively  small  pressures  and  compressions. 

The  curve  of  potential  energy  of  a  body,  depending  upon  its 
specific  volume  V,  qualitatively  has  the  same  character  as  the  curve 


* 

Atmospheric  pressure  is  insignificantly  small  as  compared  to 
the  pressures  appearing  even  at  extraordinarily  small  changes  of 
volume.  Therefore  it  makes  absolutely  no  difference  whether  the 
body  is  in  a  vacuum  (p  -  0)  or  at  atmospheric  pressure  (p  «*  1  atm), 

A  A 

** 

At  absolute  zero  temperature  the  atoms  accomplish  so-called 
zevo-point  oscillations,  with  which  is  connected  energy  hv/2  per  one 
normal  frequency  oscillation  v.  This  energy  can  be  included  in 
potential  energy  e  (V),  so  that  e  is  counted  off  from  the  level  of 

zero-poinL  oscillations  in  equilibrium  state  of  the  body  when  p^  «  0, 
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of  potential  energy  of  interaction  of  two  atoms  in  a  molecule 
depending  upon  the  distance  between  nuclei.  This  curve  is  sche¬ 
matically  depicted  in  Fig.  11. i.  If  volume  V  Is  greater  than  zero 
Voc>  "the  attractive  forces  predominate.  The  forces  of  interaction 
decrease  quickly  upon  removal  of  atoms  from  each  other;  therefore 
with  increase  of  volume,  i.e.,  with  dilution  of  atoms,  the  poten¬ 
tial  energy,  increasing  asymptotically,  tends  to  a  constant  value 
of  U,  equal  to  the  binding  energy  of  atoms  in  the  body* 

U  is  the  energy  which  must  be  expended  in  order  to  dilute  all 
atoms  of  one  gram  of  substance  to  "infinity”;  it  is  approximately 

equal  to  the  heat  of  evaporation  of  bodies 
(strictly  speaking,  it  is  equal  to  the  heat  of 
evaporation  at  absolute  zero  temperature) * 

Heats  of  evaporation  of  metals  usually  have  the 

order  of  several  tens  or  hundreds  of  kcal/mole, 

« 

i.e.,  several  electron  volts  per  atom,  Adhe- 

Flg.  11. 1,  Curves 

of  potential  en-  sive  forces  weaken  at  distances  of  order  of 
ergy  and  elastic 

pressure  of  a  the  dimensions  of  an  atomic  cell,  so  that  curve 

body  depending 

upon  specific  vol-  e  (V)  nears  its  asymptote  e  (V)  •«'  U  upon  expan- 
ume,  ^  ^ 

Sion  of  the  body  to  an  order  (with  a  double 

increase  of  the  interatomic  distance) . 

During  compression  of  a  body  a  predominant  role  is  played  by 

the  repulsive  forces  which  sharply  increase  as  they  approach  the 

atoms;  therefore  at  volumes  less  than  zero  the  potential  energy 

e  (V)  rapidly  increases.  In  order  to  imagine  the  speed  of  growth 

*For  instance,  in  iron  —  9^  kcal/mole  =4.1  ev/atom  = 

=  6.96*10^®  erg/g.  in  aluminum  -  55  kcal/mole  =  2,4  ev/atom  » 

=  8.45.10^®  erg/g. 
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and  order  of  magnitudes  of  energy,  we  will  Indicate  that  according 
to  [1]  the  energy  of  cold  compression  of  iron  hy  is  e  - 

Q 

=  5.25  •  10  erg/g  ■  0,03  ev/atom,  and  in  compression  one  and  a  half 
times  it  is  (VqA'  “  ^*5)  "  ‘  erg/g  »  1,4  ev/atom  (pres¬ 

sures  here  are  equal  to  p  ■  i,31  •  10^  atm  and  p  «  i,?6  •  10^  atm, 
respectively) « 

Elastic  pressure  is  connected  with  potential  energy  hy  the 
relationship 

(11.1) 

which  has  a  natural  mechanical  meaning  (increase  of  energy  is  equal 
to  the  work  of  compression)  and  can  be  considered  as  an  equation  of 
the  isothenn  or  adlabat  of  cold  compression.  Really,  formula  (11,1) 
follows  from  the  general  thermodynamic  relationship  T  dS  ■  de  +  pdV, 
if  we  consider  that  temperature  T  is  equal  to  zero*  But  when  T  »  0 
entropy  S  by  the  Nemst  theorem  is  also  equal  to  zero,  i.e,,  it 
remains  constant.  Therefore  isotherm  T  -  0  is  simultaneously  adiabat 
S  »  0. 

Pressure  curve  P^(y)  also  is  schematically  depicted  in  Fig,  11,1, 
At  point  the  elastic  pressure  is  equal  to  zeros  during  com¬ 

pression  the  pressure  rapidly  increases,  and  during  expansion  it 
formally  becomes  negative. 

Negative  sign  of  pressure  describes  the  physical  fact  that  for 
expansion  of  a  body  from  zero  volume,  responding  to  mechanical  equi¬ 
librium  when  T  -  0  and  p  «  0,  to  the  body  it  is  necessary  to  apply 
a  tensile  force.  This  force  should  surmount  the  adhesive  forces 
that  try  to  return  the  body  to  equilibrium  volume  Vq^, 

In  an  experiment  it  is  Impossible  to  directly  investigate  the 
trend  of  the  curve  of  cold  expansion  when  V>Voo.  since  it  is 


844 


impossible  to  practically  carry  out  strong  extensive  extension  of 
a  metal.  The  magnitude  of  negative  pressures  can  he  Judged  hy  the 
heat  of  evaporation  of  the  substance.  By  definition,  the  area  of 
the  curve  of  cold  expansion  of  a  body  from  zero  volxime  to  infinity 
is  equal  to 

\  p.{V)dy=-u. 

L  Ci-i*2) 


If  the  adhesive  forces  noticeably  weaken  during  expansion  of 

a  body  by  approximately  10  times  (increase  of  interatomic  distance 

twice),  the  maximum  magnitude  of  negative  pressure  has  the  order  of 

p  U/iOy^  ,  which  in  iron  for  instance,  is  p_-„  ~  b  *  10^^  bar  = 

^max  '  Oc'  ^max 

_  ji  * 

=  6  *  iO  eitm. 


The  slope  of  the  curve  of  elastic  pres¬ 
sure  at  the  point  where  pressure  is  equal  to 
zero,  corresponds  to  the  compressibility  of 
the  substance  determined  in  usual  conditions 
(adiabatic  compressibility  only  slightly 
differs  from  isothermal;  when  T  =  0  they 
strictly  coincide).  Compressibility  of  iron 

whence 


Fig.  ii.2.  Elastic 
pressure  p  and 

energy  e  of  iron 

(according  to  [1]). 


Slope  of  the  curve  of  cold  compression 
determines  the  speed  of  j-iopagation  of  elastic 


This  magnitude  is  much  greater  than  the  ultimate  tensile 
strength  of  iron,  which  is  usually  on  the  order  of  109  bar  »  10?  atm. 
The  small  magnitude  of  tensile  strength  is  connected  with  the  one¬ 
sided  character  of  extension,  with  the  existence  of  cracks  in  real 
metal,  polycrystalline  structure,  etc. 
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waves  in  the  body,  i*e,,  the  speed  of  "sound,”  Subsequently  It  will 
be  shovm  that  in  a  solid  there  exist  several  speeds  of  "sound," 
Meanwhile  let  us  note  that  the  speed  of  sound,  defined  by  the  usual 
method  through  compressibility  is  equal  in  iron  at  normal 

conditions  to  5*85  kn^/sec. 

Theoretical  calculations  of  curves  of  cold  compression  p„(V)  or 
e  (V)  in  a  practically  accessible  range  of  compressions  and  pressures 
are  based  on  a  quantum-mechanical  consideration  of  interatomic  inter¬ 
action,  In  a  number  of  cases  it  is  then  possible  to  obtain  satis¬ 
factory  agreement  with  experimental  data  on  compressibility,  in 
particular  for  alkali  and  alkali  earth  metals  at  small  pressures. 

A  detailed  account  of  these  calculations  and  a  comparison  with  the 
experimental  data  of  Bridgeman  on  static  compression  of  substances 
to  several  tens  of  thousand  atmospheres  can  be  found  in  Gombash‘s 
book  [15] J  in  the  same  place  he  gives  literature  references. 

Detailed  data  on  curves  of  cold  compression  of  a  number  of 
metals  (and  also  sodium  chloride)  up  to  pressures  of  several  million 
atmospheres  and  densities,  approximately  two  times  greater  than 
normal,  were  obtained  by  L,  V,  AlHshuler,  K,  K,  Krupnlkov,  S,  B, 
Kormer,  T,  A,  Bakanova,  R,  P,  Trunin,  M,  N,  Pavlovskiy,  L,  V, 
Kuleshova,  and  V,  D,  Urlin  [i-5j  14,  15]#  on  the  basis  of  theoreti¬ 
cal  treatment  of  the  results  of  experiments  on  shock  compression. 

The  account  of  these  experiments  will  go  even  further;  here 
for  illustration  we  will  give  curves  p„(V)  and  e„(Y)  for  iron  (Pig, 

X  X 

11.2). 

Theoretically  it  is  possible  to  establish  a  limiting  law  for 
cold  compression  of  a  substance  at  very  large  pressures  and  densi¬ 
ties,  Under  condtllons  of  very  strong  compression  electron  shells 
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of  atoms  in  some  measure  lose  their 

individual  structure.  The  state  of 

the  substance  in  this  case  can  be 

approximately  described  with  the  help 

of  the  statistical  model  of  an  atom 

of  Thomas  and  Fermi,  or,  slightly  more 

exact,  with  the  help  of  the  model  of 

Thomas,  Fermi,  and  Dirac  (this  one 

* 

considers  exchange  energy.  The  equa¬ 
tion  of  state  of  a  substance  in  the 
model  of  Thomas  and  Fermi  was  dis¬ 
cussed  in  §  13  of  Chapter  III.  In 
the  limit  of  very  large  pressures  and 
densities  tbe  pressure  of  cold  compression  is 

This  lav;  is  also  limiting  for  the  most  statistical  model  of  an 
atom,  since  c.t  not  too  large  compressions  the  model  leads  to  ajiother 
dependence  r,.(V),  In  order  to  compare  the  actual  curvss  of  elastic 
pressure  with  the  curves  obtained  in  the  statistical  model,  we  shall 
present  a  graph  from  [1],  which  depicts  in  logarithmic  scale  the 
empirical  curve  for  iron  and  curves  calculated  by  the  methods  of 
Thomas  and  Fermi  and  Thomas,  Fermi,  and  Dirac  (Fig.  11,3). 

From  the  figurr-  it  is  clear  that  at  compressions  1.2  to  1.8 


I  I _ 1 _ L___L_U^ 

1.2  15  2  i  6  n  ^ 


Fig,  11.3*  Elastic  pressure 
p  of  iron,  p  —  experi- 

mental  curve;  T.  F,  —  ana¬ 
lytical  curve  of  Thomas  and 
Fermi;  T,  F.  D,  —  Thomas, 
Fermi,  and  Dirac.  Dotted 
line  —  extrapolation  of  p  . 

Along  the  axis  of  abscissas 
compression  Vq/V  is  plotted. 


Calculations  by  the  Thomas,  Feirnii,  and  Dirac  method  have  real 
meaning  only  in  those  cases  when  the  exchange  correction  is  shall. 
They  essentially  Indicate  the  limits  of  applicability  of  the  method 
of  Thomas  and  Fermi.  If  the  exchange  correction  turns  out  to  be 
great,  this  means  that  the  method  of  Thomas,  Fermi,  and  Dirac  no 
longer  has  force. 
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times,  carried  out  by  experiment,  the  statistical  models  give 
extremely  oversized  values  of  pressure*  Quantum-mechanical  calcu¬ 
lations  of  the  curve  of  cold  compression  of  iron  in  a  wide  range 
of  pressures  were  conducted  by  0.  M,  C}andel*man  [!57]. 

§  3*  Thermal  Motion  of  A.toms 

During  heating  the  atoms  of  a  substance  are  set  into  motion. 
Thermal  motion  of  atoms  is  connected  with  defined  energy  and  pres¬ 
sure.  At  temperature  of  the  order  of  ten  thousand  degrees  and 
higher  an  essential  role  is  played  by  thermal  excitation  of  electrons. 

As  was  already  noted  in  the  preceding  paragraph,  total  energy 
and  pressure  can  be  presented  in  the  form  of  the  sum  of  elastic  and 
thermal  components.  In  turn,  the  thermal  members  will  be  separated 
into  two  parts:  terms  corresponding  to  thermal  motion  of  atoms 
(nuclei)  —  e^,  p^,  and  terms  responding  to  thermal  excitation  of 
electrons  —  e.,  p_.  Specific  internal  energy  and  pressure  of  a 
solid  will  then  be  written  in  the  form 

*"•»+*«+*#»  (11,4) 

(il.5) 

We  shall  take  up  the  electron  members  later  on.  At  temperatures 
approximately  below  ten  thousand  degrees  the  electron  members  are 
small  and  in  expressions  (il.4)  end  (11.5)  it  is  possible  to  limit 
ourselves  only  to  the  first  two  terms. 

Let  us  consider  thermal  motion  of  atoas.  Here  we  will  not 
make  a  distinction  between  a  solid  end  a  liquid  end  will  not  remain 
on  the  effect  of  melting.  Thermal  motion  in  a  liquid  hardly  differs 
at  all  froa  thermal  laotion  of  atojas  in  a  solid.  Energetically, 
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melting  hardly  shows  up  in  the  thermodynamic  functions  of  a  sub¬ 
stance  at  high  temperatures  of  the  order  of  ten  thousand  degrees 
and  above,  since  melting  heat  is  comparatively  small.  For  instance, 
in  lead  at  normal  pressure  the  melting  point  is  *  600°K,  and 

melting  heat  is  ~  kcal/mole,  which  corresponds  to  650®K 

if  we  divide  this  magnitude  by  the  gas  constant  R  =  2  cal/mole*deg; 
in  iron  =  1808°K,  =  5.86  kcal/mole,  and  "  1940°K. 

If  the  temperature  is  not  too  high,  the  atom.s  of  a  solid  (and 
liquid)  accomplish  small  oscillations  near  the  positions  of  equilib¬ 
rium  (nodes  of  the  crystal  lattice  in  a  solid).  The  oscillations  are 
harmonic  as  long  as  their  amplitude  is  much  less  than  the  inter¬ 
atomic  distance;  in  other  words,  imtil  the  energy  of  oscillations, 
which  on  the  order  of  kT  per  atom,  is  considerably  less  than  the 
height  of  the  potential  barrier  for  Jumps  of  atoms  from  nodes  of  the 
lattice  to  the  Internodes  or  to  other  free  nodes.  At  normal  density 
of  a  solid  the  height  of  the  barriers  has  the  order  of  one  or 


several  electron  volts,  i.e.,  the  magnitude  kT  is  compared  with  the 
height  of  the  potential  barrier  at  temperatures  of  the  order  of  ten 
or  several  tens  of  thousand  degrees.  At  higher  temperatures  the 
atoms  can  almost  freely  move  along  the  body.  Thermal  motion  then 
loses  its  oscillatory  character  and  more  quickly  approaches  a 
chaotic  character,  like  a  gasi  the  substance  is  turned  into  a  dense 
gas  from  the  strongly  interacting  atoms. 

The  situation  changes  however,  if  simultaneously  with  heating 
the  substance  is  compressed.  During  compression  the  height  of  the 

* 

This  is  a  magnitude  equal  approximately  to  the  activation 
energy  for  self-diffusion  of  atoms  in  a  body  AU,  It  is  usually 
somewhat  less  than  binding  energy,  but  of  the  same  order  as  the 
latter,  AU  ^  (0.5>0.7)  U. 
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potential  barrier  very  sharply  increases,  which  the  atom  must  over¬ 
come  in  order  to  depart  from  its  cell  (from  its  node  of  the  crystal 
lattice).  Free  movements  of  atoms  in  the  body  in  this  instance  are 
strongly  hampered  and  the  motion  of  the  atom  remains  limited  to  the 
space  of  its  cell.  This  is  explained  in  Fig,  il,4. 

In  seme  rough  approximation  the  thermal  motion  of  atoms  in  a 
compressed  substance  can  be  considered  as  small  oscillations  near 
equilibrium  positions  even  at  the  maximum  temperatures  of  20,000- 
50,000®K,  which  are  attained  in  the  most  powerful  shock  waves  invest¬ 
igated  in  experiment. 


\f\r\Aj 


Fig,  ii,4.  Diagram 
explaining  the 
change  of  height 
of  potential  bar¬ 
riers  for  atoms  in 
a  solid  during  com¬ 
pression. 


At  temperatures  above  several  hundreds  of 
degrees  Kelvin  the  quantum  effects  in  oscil¬ 
lations  do  not  play  a  role,  euid  the  heat 
capacity  of  a  body,  whose  atoms  accomplish 
harmonic  oscillations,  is  equal  to  its  classi¬ 
cal  value  of  5  k  per  i  atom  or  Cy  *  5Nk  per 
i  g,  where  N  is  the  number  of  atoms  per  gram. 
Taking  into  account  the  dlstlnctlwi  of  heat 
capacity  from  this  value  at  low  temperatures 


in  a  quantum  region,  we  will  write  an  expression  for  thermal  energy. 


connected  with  oscillations  of  atoms,  in  the  form 


+  Cy^-^Nk,  (11,6) 

*  Tf 

where  e,  =  \  ev{T)dT  is  the  thermal  energy  at  room  temperature  Tq, 
0 

which  can  be  taken  from  the  appropriate  table. 

At  temperatures  T,  considerably  exceeding  Tq,  it  is  possible 
to  disregard  the  distinction  of  CyTQ  from  Eq,  since  both  of  these 
magnitudes  are  small  as  compared  to  CyT.  In  this  instance. 


f*  a 
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®T  *•  ^3" ,  Cy  =  SNk. 


(11.7) 


Heat  capacity  is  equal  to  >  k  per  atom  only  when  the  thermal 
motion  of  atoms  has  an  oscillatory  character.  At  sufficiently  high 
temperatures  the  atoms  freely  move  through  the  hodyj  heat  capacity 
corresponds  only  to  forward  degrees  of  freedom  of  atoms  and  is  equal 
to  ^  k  per  atom,  as  in  a  monatomic  gas.  Transition  from  oscillatory 
motion  of  atoms  to  forward  and  the  decrease  of  heat  capacity  con¬ 
nected  with  it  occurs  gradually  in  the  region  of  such  temperatures 
at  which  the  kinetic  energy  of  an  atom  ^  kT  on  the  order  of  the 
height  of  the  potential  barrier  for  movements  of  atoms  in  the  body 
AU/N.  An  effective  boundary,  separating  the  regions  with  limiting 

3 

values  of  heat  capacity  3  k  and  ^  k,  can  be  temperaturei 


(11,8} 


At  high  temperatures  T  »  the  thermal  energy  of  one  atom 
can  be  presented  in  the  form  of  the  sum  of  the  kinetic  energy  of 

3 

forward  motion  ^  kT  and  the  mean  value  of  potential  energy,  which 
in  the  case  of  small  oscillations  also  was  equal  to  kT,  and  now 
is  on  the  order  of  AU/k. 

This  is  in  accordance  with  the  effective  determination  of  heat 
capacity  by  a  discontinuous  formula; 

cy  =  5AA  when  f  <  f*;  cy  =  |-  Nk  when  T  >  T*. 

If  T  >  Tj^,  the  energy  is  then  equal  to 

T  Tfc  T 

ZNkdT+\  |  Aik  dr  « |  AAT -f  At/. 

0  i  K'  (11.9) 

For  an  example  we  will  indicate  that  in  iron  of  normal  density 


sv 

T 


^  2,5ev  andf*  20 000*  K. 


During  compression  of  a  body  the 

^®^Sht  of  the  potential  barrier  increases 

threshold  temperature  T.  rises,  so 

curves  of  the  dependence  of  thermal 

*^yf\  energy  on  temperature  at  various  densi- 

^T^\m - - --  ^  (volumes)  have  the  form  schemati- 

T?Aa  T^  cally  depicted  in  Fig,  li.5. 

Fig,  11,5,  Dependence  of 

theiml  energy  on  tern-  In  a  limiting  case  T  »  T  when  +>,« 

perature  at  different  ^ne 

densities  (volumes).  thermal  motion  of  atoms  (more  exact, 

nuclei)  does  not  differ  fron  ges  motion,  the  the™>l  pressure  Ln- 
nected  with  this  motion  is  equal,  as  usual,  to 


7*  r- r* 


Fig,  11,5,  Dependence  of 
thermal  energy  on  tem¬ 
perature  at  different 
densities  (volumes). 


§  4,  Eq^tion  of  State  of  a  Body  Whose  Atoms 
Accomplish  Small  Oscillations 

we  Shell  consider  that  the  atoms  of  a  body  accomplish  small 
oscillations  near  equilibrium  positions,  and  will  find  the  magnitude 
Of  theimml  pressure  Pj(v.  I),  responding  to  these  oscillations.  If 
temperature  Is  not  too  high  and  electron  excitation  can  be  dlsre- 

warded,  the  equation  of  state  and  Internal  energy  of  the  body  can 
then  be  written  in  the  form 


f-P«(F)+j»T(F.  T), 
•-«.(F)+3^*r. 


(ii.iO) 

(iiai) 


Temperature  dependence  of  thermal  pressure  can  be  Immediately 
established  with  the  help  of  a  general  therw.dyn«slc  Identity. 


(11.12) 
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Elastic  members,  in  accordance  with  equation  (11*1),  satisfy 
this  relationship  automatically.  Noting  that  heat  capacity  - 
«  5Nk  does  not  depend  on  volume,  we  will  obtain  from  formula  (11,12) 
that  thermal  pressure  is  proportional  to  temperature*  Pij  *  (pCV)!, 
where  (p(V)  is  a  certain  function  of  volume. 

Let  us  rewrite  this  formula  in  the  form 

(11.1?) 

Magnitude  Q,  characterizing  the  ratio  of  thermal  pressure  to 
thermal  lattice  energy,  is  called  the  Gruenelsen  coefficient.  The 
Qruenelsen  coefficient  at  normal  volume  of  bodies  Gq  ■  con¬ 

nected  with  the  other  parameters  of  the  substance  by  a  known  ther¬ 
modynamic  relationship  (see  for  instemce  [16]) i 


(^)v(^)p(S)r“  -*•  (11,14) 

Inasmuch  as  1®  isothermal  cwnpressibility  of 

1  /  dKN 

a  substance  at  normal  conditions,  and  =  a  is  the  coefficient 


of  volume  thermal  expansion,  we  obtain 


p  Via  o  , 

•  •vH  Wfya#  tv  (11,15) 

(Cq  is  the  speed  of  sound  determined  by  compressibility). 

The  param'^ters  of  several  metals  at  normal  conditions  are 

« 

given  in  Table  11,1,  taken  from  [5], 

The  Gruenelsen  coefficient  G  corresponds  to  the  adiabatic  expo¬ 
nent  decreased  per  unit  in  the  case  of  an  ideal  gas  with  constant 

The  fact  that  Pq  Is  such  will  be  discussed  in  the  following 
paragraph,  ^ 
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heat  capacity  (let  us  recall  the  equation  of  state  of  a  gas  p  = 

“  (7  - 


Table  ii*i.  Certain  Characteristics  of  Metals  at  Normal  Conditions 


A1 

- 1 

Cu 

Pb 

Pq,  g/cm^ 

2.71 

8.93 

11.34 

c^  •  10"^,  erg/g*deg 

8.96 

3.82 

i.29 

Kq  .  10^^,  cmVd 

1.37 

0.73 

2.42 

-1 

a  •  10''^,  deg 

2.31 

1.65 

2.9 

Oo 

2.09 

1.98 

2.46 

Cq,  tan/sec 

5.2 

3.95 

1.91 

Eq  * 

16.1 

7.71 

3.23 

erg/g*deg^ 

500 

110 

144 

By  virtue  of  the  condition  adopted  in  the  derivation  of  formula 
(ii.ij)  that  heat  capacity  c^  does  not  depend  on  volume,  the 
Grueneisen  coefficient  turned  out  to  be  not  dependlnj;  on  temperature. 
In  reality,  in  the  limit  of  very  high  temperatures,  >rtien  thermal 
motion  of  atoms  (nuclei)  becomes  chaotic,  equation  (ll.lj)  should  be 
tvimed  into  the  equation  of  state  of  a  monatomic  gas,  l.e., 

p 

G  ^  when  T  00,  If  we  Imagine  that  the  atoms  of  the  body  are  dis¬ 
connected  and  diverge  at  large  distances  by  an  external  force 

(volume  Increases)  the  substance  is  turned  into  a  gas  even  at  low 

2 

temperature,  so  that  formally  when  V  -♦  00,  G  -♦  -j.  As  can  be  seen 
from  the  table,  in  normal  conditions  the  Grueneisen  coefficients 
of  metals  are  close  to  two. 
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In  order  to  clarify  the  physical  meaning  of  the  arbitrary  func¬ 
tion,  i.e,,  the  Grueneisen  coefficient  G(V),  which  appeared  formally 
as  .a  result  of  integration  of  thermodynamic  Identity  (11,12),  one 
should  turn  to  the  expression  loiown  from  statistical  physics  for 
fre:  energy  of  a  body  whose  atoms  accomplish  harmonic  oscillations. 

At  high  temperatures,  when  kT  is  much  greater  than  the  energy  of 
oscillatory  quanta  hv,  the  specific  free  energy  is  equal  to  (see 
[16]) 

Where  is  a  certain  average  frequency  of  oscillations,  which  is  con- 

•  _  -1/3 

nected  with  Debye  temperature  0  by  the  relationship  hv  -  e  '-^kP  - 
■  0,715  k0  (for  Instance,  in  iron  0  ■  420°K),  The  first  member  in 
(il,l6)  constitutes  the  potential  energy  of  interaction  of  atoms, 
coinciding  with  the  energy  of  a  cold  body.  The  second  member  des¬ 
cribes  the  thermal  part  of  free  energy.  From  formula  (11, I6)  with 
the  help  of  general  thermodynamic  relationships  it  is  easy  to  find 
the  specific  internal  energy  and  pressure  of  the  body* 

•  -f-r^-e,(F)  +  3^*r-8.  +  eT 
(we  natural?.y  arrived  at  formula  (11.11))  and 

~  IT  "  TT  "W  • 

The  first  term  gives  the  elastic  pressure  already  known  to  us, 
and  the  second  gives  the  thermal  pressure.  Taking  into  account  the 
determination  of  the  Grueneisen  coefficient  (11,15),  we  find 
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The  Oruenelsen  coefficient  can  he  connected  with  the  function 
of  cold  compression  hy  means  of  the  following  simple  reasoning. 
Average  frequency  of  the  spectrum  of  elastic  lattice  oscillations 
V,  Is  obviously  close  to  maximum  frequency.  Maximum  frequency  In 
order  of  magnitude  Is  equal  to  the  ratio  of  speed  of  propagation  of 
elastic  waves  of  volume  compression  Cq  to  minimum  wave  length,  which 
In  turn  Is  on  the  order  of  the  Interatomic  distance  so  that 
V  ~  CQ/rQ.  But  speed  of  sound  Cq  -  ^0  ~  t  whence 


Taking  the  logarithmic  derivative  from  this  expression,  we 
obtain 

r(n-— 5Inr"“8  (11.18) 

This  formula  was  obtained  by  Slatter  [17]  and  L.  D.  Landau  and 

K.  P.  Stanyukovich  [18]. 

Experience  shows  that  Oruenelsen  coefficients  decrease  somewhat 
during  compression  (with  decrease  of  specific  volume  V). 

In  order  to  Imagine  the  order  of  magnitude  of  thexmal  pressure 
(11.13),  we  shall  Indicate  that  If,  for  Instance,  we  heat  aluminum 
at  a  constant  volume  equal  to  normal,  to  a  temperature  of  1000*^, 
the  pressure  In  It  drops  to  the  magnitude  p,p  ■  31,000  atm. 

During  heating  of  a  solid  In  usual  conditions,  l.e.,  at  constant 
atmospheric  pressure,  the  body  Is  expanded.  The  cause  of  thermal 
expautslon  of  bodies  Is  absolutely  clear;  one  only  has  to  glance  at 
the  formula  for  pressure  (11.10).  During  heating  the  positive  ther¬ 
mal  pressure  p^  Increases.  So  that  total  pressuie  remains  constant, 
elastic  pressxure  p^  must  become  negative,  l.e.,  the  body  must  expand 
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as  long  as  there  are  adhesive  forces  holding  the  atoms  in  the  lat¬ 
tice,  or  the  negative  pressure  will  not  balance  the  repulsive  action 
of  positive  thermal  pressure*  Hence,  the  relation  becomes  clear 
between  the  Grueneisen  coefficients,  thermal  expansion,  and  compres  - 
slblllty,  which  is  expressed  by  formula  (il.l5).  Actually,  small 
expansion  at  constant  pressure  is  connected  with  small  heating  by 
the  condition 

d,=dp,+dpr-.i^dV-^?ff-dT^i^dV-^?,‘^iT  =  0, 

whereupon  there  follow  the  relationships  (il,i4)  and  (il*i5). 

Let  us  estimate,  for  example,  how  much  alumin'um  expands,  if  we 
heat  it  at  constant  press\ire  (zero  or  atmospheric,  it  makes  no  dif¬ 
ference)  from  absolute  zero  to  room  temperature  T  «  300®K.  Using 
the  constants  given  in  Table  i,i,  we  find  A7/7  Go^WoAf  ^ 

<%2%  (Ar  =  300‘’K). 

Moreover,  in  the  state  with  Tq  »  the  thermal  pressure  is 

the  same  as  the  absolute  value  of  elastic  pressure,  equal  to  p,jQ  - 
"  17,000  atm.  Hence  it  is  clear  that  atmospheric  pressure  can 
always  be  considered  to  be  equal  to  zero,  since  it  is  Inslgniflcajit 
in  comparison  with  both  components  of  pressure  even  at  room  temper¬ 
ature* 

If  we  know  function  G(V),  it  is  easy  to  find  the  entropy  of  the 
substance.  Considering  a  state,  slightly  differing  in  density  from 
normal,  it  is  possible  to  consider  G  as  constant  and  equal  to  its 
normal  value  of  Gq*  For  entropy  we  then  obtain  the  equation 

=  +r.c,^  , 

¥e  consider  only  a  substance  with  normal  properties,  expanding 
during  heating. 
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whence  the  specific  entropy  is  equal  to 

S^Cyln^(^^y*+So,  (11.19) 

where  Sq  1b  entropy  at  normal  conditions  Tq  and  Vq,  which  can 
usually  be  found  In  tables.  The  adiabatic  bond  of  temperature  and 
volume  Is  given  by  the  equation 

(11.20) 

Expressing  temperature  through  pressure  with  the  help  of  the 
equation  of  state 

+  (11.21) 

we  find  the  adiabatic  bond  of  pressure  and  volume t 


■  V  F  ;  ’ 


(11.22) 


where  is  the  thermal  component  of  pressure  at  normal 

conditions.  In  small  compressions  which  nonetheless  are  accom¬ 


panied  by  an  abrupt  increase  of  pressure  (as  compared  to  atmospheric. 


but  not  with  P,jiq) j  'the  adiabat  p(V)  sp|reads  at  an  almost  constant  dis¬ 
tance  from  the  curve  of  cold  compression  p„(V). 

•/V 

During  relatively  large  compressions  (1*5-2  times)  p  »  pipQ 


and  the  relative  deviation  of  the  adiabat  from  the  curve  ol  cold 


compression  [p  -  P^(V)]/p  (V)  becomes  small. 


* 

Compare  with  the  adiabatic  bond  of  T  and  V  in  a  gas  with  con- 

-N-l"! 

stant  heat  capacity  T  ~  V  '*  'j  G  corresponds  to  7  - 

The  isotherm  is  If  — />«  =  Fp/F.  At  small  changes  of  volume 

the  isotherm  almost  coincides  with  the  adiabat  (change  of  pressure 
is  great). 
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§  5.  Thermal  Excitation  of  Electrons 


In  the  simplest  models  of  metallic  todies  the  external  valence 

electrons  of  atoms  of  the  metal  are  torn  from  their  places  in  the 

atoms  and  all  together  form  a  free  electron  gas,  completely  filling 

a  crystal  tody,  in  the  nodes  of  which  there  are  ions  or  atomic 
* 

remainders*  The  electron  gas  follows  the  quantma  statistics  of 
Fermi  and  Dirac,  the  elements  of  which  were  presented  in  §  12  of 
Chapter  III. 

At  absolute  zero  temperature  the  electron  gas  is  completely 
degenerated;  in  accordance  with  the  Pauli  principle  the  electrons 
occupy  the  lowest  energy  states  and  possess  kinetic  energy  not 
exceeding  the  end-point  energy  of  Fermi  (5.88): 

(n^  is  the  number  of  free  electrons  per  1  cm^,  m^  is  the  mass  of  an 
electron) . 

Energy  Eq  in  metals  usually  has  an  order  of  several  electron- 
volts,  and  the  temperature  of  degeneration  corresponding  to  it, 

T  »  order  of  several  tens  of  thousand  degrees. 

Kinetic  energy  of  the  completely  degenerated  electron  gas, 
which  is  on  the  order  of  Eq  per  electron,  is  included  in  the  elas¬ 
tic  energy  of  the  body  and  is  not  related  to  thermal  energy.  In 
exactly  the  same  way,  the  "kinetic"  pressure  corresponding  to  it 
is  included  in  elastic  pressure  along  with  the  "potential"  pressure 
* 

We  shall  limit  ourselves  here  to  elementary  presentations,  not 
concerning  the  contemporary  electron  theory  of  metals. 

**For  instance  in  Na,  T*  -  57jOOO°K,  in  K  -  24,000®K,  in  Ag  - 
64,OOOOK,  and  in  Cu  -  82,OOOOK. 
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caused  "by  the  electrostatic  interaction  of  electrons  and  ions*  In 
summary,  this  total  pressure  of  nonthermal  origin  is  equal  to  zero, 
if  the  "body  is  in  a  vacuum  at  absolute  zero  temperature. 

With  increase  of  temperature  the  electrons  partially  pass  into 
higher  energy  states,  exceeding  Fermi  end-point  energy,  and  the 
energy  of  the  electr'^n  gas  is  increased. 

If  temperature  T  is  much  less  than  Fermi  temperature  T*,  then 
roughly  speaking,  from  the  initial  Fermi  sphere  in  the  space  of 
momentum  there  burst  electrons,  removed  from  the  Fermi  level  at  an 
energy  distance  of  the  order  kT,  The  number  of  excited  electrons 
is  a  fraction  on  the  order  of  kT/E^  of  the  total  number  of  electrons. 
Each  of  them  obtains  additional  energy  of  order  kT.  Thus,  thermal 
energy  per  electron  in  order  of  magnitude  is  equal  to  (kT/EQ)kT  and 
is  proportional  to  V^/^T^  (since  Eq  ~  Taking  into 

accoiint  the  numerical  coefficient  the  thermal  energy  of  electrons, 
calculated  per  g  of  metal  when  T  «  T*,  turns  out  to  be  equal  to 
(see  for  example  [16]) 

(11.25) 

where  coefficient  p  depends  on  the  density  of  the  substance  and  is 
equal  to 

(11.24) 

(Ng  is  the  ntunber  of  free  electrons  per  g  of  metal;  Vq  is  the 
normal  specific  volume  of  the  metal).  Specific  heat  capacity  at 
constant  volume  is  proportional  to  temperature  and  is  equal  to 

ev.->r.  (11.25) 
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Knowing  the  number  of  free  electrons  per  atom  of  metal,  it  is 

possible  by  formula  (11,24)  to  calculate  coefficient  Pq  and  find 

electron  heat  capacity  at  a  given  temperature.  In  an  experiment 

the  electron  heat  capacity  is  measured  at  very  low  temperatures,  at 

which  lattice  heat  capacity  obeys  quantum  laws  and  is  proportional 
■5 

to  T  ,  At  sufficiently  low  temperatures  electron  heat  capacity  pre¬ 
dominates,  is  proportional  only  to  the  first  power  of  T,  and  it  can  bo 
measured.  At  room  temperature  the  electron  heat  capacity  is  usually 
tens  and  even  one  hundred  times  less  than  lattice  heat  capacity, 
which  in  these  conditions  is  constant  and  is  equal  to  its  classical 
magnitude  =  3Nk. 

Experimental  values  of  coefficients  of  electron  heat  capacity 

* 

Pq  for  several  metals  are  given  in  Table  11,1, 

If  we  compare  the  values  of  heat  capacities  of  electrons  and 
lattice  at  different  temperatures,  it  is  possible  to  see  that  already 
at  a  temperature  of  the  order  of  10,000°K  the  electron  heat  capac¬ 
ity  becomes  very  noticeable,  and,  let  us  say,  at  50,000^K  it  is  even 
greater  than  lattice  heat  capacity.  It  should  be  considered,  how¬ 
ever,  that  dependence  (11,25)  is  valid  only  as  long  as  the  tempera¬ 
ture  is  less  than  Fermi  temperature. 

When  T  »  T*  the  free  electron  gas  with  constant  number  of 
electrons  is  not  degenerated,  and  its  heat  capacity  is  equal  to  the 
classic  value  of  c  **  -a-  N  k.  In  reality,  at  high  temperatures  the 

Vg  e 

actual  number  of  "free"  electrons  increases,  and  the  electron  heat 
capacity  of  the  substance  is  not  described  by  simple  formulas.  The 
question  about  the  electron  heat  capacity  of  a  dense  gas  at  high 

*They  coincide  in  order  of  magnitude  with  those  calculated 
with  formula  (11.24), 
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temperatures  was  discussed  in  detail  in  §  14  of  Chapter  III, 

At  temperatures  of  order  of  10, 000-20, 000°K,  which  had  been 
attained  in  experiments  on  shock  compression  of  metals,  we  are  still 
far  from  this  situation,  and  heat  capacity  of  electrons  can  be 
approximately  considered  to  be  proportional  to  temperature^  as  follows 
from  formula  (11,25) ♦  It  is  necessary  to  say  that  temperature  of 
degeneration  T*  Increases  during  compression  of  metal  (T*  ~ 

p 

so  that  the  temperature  range  in  which  the  approximation  of  e.  T  and 
c^  T  is  valid,  in  a  compressed  substance  is  greater  than  at 

normal  density. 

According  to  the  equation  of  state  for  a  free  electron  gas  (both 
degenerated  and  also  nondegenerated),  the  thermal  part  of  pressure  of 
electrons  is  equal  to 

If  we  determine  the  ’’coefficient  of  Oruenelsen”  for  electrons 
Gg  by  a  relationship  analogous  to  (11*15), 

for  a  free  electron  gas  it  will  be  equal  to  2/5, 

S,  B,  Kormer  [5]  conducted  a  detailed  analysis  of  the  thermal 
behavior  of  electrons  on  the  basis  of  statistical  models  of  an  atomic 
cell  according  to  Thomas  and  Fermi  and  Thomas,  Fermi,  and  Dirac  (see 
§  12  to  §  14  of  Chapter  III),  He  took  the  approximate  calculations 
of  Qllvarry  [i9l>  who  considered  the  thermal  members  as  a  correction 
with  respect  to  the  model  of  a  cold  atom  by  Thomas  and  Fermi,  the 
calculations  of  Latter  [20],  vdilch  were  discussed  in  §  14  of  Chapter 
III,  and  experimental  data.  This  analysis  showed  that  up  to 
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temperatures  of  the  order  of  50,000-50,000®K  the  heat  capacity  of 

electrons,  as  also  in  the  model  of  free  electrons,  is  proportional 

2 

to  temperature;  c^  T,  e^  T  ,  where  with  the  growth  of  density 

e 

such  regularity  is  kept  to  all  higher  temperatures. 

Regarding,  however,  thermal  pressure,  the  coefficient  G  turns 
out  to  be  equal  to  2/3  only  in  limiting  cases  of  very  high  tempera¬ 
tures  or  very  large  densities,  when  the  kinetic  energy  of  electrons 
is  much  greater  than  Coulomb  energy.  In  the  region  of  temperatures 
and  densities  realized  in  the  experiments  on  shock  compression  the 
magnitude  is  somewhat  less;  it  is  equal  approxlmate]y  to  0,5**0,6, 
As  a  result  it  turned  out  that  it  is  possible  with  a  sufficient  de¬ 
gree  of  accuracy  to  take  G^  =  const  »  1/2. 

In  order  to  avoid  contradiction  in  this  case  with  thermodynamic 
identity  (li,2),  together  with  the  change  of  coefficient  G  it  is 

necessary  to  simultaneously  change  the  exponent  in  the  dependence  of 

2/'5  2 

energy  on  volume  connected  with  it;  namely,  instead  of  ~  V 

i/2  2 

the  dependence  Eg  V  '  T  should  be  taken.* 

Considering  the  coefficient  of  electron  heat  capacity  at  normal 
volume  to  be  equal  to  its  experimental  value,  it  is  possible  accord¬ 
ing  to  S,  B,  Kormer  to  write  approximately,  when  T  <  30,000-50, 000°K: 


?• 


1  •• 

2  V 


(11.28) 

(11.29) 


It  is  easy  to  check  that  in  the  dependence  Eg  ~  and 
equation  of  state  p  «  GgSg/V  with  G^  -  const,  the  thermodynamic 
identity  is  satisfied  only  when  k  “  G^, 


863 


§6,  Trinomial  Equation  of  State 


Let  us  briefly  summarize  the  results  of  §§  2-5*  The  specific 
Internal  energy  and  pressure  of  a  solid  or  liquid  may  he  presented 
In  the  form  of  the  sums  of  three  components  which  describe  the  elas¬ 
tic  properties  of  a  cold  body«  the  thermal  motion  of  atoms  (nuclei) ^ 
and  thermal  excitation  of  electrons.  Considering  not  too  high  tem.- 
peratures,  no  higher  than  several  tens  of  thousand  degrees  (and  large 
compressions),  it  Is  possible  in  order  of  approximation  to  consider 
that  atoms  accomplish  small  oscillations  sjid  that  their  heat  capac¬ 
ity  Is  equal  to  Cy  ■  JNlc.  Electron  members  with  such  temperatures 
are  described  by  approximate  formulas  (11,28)  and  (11,29) ♦  Thus, 
energy  and  pressure  are  equal  toi 


Tq  Is  room  temperature;  Is  the  thermal  energy  of  an  atomic  lattice 
at  room  temperature,  which  Is  taken  from  tables.  The  coefficient  of 
electron  heat  capacity  at  normal  volume  Pq  Is  taken  fr<aa  experiments 
on  the  measurement  of  heat  capacity  at  very  low  temperatures. 

The  Gruenelsen  coefficient  a(V)  Is  connected  with  the  function 
P„(V)  by  differential  relationship  (11^18),  There  remains  only  one 
unknown  magnitude,  l,e,,  elastic  pressure  as  a  function  of  volume 
which  should  be  found  experimentally. 


864 


2.  Shock  Adiahat 


§  7*  Shock  Adiahat  of  a  Condensed  Substance 

The  laws  of  preservation  of  flows  of  mass,  momentum,  and  energy 
on  the  front  of  a  shock  wave  (l,6i)-(i,6;5)  have  an  absolutely  general 
value,  irrelevant  to  the  aggregate  state  of  a  substance  through  which 
a  wave  is  spreading.  Inasmuch  as  even  in  very  weak  shock  waves  pres¬ 
sures  are  measured  in  thousands  of  atmospheres,  initial  atmospheric 
pressure  can  always  be  disregarded,  considering  it  to  be  equal  to 
zero.  Let  us  designate,  as  usual  through  D,  the  speed  of  propagation 
of  a  shock  wave  through  undisturbed  substance,  and  through  u,  the 
Jimp  of  mass  speed  in  the  front,  equal  to  the  speed  of  the  substance 
behind  the  front  (in  a  laboratory  system  of  coordinates),  if  the  sub¬ 
stances  rests  in  front  of  the  front.  Omitting  index  for  magnitudes 
behind  the  front,  we  shall  write  the  laws  of  conservation  of  mass  and 
momentum  in  the  form 

Du 

^“17  •  (11.52) 

Excluding  from  these  equations  speed  u,  we  obtain 

(11.55) 

As  the  third,  energy  relationship,  we  shall  take  the  equation 
of  shock  adiabat  (1,71)  with  p^  =  Oj 

(11.54) 

Total  energy,  obtained  by  1  g  of  substance  as  a  result  of  shock 
compression  p(1’q  -  V),  is  distributed  equally  between  kinetic  uV2 
and  internal  e  -  Eq  energies  (in  the  system  of  coordinates  where  the 
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undlsturted  substance  rests).  Change  of  internal  energy  in  turn  is 
composed  of  changes  of  elastic  and  thermal  energy. 

We  shall  consider  at  first  a  shock  wave  spreading  through  a 


body  with  zero  temperaturei  Tq  *•  0,  Eq  ■  0,  -  Vq^*  On  a  diagram 


of  p  and  V  (Fig,  11,6)  we  draw  the  adlabat 
of  cold  compression  p„(V)  and  shock  adlabat 
Pjj(V)  which  is  naturally  higher,  since  total 
pressure  behind  the  front  is  composed  of 
elastic  and  thermal  pressure.  The  elastic 
energy  obtained  by  the  substance  is  nuneri- 


Pig,  11,6.  p  and  V- 
diagram  for  shock  ccan- 
pression  of  a  cold 
substance,  ph  —  shock 
adlabat,  p  —  curve  of 

cold  compression. 


cally  equal  to  the  area  of  curvilinear  tri¬ 
angle  OBC,  shaded  horizontally  (e,« 

Total  internal  energy  e,  according  to 
(11.54),  is  equal  to  the  area  of  triangle 


OACj  the  difference  of  areas,  shaded  vertically,  also  composes  the 


thermal  energy  of  the  substance,  which  was  subjected  to  shock  com- 


Fig,  11,7,  P  V- 
diagram  for  shock  com¬ 
pression  of  a  solid 
body  heated  to  room 
temperature,  pjj  — 

shock  adlabat,  pg  — 

isentrope,  p  ,  —  cold 

compression  curve. 


presslon.  As  can  be  seen  from  Pig,  11.6, 
the  area  of  OAC  is  certainly  greater  than 
the  area  of  OBC,  only  if  the  curve  of  cold 
compression  is  convex  with  respect  to  the 
axis  of  volumes  which  usuali^^ always 

occurs.  Therefore,  in  the  shock  wave  the 
substance  is  always  heated  and  its  entropy 
is  Increased.  This  absolutely  general  posi¬ 
tion,  graphically  demonstrated  in  Chapter  I 
in  the  specific  example  of  an  ideal  gas  with 
constant  heat  capacity,  with  no  less  clarity 
in  the  case  of  a  solid  follows  from  the 
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elastic  properties  of  the  substance. 

We  shall  now  consider  shock  compression  of  a  body  initially 
located  at  normal  conditions  Vq  and  Tq.  The  initial  elastic  pres¬ 
sure  in  this  instance  is  negative,  and  curve  p  (V)  is  located  as 
depicted  in  Fig.  11.7.  The  usual  adiabat  or  isentrope  P3(V,  S^), 
passing  through  the  Initial  state,  with  decrease  of  volume  deviates 
somewhat  upwards  from  the  curve  of  cold  compression. 

At  small  compressions  the  electron  pressure  is  insignificantly 
small;  the  Grueneisen  coefficient  may  be  considered  constant  and 
adiabat  P3(V,  Sq)  is  described  by  equation  (11.22). 

As  we  know  (Chapter  I,  §  18),  the  shock  adiabat  Pjj(V)  at  the 
initial  point  has  a  second  order  tangency  with  the  usual  adiabat 
Pg(V),  so  that  the  shock  adiabat  proceeds  as  shown  in  Fig.  11.7. 
Figure  11«7  is  carried  out  in  such  scales,  in  order  to  make  graphic 
the  mutual  location  of  all  three  curves  p^,  Pg,  and  p^^  in  a  range 
cf  comparatively  small  pressures  to  a  magnitude  of  the  order  of  a 
hundred  thousand  atmospheres.  If  we  consider  a  wide  range  of  pres¬ 
sures  to  a  million  atmospheres,  the  distinction  between  Vq  and  Vq^, 
the  same  as  the  deviation  of  the  usual  adiabat  from  the  curve  of  cold 
compression,  almost  does  not  show  up,  and  the  deviation  of  shock 
adiabat  from  Isentrope  Pc  or  from  curve  p  .  becomes  considerable  due 

w  X 

to  amplification  of  the  role  of  the  thermal  components  of  energy 
and  pressure,  or  the  very  same,  due  to  a  noticeable  rise  of  entropy. 
The  picture  is  then  the  same  as  in  Fig,  11,6,  where  it  is  possible 
to  consider  V  ..  =  V-  and  adiabat  Pg  to  be  coinciding  with  the 

curve  cold  compression. 

In  shock  v.'aves  with  pressures  of  the  order  of  a  million  atmos¬ 
pheres,  the  thermal  energy  connected  with  the  increase  of  entropy 
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of  the  substance  is  comparable  with  total  energy.  In  exactly  the 
same  way,  the  thermal  pressure  is  comparable  with  total  pressure. 
This  is  illustrated  in  Pig,  ii,8,  taken  from  [J],  which  represents 


p 


Pig,  11,8,  Shock  adia- 
bats  and  curves  of  cold 
compression  of  copper 
and  lead. 


experimental  shock  adiabats  of  copper  and 
lead  to  pressures  of  the  order  of  4  *  10^ 
atm  and,  obtained  on  the  basis  of  experi¬ 
ments  by  means  of  calculation,  curves  of 
cold  compression  (along  the  axis  of 
abscissas  we  do  not  plot  volume,  but  mag- 

^  y  # 

nitude  of  compression,  ^  = 

do  y  ' 

Considering  Table  11,2,  we  can  obtain 
a  presentation  about  the  relative  role  of 
all  components  of  pressure  and  energy  at 

«* 

different  pressures  of  shock  compression. 


Table  11,2,  Parameters  Behind  the  Front  of  a  Shock 
Wave  in  Lead 


p 

p* 

P 

•-t. 

•« 

eylT— T*) 

•• 

T.«E 

In 

10^ ■  ID 

^  atm 

in  10^ 

er«/« 

1.3 

25.0 

21,6 

3,35 

0,05t 

25.4 

15,3 

9.6 

0,69 

1.9 

1045 

1.5 

65.5 

51,0 

13,9 

0,63 

96,3 

46,7 

42,3 

7.4 

1.77 

3580 

1.7 

133.0 

95,3 

34,0 

3,8 

242,0 

95,8 

107,0 

39,4 

1.60 

8600 

1.9 

225.5 

156,0 

56,0 

12.7 

471,0 

163.2 

191,0 

118,0 

1,35 

15100 

2.1 

335.5 

233,0 

73,0 

29,0 

775.0 

248,0 

284.0 

243,0 

1,07 

22300 

2.2 

401.0 

277,0 

93,0 

41,5 

965,0 

297,0 

337,0 

. 

332,0 

0,98 

26400 

« 

These  experiments  and  the  method  of  obtaining  the  experimental 
curve  of  cold  compressibility  can  be  seen  in  §§  12  and  IJ. 

## 

The  table  is  taken  from  [3],  To  complete  the  pictxxre  we  have 
added  certain  magnitudes  to  it.  These  magnitudes  were  calculated 
with  the  help  of  the  constemts  given  in  [3], 
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From  table  it  follows  that  during  the  shock  compression  of 
lead  2.2  times,  the  substance  behind  the  front  is  heated  to  a  tem¬ 
perature  of  26,000°Kj  in  this  instance  the  thennal  pressure  com¬ 
poses  of  the  total,  and  thermal  energy  is  69^  of  the  total,  where 
half  of  the  thermal  energy  belongs  to  the  electrons,  and  half  to  the 
oscillations  of  atoms.  Thermal  pressure  of  electrons  composes 
of  total  thermal  pressure. 

In  the  qualitative  aspect  the  behavior  of  all  other  investigated 
metals,  upon  increase  of  wave  amplitude,  was  equal.  Quantitative 
data  can  be  found  in  [5]j  we  will  not  give  them  here. 

The  greater  the  amplitude  of  a  shock  wave,  even  greater  will  be 
the  role  played  by  the  thermal  components  of  pressure  and  energy. 

At  very  high  pressures  of  the  order  of  hundreds  of  million  atmos¬ 
pheres  and  higher,  the  role  of  "elastic"  components  becomes  small 
and  the  substance  behaves  practically  as  an  ideal  gas  (ideal  in  the 
sense  of  the  absence  of  interaction  between  particles).  Correspond¬ 
ingly,  the  shock  adiabat  in  these  conditions  in  principle  does  not 
differ  from  the  shock  adiabat  of  an  ideal  gas  (taking  into  account 
the  processes  of  "ionization";  see  Chapter  III),  i.e,,  and  for  a 
solid  there  exists  a  limiting  compression  in  the  shock  wave.  In  the 
limit  p  -  00  the  temperature  also  tends  to  infinity,  the  atoms  are 
completely  ionized,  and  the  substance  is  turned  into  an  ideal,  classic 
electron-nuclear  gas  with  adiabatic  exponent  7  =  5/5#  which  corres¬ 
ponds  to  limiting  compression  equal  to  4  (if  we  disregard  the  effects 
connected  with  radiation;  see  Chapter  III), 
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§  8,  Analytic  Presentations  of  Shock  Adlabat 

With  the  help  of  thermodynamic  functions  p(V,  T)  and  c(T,  V) 
in  principle  we  can  find  in  evident  form  the  equation  of  shock  adla- 
bat  Pjj(V>  Vq)*  Actually  this  is  Impossible  to  do,  since  the  theo¬ 
retical  dependence  of  elastic  pressure  on  volume  is  unknown,  l*e,, 
the  function  p„(V)*  It  is  useful,  however,  to  write  the  equation 
of  shock  adlabat,  leaving  in  it  the  unknown  function  p  (V)*  We  shall 
consider  shock  waves  of  not  too  great  amplitude,  in  which  it  is 
possible  to  disregard  the  electron  components  of  pressure  and  energy 
and  consider  the  Grueneisen  coefficient  G  to  be  constant  and  equal 
to  its  value  at  normal  conditions  G^. 

At  the  same  time  we  shall  consider  that  the  wave  is  not  too 
weak,  so  thet  it  is  possible  to  disregard  the  initial  energy  of  un¬ 
disturbed  substance  Eq.  Actually  this  corresponds  to  the  fact  that 
we  consider  initial  temperature  uo  be  equal  to  zero  and  do  not  make 
a  distinction  between  normal  volume  and  zero  volume 

Let  us  place  in  the  equation  of  shock  adlabat  (11,54)  energy 
e  -  +  e^,  expressing  its  thermal  part  through  pressure  by  for¬ 

mula  (11,21) I 

Solving  the  obtained  equation  with  respect  to  p,  we  find  the 
equation  of  shock  adlabat  in  the  form 

{V)iv 

^  \  (11.5^) 

where  h  designates  the  magnitude  h  -  2/Gq  +  1, 

If  we  formally  extend  formula  (11,55)  to  shock  waves  of  very 
great  amplitude,  we  will  obtain  the.*-  in  the  limit  Pjj  cd,  Vq/V  -  h. 
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i*e*,  h  formally  constitutes  ''limiting  compression"  In  the  shock 
wave*  The  position  here  Is  fully  analogous  to  what  takes  place  In 
an  Ideal  gas  with  constant  heat  capacity.  Let  us  remember  that  the 
index  of  Grueneisen  G  corresponds  to  the  adiabatic  exponent  7  de¬ 
creased  by  one.  Hence  "limiting  compression"  h  corresponds  to  magnitude 
(7  +  l)/(7  -  1)*  l.e,,  limiting  compression  for  gases. 

The  formal  analogy  with  gases  Is  connected  with  the  fact  that 
In  the  limit  Pjj  -*•  oo  the  thermal  pressure  plays  a  basic  role  (p^  » 

=  p„  -  p„  00,  when  p„(V)  -+  const)  and  the  equation  of  state  In  this 
case  does  not  differ  from  that  of  a  gas. 

Sometimes  it  Is  convenient  to  present  shock  adlabat  In  analytic 
form,  using  some  Interpolation  formula.  Experience  shows  that  In  a 
wide  range  of  amplitudes  of  shock  waves  the  dependence  between  speed 
of  front  and  speed  of  substances  behind  the  front  (with  respect  to 
undisturbed)  Is  lineari 

D^A-k-Bu.  (11.56) 

Thus,  for  instance,  for  Iron  A  »  5,8  km/secj  B  »  1,58).  With 
the  help  of  relationship  (11,56)  by  formula  (11,54)  and  (11*52)  it 
Is  easy  to  find  the  equation  of  shock  adlabat 1 

Shock  adlabat  Pjj(V,  Vq)  can  be  Interpolated  by  polynwnlals  of 
the  type 

Formula  (11*56)  cannot  be  extrapolated  to  small  anqplltudes 
p  -*■  0,  u  -*•  0,  so  that  constant  A  Is  not  the  speed  of  so\ind  In  a 
normal  state. 


by  determining  the  constant  coefficients  partially  from  the  results 
of  experiments  on  shock  compression,  eind  partially  through  the 
parameters  of  the  substance  in  normal  state. 


§  9*  Shock  Waves  of  Weak  Intensity 

A  region  of  pressures  of  the  order  of  several  tens  and  hundreds 
of  thousand  atmospheres  has  a  large  value  for  practice.  These  are 
the  typical  pressures  which  are  developed  in  the  detonation  of 
explosives,  in  explosions  in  water,  upon  Impact  of  detonation  pro¬ 
ducts  against  metal  barriers,  etc.  In  the  region  of  isentropic  flow 
we  frequently  use  an  empirical  equation  of  state  of  a  condensed  sub¬ 
stance  of  the  type 


/>  =  ^(‘y)[(y)  -l]  .  (11.58) 

in  which  index  n  is  considered  to  be  constant,  and  coefficient  A 
depends  on  entropy j  actually  it  is  also  always  considered  constant. 
Constants  A  and  n  are  connected  together  by  a  relationship  which 
Includes  compressibility  of  the  substance  at  normal  conditions  (speed 
of  sound) 


(11.39) 


F.  A,  Eaum,  K.  P.  Stanyukovich,  and  B.  I.  Shekhter  [21],  in 
accordance  with  Jensen’s  data,  took  for  metals  index  n  equal  to  4 
and  calculated  by  formula  (il.59)  constants  A  for  a  number  of  metals 
through  the  experimental  values  of  compressibility. 

In  a  number  of  cases  there  was  obtained  good  coincidence  with 


values  of  A,  which  were  determined  by  the  same  authors  experimentally 


Thus,  for  Instance,  for  iron  A 


5  •  10^  atm,  which  is  11^  greater 
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than  experimental*  For  copper  -  2,5  •  iO^  atm,  which  is  6% 

5 

greater  than  experimental;  for  duralumin  »  2,05  •  10"^  atm  and 

practically  coincides  with  the  experimental  value.  For  water  we 
usually  take  n  »  7“8  and  A  «  5000  atm* 

During  calculations  of  flows  with  shock  waves  in  the  region  of 
shown  pressures  it  is  possil^LO  in  the  first  approximation  to  disre¬ 


gard  the  change  of  entropy  in  the  shock  wave  and  to  use  the  adia¬ 
batic  equation  of  state  (11,58)  with  A  *=  const  for  the  bond  of  pres¬ 
sure  and  compression  in  the  front  of  the  wave.  With  this  speed  D 


and  u  are  found  from  the  first  two  relationships  on  the  front  of  the 
shock  wave  (11.51)  and  (11,52),  or  (11,51)  and  (11,53),  Energy 
equation  (11,54)  can  then  be  used  so  that  in  the  following  approxi¬ 
mation  we  may  estimate  the  increase  of  internal  energy  connected 
with  the  irreversibility  of  shock  compression.  Actually,  if  we  con¬ 
sider  (11,58)  as  an  isentrope  equation,  the  internal  energy  depend¬ 
ing  upon  V  can  be  found  by  using  the  equation  TdS  **  de  +  pdV  =  0* 

.(V) prfF -4K,  - 1  ]-[  1  - fj}  . 

Vo 


Equation  of  energy  (11,54)  on  the  front  of  a  shock  wave  with 
this  value  of  energy  and  the  value  of  pressure  according  to  (11,58) 
naturally  is  not  satisfied.  The  difference 


dV)a  —coni  I 
V 

by  definition  is  equal  to  the  increase  of  internal  energy  connected 
with  the  growth  of  entropy  in  the  shock  wave.  The  smallness  of  this 
magnitude  as  compared  to  full  increase  of  energy  in  the  shock  wave 
e  -  Eq  is  also  a  condition  of  validity  of  the  approximation  of 
"adiabaticness"  of  shock  compression. 
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Calculation  of  the  ratio  Ae/(e  -  Eq)  with  index  n  =  4  shows 
that  when  Vq/V  =  1,1  this  ratio  is  equal  to  4.5?^#  and  when  V^/V  =« 

»  1,2  3t  Is  equal  to  17*5^  (ratio  does  not  depend  on  A),  Compres¬ 
sion  1,1  times  corresponds  to  pressures  of  order  of  100,000  atm  (for 
aluminum  —  90,000  ati%  for  iron  —  210,000  atm).  Thus,  at  pressures 
of  ~i0^  atm  the  approximation  of  "adiabaticness"  of  shock  compression 
gives  an  error  of  no  more  than  5^  with  respect  to  energy  (even  less 
with  respect  to  pressure),  which  permits  us  to  consider  the  shock 
wave  as  acoustic  in  many  practical  calculations, 

§  10.  Shock  Compression  of  a  Porous  Substance 

Unique  peculiarities  are  possessed  by  the  process  of  shock  com¬ 
pression  of  porous  bodies.  Experimental  study  of  shock  compression 
of  the  same  substance  at  different  initial  densities  permits  the 
obtainment  of  considerably  more  complete  information  about  the 
thermodynamic  properties  of  a  substance  at  high  pressures  and  tem¬ 
peratures.  Porous  bodies  can  have  the  most  diverse  nature  and 
structure  (powders,  bodies  with  Internal  vacuums,  fibrous  bodies, 
etc,).  All  of  them  are  characterized  by  the  presence  of  more  or 
less  big  particles  or  sections  of  solid  substance  with  normal  dens¬ 
ity  Pq  =  I/Vq  and  empty  sections,  owing  to  which  the  average  speci¬ 
fic  volume  Vqq  Is  greater  than  normal  Vq  (and  average  density  Pqq 
is  less  than  normal  Pq),  Let  us  Imagine  that  a  porous  body  is  sub¬ 
jected  to  slow  compression  from  all  sides.  At  first  the  work  of 
forces  of  external  pressure  is  expended  only  for  "closing"  the 
vacuums,  for  sealing  the  substance,  and  reducing  of  it  to  normal 
volume.  This  work  is  connected  with  surmounting  the  forces  of 
friction  between  particles,  with  breaking  of  particles,  with  crumpling 
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of  fibers,  etc. 


ip  For  accomplishment  of  this  work  there 

are  required  comparatively  small  pressures, 

\  the  scale  of  which  is  the  ultimate  strength 

\  J‘«C0nst 

\  of  materials,  i.e,,  for  metals,  pressuiss  of 

\  the  order  of  a  thoussuid  atmospheres,  and  for 

JT  %  many  substances  much  smaller.  If  we 

considered  compression  in  a  range  of  pres'^ures 

Fig,  ii,9.  Isentrope 

of  compression  of  a  measured  in  hundreds  of  thousand  atmospheres, 
porous  substance, 

then  practically  in  that  section  of  the 
adiabat  where  there  occurs  sealing  of  the  substance  to  normal  volume. 


pressure  may  be  considered  to  be  equal  to  zero,  and  adiabat  passing 


from  point  ^00  can  be  presented  in  the  form  of  a  segment  of  the  axis 


of  abscissas  from  Vqq  to  Vq  (p  -  0),  and 
then  during  compression  above  normal  dens¬ 
ity,  in  the  form  of  an  isentrope  of  solid 
substance  (Fig,  11,9) • 

We  shall  now  consider  shock  ccaipression 
of  a  porous  body.  For  simplicity  let  us  con¬ 
sider  shock  compression  to  high  pressures 
measured  in  hundreds  of  thousand  and  million 


Fig,  il.iO,  p  and  V- 

press ion  of  a  porous 

substance,  p„„„  — 
por 

shock  adiabat  of  a 
porous  body,  p^^^  - 

shock  adiabat  of  a 
solid  body,  p  —  curve 

of  cold  compression  of 
a  solid  body. 


atmospheres,  so  that  the  usual  adiabat  of 
solid  substeince  may  be  considered  as  coin- 
cidiiig  with  the  curve  of  cold  compression. 
Here  we  shall  disregard  the  effects  con¬ 
nected  with  strength  and  the  distinction 
of  initial  temperature  Tq  »  500®  from  zero. 


We  shall  consider  that  in  the  final  state  "behind  the  front  of 
a  shock  wave  the  substance  is  solid  and  uniform.  From  the  laws  of 
preservation  on  the  front  of  the  shock  wave  and  the  equation  of 
state  of  the  substance  It  follows  that  the  shock  adlabat  has  the 
form  depicted  In  Fig,  11,10  (this  will  be  clarified  below).  The 
point  corresponding  to  normal  volume  Vq  and  zero  pressure  p  =  0 
lies  on  the  shock  adlabat.  The  internal  energy  obtained  by  the  sub¬ 
stance  In  the  shock  wave  e  =  (V2)p  (Vqq  -  V),  is  equal  to  the  area  of 
the  triangle  shaded  horizontally.  Its  elastic  part  is  equal  to  the 
area  of  the  curvilinear  triangle  limited  by  curve  p  (V)  and  covered 
in  Fig.  11. 10  by  thick  shading.  The  greater  the  initial  volume 
i.e.,  the  higher  the  porosity  of  the  substance,  the  bigger  the  ini¬ 
tial  difference  in  areas,  responding  to  part  of  the  energy  during 
compression  of  a  porous  substance  to  the  same  final  volume  (elastic 
energy  at  the  given  volume  remains  constant,  and  total  energy  grows). 

But  the  greater  the  thermal  energy,  the  higher  the  thermal 
pressure.  Therefore,  the  higher  the  porosity,  the  higher  the  shock 
adiabat.  In  particular,  the  shock  adlabat  of  a  porous  substance 
passes  above  the  shock  adiabat  of  a  solid,  as  shown  in  Fig.  11,10, 

In  order  to  compress  a  porous  substance  to  the  very  same  volume 
as  the  solid,  higher  pressures  are  needed,  whereby  all  the  higher, 
the  higher  the  degree  of  porosity. 

The  picture  does  not  change  in  a  qualitative  aspect,  if  we 
consider  initial  temperature  (and  entropy)  to  be  different  from 
zero. 

In  order  to  obtain  a  presentation  about  how  sharply  the  thermal 
components  of  pressure  and  energy  increase  during  shock  compression 
of  a  porous  body  as  compared  to  compression  of  a  solid,  we  will  give 
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experimental  curves  of  shock  adiahats  of  iron 
with  normal  density  and  porous  iron  with  dens¬ 
ity  lowered  1.4  times  (Vqq  “  i.4l2  Vq)*  These 
curves  (Fig.  11.11)  were  taken  from  [1]  (on  the 
axis  of  abscissas  we  do  not  plot  volume,  but 
compression  with  respect  to  normal  density  Vq/V) * 
For  instance,  during  compression  with  respect  to 


/  I.Z  1,4  16  1.3 


,  normal  volume  Vp,/V  =  1.22,  which  corresponds  to 

Fig.  11,11,  Shock 

adlabats  of  solid  a  decrease  of  volume  of  porous  iron  by  1,74  times 
(p. )  and  porous 

(p  )  of  iron,  p  ^^00^  “  i*74)j  pressure  in  the  case  of  porous 

—  curve  of  cold  iron  turns  out  to  be  2.63  times  more  than  pres- 


—  curve  of  cold 
compression. 


sure  for  solid  iron,  and  energy,  in  8,64  times 


more. 


Large  heating  during  shock  compression  of  porous  bodies  can 
lead  to  sharp  anomalies  in  the  trend  of  the  shock  adlabat.  Namely, 
upon  compression  to  a  given  pressure  of  a  substance  with  high 
p  porosity,  the  relative  role  of  thermal  pres- 

T'loi  Ippor  sure  turns  out  to  be  so  great  that  the  dens- 

\  /  Ity  in  the  final  state  at  high  pressure 

•\\  /  turns  out  to  be  less  than  normal  (V  >  Vq)  . 

_ _ .  The  volume  with  the  growth  of  pressure  does 


y 


.  ,  not  decrease  in  this  case,  as  usual,  but 

Fig.  11,12.  Anomalous 

behavior  of  shock  increases,  and  the  shock  adiabat  has  the 

adlabat  at  high  por¬ 
osity  of  a  substance.  anomalous  behavior  depicted  Ixx  Fig,  11.12. 


In  order  to  explain  the  origin  of  this  curious  effect,  we  will 
use  the  equation  of  shock  adlabat  concluded  on  the  assumption  that 
electron  pressure  and  energy  is  low  the  Grueneisen  coefficient  is 


constant,  and  initial  energy  of  the  substance  can  be  disregarded. 
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This  is  equation  (11*55)#  in  which  unier  initial  volume  Vq  we  under¬ 
stand  the  initial  volxime  of  a  porous  substance  7qq  (in  the  deriva¬ 
tion  of  equation  (11*55)  nowhere  is  it  mentioned  that  the  substance 
in  initial  state  is  solid) i 


PaiV,V^)=^ 


2«,(y) 


(il.4o) 


Equation  (11*40)  describes  a  familj;-  of  shock  adlabats  corres¬ 
ponding  to  different  initial  volumes  Vqq,  i*e*,  different  degrees 
of  porosity,  which  can  be  characterized  by  the  coefficient  k  « 

“  ^00^0  ^  When  k  «  1  and  Vqq  »  Yq  we  have  the  shock  adiabat  of 
a  solid  substance.  Point  V  «  Vq  and  Pjj  "  0  satisfies  equation 
(il.40)  at  any  initial  volume  Vqq  (since  Vyi'^Q)  “  0,  “  O), 

so  that  the  family  of  adlabats  is  a  cluster  of  curves  originating 
from  this  point*  By  formula  (ii*40)  when  Vqq/7 -►  h,  Pjj cn,  i*e*, 
limiting  volume  is  »  Yqq/Ii*  If  this  magnitude  is  less  than 
Vq#  Yhtm  “  ^OO'^  ^0'  takes  place  at  small  porosity  k  <  h, 

the  shock  adlabats  have  a  normal  trend,  whereby  they  are  higher, 
the  greater  the  initial  volume*  If,  however,  ^  ^0  occurs 

at  high  porosity,  when  k  >  h),  the  trend  of  the  cixrves  is  anomalous: 
upon  growth  of  pressure  the  final  volume  Increases*  The  family  of 
shock  adlabats,  corresponding  to  different  coefficients  of  porosity, 
is  shown  in  Fig,  il,l5* 

Let  us  emphasize  once  again  that  equation  (il,4o)  describes 
only  the  initial  trend  of  shock  adlabats,  in  the  region  of  small 
pressures.  In  reality,  at  large  pressures  the  role  of  the  electron 
members  is  essential,  and  the  Qruenelsen  coefficient  is  not  constant* 
But  this  does  not  disturb  the  validity  of  the  qualitative  conclusion 
concerning  the  possibility  of  anomalous  behavior  of  the  shock  adiabat 
of  an  extremely  porous  substance* 
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§  11.  Emergence  of  a  not  Very 
Strong  Shock  Wave  on  the 
Free  Surface  of  a  Body 


In  the  experimental  determination  of 

shock  adlabat  of  a  solid,  which  will  be  con- 

^  sidered  in  the  following  paragraph,  we  have 

Fig,  11.15.  Shock  adia- 

bats  at  different  de-  widely  used  the  so-called  rule  of  doubling 
grees  of  porosity: 

fc4>*3>A:  speeds  in  an  unloading  wave. 

When  a  shock  wave,  spreading  through  a  solid,  emerges  on  the 

free  surface,  the  compressed  substance  is  expanded,  or,  so  to  speak, 

is  unloaded  practically  to  zero  pressure.  The  unloading  wave 

(rarefaction  wave)  rims  back  through  the  substance  with  the  speed  of 

sound,  corresponding  to  the  state  behind  the  front  of  a  shock  wave, 

and  the  unloaded  substance  itself  obtains  additional  speed  in  the 

* 

direction  of  the  initial  motion  of  the  shock  wave. 

In  this  paragraph  we  will  consider  only  not  very  strong  shock 
waves,  which  impart  to  the  solid  matter  an  energy  insufficient  for 
its  melting,  and  all  the  more  so  for  evaporation,  so  that  the  final 


If  the  body  does  not  border  with  a  vacuum,  but  with  air,  the 
moving  boundary  of  the  unloaded  substance  plays,  with  respect  to 
the  air,  the  role  of  a  piston  and  "pushes"  the  air  shock  wave  before 
it.  Therefore,  strictly  speaking,  the  substance  is  unloaded  not  to 
zero  pressure,  but  to  the  pressure  in  the  air  shock  wave.  However 
this  pressure,  which  as  compared  to  atmospheric  can  be  larger,  is 
so  small  as  compared  to  the  initial  pressure  in  the  solid  compressed 
by  the  shock  wave,  that  it  can  always  be  disregarded,  and  one  may 
consider  that  unloading  in  air  does  not  aiffer  from  unloading  in  a 
vacuum.  The  amplitude  of  a  shock  wave  in  air  is  then  determined  by 
the  speed  of  the  "piston,"  i,e,,  the  speed  of  the  unloaded  solid 
matter. 

The  evaporation  of  a  solid  that  is  initially  compressed  by 
a  powerful  shock  wave  will  be  discussed  in  §§  21  and  22, 
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state  of  the  Bubatance  after  unloading  will  be  asBumed  to  be  solid. 

The  final  volume  of  the  unloaded  substance  Vj_  In  this  case  hardly  dif¬ 
fers  from  the  normal  volume  of  a  solid  Vq. 

At  the  same  time  we  will  consider  a  shock  wave  that  Is  not  too 


weak.  In  such  a  manner  so  that  It  would  be  possible  to  disregard  the 


Fig.  11.14.  Profiles  of 
density,  pressure,  and 
speed  at  emergence  of  a 
weak  shock  wave  on  a 
free  surface,  a)  before 
moment  of  emergence  t  < 

<  Oj  b)  after  moment  of 
emergence  t  >  0. 


effects  connected  with  the  strength  of 
the  solid.  The  pressure  In  a  body  com¬ 
pressed  by  a  shock  wave  Is  assumed  to  be 
Isotropic,  as  In  a  gas  or  liquid.  This 
Is  valid  when  the  pressure  Is  great  as 
compared  to  ultimate  strength,  critical 
shift  stress,  etc.  Speed  of  sound  Is 
then  determined  by  the  compressibility  of 
the  substance  and  the  modulus  of  total 
compression,  exactly  as  In  a  gas  and 
llqxxld.  Otherwise  unloading  Is  described 
by  formulas  of  the  theory  of  elasticity, 
which  will  be  discussed  subsequently. 

Let  us  assume  that  through  the  solid 
there  spreads  a  plane  shock  wave  of  con¬ 
stant  amplitude  (pressure  p,  mass  speed 
u,  volume  V,  which  Is  only  somewhat  less 
than  normal  volume  Yq).  In  a  defined 


moment  of  time  the  wave  emerges  on  the  free  surface,  which  1b  con¬ 
sidered  the  surface  of  the  front  of  the  shock  wave.  A  not  too  strong 
shock  wave.  In  which  compression  Is  small,  Vq  -  V  «  Vq,  does  not 
differ  from  an  acoustic  coDapressional  wave  and  is  described  by  for¬ 
mulas  of  acoustics.  It  spreads  through  the  body  with  the  speed  of 
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sound  Cq.  The  pressure  in  it  is  connected  with  the  mass  speed  by 
the  relationship  p  ■  (Pq  “  ^^0^*  S'tfi^rting  from  moment  t  ■  0 

the  emergence  of  the  shock  wave  on  the  free  surface,  through  the 
body  there  spreads  an  unloading  wave  backwards,  which  is  also  acous¬ 
tic*  It  runs  through  the  substance  with  the  speed  of  sound  (scarcely 
differing  from  the  speed  of  sound  in  normal  conditions  Cq)*  Pressure 
in  the  wave  drops  from  initial  p  to  zero,  and  substance  obtains  speed 
u*,  connected  with  change  of  pressure  Ap  »  -p  by  the  acoustic  for¬ 
mula  u*^  ■  ■  ■  (Fig.  11*14 j  density  decreases  somewhat: 

PQ^O  Po°0 

final  density  scarcely  differs  from  normal  density  of  a  solid: 

-  Vq  «  Vq)*  From  comparison  of  formulas  p  -  " 

-  p/PqCq,  It  is  clear  that  the  additional  speed  obtained  by  the  sub¬ 
stance  during  unloading  u‘,  is  equal  to  the  mass  speed  in  the  shock 
wave  u,  i*e*,  upon  emergence  of  a  not  too  strong  shock  wave  on  the 
free  surface  the  speed  of  the  substance  doubles:  u*  -  u  +  u*  «  2u* 

The  rule  of  doubling  of  speeds  can  be  also  obtained  from  general 
equations  for  a  shock  wave  and  a  wave  of  rarefaction,  if  we  tum  in 
them  to  the  limiting  case  of  small  amplitudes  of  waves* 

From  gas  dynamics  we  know  (see  §  10,  Chapter  I)  that  the  addi¬ 
tional  speed  obtained  by  a  substance  during  unloading,  fron  initial 
pressure  p  to  final  p^  ■  0,  is  equal  to: 

where  the  derivatives  by  virtue  of  the  adiabaticness  of  the  process 
of  unloading  are  taken  at  constajit  entropy  equal  to  entropy  in  the 
front  of  a  shock  wave*  Initial  mass  speed  of  the  substance  in  a 
shock  wave  by  virtue  of  tie  laws  of  preservation  (11*31)  and  (11,32) 
is  equal  to:  _ _ 
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In  a  shock  wave  of  small  amplitude,  where  the  change  of  entropy 
Is  small,  the  compression  Is  also  smallj  In  the  first  approximation 
the  Increase  of  volume  can  be  presented  In  the  form 


F-F,- 


Implylng  by  S  the  entropy  of  the  Initial  state  of  the  substance  un¬ 
til  compression  by  the  shock  wave*  Then  mass  speed  In  the  shock  wave 
is  equal  to 


tt 


p 

«)<•* 


In  that  same  approximation  It  Is  possible  to  disregard  the 
change  of  adiabatic  compressibility  In  the  range  of  pressures  from 
0  to  p  and  In  the  formula  for  u*  to  consider  the  derivative  as  con¬ 
stant*  We  obtain 

"  I  c-  *’  d  *  “• 

Walsh  and  Christian  [22],  from,  very  general  considerations, 
established  the  upper  and  lower  limits  for  possible  variations  of 
the  magnitude  of  additional  speed  u>-  and  found  that  at  pressures 
p  ~  4  •  10^  atm  for  a  large  number  of  metals  the  rule  of  doubling 
of  speeds  is  valid  with  an  accuracy  of  2$^*  As  an  experimental  check 
showed,  conducted  by  the  authors  of  [5],  the  rule  of  doubling  of 
speeds  for  iron  is  executed  approximately  up  to  very  high  pressures 
'^,5  •  10^  atm.  In  general^  deviation  from  the  rule  of  doubling  of 
speeds  is  greater,  the  higher  the  amplitude  of  the  shock  wavs. 

We  shall  now  take  into  account  that  a  shock  wave,  even  a  weak 
one,  is  not  acoustic,  and  the  entropy  in  it  is  incz'eased*  Moreover, 
in  first  approximation,  as  before,  we  shall  consider  that  the 
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^  additional  speed  after  unloading  u*  is  equal 

l|^  to  u,  and  density  and  temperature  in  final 

I  Yl|j|w  '  j  state  will  be  considered  in  the  following 

•  approximation. 

#1  ^  During  adiabatic  unloading  of  a  body  to 

y  4  */  initial,  zero  pressure,  it  turns  out  to  be 

Sagrem*for  sh^k  and  expanded  as  ccanpared  to  the  initial 

loading^of^^ollSr  state,  until  compression  by  the  shock  wave. 

It  is  easy  to  find  the  energy  of  irreversible 
♦ 

heating  and  final  temperature  of  an  unloaded  substance  T^,  if  we 
know  the  thermodynamic  functions  and  initial  state  in  the  shock  wave. 
For  this  we  must  use  the  equation  of  unloading  adiabat  de  +  pdV  -  0, 
according  to  which  the  final  energy  is  equal  to* 


V  (prfK)g. 


(11.41) 


Inasmuch  as  the  energy  in  a  shock  wave  is  e  =»«o  +  jp(F,  —  V),  the 
Irreversible  increase  of  energy  after  unloading  is  equal  to* 


(11.42) 


The  magnitude  of  this  energy  is  depicted  by  the  difference  of 
areas  of  curvilinear  triangle  DBCS  and  triangle  ABC  in  Fig.  ii.i3« 
in  vdiich  curve  H  constitutes  the  shock  adiabat,  and  curve  S  is  the 
adiabat  of  unloading.  Nximerically  this  energy  is  equal  to  the 
difference  of  areas  of  the  upper  and  lower  shaded  figures. 

We  shall  assume  that  the  amplitude  of  the  shock  wave  is  small^ 
so  that  all  three  volumes  V,  Vq,  and  hardly  differ  from  each 
other  and  the  coefficient  of  urueneisen  may  be  considered  constant 


In  this  case  the  adiahatlc  bond 


and  equal  to  Its  normal  value 
of  temperature  and  volume  Is  given  by  formula  (il,20)j  so  that  final 
temperature  is  connected  with  the  temperature  in  the  shock  wave 
T  by  the  relationship 


(11.45) 


On  the  other  hand,  considering  the  process  of  thermal  expansion 
of  a  body  at  constant,  zero  pressiire  from  initial  volume  to  voliame 

we  can  write 

(ii.44) 

where  a  is  the  coefficient  of  volume  thermal  expansion*  Irreversible 
increase  of  energy  (ii«42)  is  expressed  through  the  increase  of  tem¬ 
perature  by  the  formula 


# 

where  Cp  is  heat  capacity  of  a  body  at  constant  pressure* 

If  we  know  the  volume  and  temperature  in  a  shock  wave  Y  and  T, 
from  the  system  of  two  equations  (11.45)  and  (11*44)  it  is  possible 
to  calculate  volume  and  temperature  in  final  state* 

As  an  example  we  shall  give  the  results  for  alximinum,  obtained 
in  [25] •  During  shock  compression  of  aluminum  to  pressiure  p  " 

-  2*5  •  10^  atm  the  voliaie  decreased  to  the  magnitude  Y  -  0,82 
and  temperature  Increased  to  T  -  -  551°K  (initial  tmaperature 

Tq  was  equal  to  500^)*  After  unloading  the  z^sidual  heating 


« 


In  solids  in  a  small  range  of  changes  of  temperature  it 
practically  does  not  differ  from  heat  capacity  at  constant  vol\uie 


884 


composed  -  Tq  “  134®K.* 

When  p  *=  3.5  •  10^  atm,  V  -  0.78  Vq,  T  -  Tq  -  522®K  and  -  Tq- 

-  216°K. 

Naturally,  the  stronger  the  wave,  the  greater  the  entropy  it 
Imparts  to  the  substance  and  the  higher  the  residual  heating. 

If  through  a  flat  plate  there  spreads  a  shock  wave,  behind  the 
front  of  which  the  pressure  and  speed  are  not  constant,  and  there 
is  a  drop,  for  instance,  of  compression  pulse  of  triangular  from 
(Fig.  11.16),  after  the  emergence  of  such  a  wave  on  the  free  surface 
of  the  body  there  can  occur  break-away.  The  phenomenon  of  break¬ 
away  consists  in  the  following.  After  reflection  of 
a  compressional  wave  from  the  free  surface  the  pro- 

Pig.  11,16,  file  of  press\ire  in  the  body  will  form  as  a  result 
Compression 

pulse  of  trl-  of  the  combination  of  two  waves t  incident  —  corn- 
angular  form, 

pressional  waves,  and  reflected  —  unloading  waves. 

In  the  acoustic  approximation  (see  §  3  of  Chapter  I) 

Qc  l/f  (aj  -  ct)  +  /2  (*  +  cOI. 

where  function  f^  describes  the  incident  wave  which  spreads  with 
the  speed  of  sound  to  the  right,  and  fg  is  the  reflected  wave  which 
spreads  to  the  left.  In  this  case  the  function  f^  corresponds  to 
the  triangular  profile  of  pressure  shown  in  Fig,  11,16,  Function 
fg  can  be  established  by  proceeding  from  the  boundary  condition, 
l,e,,  the  equality  to  zero  of  pressure  on  the  free  surface. 

Functions  and  fg,  and  also  the  distributions  of  pressure 

Residual  temperature  in  [23]  was  calculated  more  exactly  than 
given  by  formula  (11.43),  taking  into  account  the  small  change  of 
the  Grueneisen  coefficient  during  change  of  volumei  for  this  we  inte¬ 
grated  the  "exact"  equation  of  adlabat  with  variable  0(V), 

...  085 


Sf  X 

ft, 
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Fig.  11.17.  Reflection  of 
an  acoustic  compressional 
wave  of  triangular  profile 
from  a  free  surface,  a) 
t  ■  t^  pertains  to  the 

moment  of  emergence  of  the 
leading  front  of  the  wave 
on  the  free  surface;  b) 
t  -  tg,  and  c)  t  ■  tj  per¬ 
tains  to  subsequent  moments. 


composed  from  them^  In  the  body  at 
the  time  of  emergence  of  the  shock 
wave  on  the  free  surface  and  In  two 
subsequent  moments  of  tlme^  are 
depicted  in  Fig.  11.17.  If  the 
coordinate  of  free  surface  Is 
(Pig.  11.17),  the  region  x  >  is 
empty  and  determination  of  functions 
f^  and  fg  In  region  x  >  Xj_  is  purely 
formal.  Physically,  the  real  values 
are  only  the  values  of  f^  and  fg, 
and  pressures  when  x  <  x^,  l.e..  In 
the  body.  In  order  to  emphasize 
this  circumstance,  functions  and 
fg  when  X  >  Xj_  in  Pig.  11.17  are 
shown  by  the  dotted  line. 

Prom  Pig.  11.17  It  la  clear  that 
after  reflection  of  a  ctaapressional 
wave  from  the  free  surface  In  the 
body  there  appear  negative  pressures, 
l.e.,  the  body  experiences  a  tensile 
force.  If  tensile  stress  exceeds 
ultimate  tensile  strength  of  the  sub¬ 
stance,  In  the  corresponding  place  of 
the  body  there  occurs  a  break,  the 
”break-away"i  from  the  surface  of 
the  body  there  separates  a  plate  of 


material  and  It  Is  separated  from  the  remaining  body,  departing  fratt 
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the  surface  with  a  defined  speed.  Thus,  for  instance,  steel  during 

O 

pulse  loads  is  destroyed  by  forces  of  order  of  50,000  kg/cm  , 

§  12*  Experimental  Methods  of  Detecting 
the  Shock  Adiabat  of  Solids 

The  laws  of  conservation  of  mass  and  momentim  (11,51)  and  (11,52) 
connect  between  themselves  the  four  parameters  of  the  front  of  a 
shock  wave:  speed  of  propagation  of  a  shock  wave  through  an  undis¬ 
turbed  substance  D,  jump  of  mass  speed  u,  equal  to  the  speed  of  a 
compressed  substance  with  respect  to  an  undisturbed  one,  pressure  p, 
and  specific  volume  V  (or  density  p  ^  1/v).  If  we  measure  during  the 
experiment  the  speeds  D  and  u,  by  formulas  (11,51)  and  (11,52)  we  can 
find  pressure  and  volume,  and  then,  using  the  equation  of  energy 
(11,54),  we  can  calculate  specific  internal  energy  e. 

Thus,  the  problem  of  detecting  all  mechanical  parameters  of  the 
front  of  a  shock  wave  reduces  to  experimental  determination  of  any 
two  of  them,  in  particular  those  most  accessible  for  measurement  of 
kinematic  parameters:  speeds  D  and  u. 

Speed  of  front  D  can  be  measured  by  experiment  comparatively 
'Simply,  recording  the  moments  of  passage  of  the  front:  of  the  shock 
wave  through  known  coordinate  points,  spaced  from  each  other  at  an 
stsslgned  distance.  Measurement  of  the  Jump  of  mass  speed  u  by  such 
a  direct  form  from  the  experimental  point  of  view  is  much  more 
difficult;  therefore,  for  finding  the  second  parameter  we  revert  to 
various  indirect  methods,  using  for  this  purpose  certain  mechanical 
considerations , 

The  experimental  methods  described  below  on  the  investigation 
of  compressibility  of  solids  with  the  help  of  powerful  shock  waves 


887 


and  measurement  of  front  parameters  were  proposed  and  developed  by  L, 


V*  AlH Shuler^  K.  K.  KrupnikoVj  K*  Ledenev^  and  A«  A«  Bakanova 
and  also  by  the  American  authors  Walsh  and  Christian  et  al* 
[22-26]  (the  latter  did  not  Include  the  method 
of  "braking";  see  below).  However^  Soviet 
scientists  Investigated  a  much  wider  range  of 
pressures,  to  4  million  atmospheres* 


Fig*  11*18.  Dia¬ 
gram  of  an  exper¬ 
iment  vd.th  the 
method  of  "break¬ 
away." 


The  concept  of  the  use  of  the  measurement 
of  kinematic  parameters  for  the  purpose  of 
studying  shock  adlabat.  Independent  of  previous 
researchers,  was  developed  by  F.  A*  Bauma,  K*  P. 
Stanyukovich,  and  B.  I*  Shekhter  [21],  who  con¬ 
ducted  measurements  with  comparatively  weak 
shock  waves* 

In  [1-5]  there  are  described  three  methods 


of  measurement  of  parameters  of  a  shock  wave,  the  essence  of  which 


we  shall  now  expound, 

1,  Method  of  "break-away*"  It  Is  based  on  the  measurement  of 
speed  of  the  free  surface  of  a  body  that  Is  unloading  after  emergence 


Exrl  Metal  X 


Pig.  11.19*  X,  t- 
diagram  for  "break¬ 
away"  experiment* 


at  the  surface  of  a  shock  wave,  and  on  the 
application  of  the  rule  of  doubling  of  speeds, 
according  to  which  the  mass  speed  u  is  approxi¬ 
mately  equal  to  half  the  speed  of  the  free  sur¬ 
face  u^*  This  method  has  a  limited  application, 
since  at  very  large  pressures  there  begin 
noticeable  deviations  from  the  rule  of  doubling. 


which  leads  to  experimental  errors  In  the  determination  of  u*  A 


fundamental  diagram  of  the  experiment  consists  In  the  following* 
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The  explosive  charge  touches  the  flat  plate  of  investigated 
material,  as  shovm  in  Pig,  li,i8  (a  corresponding  diagram  of  motion 
on  planes  x  and  t  is  depicted  in  Pig,  il,i9).  When  the  detonational 
wave  emerges  from  the  W  on  the  boundary  with  the  metal,  there  occurs 
disintegration  of  discontinuity;  through  the  metal  with  speed  D  passes 
a  shock  wave  (line  AB),  the  speed  of  the  contact  boundary  between  W 
and  the  metal  (line  AE)  is  equal  to  the  mass  speed  of  the  metal  u 
(through  W  spreads  reflected  wave  AC),  After  emergence  of  shock 
wave  on  free  surface  (point  B)  there  again  occurs  disintegration  of 
discontinuity,  unloading  wave  BP  runs  back  through  the  sample,  and 
the  boundary  of  the  metal  picks  up  doubled  speed  u^  «  2u  (line  BH), 

Por  measurement  of  speed  of  front  D  in  [i-5]  at  defined  distances 
inside  a  sample,  as  shown  in  Pig,  11,18,  there  were  placed  electro¬ 
mechanical  transducers,  which  closed  at  moments  of  passage  of  the 
front  of  the  wave  and  sent  a  pulse  that  was  recorded  with  the  help 
of  a  special  electrical  circuit  and  oscillograph. 

Dividing  distance  d  by  time,  it  was  possible  to  find  the  average 
speed  of  the  front  on  the  "base”  of  measurement  of  d  (d  bases  were 
on  the  order  of  5-8  mm,  speed  D  5-10  km/sec,  time  '^10°  sec.  This 
demanded  the  development  of  special  methods  of  registration  of  such 


short  times).  Likewise,  with  the  help  of  elec¬ 
tromechanical  transducers  there  were  also  mea- 


Fig,  11.20,  Dia¬ 
gram  of  experi¬ 
ment  with  the 
method  of  braking. 


sured  moments  of  passage  through  assigned  coor¬ 
dinate  points  of  the  boundary  of  an  unloaded 
substance  (see  Pig,  11,18),  The  electrocontact 


Por  protection  from  closing  of  transducers  by  the  air  shock 
wave  which  "chases"  the  boundary  of  the  metal,  the  transducers  were 
equipped  with  protective  caps. 


mftthod  of  meaBurement  of  spetdB  was  proposed 
by  y«  A.  Tsiikeman  and  K»  K«  Krupnlkov*  Shock 
adlabat  of  iron  was  measured  In  this  way  to 
pressures  of  p  ~  1*5  •  atm  (D  7*5  km/sec 


$ 


Pig*  ll*2l,  X,  t-  '  u 2*4  km/sec), 
diagram  for  the 

experiment  with  The  method  of  ”break-away"  is  not  suitable 

braking, 

for  the  inTestigation  of  porous  materials #  since 


in  this  case  the  additional  speed  u*  during  unloading  is  considerably 


less  than  speed  u  and  the  rule  of  doubling  does  not  apply, 

2,  Method  of  “braking,"  For  the  study  of  more  powerful  shock 
waves,  for  which  the  rule  of  doubling  of  speeds  Introduces  a  notice¬ 
able  error,  the  authors  of  [i]  used  another  method  which  they  called 
the  method  of  "braking," 

This  method  in  principle  is  absolutely  exact  and  useful  for  the 


study  of  any  materials.  Including  porous. 

In  this  method  with  the  help  of  a  charge  the  W  accelerates  to 


speed  w  of  a  plate  made  from  the  investigated  material.  The  plate 
(striker)  strikes  another,  stationary  plate  (target)  made  from  the 
very  same  material,  A  diagram  of  the  experiment  is  shown  in  Pig, 
ii,20,  and  diagram  x,  t  in  Pig,  ll,2i.  At  the  maaent  of  Impact  there 
appear  two  shock  waves  that  spread  through  both  bodies  (AB  and  AC  on 
diagram  x,  t).  Pressures  p  and  mass  speeds  u  on  both  sides  of  the 
contact  bo\mdary  between  bodies  are  identical  and  are  equal  to  the 

same  magnitudes  on  the  front  of  both  shock  waves  as  long  as  the 

♦ 

latter  do  not  reach  the  other  boundaries  of  the  samples.  The  same 
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speed  u  is  also  possessed  by  the  contact  boundary  itself  (line  AE), 
Profiles  of  pressures  and  speeds  after  impact  are  depicted  in  Pig* 
il.22. 

By  virtue  of  the  identity  of  materials  both  shock  waves  are 
also  identical,  i*e,,  the  jumps  of  mass  speeds  in  both  waves  are 
equal.  For  the  target,  the  speed  jump  also  coincides  with  the  speed 
of  the  compressed  substance  u,  inasmuch  as  the  target  was  Initially 
at  rest.  Regarding  the  striker,  however,  in  front  of  the  shock  wave 
the  substance  moves  with  the  speed  of  flight  of  the  striker  w,  and 
behind  the  wave,  with  speed  u,  so  that  the  jump  of  speed  in  absolute 
value  is  equal  to  w  -  u*  Consequently,  w  ~  u  «  u  and  u  =  w/2*  Thus, 
the  problem  reduces  to  the  measurement  of  front  speed  D  in  the  tar¬ 
get  and  the  speed  of  flight  of  the  striker  w.  This  problem  is  ex¬ 
perimentally  solved  the  same  as  in  the  method  of  "break-away, "  with 
the  help  of  a  system  of  electromechanical  transducers. 

By  the  method  of  braking  in  [i]  the  shock  adiabat  of  l:ron  was 
taken  up  to  pressures  p  ~  5  •  iO  atm  (D  ~  12  km/sec,  u  5  km/sec, 

Vq/V  ~  i*75).  Also  Investigated  was  porous  iron  with  a  density  i,4 
times  less  than  normal. 

The  braking  method  can  also  be  extended  to  the  case  when  the  in¬ 


vestigated  target  and  striker  are  made  from  different  materials;  how¬ 


ever,  the  material  of  the  striker  in  this  instance 
must  have  a  known  shock  adiabat.  In  a  number  of 
cases  this  turns  out  to  be  more  expedient  than 


to  make  the  striker  form  the  Investigated  material^ 
since  by  means  of  corresponding  selection  of  the 


Pig,  ii,22.  Pro¬ 
files  of  pressure 


striker  material  it  is  possible  from  the  seune  W 


and  speed  after 

impact  in  the  charge  to  obtain  a  more  powerful  shock  wave  in 

method  of  braking,  investigated  substance. 


If  the  materials  of  the  striker  and  target  are  different,  then 
In  spite  of  the  equality  of  pressures  In  Tooth  shock  waves,  the  Jumps 
of  speeds  are  no  longer  Identical,  so  that  w  -  u  /  u« 

However,  If  the  shock  adlaloat  of  the  striker  Is  known,  the 
dependence  of  pressure  on  Jump  of  mass  speed  Is  known,  l.e«,  function 
p  -  f(w  -  u).  On  the  other  hand, '  pressure  p  Is  connected  with  Jiomp 
of  mass  speed  in  the  target,  equal  to  the  speed  of  contact  boundary 
u,  by  formula  (11.52):  p  »  Du/Vq. 

Measuring,  as  we  did  earlier,  the  speed  of  the  shock  wave  in 
the  target  and  the  speed  of  the  striker  w,  we  can  find  speed  u  from 
the  equation 


For  this  purpose  it  is  very  convenient  to  use  the  graphic  method 
based  on  the  utilization  of  the  pressure  —  speed  diagram  (see  §  24, 
Chapter  I).  These  diagrams  are  widely  applied  In  examining  different 

processes  with  shock  waves,  in  which  there 
participate  two  contacting  media,  since  on 
the  contact  boundary  between  media  the  pres¬ 
sures  and  speeds  are  Identical. 

We  shall  consider  the  collision  of  a 
striker  and  target  with  the  help  of  diagram 
p,  u,  where  u  is  the  mass  speed  of  the  sub¬ 
stance  in  the  laboratory  system  of  coordi¬ 
nates,  in  this  case  in  the  system  in  which 
the  target  is  stationary  in  the  beginning. 


diagram  for  the  ex¬ 
periment  with  braking. 
HBA  —  shock  adiabat 
of  striker.  OEM  — 
locus  of  target  states 
after  impact. 


In  Fig.  11.25  the  initial  states  of  the  target  (p  ■  0,  u  -  0)  and  the 
flying  striker  p  ■  0,  u  ■  w  are  depicted  by  points  0  and  A.  If  the 
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measured  speed  of  the  shock  wave  on  the  target  is  D,  the  locus  of 
states  of  the  target  material  in  the  shock  wave  is  line  p  “  u 

''o 

with  known  slope  D/Vq,  Let  us  depict  the  shock  adiabat  of  the 


Pig.  li,24a.  Profiles 
of  pressure  and  speed 
and  X,  t-diagreun  for 
the  experiment  with 
reflection.  The  case 
when  the  reflected  wave 
is  a  shock  wave.  OC  — 
shock  wave  in  A,  CM  — 
shock  wave  in  B,  CN  — 
reflected  shock  wave  in 
A,  KCK  —  line  of  con¬ 
tact  A  and  B. 


Jig.  11.24.b.  Profiles 
of  pressure  and  speed 
and  X,  t-diagram  for 
the  experiment  with 
reflection.  The  case 
when  the  reflected  wave 
is  a  wave  of  rarefac¬ 
tion,  OC  —  shock  wave 
in  A,  CM  —  shock  wave  in 
B,  CN  —  head  of  rarefac¬ 
tion  wave,  CT  —  tail  of 
rarefaction  wave,  KCK  — 
line  of  contact  A  and  B, 


substance  of  the  striker,  considering  the  dependence  of  pressure 
not  on  volume,  but  on  the  jump  of  speed,  equal  in  this  case  to  w  -  ui 
p  ■  f(w  -  u) .  The  point  of  intersection  B  of  both  lines,  according 
to  equation  (il,45)  also  determines  the  state  (pressure  and  mass 
speed)  in  both  shock  waves.  If  the  striker  and  target  are  made  from 
one  material,  then  as  we  already  know,  the  point  of  intersection 
lies  exactly  in  the  middle  between  the  abscissas  of  points  0  euid  A 
(u  -  w/2). 
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5*  Method  of  “reflection^"  This  method  UBee  the  regularltlei  , 
followed  by  the  process  of  disintegration  of  an  arbitrary  di8continu4 
ity  appearing  during  the  reflection  of  a  shock  wave  from  the  boundax^ 
of  two  media  (see  §  24  in  Chapter  I)*  It  possesses  the  advantage^ 
as  compared  to  the  preceding  method#  that  it  does  not  require  the 
measurement  of  mass  speeds#  which  in  the  experimental  aspect  is  much 
more  complicated  than  the  measurement  of  speed  of  the  front  of  a 
shock  wave.  However#  for  this  method  it  is  necessary  to  have  a 
standard  substance  with  a  known  equation  of  state.  The  method  was 
developed  by  the  authors  of  [2]  Jointly  with  0.  M.  Gandel'man. 

Let  us  consider  the  transition  of  a  strong  shock  wave  from 
medium  A  to  medium  B.  Through  substance  B  there  always  passes  shock 
wave  and  the  reflected  wave  in  A  can  be  either  a  shock  wave#  if  sub¬ 
stance  B  is  "harder"  than  A#  or  a  .wave  of  rarefaction,  if  B  is 
"softer"  than  A  (this  is  the  simplest  of  all  to  represent#  if  we  con¬ 
sider  these  limiting  casest  A  —  gas#  B  —  solid#  and  A  —  solid#  B  — 
gas) . 

Profiles  of  speeds  and  pressures  in  both  cases  are  depicted-  xu 
Fig,  11,24a  and  b.  In  the  same  place  there  are  given  corresponding 
diagrams  x#  t.  The  notations  made  in  Fig,  11.24  need  no  explanation. 

Let  us  consider  this  process  with  the  help  of  the  diagram  pres¬ 
sure  —  speed  (in  the  initial  state  both  substances#  A  and  B#  are 
stationary  in  the  laboratory  system  of  coordinates). 

Let  us  assume  that  the  equation  of  state  of  substance  A  is  known. 
Let  us  depict  on  the  p#  u-dlagram  (Fig,  11.25)  the  shock  adlabat  of 
substance  A,  p^(u)#  for  the  first  shock  wave  spreading  through  the 
undisturbed  material.  If  we  measure  in  the  experiment  the  spee^d  of 

the  front  of  the  initial  shock  wave  D^^#  the  state  in  it  will  be 

0 
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depicted  by  the  intersecting  point  of  line  p  »=  shock 

adiabat  (point  a 

After  the  reflection  of  this  shock  wave  from  the  boundary  be¬ 
tween  media  A  and  B  in  substance  A  there  appears  a  new  state.  If 
the  reflected  wave  is  a  shock  wave,  the  state  lies  on  the  shock 


Fig,  ii,25.  p,  u-diagram 
for  the  experiment  with 
reflection. 


adiabat  of  secondary  compression,  for 
which  state  a(p  ,  V^,  u„)  is  initial; 
this  shock  adiabat  is  depicted  by  curve 
Pjj  which  passes  upwards  from  point  a, 

however,  the  reflected  wave  is  an 
adiabatic  wave  of  rarefaction,  the  new 
state  lies  on  the  isentrope  of  rarefac¬ 
tion,  proceeding  downwards  from  point  a 
(curve  p„).  Inasmuch  as  the  equation  of 
state  of  substance  A  is  assumed  to  be 


known,  both  the  shock  adiabat  of  secondary  compression  Ph('-.  Pa)« 
and  also  the  Isentrope  of  rarefaction  with  entropy  equal  to  S_  = 

A 

=  S(p„j  V  ),  can  be  converted  in  such  a  manner  so  that  instead  of 
the  volume,  speed  enters  as  the  argument.  In  the  first  case  this  is 
done  by  means  of  the  use  of  the  relationships  on  the  front  of  the 
shock  wave,  and  in  the  second  with  the  help  of  Lhe  relationships  that 
are  valid  for  the  rarefaction  wave  (see  §  10  in  Chapter  I), 

If  we  also  measure  in  the  experiment  the  speed  of  the  shock  wave 
in  medium  B  -  D,  the  locus  of  states  in  this  wave  is  line  p  -  Du/Vq^, 
Point  of  intersection  b  of  this  line  with  curve  Pjjfl>Pg  is  the  locus 
of  possible  states  in  substance  A  after  reflection  of  the  shock  wave^ 
and  it  determines  the  pressure  suid  speed  in  the  shock  wave  at  B, 
equal  to  the  pressure  pnd  speed  of  the  contact  boundary  of  A  and  B 
(see  Pig.  il.24). 
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Diagraa  p,  u  In  Flg«  11.2^  dtplcts  &  second  ease  when  during 
reflection  there  appears  a  vrave  of  rarefaction.  In  the  first  cast 
the  line  p  -  Du/Vq^  passes  higher  than  line  p  «• 

point  of  Intersection  h  lies  higher  than  point  a  on  the  shock  adlahat 

of  secondary  compressicm  of  substance  At  ifhlch  Is  described  by  the 
♦ 

curve  apjj. 

Thus,  the  method  of  "reflection”  consists  of  the  following. 

In  the  plate  from  material  A  with  a  known  equation  of  state  there  is 
created  a  shock  wave  either  directly  from  the  W  charge,  or  by  means 
of  Impact  of  the  other  plate,  preliminarily  accelerated  by  the  VY 
to  a  high  speed.  This  wave  emerges  in  ssaqples  of  investigated 
materials  B,  wMch  also  Includes  the  sample  from  material  A  (diagram 
of  the  experiment  is  shown  in  Pig.  11.26)  •  By  recording  the  moments 
of  closing  of  the  electromechanical  transducers  located  In  the  places 
shown  In  Pig.  11.26  by  the  arrows,  we  determine  the  speeds  of  the 
front  and  D.  Constructing  the  shock  edlabat  on  the  p,  u- 

diagram  and  drawing  line  p  ■  point  a,  l.e.,  the 

state  In  the  shock  wave  In  A.  We  then  draw  the  shock  adiabat  of 

secondary  compression  through  point  a  upwards,  | 
and  downwards  we  draw  the  usual  adlabat  and 
plot  line  p  -  Du/7qj,  thereby  determining  the 
unknown  state  b(p,  u)  In  the  shock  wave  In  the 
Investigated  saiqple. 

"Hence,  incidentally,  one  may  see  what  magnitude  is  character¬ 
ized  by  the  "hardness"  of  the  substance.  Let  us  assume  that  the 
shockwaves  are  not  very  strong  and  their  speeds  are  close  to  speeds 
of  sound  I  0  cii.bi  ca-  Substance  B  is  harder  than  A,  and  the  reflected 
wave  is  a  shock  wave  If  9r  pM>  3 - ! 

Magnitude  Is  sometimes  called  acoustic  Impedance.  It  deter- ' 

mines  the  connection  of  pressure  and  speed  la  an  aeoustle  or  weak - i 

shock  wavei  p  -  pcu*  _ o _ J 


"mrr 

Pig.  11.26.  Diagram  ' 
of  the  experiment 
with  reflection. 


.  89G 


Actually  (in  the  experiment)  the  changes  of  pressure  between 

states  a  and  b  always  were  small.  In  these  conditions,  as  shown  by 

calculations  curve  PjjC-Po  with  great  accuracy  can  be  represented  as 

a  mirror  transformation  of  shock  adiabat  of  primary  compression  at 

point  a.  Let  us  note  that  the  slope  of  curve  Pjjapg  at  point  a  is 

determined  by  the  speed  of  sound  behind  the  front  of  the  primary 

shock  wave  in  A,  Actually,  in  a  wave  of  rarefaction.  Just  as  in  a 

weak  compressional  wave,  dp  =*  ±  pc  du  (see  formula  (1.59)),  l.e., 

,  dp ,  c 

the  slope  of  curve  Pjjapg  at  point  a  is  l-^l  »  pc  -  where  c  and 
V  is  the  speed  of  sound  and  volume  in  substance  A,  compressed  by 
the  first  shock  wave.  Methods  of  experimental  determination  of  the 
speed  of  sound  behind  the  front  of  a  shock  wave  will  be  considered 
below. 

By  the  method  of  reflection  in  the  work  of  L.  V.  Al*tshuler, 

K.  K.  Krupnlkov,  and  M.  I.  Brazhnlk  [2]  shock  adiabats  of  a  large 
nvimber  of  metals  (Cu,  Zn,  Pb,  and  others)  were  taken.  The  method 
was  used  for  the  study  of  compressibility  of  sodium  chloride  in  [5]^ 
and  also  was  applied  in  many  works  of  foreign  scientists.  Most 
frequently  the  materials  of  shield  A  were  iron,  aluminiim,  or  brass. 

§  15.  Extraction  of  a  Curve  of  Cold  Compression 
from  the  Results  of  Experiments 
on  Shock  Compression 

One  of  the  most  valuable  results  of  experiments  on  shock  com¬ 
pression  of  solids  is  the  determination  of  curves  of  cold  caapresslon 
of  the  substance  p„(V^,  which  characterize  the  repulsive  forces 
between  atoms  of  the  body.  Functions  p  (V)  and  e  (V)  are  found  by 
means  of  theoretical  treatment  of  experimental  data  on  the  shock 
adiabat  of  the  substance.  For  finding  the  curve  of  cold  compresGlon 
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In  a  wide  range  of  conpreBslons  and  preaBuraa  in  [2J]  there  were  used  | 
trinomial  preeentationB  of  thenaodynaaic  functiona  p(V^  T)  and  | 

e(V,  T)  (il*50)*  Electron  meoher  p^  and  t.  were  notated  on  the  ^ 

haeis  of  purely  theoretical  considerationa  (aee  §§  5  and  6)«  where 

i  *  '  I 

for  the  coefficient a  of  electron  heat  capacity  known  experiaental 
valuea  were  taken. 

Taking  e:q>erimental  dependences  p(y)  and  s(7)  along  the  ahock 
adiabat^  relationship  (ii.^0)  may  he  considered  as  two  equations 
with  respect  to  three  unknown  functions  and  T(Y),  where 

T(y)  is  the  dependence  of  temperature  on  volume  along  the  shock  adiat 
hat. 

As  the  thirds  missing  equation  it  is  possible  to  use  the  con¬ 
nection  between  the  Qrueneisen  coefficient  a(Y)  and  the  curve  of 
cold  conqjreBslblllty  p„(Y)>  which  la  given  by  the  Slatter-Landau 
formula  (ii.i8)«  The  numerical  solution  of  this  system  of  equations 
gives  the  curve  of  cold  compression  p_(Y),  function  0(Y),  and  tern- 
perature  in  the  shock  wave  T,  The  data  in  Table  ii.2  eoid  on  the 
graphs  in  Fig,  11,8  (§  7)  were  also  obtained  in  this  way. 

Specific  results  for  other  metals  under  investigation  can  be  | 
found  in  the  tables  of  [5]. 

If  we  know  from  experiment  the  shock  adiabats  for  porous  and 
solid  substances,  it  is  possible  to  do  without  the  use  of  the  con¬ 
nection  between  functions  a(Y)  and  P^(Y).  Namely,  considering  not 
too  high  temperatures  and  disregarding  electron  members  p^  and  e^, 

♦  •' 

In  a  number  of  cases  a  somewhat  different  connection  was  luied  ■ 
between  functions  a (V)  and  P,(V),  which  Is  (given  by  the  Dugdale-  ■' 
McDonald  formula  [27],  *  ■> 


it  is  possible  to  writei 

-j _ ^  *oop«cT  (y)  — tenaoni  (^) 

P  V^pj  V  Pooler  — Penaoin  (P)  ’ 

where  the  magnitudes  in  the  right  part  are  the  experimental  values 
on  shock  adiahats  of  a  solid  and  porous  substance  during  their  com¬ 
pression  to  the  same  volume.  The  elastic  ccaiponents  of  pressure  and 
energy  in  both  cases  are  identical,  so  that  the  differences  of  e  and 
p  are  equal  to  the  excesses  of  purely  thermal  energy  and  pressure  in 
the  compressed  porous  substance  as  compared  to  the  compressed  solid 
substance. 

In  this  way  in  [i]  there  was  obtained  the  curve  of  cold  com¬ 
pressibility  of  iron  (it  is  depicted  in  Fig,  11,2  in  §  2), 

In  [5]  there  was  found  the  curve  of  cold  compression  of  sodium 
chloride.  Comparison  with  expressions  for  repulsive  forces  in  ionic 
crystals  permitted  the  determination  of  the  parameters  eiiLeririg 
these  formulas,  characterizing  the  force  of  interaction. 

The  method  of  calculation  of  temperature  of  shock  adiabat  in 
waves  of  comparatively  low  amplitude,  when  thermal  members  are  small 
as  compared  to  elastic,  and  shock  adiabat  closely  coincides  with  the 
curve  of  cold  compression,  is  described  in  [22]  (electron  members 
naturally  are  not  considered  here). 

For  an  analytic  description  of  shock  adiabat  and  c\irve  of  cold 
compression  of  a  suvstance  p  (V)  they  frequently  use  interpolation 
formulas  of  a  different  type.  For  this,  functions  of  a  defined  form 
are  given,  containing  several  parameters,  which  are  determined  with 
the  help  of  some  experimental  data.  An  example  could  be  the  widely 
used  formula  p^  -  A[(Vq/V)^  -  1],  containing  two  parameters,  A  and 
n.  In  [5]  during  the  investigation  of  sodium  chloride,  curve  p„(V) 
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was  ol^tained  in  analytic  form  by  maans  of  the  use  of  a  power  or 
exponential  presentation  for  repulsive  forces  In  Ionic  crystals. 

The  constants  entering  the  expression  were  determined  by  means  of 
comparison  with  data  on  dynamic  compressibility. 

S.  V.  Kormer  and  Y.  D«  Urlln  [14]  constructed  an  Interpolation 
formula  for  the  curve  of  cold  compression  In  the  form 


Coefficients  were  determined  without  the  use  of  experimental 
data  on  shock  compression  only  from  the  conditions  of  the  connection 
of  the  coefficients  with  known  parameters  of  normal  state  (compress- 
lblllty>  Gruenelsen  coefficient «  and  others)  and  the  condition  that  ! 

i 

at  large  preseure|  the  curve  Is  closed  with  the  dependence  following  i 

'  I 

from  the  model  of  Thomas^  Fermlj  and  Dirac.  A  good  coincidence  was 

obtained  with  curves  p  (V)j  extracted  from  the  experiment. 

5*  Acoustic  Waves  and  Splitting  of  Wavea 

§  l4,  static  Deformation  of  a  Solid  ' 

j 

Above,  during  the  study  of  shook  compression  of  solids.  It  al- ^ 

I 

ways  was  assumed  that  pressure  In  a  compressed  substance  Is  Isotroploij 
and  has  a  hydrostatic  character,  as  in  a  liquid  or  gas.  Increase  of 
density  was  considered  as  the  result  of  manifold  compression  of  the 
substance.  Correspondingly,  the  elastic  properties  of  the  substance 

In  the  future  S.  B,  Kormer,  Y.  D.  Urlln,  and  L.  T.  Popov  [15_]  ^ 
Improved  this  method,  adding  to  the  series  one  more  member  wltlt  the 
use  of  one  experimental  point  on  shock  adlabat*  Yery  gocKl  oolnd- — { 
dence  with  experimental  curves  was  obtained.  2 _ | 

I - 1 

,:tRe 
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1  /dV\ 

were  characterized  only  one  magnitude,  compressibility  n  =  ~  J^, 

which  determined  the  speed  of  "sound”: 

Thus  It  Is  possible  to  proceed  only  when  pressures  are  sufficiently 
great,  and  the  effects,  connected  with  the  strength  of  solids  and  the 
existence  of  shear  strains  and  stresses,  do  not  play  a  part.  If  loads 
are  small.  It  Is  necessary  to  take  Into  account  the  elasticity  pro¬ 
perties  of  the  solid,  dlstlnguslhlng  It  from  a  liquid.  This  essentially 
affects  the  character  of  dynamic  processes  and  In  particular  the  pro¬ 
pagation  of  elastic  compresslonal  and  rarefaction  waves.  Thus,  It 
tui'ns  out  that  In  a  solid,  acoustic  waves  can  spread  with  different 
speeds,  depending  upon  the  specific  conditions.  Before  we  consider 
these  dynamic  phenomena,  let  us  see  how  a  solid  behaves  during  static 
loads.  Let  us  consider  that  deformations  and  loads  are  small,  so 
that  the  linear  bheory  of  elasticity  Is  valid. 

The  state  of  the  deformed  body  Is  described  by  two  tensors: 
tensor  of  deformations  and  tensor  of  stresses.  Subsequently  we  shall 
mention  only  a  few  simple  cases  of  uniform  deformations  (when  each  ele¬ 
ment  of  the  body  Is  deformed  In  an  Identical  manner),  which  are  char¬ 
acterized  by  simple  and  graphic  magnitudes.  Therefore  we  shall  not 
Introduce  the  tensor  of  deformation  in  the  common  form.* 

The  component  of  the  tensor  of  stresses  a^.^,  where  indices  1  and 
k  designate  coordinate  directions  x,  y,  z,  constitutes  a  projection  on 
the  1-th  axis  of  the  force  which  acts  on  a  single  spot  In  the  body  with 
the  direction  of  the  normal  along  axis  k.  Components  o^x^  ^yy^  ^zz 
constitute  normal  stresses,  and  o^y,  are  tangential  or  shear 


*See,  for  example,  the  book  by  L,  D.  Landau  and  Ye.  M,  Llfshlts 

[28], 
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(Fig.  11.27).  Tensor  la  symmetric,  l.e.,  o^z  “  °zx* 


'Pig.  11*27 »  Diagram 
illustrating  the  meaning 
of  components  of  tensor 
of  stresses. 


Let  us  consider  several  examples! 

of  deformations .  ' 

1*  Let  us  imagine  a  oyllndrloal ! 

rod  of  length  L  and  diameter  d,  to  the 
ends  of  which  there  Is  applied  a  oom- 
pressing  force,  l*e*,  pressure  p»  Axis 
z  will  be  directed  along  the  axis  of 
the  rod,  as  shown  In  Fig.  11.28. 

Lateral  surface  of  rod  Is  assumed  to 


be  free.  Under  the  action  of  a  load  the  rod  Is  shortened  to  length 
AL  and  is  thickened  (diameter  Is  Increased  to  Ad). 

2  In  this  case  only  the  normal  stress  In  axl^l 

rrj-^  direction  o^^'ls  different  than  zero,  It  Is  equal 


to  external  pressure  a. 


p.  Normal  stresses 


^/ ///////  VV  / 


Pig.  11,28,  Dla- 
gram  of  c<MnpraB>‘ 
Sion  of  a  rod. 


In  transverse  directions  a  ,  a  are  absent, 

juc  yy 

since  the  lateral  surface  of  the  rod  Is  free 
and  nothing  prevents  the  rod  from  expanding  In 
this  direction.  Tangents  or  shear  stresses 


0,0.0 

xy^  xz*  yz 


in  the  selected  systmo  of  cooz>dlnates  also  are  equal  to 


zero,  which  Is  obvious. 

According  to  Hooke's  law  during  small  defonuitlonB,  relative 


shortening  of  a  rod  Is  proportional  to  the  applied  force, 

#  _  gw 


(11.^6) 


where  E  is  Young’s  modulus  (this  Is  the  definition  of  Young^s  modulus), 

v  -  J 

Relative  thickening  of  the  rod  Is  proportional  to  relatl’^e _ 


shortening, 


—e-T- 1 
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where  a  Is  Poisson's  ratio. 

Poisson's  ratio  Is  always  positive  and  less  than  l/2.  This 

follows  from  the  fact  that  during  compression  of  the  rod  the  latter 

becomes  thicker,  where  by  its  volume  can  then  only  be  reduced,  but 

2 

not  Increased  (at  constant  volume  d  L  »»  const.  Ad/d  «  -1/2  A'L/'L, 

o  =  1/2), 

2,  Let  us  assume  that  the  lateral  surface  of  a  rod  is  pressed 
in  such  a  manner  that  during  axial  compression  the  rod  cannot  be  de¬ 
formed  in  transverse  direction  (rod  is  placed  in  a  case  with  hard 
walls).  There  then  appear  normal  stresses  in  transverse  direction 
“^xx  “  '^yy^  which  exactly  balance  the  external  lateral  force  on  the 
walls  of  the  case. 

Normal  axial  stress  a  ,  as  before,  is  equal  to  external  com- 
pressing  pressure  p.  The  theory  of  elasticity  proves  that  relative 


shortening  of  a  rod,  during  axial  deformation  from  all  sides,  is 
connected  with  external  pressure  by  a  relationship  analogous  to  (1.46): 


Ai  p  Oft 

L  W  £•  * 


(11.48) 


where 


Bd-t!) 

(l+®)(l-2a)’ 


(11.49) 


Magnitude  E'  is  always  greater  than  Young's  modulus  Ei  in  order 
to  shorten  a  rod,  pressed  on  the  side  Just  as  a  free  one,  it  is  neces¬ 
sary  to  apply  to  it  a  large  compressing  force.  Normal  stresses  in 
transverse  directions  are  equal  to 


ff**  “  ffw  “  a„  ■=  p. 


(11.50) 


Tangential  stresses  in  the  selected  system  of  coordinates  are 
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absent*  All  pelationshlps  In  the  tFWo  oanai4tred  •zaaples  art  also  j 
valid  in  case  of  txttnslon  of  tht  rod*  | 

During  manifold  o<»ipre8tion  (and  expansion)  the  body  thanges 

I 

volume^  preserving  its  form^  i*e*,  rMaina  similar  to  itself*  In  ordtr 

I 

to  carry  out  manifold  ccmpression^  to  the  surface  of  the  body  it  is 
necessary  to  apply  constant  prtssxire*  The  stress  tensor  during  mani- ! 
fold  compression  is  diagonal  (a^  «  ■  Oy^  «  0)j  all  three  normal  ' 

components  are  identioal  and  are  eq[ual  to  pressure*  This  takes  place 
with  any  selection  of  the  system  of  coordinates*  "Pressure"  in  the  i 

I 

body  in  this  case  is  "isotropic"  and  has  a  hydrostatic  charact««,  as  i 
in  a  liquid* 

During  small  deformatl  ons  the  relative  change  of  volume-*^  is 

I 

proportionate  to  pressure! 

t 

'  -  *  I 

I 

where  h  is  compressibility^  and  the  reciprocal  K  ■  1/h  is  the  modulus ' 
of  manifold  compression*  I 

4*  Let  us  further  consider  the  deformation  of  pure  non-dilata>f 
tional  strain  in  one  direotionj  as  shown  in  Pig*  11*29*  During  pure  I 

non>^ilatational  strain  the  body  only  changes  ! 

i 

its  form,  but  does  not  change  volume*  In  the  i 
example  shown  in  Pig*  11*29,  only  one  tangent ia]| 

I 

stress  o^  is  different  than  zero.  All  rs«ainii|g 

Fig*  11*29*  ]>e>*  components  of  the  tensor  of  stresses  are  equal  I 
formation  of  pure  1 

non-dilatational  to  zero*  Aoooz*ding  to  Hooke 'slaw  the  ang]ge~of  ' 
strain  in  one  di<- 

rectlon*  strain  is  proportional  to  shearing  force  t  (per 

*  » - _J 

V 

«The  sum  of  diiuonal  components  of  a  strain  tensor  is  equal  to 
'^xx  “yy  ■*‘zz  "  multilateral  compression  u^^  ■  Uy^^ 

.  0* 


unit  of  area),  which  is  equal  to  stress  a„_i 

xz 


(11.52) 

where  Q  is  the  shear  modulus. 

As  we  know  (see  [28]),  arbitrary  strain  can  be  presented  in 
the  form  of  the  sum  of  shearing  strains  and  multilateral  compression 
(expansion).  Owing  to  such  an  Internal  bond  of  strains  of  unilateral 
compression  of  the  rod  and  elementary  strains  of  multilateral  compres-*’ 
Sion  and  shear,  the  four  characteristics  of  the  material  E,  a,  K,  0, 
are  not  Independent,  and  are  connected  together  by  two  relationships. 

It  is  possible  to  show  (see  for  example  [28])  that 


p  _  _  1  3jr-  2G 

•*’“  3K+G  •  ®  “  ?  3JC+C  ’ 


(11.53) 


and  conversely. 


(11.5^) 


Thus,  Hooke's  law  for  unilateral  strain  of  a  rod  pressed  from 
the  sides  (11.48)  can  be  written  thrugh  moduli  K  and  Q  in  the  form 


't-F-  «=*+4c.  (11-55) 

For  orientation  in  the  numerical  values  of  the  parameters  of 
the  material  we  shall  indicate  that  for  iron  (treated  with  IJ^  carbon) 

E  2,1.10*  kc/w^  ,  <#^0,82*10*  , 

i:«%.1.6M0*te/«i*  ,  c  ^0,28. 

During  multilateral  compression  or  extension  of  a  body  in  any 
coordinate  system  the  stress  tensor  is  diagonal  and  all  three  of  its 
components  are  Identical,  During  other  strains  the  stress  tensor  is 


♦Prom  the  formula  it  is  clear  that  a  <  i/2,  since  K  >  0, 


SOS 


diagonal  and  tangential  streaaes  are  absent  only  In  certain  sptolaIly| 
selected  coordinate  systems*  An  example  of  this  Is  the  aboTt»oonside:i|ed 
compressive  strain  or  a  rodi  free  and  pressed  on  the  side*  Inequallt]!’ 
of  diagonal  elements  of  the  stress  tensor  Is  connected  with  the  fact 
that  In  reality  the  strain  Is  not  multilateral  cempi^esslon  (extension] 
and  contains  a  shear  element.  This  appears  In  evident  form.  If  we 
change  to  another  system  of  ooordlnates  or,  the  same,  consider  the 
forces  acting  on  an  area  slanted  to  the  axis  of  the  rod.  It  immedia¬ 
tely  becomes  clear  that  slanted  areas  ejiperlenoe  tangential  stresses, 
which  testifies  to  the  existence  of  shearing  strains. 

We  shall  calculate  tangential  stress  acting  on  an  area  that 


Is  Inclined  towards  the  direction  of  action  of  external  pressure  at 
an  angle  of  43®  (Fig*  11.30).  For  simplicity  we  shall  consider  not  a; 


Pig,  11.30.  Con¬ 
cerning  the  ques¬ 
tion  of  nondlago- 
nallty  of  a  stress 
tensor. 


cylindrical  rod,  but  a  flat  layer.  Infinite  In  I 

I 

direction  y  and  pressed  on  the  side  so  that  In 


direction  x  there  are  no  displacements.  In  the | 
system  of  coordinates  x,  y,  z  thei^  are  tension^ 


and  ■  a_  .  In  order  to  find  the  tan-  ' 
zz  XX  yy 

gentlal  stress  acting  on  plane  AB  we  shall  lntro4 


duce  a  new  system  of  ooordlnates  x'  y*  z'.  In¬ 


clined  with  respect  to  the  old  system  along  axl4 

i 

y  (axis  y  and  y*  coincide).  By  the  rule  of 


conversion  of  tensors  or  turn  of  system  of  ooordlnates  we  find 

O’.',' CM*  45*— o,,  cos*  45*  -  (o„— o„). 


§  ±5.  Transition  of  a  Solid  to  a  Fluid  State 


One  of  the  characteristic  properltes  of  a  solid,  distinguishing 
It  from  a  fluid.  Is  the  form  stability  of  the  solid  and  shear  resist¬ 
ance.  A  fluid  has  no  shear  resistance  and  takes  on  any  form  with  ease 
as  long  as  Its  volume  (density)  Is  not  changed.  Tangential  shearing 
stresses  In  a  fluid  are  absent  In  static  state.* 

A  fluid  Is  characterized  by  zero  shear  modulus  0=0.  Formally, 
when  0=0  Poisson’s  ratio,  according  to  formula  (11.55),  la  equal  to 
a  =  1/2.  The  stress  tensor  In  any  system  of  coordinates  Is  diagonal 
where  all  three  of  Its  normal  components  are  Identical  and  are  equal 
to  "hydrostatic"  pressure,  which  Is  "Isotropic."  Elastic  properties 
of  a  fluid  are  characterized  only  by  Its  compressibility  or  modulus  of 
multilateral  compression. 

It  Is  known  that  during  sufficiently  large  loads,  not  leading 
to  multilateral  compression,  a  solid  changes  Its  elastic  properties 
and  becomes  plastic,  fluid,  and  In  a  certain  respect  similar  to  a  fluid. 

Fluid  state  of  a  solid  la  characterized  not  by  the  complete 
absence  of  tangential  stresses,  as  In  a  fluid,  but  by  the  absence  of 
growth  of  tangential  stresses  with  the  growth  of  shearing  strains. 
Starting  from  certain  critical  shear  strains  and  tensions,  a  solid 
ceases  to  resist  further  Increase  of  shear. 

Above,  the  shear  modulus  G  was  defined  as  a  proportionality 
factor  between  tangential  stress  during  pure  strain  and  shearing  strain 
(see  formula  (11.52)).  By  virtue  of  the  linearity  of  the  dependence 
of  tension  and  strain  the  Increases  of  strain  and  tension  simultaneously 
are  also  proportional i 

0„-G6,  rfo„  =  C<i0 

*Wiey  appear  only  at  the  time  of  change  of  form  and  depend  not  on 
the  strains  themselves,  but  on  the  speed  of  their  change. 


i 
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A 


diagram. 


between  the  magnitudes 
to  zero. 


(during  pure  strain  at  angle  6,  as  shown  | 
In  Fig.  U.29}.  I 

In  the  fluid  state  of  a  solid,  after  I 

j 

strain  6  and  tension  a,,  becomes  greater 
than  critical  ‘^crit*  SJ^wth  : 

of  tension  with  increase  of  strain  is  ceased 
(or  Is  sharply  retarded).  This  is  Ulus- 
trated  by  the  diagram  of  ^ 

11.31.  If  we  forsially  define  shear  modulus 
In  this  state  as  the  proportionality  factor 
between  Increases  of  da_„  and  dd,  but  not 
and  6  thonselves.  It  should  be  put  equal 


Let  us  consider  unilateral  compression  of  a  non-fluid  and  flui4 
body.  Let  us  assume  that  a  body  of  cylindrical  form  is  placed  in  a  ' 
cylindrical  vessel  with  rigid  walls  and  is  compressed  by  a  piston  aloqg 
Its  axis  (Fig.  11.32).  Let  us  depict  sohaaatically  how  the  atomic 

arrangement  of  the  body  changes  (Fig*  11,33})  • 
We  shall  consider  the  lattice  for  Bimplicitjy 
to  be  cubic.  If  the  body  is  non-fluid,  the 
interatomic  distances  in  direction  of  the 
axis  are  reduced,  and  in  transverse  direc¬ 
tions  they  remain  constant;  the  atoms  then  ' 

I 

remain  at  ”thelr  places/'  This  is  shown  In 


Fig.  11.32.  Diagram 
of  unilateral  compres¬ 
sion  of  a  rod. 


Fig.  il.33b. 


If,  however,  the  body  Is  fluid,  all 

3 - 


Interatomic  distances  are  reduced,  there  oooin?B  x^eoonstruetion  c^-the-| 
lattice,  and  such  redistribution  of  atoms  that  the  lattice  even  im  i 


■jT.-p  wKOE 
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For  clarity,  the 


compressed  state  remains  cubic  (Fig.  11. ^^c), 

"atoms"  In  Fig.  11.^^  are  renumbered.* 

The  first  case  (Fig.  il.JJb)  contains  the  strain  element. 
Actually,  In  an  unstrained  state  (Fig.  11. 35a)  the  projection  of  atom 

2  on  slanted  plane  AB,  passing  through  atoms 
1-6  of  two  adjacent  horizontal  rows,  descends 
to  point  C,  located  In  the  middle  of  segment 
AB.  During  strain  of  a  non-fluid  body 
(Fig.  11.55b)  point  C  shifts  nearer  to 
point  B.  Slanted  rows  of  atoms  shift  with 
^  respect  to  one  another:  upper  row  2-7-12 

by  I  shifts  with  respect  to  lower  row  1-6-11  to 

*  *  *  '*  the  right  and  downwards. 


Fig.  11.5^.  Diagram 
Illustrating  the  strain 
of  a  non-fluid  (b)  and 
fluid  (c)  body;  a-un- 
stralned  state. 


During  strain  of  a  fluid  body  the  lat¬ 
tice  Is  cubic  as  before,  and  the  projection 
of  atom  5  on  slanted  plane  AB  passes  through 
atoms  l-15j  point  C,  as  also  In  the  un¬ 
strained  rtate,  lies  In  the  middle  of  seg¬ 
ment  AB.  Slanted  rows  of  atoms  5-10  and 
1-15  do  not  shift  with  respect  to  one 


another,  as  also  in  the  unstrained  state. 


During  strain  the  body  obtains  elastic  energy  due  to  the  work 
of  the  external  forces  producing  the  strain.  If  the  body  Is  non-fluid 
this  energy  Is  connected  both  with  change  of  volume  and  also  with  shear. 


At  a  given  volume  the  elastic  energy  Is  minimum.  Is  compression  Is 
multilateral  and  there  are  no  shearing  strains.  Therefore,  during 


♦It  does  not  follow,  of  course,  to  think  that  shift  of  the  de¬ 
fined  atoms  occurs  precisely  as  shown  In  Fig.  11.5? • 
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I 

unilateral  coopruilon  of  a  noiu-riuld  bo<l7  to  a  give  volune  the  body  | 

Is  In  a  nonequlllhrlUB  state »  Xquilltolua  state  at  given  volUM  wouldj 
correspond  to  aultilateral  0M^)rtsslei4  i«e*^  a  reoonstpueted  orystal  | 

lattice.  I 

I 

Por  lattice  reeonstruotion  there  is  needed  an  "activation  energy" 
and  the  atooa  must  surmount  the  potential  bs»iera<*  During  ^mall  ! 
loads  reconstruction  does  not  occur  and  the  solid  behaves^  idth  res-  | 
pact  to  strain^  as  a  non^riuid  body.  ; 

However^  dutdng  sufficiently  laa^e  loads  a  hard  body  loses  its  | 
"hardness"  and  fluidity^  and  assimilates  to  a  fluid>  i*e.»  it  acquire^ 

I 

the  ability  to  be  construe  ted  in  such  a  way  that  its  energy  at  a  ' 

•  V.  I 

given  volume  is  minimum. 

In  partioular^  during  unilateral  compression  of  a  bodyj  this  | 
happens  when  the  tangential  stress  in  a  plane,  inclined  at  an  angle  | 
of  43^  to  the  direction  of  the  compressing  force  <^^121(0"*  of  ^ 
preceding  paragraph),  exoeeds  the  limit,  i.e»,  critical  shear  strain  | 

'^crlf  I 


Noting  that 

•  y  (Cm — ffW  "  y  e*  "  y -jny  P. 

we  find  the  critical  canpressing  load  which  there  occurs 

transition  of  the  body  Into  fluid  state 1 


(il.56) 


In  distinction  from  the  thermodynamic  constants  of  the  substance 
(Young's  modulus  or  compressibility),  critical  shear  strain,  as  a 
magnitude  characterizing  strength,  strongly  depends  on  the  treatment 
of  the  metal.  Impurities,  etc.  Por  Iron  approximately  ■  6OO 

Pcrlt  “  Icg/^om^* 


*Fosslbly,  reconstruction  la  connected  with  macroscopic  breaking 
of  particles  of  the  body. 


9l0 


Let  ua  consider  unilateral  compression  of  a  body  In  direction 
z  under  the  action  of  compressing  force  p.  In  transverse  directions 
X,  y  there  are  no  strains  (rod  Is  pressed  from  the  side).  We  shall 
formally  write  out  the  transition  from  non-fluid  to  fluid  state,  con¬ 
sidering,  In  the  law  of  proportionality  between  Increases  of  tension 
and  strain,  the  shear  modulus  to  be  equal  to  zero  during  loads  exceeding 
critical.  By  formulas  (11,48)  and  (11,55)  when  p  « 

«**=  7(AL/L)  + 


By  formulas  (11,50)  and  (11,53) 


da. 


d(AL/l) 


After  the  load  attains  Its  critical  magnitude,  we  put  a  «  0  In 
the  formulas  for  the  derivatives  from  stresses  (but .not  In  formulas 
for  the  stresses  themselves).  When  p  >  we  obtain* 


da, 


da. 


da,,,. 


_ '•''XX  tr  -''X’V  n 

d (&LIL)  d (AL/L)  “  d  (M/L)  “ 


(11.57) 


Normal  stresses 


$  0^^,  now  grow  equally  In  accordance 


with  the  modulus  of  multilateral  compression  (during  unilateral  com¬ 
pression  AL/L  ~  Av/v),  Tangential  stress  In  the  slanted  plane  remains 
constant  ^^nd  equal  to  »  '^crlt  strain  Is  equal  to 


crlt 


A  stress-strain  diagram.  depicted  In  Pig,  11,34, 


;rlt  a 

During  loads  less  than  critical  and  on  the  order  of  critical 

0  fi  a  "pressure"  has  an  essentially  nonhydrostatlc  character.  In 
z  z 

the  limit  when  loads  are  sufficiently  great,  p  »  the  relative 
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yig.  il.34.  streaa. 
atraln  diagram  for 
unilateral  comprea- 
slon  of  a  body. 


(ci„  -  -  aoerlt/^zz -*  , 

^  0,  all  thrae  normal  atraaaaa  beoomi 

almost  idantioal*  Tangantlal  strass  <7^121 

I 

”  ^orlt  small  as  oomparad  to  normal . 

It  remains  constant  or  slowly  Inoraasas^  | 
much  slower  than  before.  | 

§  16.  Spaed  of  Propagation  of  Acoustic  ; 

Wayas  1 

We  shall  transfer  the  results  of  the  1 


preceding  paragraphs  to  the  case  of  dynamic  loads  and  shall  find  the  | 
speed  of  propagation  of  acoustic  waves  of  volume  compression  (and 
rarefaction)  In  different  conditions.  j 

Let  us  assume  that  to  the  end  of  a  thin  rod  with  a  free  lataraj 
surface  at  the  Initial  moment  there  la  applied  a  constant  compressing | 
force,  l.e.,  pressure  p.*  I 

I 

Through  the  body  there  will  run  a  comprecslonal  wave.  We  shall 
designate  the  speed  of  Its  propagation  as  c. .  The  substance  between  , 
the  front  of  wave  and  the  end  Is  strained,  as  In  example  1  of  § 

l4,  and  obtains  constant  speed  u  In  the  direction  of  action  of  the  | 

I 

force  along  the  axis.  As  can  be  seen  from  Pig.  11.55/  unit  shortenlnj| 

of  the  rod  In  the  cMpressed  region  \ 

\ 

Is  equal  to  1 

s  * 

If  we  consider  small  loads  and  i 

! 

strains,  according  to  Hooke's  li^ _  ^ 

(U.46) 


p 

ut 

Fig.  11.55*  Diagram  Illus¬ 
trating  the  propagation  of 
an  acoustic  compressions! 
wave. 


4  ’ 

3 


*Such  formulation  of  the  problem  Is  analogous  to  the  problM 
concerning  a  plstou/  considered  In  gas  dynamics  (see  Chapter  Z). 


_ 0 _ J 

STOP  HERE 


H  •  ) 

7;-T 


(11.53) 


During  the  time  t  the  mass  of  the  substance,  enveloped  by  the 
wave  pc^t  (per  unit  of  cross  section  of  the  rod),  obtains  momentum 
pc^tu,  which  according  to  Newton’s  law  Is  equal  to  pt,  so  that 


P*=cwci  (11.59) 

This  formula  is  fully  analogous  to  a  corresponding  formula  in 
gas  dynamics.  Prom  relationships  (11. 58)  and  (11.59)  follows  the  ex¬ 
pression  for  speed  of  propagation  of  compresslonal  waves  through  a 
rod  (speed  of  "sound”): 

C.-/!;  (11.60) 


With  the  same  speed  a  wave  of  extension  or  wave  of  unloading 
Is  also  propagated.  If  the  compressing  load  Is  removed  from  the  com¬ 
pressed  rod. 

Let  us  now  Imagine  that  the  rod  Is  pressed  from  Its  lateral 

face,  as  In  example  2  of  §  l4,  l.e..  In  the  compresslonal  wave 

the  substance  Is  not  strained  In  the  plane  perpendicular  to  the  dlree 
tlon  of  propagation  of  the  wave.** 


*In  a  dynamic  process,  which  Is  adiabatic.  Young's  modulus  differs 
somewhat  from  the  one  used  In  statics  and  corresponding  to  isothermal 
conditions.  This  distinction  Is  usually  Insignificantly  small  (see 
I28]).  The  same  also  pertains  to  Poisson's  ratio  and  the  modulus  of 
multilateral -compression.  Adiabatic  and  Isothermal  shear  moduli  do 
not  differ  from  each  other,  since  shear  Is  not  accompanied  by  change 
of  volume  of  the  body. 

**The  rod  may  be  considered  free,  but  the  time  Is  considered  In 
which  the  compresslonal  wave  passes  a  distance  considerably  less  than 
the  diameter.  The  wave  of  unloading  from  the  lateral  sircface  spreads 
to  the  axis  with  terminal  velocity,  so  that  to  the  considered  time  it 
embraces  only  the  peripheral  layer.  In  the  central  regions,  close 
to  the  axis,  there  will  still  be  no  transverse  displacements,  and  the 
strain  of  these  layers  will  be  xmllateral. 
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case  from  normal  stress  with  respect  to  volume.  In  the  fluid  state 
this  derivative  Is  proportional  to  the  modulus  of  multilateral  com¬ 
pression  as  If  the  shear  modulus  was  equal  to  zero.  Therefore^ the 
speed  of  propagation  of  sufficiently  strong  acoustic  compresslonal 
waves  and  rarefaction  was  Is  determined  only  by  the  compressibility 
of  the  material: 

(11.62) 

Speed  Cj  Is  sometimes  called  the  speed  of  elastic  waves,  and 
speed  c  ,  the  speed  of  plastic  wavesj  c  Is  always  less  than  c,;  for 

0  0  It 

Instance,  In  Iron  c^  »=  6.8  km/sec  and  c^  =  5»7  km/sec.  The  speed  of 
propagation  of  strong  compresslonal  waves  (shock  waves)  depends  on 
the  amplitude  of  the  wave.  It  Is  always  greater  than  c^  or  close  to 
this  magnitude.  The  speed  of  propagation  of  weak  perturbations  Is 
always  equal  to  Cj,  Independent  of  amplitude.  Inasmuch  as  perturbations 
spread  with  this  speed  only  when  they  are  small. 

Questions  of  propagation  of  waves  of  rarefaction  and  compression 

In  an  elasto-plastlc  medium  with  a  nonlinear  dependence  between  stress 

and  strain,  similar  to  the  dependence  o  (AI/l),  which  Is  shown  In 

zz 

Pig.  was  Investigated  In  detail  by  Kh.  A.  Rakhmatullln.  Refer¬ 

ences  to  original  works  In  this  area  may  be  found  In  the  survey  by 
Kh.  A.  Rakhmatullln  and  G.  S.  Shapiro  [29]. 

In  following  paragraph  we  shall  consider  a  simple  case  of  propaga¬ 
tion  of  waves  with  the  shown  properties  of  substance. 

§  17.  Splitting  of  Compresslonal 
and  Unloading  Waves 

Let  us  see  what  partlcally  occurs,  If  to  the  surface  of  a  flat 
body  at  the  Initial  moment  we  apply  constant  pressure  p.  Let  us  con¬ 
sider  pressure  to  be  sufficiently  small  so  that  strain  linearly 


Repeating  the  preceding  reaaonlnga  and  using  formula  (11. 3^),  j 
we  shall  find  the  speed  of  "sound"  for  this  casei  | 

**  .  -  . ,  , 

Speed  Is  nothing  but  the  "longitudinal"  speed  of  sound,  l.e.i, 

the  speed  of  propagation  of  longitudinal  wa?es  In  an  luillmlted  elastic! 

medium.* 

Actually,  when  a  compresslonal  waye  Is  propagated  through  an 
unbounded  medium,  there  are  no  displacements  In  the  plane  perpendloulatr 

I 

to  the  direction  of  propagation,  and  the  phenomenon  occurs  Just  as  In 
the  case  of  a  rod  pressed  from  the  side. 

I 

Speed  c^  Is  always  greater  than  the  speed  of  the  wave  In  a  free 

rod,  since  E’  >  E  (see  §  l4).  ' 

! 

With  speed  c^  there  spread  only  rather  weak  compresslonal  waves 

(and  rarefaction  waves).  In  which  "pressure,'!  or  more  exact,  normal  I 

1 

stress,  acting  on  the  plane  perpendicular  to  the  direction  of  pro-  J 

I 

pagatlon.  Is  quite  small,  less  than  critical,  and  determined  by  formula 
(11.36 }•  If  the  wave  spreads  through  an  already  stressed  substance  | 
let  us  say,  a  wave  of  unloading),  the  absolute  value  of  the  stress  ! 

I 

drop  should  be  less  than  critical  (see  In  greater  detail  In  §  17  )•> 

If,  however,  the  dynamic  load  Is  great  and  larger  than  critical,  the  I 
compressed  solid  matter,  as  shown  In  the  preceding  paragraph,  passes  ! 
Into  a  fluid  state,  similar  to  a  liquid. 

I 

The  speed  of  propagation  of  waves,  as  we  know.  Is  determined  , 

by  the  derivative  of  "pressure"  with  respect  to  volume,  and  In  this 

■ . . .  4  ■  ■  •  1 

*Speed  of  propagation  of  transverse  waves.  In  which  the  displace¬ 
ments  of  particles  are  perpendicular  to  the  dlreetlon  of  propsgatldn  ' 
of  the  wave  and  In  which  there  occurs  only  shear  strain,  wltheutg  ess>  ■  | 
presslon  and  rarefaction.  Is  equal  tei  «,  <  «i. 
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case  from  normal  stress  with  respect  to  volume.  In  the  fluid  state 
this  derivative  is  proportional  to  the  modulus  of  multilateral  com¬ 
pression  as  if  the  shear  modulus  was  equal  to  zero.  Therefore^  the 
speed  of  propagation  of  sufficiently  strong  acoustic  compresslonal 
waves  and  rarefaction  was  is  determined  only  by  the  compressibility 
of  the  material: 

(11.62) 

Speed  c^  is  sometimes  called  the  speed  of  elastic  waves,  and 
speed  c  ,  the  speed  of  plastic  waves;  c  is  always  less  than  c,;  for 
Instance,  3n  iron  c^  »=  6.8  km/sec  and  c^  =  5.7  km/sec.  The  speed  of 
propagation  of  strong  compresslonal  waves  (shock  waves)  depends  on 
the  amplitude  of  the  wave.  It  Is  always  greater  than  c^  or  close  to 
this  magn.itude.  The  speed  of  propagation  of  weak  perturbations  Is 
always  equal  to  c^.  Independent  of  amplitude.  Inasmuch  as  perturbations 
spread  with  this  speed  only  when  they  are  small. 

Questions  of  propagation  of  waves  of  rarefaction  and  compression 

In  an  elasto-plastlc  medium  with  a  nonlinear  dependence  between  stress 

and  strain,  similar  to  the  dependence  a  (AI/l),  which  Is  shown  In 

z  z 

Fig.  11.5^#  was  Investigated  In  detail  by  Kh.  A.  Rakhmatullln.  Refer¬ 
ences  to  original  works  In  this  area  may  be  found  In  the  survey  by 
Kh.  A.  Rakhmatullln  and  G.  S.  Shapiro  [29]. 

In  following  paragraph  we  shall  consider  a  simple  case  of  propaga¬ 
tion  of  waves  with  the  shown  properties  of  substance. 

§  17.  Splitting  of  Compresslonal 
and  Unloading  Waves 

Let  us  see  what  partically  occurs,  If  to  the  surface  of  a  flat 
body  at  the  initial  moment  we  apply  constant  pressure  p.  Let  us  con¬ 
sider  pressure  to  be  sufficiently  small  so  that  strain  linearly 
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depends  on  pressure,  l.e«,  follows  Hooke’s  law.  Let  us  depict  the  | 
diagram  of  p  and  V  for  the  state  of  a  CMipressed  substance  behind  the  | 
front  of  a  wave.  Considering  the  "anisotropy”  of  pressure  In  the  ^ 
case  of  weak  strains.  Instead  of  pressure  we  will  operate  with  the 

I 

noxmial  component  of  stress,  which  affecfts  the  area  parallel  to  the 
surface  of  the  front  of  the  wave,  the  wave  spreads  along  axis 

z.  Along  the  axis  of  abscissas  we  will  plot  the  specific  volume  of 
the  body.  During  small  strains  and  pressures  the  state  Is  described 
by  Hooke's  law  In  the  form  of  (11. 55).  which  according  to  definition  ' 
(li.6l),  can  be  rewritten  In  the  form 


I 

VHien  pressure  exceeds  critical  PQ2>lt’  change  of  volume  ex» 

O'  *  ^ 

ceeds  A  -  Pcrit/p^2«  the  body  becomes  fluid  and  the  slope  of 

line  a„,(AV)  changes.  By  formulas  (11,57)  and  (11.62)  we  have  In  thld 


region 


Vu  — ^  QeJ+  const,  >  p^. 


The  diagram  of  a__  and  V  Is  depicted  In  Fig.  11.56.  ' 

^  ZZ  I 

I 

If  external  pressure  p  <  through 

the  body  there  will  run  one  "elastic"  com-  ' 
\  presslonal  wave  with  speed  o,  (Fig.  11.57a; 

V  * 

\ .  state  1  on  diagram  a  and  V,  Fig.  11.56). 

_ \o  ^ 

y,  y  If,  however,  the  applied  pressure  p  > 

Fig.  11.56.  Stress  ^  cnc 

(pres sure) -volume  then  In  the  body  there  finally  Is  attained 

diagram  (explana-  4- 

tlon  In  text).  state  2  on  diagram  o,,  and  V.  However,  In 

ZZ  3- - 1 

this  case  through  the  body  there  runs  no  longer  one,  but  two  wa^i^MH - 1 

"elastic"  with  asplltude  Pg^j^t  behind  the  front  1'^  andj 

■  ■  •  STl- 
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after  It  "plastic"  with  state  behind  front  2  (see  Fig.  11.37b). 

Inasmuch  as  c^  <  c^,  the  plastic  wave  does  not  overtake  the  elastic, 

so  that  the  combination  of  the  two  waves  is  stable.*  The  plastic 

wave  runs  through  the  slightly  compressed  substance,  which  moves  with 

speed  u  ..  =  .  This  speed  is  extremely  low;  for  instances,  in 

criu  pCj 

iron  the  compression  in  the  elastic  wave  is  equal  to 


AV 


-*^Ct 


and  speed  u  .a.  =  3.6  m/sec.  Mass  speed  in  the  plastic  wave  is  equal 

P  “  Pcrit 

to  u*  =  —  ■■  with  respect  to  the 

-  P^O 

substance  moving  in  the  elastic  wave, 
and  u’  +  —  with  respect  to  an 

undisturbed  substance. 

If  we  consider  a  compressional 
wave  of  great  amplitude,  and  all  the 
more  so  shock  waves  with  pressures  of 
hundreds  of  thousand  atmospheres  and 
above,  the  effects  of  preliminary 


b)  ^ 

Pig,  11.37.  Two  cases  of 
propagation  of  an  acoustic 
wave  of  compression!  a) 
one  elastic  wave;  b)  sys¬ 
tem  of  plastic  and  elastic 
waves. 


compression  of  the  substance  by  an  elastic  wave  to  one  or  two  thousand 
atmospheres  and  acceleration  of  it  to  a  speed  of  the  order  of  several 
meters  per  second  may  be  disregared,  considering  that  a  plastic  wave 
spreads  through  a  motionless  undisturbed  substance  with  a  speed  corres 


ponding  to  compressibility  Cq. 

Shock  waves  of  sufficiently  great  amplitude  spread  with  a  speed 

noticeably  exceeding  c^.  If  the  speed  of  the  shock  wave  D  >  c^, 
splitting  of  waves  in  general  does  not  occur t  the  shock  wave  as  if 
from  the  very  beginning  runs  faster  than  the  elastic  wave  and  is  uni¬ 
fied  with  it  into  one  wave. 

♦The  effect  of  the  existence  of  a  combination  of  elastic  and 
plastic  compressional  waves  was  noted  by  Bancroft  [30]  and  others,  de¬ 
voted  to  phase  transition  in  iron  (see  §  19). 
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splitting  of  waY«B  Into  elastic  j 
and  plastic  also  ooours  in  the  case  o 
sufficiently  strong  unloading  of  a  pr^ 

lininapily  oonpressed  substance.  Let  i 

I 

us  assume  that  the  subststnoe  is  un¬ 
loaded  from  pressure  p^,  to  pressure 
p  (for  instance^  at  first  through  the 

t 

body  by  means  of  its  cooqpression  by  a  | 
piston  a  oompresslonal  wave  was  trig- ' 
gered  with  pressure  p^,  and  then  after 
a  certain  time  the  pressvire  on  the  piston  drops  to  magnitude  p).  If 

I 

Pq  ”  P  <  Pc2>it  compressed  substance  there  runs  one  elasti<j 

wave  of  un," -jading  with  speed  Cj.  If,  however,  Pq  -  p  >  an  elas-* 

tic  wave  of  unloading  runs  ahead,  in  which  pressure  drops  f^om  Po  i 
Pq  -  Pcrit^  after  it  with  smaller  speed  spreads  a  plastic  wave  of  i 
unloading.  In  which  pressure  drops  to  magnitude  p,  equal  to  pressure 
on  the  "piston"  (in  particular,  if  the  piston  in  general  is  "retractec. 
p  can  be  equal  to  zero).  These  two  cases  are  shown  in  Fig.  ii.;?8,  ' 

The  phenomenon  of  splitting  of  a  wave  of  unloading  into  two  I 
waves  was  observed  e^cperimentally  in  {4]  which  will  be  described  in  | 
the  following  paragraph.  The  authors  of  this  work  gave  the  obsex^ed  I 

I 

phenomena  the  above-described  explanation. 

i 

.  I 

§  18.  Measurement  of  Speed  ef  Sound  in  a  Substance 

CiMpressed  by  a  Shook  Wave  i 

I 

I 

Of  great  interest  is  the  experimental  determination  of  sp^eed 

^  - 

of  sound  behind  the  front  of  a  shock  wave.  With  this  speed  are  jpro-  ^ 
pagated  the  disturbances  overtaking  the  shook  vrave  and  affeetlns-its — | 
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a 


* 

Pi 


b) 


Ut/-' 


Fig,  11. ?8,  Two  cases  of 
propagation  of  an  unload¬ 
ing  acoustic  wavet  a)  one 
elastic  wave}  b)  system 
of  plastic  and  elastic 
waves. 


amplitude.*  The  speed  of  sound  (or  adiabatic  compressibility)  deter¬ 
mines  the  slope  of  the  usual  adlabat  on  diagram  p,  Y,  which  passes 
through  the  point  describing  the  state  behind  the  front  of  the  shock 
wave,  l,e..  It  Is  determined  by  the  Initial  behavior  of  the  compressed 
substance  during  unloading  and  its  behavior  In  a  weak  secondary  shock 
wave,  A  knowledge  of  the  speed  of  sound  Is  Important  for  the  estab¬ 
lishment  of  the  equation  of  state  of  the  substance  and  for  correct 
formulation  of  experiments  on  shock  compression.  Finally,  the  values 
of  the  speed  of  sound  In  solid  matter  at  high  pressures  are  also  of 
Interest  ’for  a  number  of  problems  of  geophysics. 

The  method  of  measurement  of  the  speed  of  sound  behind  the  front 
of  a  shock  wave  was  developed  by  L.  V.  Al'tshuler  and  S.  V.  Kormer 
Jointly  with  M.  P.  Speranskaya,  L.  A,  Vladimirov,  A.  I.  Puntlkov,  and 
M,  I,  Brazhnik  [^].  One  of  the  methods  (the  method  of  lateral  unload¬ 
ing)  consists  of  the  following.  Shock  compression  Is  applied  to  a 
cylindrical  sample  of  stepped  form  (Fig.  11.59).  After  passage  of 

angle  0  by  the  front  of  the  wave,  lateral  unloading  begins.  Perturba¬ 
tions  from  unloading  overtake  :;he  front  and  weaken  the  shock  wave.  On 
the  weakened  peripheral  section  of  i;ie  surface  of  the  front,  the  speed 
0/  the  front  decreases  and  the  surfaces  is  distorted,  as  shown  In  Fig. 
11,59;  the  central  section  of  the  surface,  up  to  which  the  perturbations 
to  a  given  moment  of  time  .-.lii;  vlid  r.ot  succeed  in  overtaking,  remains 
flat,  and  the  speed  of  the  shock  wave  o:i  it  Is  as  before.  The  point 
where  weakening  of  the  shock  wave  begin-  is  easy  to  find  from  simple 
geometric  considerations .  In  time  t  from  moment  of  passage  of  angle  0 

*Let  us  recall  that  a  shock  wave  spreads  through  a  substance 
behind  Its  front  wltii  subsonic  speed. 
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by  the  front,  the  front  departs  to  dlatanod 

I 

Dt,  The  subatanoe,  earlier  looated  nea^  I 
the  angle,  drifts  forward  to  distance  ut,  ' 
and  the  earliest  perturbations,  whioh  were 
produoed  at  the  tiae  of  passage  of  the 
angle  and  whioh  spread  through  the  substance 
with  the  speed  of  sound  o,  to  this  moaent 
reach  a  sphere  of  radius  ct,  described  froa 
point  A,  so  that  weakening  of  the  shook  wave 
starts  at  point  B  (see  Fig,  ii«39)«  Considering  triangles  OBF  and 
ABF,  it  is  possible  to  connect  the  speed  of  sound  with  speeds  D,  u  an4 
the  tangent  of  "angle  of  unloading"  at 

.  ! 

The  problem  reduces  to  the  determination  of  speed  of  front  2) 
and  angle  a  (shock  adiabat  of  substanoe  is  assumed  to  be  known,  so 
that  mass  speed  u  may  be  calculated),  Experimentally,  it  is  solved 
thus.  Upon  emergence  of  shook  wave  on  free  surfaee,  the  latter  flies 
forward  with  a  defined  speed.  On  the  central  (nonweakened)  section  ^ 
of  surface  of  the  front  this  speed  everywhere  is  identical,  and  on 
the  peripheral  (weakened)  Section  it  is  less,  as  shown  by  the  arrows 
In  Fig.  11. 4o, 

In  the  experiment  we  record  the  moments  of  arrival  of  the  free 
surface  to  plexlglas  plate  P  (by  photographic  means  with  time  scanning). 
On  the  film  there  Is  obtained  the  picture  depleted  in  Fig.  li.40  (  .t 
the  time  of  Impact  of  the  substance  against  the  plexlglas  there  appears 

3 - 1 

an  illumination  which  puts  the  curve  on  film).  Through  the  flln^me — j 

determine  point  B  and,  knowing  the  geometry  of  the  experiment,  wb  i 

_ 0 _ J 

'  .  •  t  'fc 
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Fig.  11.39,  (geo¬ 
metric  construction 
In  an  experiment 
with  lateral  un^ 
loading. 


know  the  angle  of  unloading  a 


Pig.  ii,4o.  Diagram 
of  an  experiment  with 
lateral  unloading. 
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Pig,  11, 4l.  Pressure  — 
density  dlsigram.  H  — 
shock  adlahat,  S  — 
Isentrope  of  unloading! 
KK  —  tangent  to  Isen¬ 
trope  at  the  point  cor¬ 
responding  to  the  state 
In  the  shock  wave. 


It  turned  out  that  for  water  the  bound¬ 
ary  of  the  weakened  and  undisturbed  regions 

of  surface  of  the  front  is  sharp  and  the 

2 

modulus  of  compression  PqC  ,  calculated 
with  respect  to  the  speed  of  sound  c.  Is 
less  than  the  slope  of  shock  adlabat 
pQ^  (in  variables  p,  p/pq)  at  the  point 
corresponding  to  the  state  behind  the  front, 
which  Is  in  full  consent  with  the  mutual 
location  of  shock  adlabat  and  Isentrope, 
shown  In  Pig.  11. 4l, 

For  metals  (iron  and  copper)  the  curves 
on  the  film  have  a  rounded  form  without  a 
clearly  expressed  boundary,  as  If  the  per¬ 
ipheral  sections  of  the  surface  of  the  front 
were  unloaded  strongly,  and  closer  to  the 
center  (to  the  axis  of  the  sample),  very 
weakly, 

2 

Modulus  of  compression  PqC  ,  calculated 
by  the  point  of  origin  of  weak  distortion 
of  surface  of  the  front,  turned  out  to  be 


I 


■•"1 

4 


I 

1 


greater  than  the  coresponding  slope  of  shock  adlabat  p^dp/dp  by  approxi¬ 
mately  1,5  times.  Experimental  data  are  given  In  Table  11,5,  taken 
from  [4J. 

This  phenomenon  was  explained  by  the  authors  on  the  basis  of 
presentations  about  the  existence  of  two  speeds  of  sound  In  a  solid, 
which  was  mentioned  In  §  15  and  l6.  Weak  perturbations  of 


Table  11.5. 
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Ml 
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H 
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•i  » 
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Iron  .  . 
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4t,0 

41.8 

4.42 

i 

i 

i 

./ 

240 

240 

rarefaction  spread  through  a  oompresied  aubstanoe  with  the  speed  of 

elastic  waves  c^  (in  a  substance  coi^ressed  by  a  strong  shook  wave, 

the  pressure  is  "isotropic").  This  increased  "elastic"  speed  of 

sound  also  corresponds  to  the  beginning  of  weak  distortion  of  surface 

2 

of  the  front;  the  modulus  of  compression  p^c^  corresponding  to  it  turns 

out  to  be  too  largei  larger  than  the  slope  of  shook  adiabat 

since  the  speed  of  the  shook  wave  corresponds  to  the  small«p,  "plastio" 

speed  of  sound.  Through  the  somewhat  unloaded  substance  there  runs  a 

«  ! 

"plastio"  wave  with  decreased  "plastio"  speed  of  sound.  With  this  { 
speed  there  spread  considerable  perturbationsy  rendering  an  essential  , 

i 

weakening  influence  on  the  front  of  the  shook  wave.  The  speed  of 
a  plastic  wave  is  determined  only  by  compressibility  and  namely  with  It 
there  should  be  compared  the  slope  of  shook  adiabat.  Modulus  of  com-  | 
pression  PqCq*  calculated  with  "plastic"  speed  of  sound  Oq,  turns  out  ! 
to  be  for  metalSy  as  also  for  water,  less  than  slope  in  full 

conformity  with  the  theory  of  shook  adiabat  (water,  as  a  liquid,  pos¬ 
sesses  only  one,  plastio,  speed  of  sound  Oq).  The  existence  of  two 
speeds  of  sound  strongly  hampers  the  exact  determination  of  the  boundsiry 

t 

of  "plastio"  unloading,  which  also  presents  basic  interest  since  it 
namely  determines  the  compressibility  of  the  substance.  In  ordqy  to  ■. 
be  free  from  the  influence  of  this  effect,  the  authors  of  [4]  de^ilbpiid 

2 - j 

another  method  (method  of  overtaking  unloading,  which  in  its  initial  | 

form  was  offered  by  Ye.  Z.  Zababaldxlxi*  This  method  oonaidtra.  thi. _ J 

’  rc  p  Hfw 
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collision  of  a  dispersed  plate  and  sample  made  from  the  same  investi¬ 
gated  material  with  known  shock  adlabat.  The  x  and  t-dlagram  of  the 
process  is  shown  in  Fig.  11,42, 

Prom  the  point  of  collision  0 
through  both  bodies  there  spread  shock 
waves  OA  and  OB,  After  the  shock  wave 
in  the  striker  reaches  free  boundary 
Bf  the  unloading  begins  there,  and 
the  wave  of  rarefaction  mins  through 
the  substance,  overtaking  the  front 
of  the  shock  wave  in  the  sample  at 
point  A,  From  this  moment  the  amplitude  of  the  shock  wave  is  weakened 
and  the  trajectory  of  the  front  bends,  as  shown  In  Pig,  11,42, 

Determining,  in  an  experiment,  the  trajectory  of  the  front  of 
a  shock  wave  in  the  stage  of  noticeable  weakening  A£  and  considering 
the  process  of  propagation  of  rarefaction  perturbations,  we  can  find 
the  speed  of  sound  In  the  compressed  substance  behind  the  front.  In¬ 
asmuch  as  we  are  considering  a  staige  of  strong  weakening  of  a  shock 
wave,  which  is  only  the  result  of  a  plastic  wave,  but  not  an  elastic 
one,  carrying  weak  perturbation,  the  speed  of  sound  determined  In  the 
experiment  is  a  "plastic”  speed,  connected  with  the  coD5)res8lblllty 
of  the  substance  (details  of  this  method  see  [4]). 

For  an  illustration  of  the  numerical  values  In  Table  11,4  we 
shall  present  certain  results  of  measurements.  For  comparison  In  the 
same  place  there  are  shown  the  speeds  of  sound  (plastic  )cq  at  noz*mal 
conditions. 


Fig,  11,42,  X,  t-dlagram 
for  experiment  with  over¬ 
taking  unloading. 
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Table  11«4.  Speeds  of  Sound  at  High  Fressuves 
Heasured  In  Ixperisent 
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5.1 

§  19*  Phase  Transitions  and  Splitting  of  Shook  Wayes 

I 

Many  solids  oan^  under  various  conditions,  remain  in  different 
crystal  modifications •  At  certain  values  of  temperatures  and  pressures, 
connected  by  a  determined  dependence,  there  are  possible  transitions  ; 

i 

from  one  modification  to  another.  These  transitions  are  accompanied  < 
by  change  of  volume  and  liberation  (or  absorption)  of  latent  heat, 
which  is  in  first-order  phase  transitions*  Similar  transitions  are 
frequently  called  polymorphous  transformations  of  a  substance.* 

An  example  of  a  substance  that  is  able  to  experience  a  poly¬ 
morphous  transformation  is  iron.  At  atmospheric  pressure  and  temperai 
ture  9i0°  C  iron  is  transformed  from  o-phase  into  7-phase j  transition 
is  accOTpanied  by  a  2.^  decrease  in  volume  and  absorption  of  latent 
heat  20^  cal  mole.  Polymorphous  transfcormations  frequently  occur  at 
high  pressures.  Zn  particular,  the  shown  trazisition  in  iron,  at  a 
temperature  slightly  exceeding  normal,  occurs  at  a  pressure  of  ^^,000 
atm. 

_  3 - i 

•Zn  waves  of  sufficiently  large  amplitude  there  occurs  mel^tlagH 
of  the  solid  substance,  which  also  is  a  first  order  phase  twmsition.  1 
Problems  of  melting  in  shook  waves  presently  are  not  being  studiVid  \ 
experimentally  nor  theoretically.  - - ° J 

98*  . 


4 


Unique  phenomena  appear  during  shock  compression  of  a  substance 
that  Is  able  to  experience  polymorph«.us  transformations  at  high  pres¬ 
sures.  These  phenomena  were  considered  theoretically  (mainly  quali¬ 
tatively)  by  Bancroft,  Peterson,  and  Mlnshall  [^Q],  Duff  and  Mlnshall 
[51],  and  Drummond  (52],  Experimentally,  shock  waves  In  the  presence 
of  polymorphous  transformations  were  studied  In  the  first  two  works 
(in  the  first  —  In  Iron,  In  the  second  —  In  bismuth);  In  the  works  of 
A,  N,  Dremln  and  A,  Adadurov  (55J  (marble),  and  A.  N,  Dremln  [5^] 
(paraffin). 

In  a  certain  range  of  pressures  through  a  body  that  Is  able  to 
experience  polymorphous  transformations,  there  spread  not  one,  but 
two  shock  waves,  following  one  after  the  other.  Such  shock  wave  split¬ 
ting  Is  connected  with  the  anomalous  behavior  of  the  shock  adlabat 
of  the  substance  In  the  region  of  phase  transition.  At  not  too  large 
pressures  In  the  shock  wave  there  occurs  an  Insignificant  Increase  of 
entropy;  therefore,  the  shock  adlabat  Is  close  to  the  Isentrope  and  In 
examining  the  £ihown  phenomenon  It  Is  possible  to  originate  from  the 
usual  adlabat. 

The  adlabat  of  a  substance  experiencing  polymorphous  transfor¬ 
mation  Is  schematically  depicted  In  Fig.  11.4^. 

During  compression  from  normal  volume  until  achievement  of  a 
certain  state  A  there  starts  a  transition  from  phase  I  to  phase  II. 

The  crystal  lattice  Is  reconstructed  In  such  a  way  that  the  new  equili¬ 
brium  positions  of  atoms  correspond  to  the  smaller  Interatomic  dis¬ 
tances;  therefore,  reduction  of  volume  In  the  region  of  transition 
requires  a  much  smaller  Increase  of  pressure  than  In  Initial  phase  I 
(at  absolute  zero  temperature  the  phase  transition  I-II  occurs  at 
constant  pressure  and  section  AB  of  the  adlabat  s  «  0  -r  this  Is  a 
straight  horizontal  line,  as  shown  lii  Fig.  11.4^b).  If  there  was  no 
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Fig.  11.4^.  laentropt 
(usual  adlabat)  of  a 
substance  experiencing 
polymorphous  tranafor- 
matlon:  a)  at  tem¬ 
perature  T  >  0  dif¬ 
ferent  from  zero)  b) 
at  absolute  zero 
T  -  0, 


reconatruc tion«  the  pressure  curve  would  | 
continue  from  point  A  upwards  as  shown  in  | 
Fig.  11.4^  by  the  dotted  line.  In  region  < 
AB  the  substance  is  in  a  two-phase  state. 
Full  reconstruction  of  the  lattice  and  full 
transformation  of  the  substance  from  phase 
I  into  phase  IZ  terminates  at  nMwnt 
after  which  the  adiabat  of  the  second  phas<^ 
again  steeply  goes  upwards.  Compressibility 
of  a  substance  in  various  phase  are  differ- 
ent|  so  that  the  slopes  of  curves  corres¬ 
ponding  to  single-phase  state  in  points  A 
and  B  in  general  are  different. 


Let  us  now  imagine  a  body  that  has  a  shock  adiabat  of  the  des¬ 
cribed  type,  and  let  us  assume  that  In  the  initial  moment  to  its  sur- ' 
face  there  is  applied  a  constant  pressure  p  (we  shall  consider  a  one- 
dimensional  plane  case).  We  shall  consider  that  this  pressure  is  suf¬ 
ficiently  great  so  that  it  is  possible  to  disregard  the  effects  of 
strength  and  consider  the  pressure  to  be  hydrostatic,  i.e.,  we  shall  < 
disregeu>d  the  possible  existence  of  an  "elastic  "  wave  (see  § 

17),  considering  that  the  shook  wave  is  ’"plastic." 

If  pressure  p  is  lower  than  pressure  p^,  at  which  the  phase 
transition  begins,  through  the  body  there  runs  the  usual  shock  wave,  , 
the  state  of  the  substance  in  which  corresponds  to  the  point  lying  on ! 


the  shock  adiabat  (point  C  in  Fig.  11.44))  the  speed  of  propagat^en- 
of  shock  wave  D  is  determined,  as  it  is  known,  by  the  slope  draWh'  froii 


the  point  of  initial  state  0  to  the  point  of  final  state  on  the  shook 

2 - 

adiabat,  i  , - 


If  pressure  p  Is  greater  than 
magnitude  p^,  which  corresponds  to  line 
OE  touching  the  shock  adlabat  In  Inter¬ 
mediate  point  A,  for  Instnace,  equal 
to  Pp,  than  through  the  body  there  also 
runs  one  shock  wave,  behind  the  front 
of  which  there  Is  attained  state  P. 
However,  In  this  case  the  substance 

a  y 

Pig,  11,44,  pv  diagram  behind  the  front  Is  In  another  phase. 

Illustrating  different 

cases  of  propagation  of  l,e,,  II.  Transition  from  phase  I  to 

a  shock  wave  during  poly¬ 
morphous  transformation  phase  II  occurs  In  the  front  of  the 

of  a  substance  (explana¬ 
tion  In  text),  shock  wave.  Usually  the  phase  transi¬ 

tion  requires  much  more  time  than  necessary  for  establishment  of  ther¬ 
modynamic  equilibrium  In  an  ordinary  single-phase  substance.  The 
situation  In  this  case  In  many  respects  Is  analogous  to  that  which  takes 
place  In  a  shock  wave  that  Is  spreading  through  a  gas  with  retarded 
excitation  of  certain  degrees  of  freedom  (for  Instance,  through  a 
dissociating  gas).  Direct  shock  compression  leads  to  Intermediate 
state  M,  which  lies  on  the  extrapolated  shock  adlabat  of  phase  I,  res¬ 
ponding  to  the  absence  of  phase  transition  (this  corresponds  to  the 
viscous  shock  In  a  gas).  Then  the  phase  transition  begins  and  the 
width  of  the  front  Is  determined  by  the  rela.  atlon  time  of  the  transi¬ 
tion,  Just  as  the  width  of  the  front  of  a  shock  wave  In  a  gas  Is  deter¬ 
mined  by  the  dissociation  time.  The  profile  of  pressure  In  a  shook 
wave  has  the  form  depicted  In  Pig,  11,45,  and  Is  completely  analogous 
to  the  profile  of  pressure  In  a  dissociating  gas.  The  point  describing 
the  state  In  the  expanded  zone  of  the  front  of  a  wave  then  passes 
through  a  segment  of  line  MF  In  Pig.  11.44, 
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Let  us  now  consider  an  Intermediate 


case  when  the  pressure  applied  to  the  body 
Is  between  p^^  and  Pg,  let  us  say,  and  Is 
equal  to  p^^  (point  N  on  shock  adlabat.  Fig. 
11.44). 

Speed  of  a  shock  wave,  determined  by 
the  slope  of  line  ON#  Is  now  less  than  the  speed  of  a  shock  wave  of 
smaller  pressure  P^,  corresponding  to  point  A,  which  Is  determined 
by  the  slope  of  steeper  line  OA,  Therefore,  a  wave  with  pressure  p^ 
overtakes  a  shock  wave  with  pressure  Pj|«  (Let  us  note  that  line  ON 
three  times  Intersects  the  shock  adlabat,  l.e.,  to  the  same  wave  speed 
correbpond  the  three  values  of  pressure  and  volume.  It  Is  clear  that 
such  ambiguity  Is  physically  unreal.) 

At  Intermediate  value  of  pressure  Pg  >  p  >  p^  there  occurs 
splitting  of  the  shock  wave  Into  two  Independent  waves,  which  follow 
one  after  the  other  (this  case  Is  specially  shown  In  Pig.  11*46),  In 
the  first  shock  wave  the  substance  Is  compressed  from  Initial  state 
0  to  state  A,  corresponding  to  the  beginning  of  phase  transition, 
where  the  speed  of  propagation  of  the  first  shook  wave  through  an  un¬ 
disturbed  substance  Is  determined  by  the  slope  of  line  OA  In  accordance 
with  the  formula: 


Pig,  11,45.  Profile  of 
pressure  In  a  shock  wave 
with  "relaxation"  of 
phase  transition. 


Behind  the  first  wave  there  follows  a  second  shook  wave.  In 
which  the  substance  Is  cooqpressed  from  state  A  to  final  state  N.  Speed 
of  propagation  of  this  second  wave  through  a  compressed  and  moving 
substance,  remaining  In  state  A,  is  determined  by  the  slope  of  line  AN 
and  Is  equal  to 


% 


Speed  of  propagation  of  the  second 
shock  wave  with  respect  to  a  motionless 
parent  substance  is  equal  to  the  sum  of 
speed  Dg  and  mass  speed  of  the  substance  in 
the  first  shock  wave  u.: 

K 

Pig.  11.46.  pY 
diagram  illustrating 
the  splitting  of  a 

shock  wave.  It  is  easy  to  see  that  the  second  wave 

does  not  overtake  the  first,  l.e.,  the  combination  of  the  two  shock 
waves  is  stable.  Actually,  the  speed  of  propagation  of  the  first  wave 
with  respect  to  the  substance  behind  it  is  equal  to 

Inasmuch  as  the  slope  of  line  OA  by  definition  (p^^  <  p^)  is 
greater  than  the  slope  of  line  AH,  we  have  (p^  -  "  ^A^  ^ 

>  (Pn  “  Pa^/^^A  ■  ^  ^2'  through  the 

substance  faster  than  the  second  with  respect  to  the  very  same  aub~ 
stance. 

In  the  front  of  the  second  shock  wave  there  occurs  a  phase 
transition}  in  initial  state  A  the  substance  is  in  the  first  phase,  and 

A 

in  final  N  it  is  either  In  the  second,  if  Pjj  >  Pg,  or  in  a  two-phase 
state,  if  Pj^  <  Pg  (transition  in  this  last  case  is  incomplete),  sy 
virtue  of  deceleration  of  phase  transition  the  front  of  the  second 
shock  wave  turns  out  to  be  strongly  eroded,  in  distinction  from  the 
thin  front  of  the  first  wave.  TSie  profile  of  pressure  in  the  case 
of  a  system  of  two  waves  is  schematically  depicted  in  Pig.  11.47.  With 
the  passage  of  time  the  distance  between  fronts  of  both  waves  is  in¬ 
creased,  inasmuch  as  their  speeds  are  different}  distribution  of 
pressure  in  the  second  wave  is  stationary,  and  the  profile  in  the 
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71g.  11, 47*  Profile  of 
preoBure  in  the  oue  of 
splitting  a  shook  vaye 
into  two  parts* 


second  wave  is  propagated  as  a  whole* | 
7he  oosbination  of  two  shock  wav^a 
in  the  presence  of  phase  transition  iA 

many  respects  is  analogous  to  the  com*^ 

i 

bination  of  two  oompressional  waves s  i 
"elastic”  and  "plastic^"  which  was 


considered  in  §  17 .  The  cause  of  the  appearance  of  two  waves  in 
both  cases  is  the  anomalous  behavior  of  the  adiabat  and  shook  adiabat^ 
at  which  there  exists  a  region  on  the  adiabat  where  the  latter  is  ' 

i 

turned  with  convexity  upwards. 

In  Chapter  I  it  was  shown  that  on  the  sign  of  the  second  deri-| 
vative  d^p/dV^  depends  whether  entropy  increases  or  decreases  in  the  ; 

I 

shock  wave,  i.e*,  the  sign  stipulates  purely  thermodynamic  oonclusioniji. 
Here  we  are  convinced  in  the  fact  that  the  anomalous  behavior  of  the  j 
shock  adiabat  leads  to  anomalous  kinematic  consequences,  i.e*,  split¬ 
ting  of  the  shock  wave  in  two.  The  limiting  condition  P  >  Pj  unifi¬ 
cation  of  two  waves  into  one  corresponds  to  the  position  in  the  case  ; 
of  combination  of  shock  and  plastic  waves,  when  the  speed  of  the  plastic 

,  I 

wave,  due  to  deviation  of  the  adiabat  from  Hookers  law,  becomes  graater 

I 

than  the  speed  of  the  elastic  wave,  so  that  the  second  wave  overtakes ‘ 
the  first  and  merges  with  it.  I 

I 

As  was  already  mentioned  above,  the  phenomenon  of  splitting  Of: 
a  shook  wave  in  substances  experiencing  polymorphous  transformations, 
was  observed  experimentally.  For  an  illustration.  Fig*  ii.4^  shows  the 
shock  adiabat  of  iron  in  the  region  of  phase  transition,  found  experi¬ 
mentally  in  [;?0]*  Let  us  note  that  in  bismuth  the  phase  transition 

3 - ^ 

occurs  at  a  pressure  of  >^28,300  atm,  where  by  the  relaxation  t^yma _ | 

for  the  transition  at  42°C  turned  out  to  be  less,  than  1  milliaecondr^ 

■!,■■■  '  ST  * 


S30 


ii 


retell! 


Alder  and  Christian  [553  revealed  a 
phase  transition  of  the  first  kind  in  iodine 
Jg  (crystals  of  iodine  are  moleculair)  at  a 


Pig,  11, 48,  Shock  adla- 
bat  of  iron  in  the 
region  of  phase  transi¬ 
tion.  A  —  according 
to  [241,  0  —  according 

bo]. 


to 


pressure  of  p  «  7  •10'^  atm  and  relative 
volume  V/Vq  «  0,55,  Transition  was  fixed 
by  changing  the  slope  in  the  linear  depend¬ 
ence  of  speed  of  the  front  of  the  shock 
wave  on  mass  speed.  Calculations  show  that 
temperature  in  the  wave  at  the  point  of 


phase  transition  T  »»  i  ev.  It  is  comparable  with  the  dissociation 
energy  of  iodine  molecules  i.55  ev.  It  is  assumed  that  phase  transition 
is  connected  with  transformation  of  a  molecular  diatomic  crystal  into 
a  monatomic  metallic  state. 

It  is  interesting  that  the  anomalies  in  the  curve  of  cold  com¬ 
pression  of  metals,  and  consequently  also  in  the  shock  adlabat,  similar 
to  the  ones  that  appear  in  the  presence  of  polymorphous  transformations, 
can  also  appesir  in  the  absence  of  reconstruction  of  the  atomic  lattice 
due  to  change  of  structure  of  electron  zones  and  the  covering  of 
separate  zones  during  compression.  The  possibility  of  change  of  pro¬ 
perties  of  metals  upon  change  of  zonal  structure  is  noted  by  I,  M, 

Llf shits  [56].  The  Influence  of  these  changes  on  the  curve  of  cold 
compression  of  metals  and  the  appearance  of  sections  of  anomalous  be¬ 
havior  of  the  curve,  where  d^p/dV^  <  0,  was  studied  by  0,  M.  Qandel'man 

[57]. 


,  §  20,  Shock  Wave  of  Rarefaction  in  a  Medivun 

Experiencing  Phase  Transition 

According  to  the  general  theory  presented  in  §  I7,  18 
and  19,  Chapter  I,  during  anomalous  adiabatic  behavior,  when  there 


r  • 
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are  sections  where  the  adlabat  Is  turned  with  Its  convexity  upwards  | 

<  0),  there  Is  the  possible  appearance  of  rarefaction  shocks^ 

The  adlabat  of  a  solid  i^oh  Is  experlenolng  phase  transition  exactly! 

I 

gives  such  a  posslbllllty.  This  was  noted  In  [32  ]•  Regises  with  shook 
waves  of  rarefaction  In  a  metal  In  the  presence  of  phase  transforsatlons 
were  studied  by  A*  a«  Ivanov^  S«  A*  Novikov,  and  fu*  P.  Tarasov  C38],  | 
who  were  the  first  to  give  clear  experimental  proof  of  the  existence  I 
of  rarefaction  shocks  In  Iron  (steel).  | 

On  the  adlabat  of  a  substance  which  Is  experiencing  polysorphoiis 
transformation.  In  the  region  of  the  point  of  break  A  (Fig.  11.^3)  thif 
movement  of  the  adlabat  Is  anomalous.  Although  In  all  points  where  I 
the  adlabat  does  not  have  peculiarities,  the  second  derivative 

Is  positive,  nonetheless  there  Is  a  section  In  the  region  of  point  A  > 

I 

where  the  chord  connecting  any  two  points  1  and  2,  wholly  lies  below  | 
the  adlabat  (Fig.  11.49).  This  Is  the  consequence  of  negativity  of  I 
the  mean  value  of  the  second  derivative  on  §  1-2  {  ^ 


lous  section  of 
adlabat. 


As  It  Is  known  fTMi  the  general  theory, 
namely  such  a  position  also  leads  to  anomalies 
In  hydrodynamic  regularities. 

Propagation  of  shook  waves  of  comm^esslon 
In  a  similar  substance  was  oonsldex'ed  In  the 
preceding  paragraph. 

Let  us  now  consider  the  unloading  of  jub- 


stance  that  Is  pa^ellmlnarlly  ccnapressed  bpi-a - ! 

ahock  wave.  Let  us  assume  that  at  the  time  t  •>  0  In  a  body  thatekae— i 

*In  all  points  of  §  1-2,  besides  point  of  break  A,  8^p/8V^  >  0,but 

In  point  A  Itself,  d^p/dv®  -  -«,  so  that  thm  aasn  value  QKL.&Jb-2  la 
negative  all  the  same. 


earlier  been  coupressed  by  a  shock  wave  to  state  1  (p^,  there  is 
a  region  of  rarefaction  In  which  pressure  and  volume  change  smoothly 
to  the  values  of  Pg,  Vg  (state  2;  Pg  <  p^,  Vg  >  V^).  Initial  distri¬ 
bution  of  pressure  with  respect  to  coordinate  Is  shown  In  Pig,  11,50. 


Pig,  11,50,  Concerning  the 
question  on  evolution  of  a 
region  of  rarefaction]  Initial 
profile  of  pressure. 

Fig,  11.50  and  In  the  adlabate  In 

figures. 


We  assume  that  the  points  of  Ini¬ 
tial  and  final  states  1  and  2, 
and  also  all  Intermediate  points 
In  smooth  distribution  lie  on  the 
Isentrope  and  the  process  Is 
adiabatic.*  Some  of  the  corres¬ 
ponding  points  are  designated  In 
Pig.  11,51  by  Identical  letters  euid 


Let  us  consider  a  simple  rarefaction  wave 
(see  §  8,  Chapter  l),  spreading  to  the 
right  through  a  ccmipressed  substance.  In  order 
for  the  wave  to  be  simple.  It  Is  necessary  that 
the  initial  distributions  of  pressure  and  speed 
with  respect  to  coordinate  p(x,  0),  u(x,  O) 


Pig,  11, 5i*  Con¬ 
cerning  the  question 
on  evolution  of  a 
region  of  rarefac¬ 
tion]  states  on  p, 

V  diagram  corres¬ 
ponding  to  the 
profile  depicted 
In  Pig.  11.50. 


satisfy  the  condition  of  constancy  of  Rlemann 
Invariant  J_(x,  0)  »  const.  Then,  and  In  sub¬ 
sequent  moments  of  time,  J_(x,  t)  -  const. 

We  shall  assume  that  this  condition  Is  carried 
out.  As  It  Is  known  (see  §  8,  Chapter  I), 


In  a  slB^Jle  wave,  spreading  to  the  right,  the 


*We  consider  only  small  pressiures  at  which  the  thermal  effects 
are  small  and  the  shook  adlabat  practically  coincides  with  the  Isen¬ 
trope,  Furthermore,  we  consider  that  phase  transitions  occur  suffici¬ 
ently  fast  "instantly”,  so  that  the  states  of  the  substance  never  de¬ 
viate  from  the  thermodjnoamloally  equilibrium  adlabat. 
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C^-oharaoterlstloa  are  lines  on  plane  x,  t|  along  thea  ara  plotted  thf 
constant  values  of  pressure  and  other  aagnitudes.  | 

Let  us  consider  what  will  ooour  with  our  initial  profile  of  I 

i 

pressure  in  subsequent  aoaents  of  tiae«  For  this,  on  plane t  in 

I 

Fig.  11.^2  we  shall  plot  the  C^-oharaoteristiosi  straight  lines  with  ; 

I 

slopes  ^  u  +  c«  The  speeds  of  propagation  of  perturbations  ("speeds 

of  sound")  in  different  points  of  initial  distribution  are  deterained’ 
by  the  slopes  of  tangents  to  the  adiabat  in  corresponding  points.  In 

two  points  of  break  A  and  B  the  speed 
of  sound  experiences  a  JUnp  (dependence 
of  speed  of  sound  on  volume  is  shown  in 
iFlg.  ii.^^).  Speed  of  the  substance, 
equal  by  virtue  of  condition  J  «  const. 
lU  «  -/  Q  ^  +  const,  is  continuous  In 
poipts  A  and  B,  so  that  the  slopes  of 
the  characteristics  intermittently 

change  together  with  Jumps  of  the  speed 
of  sound. 

Frm  the  "naraal”  point  of  brtak 
B  there  eaeage  two  C^**oharaoteristios  i 
with  different  slopes  having  identical  values  of  pressure,  but  dif-*  ^ 
ferent  values  of  speed  of  sound.  These  speeds  of  sound  oorrsspond  to: 


Fig.  ii.^.  X,  t,  diagram 
Illustrating  the  evolution 
of  initial  rarefaction  in 
a  substance  with  anomalous 
adiabat. 


the  values  on  both  sides 


Fig •  11,3^,  Depend¬ 
ence  of  speed  of  sound 
on  volume,  corresponding 
to  the  adiabat  depicted 
in  Fig.  li.^i. 


of  the  break  the  adiabat,  whereby  slightl;|r 
the  larger  value  of  pressure  Pg  *)’  s 
(c  is  infinitesimal)  spreads  faster 

I 

than  the  slightly  smaller  p^  -  e«  | 

Another  position  is  in  thOf.  — J 
"anomalous"  point  of  break  A.  Here"  ' 

3 - j 

from  point  A  there  also  emerge  ^edij 
ately  two  oharaoteristios,  but  tihe - 1 


slower,  the  smaller  *■  £•  The  characteristics  drawn  from  points 
adjacent  to  A  tend  to  intersect  (see  Pig,  11.52),  and  the  limiting 
characteristics,  emerging  from  point  A  itself,  as  if  was  intersected 
already  from  the  very  beginning.  This  means  that  in  the  initial 
distribution  of  pressure  at  point  A  from  the  very  beginning  there  will 
form  a  little  break  (in  limit  t  -4  0  it  is  infinitesimal),  which  grows 
with  the  passage  of  time.# 

Propagation  of  the  rarefaction  wave  and  pressure  profile  in 
consecutive  moments  of  time  are  depicted  schematically  in  Pig,  11,54.  . 
The  "plateau"  pressure  Pg  is  "limited"  by  the  characteristics  emerging 

The  Jump  —  a  shock  wave  of 
rarefaction  appearing  at  point 
A  —  grows  in  accordance  with  the 
intersection  of  characteristics. 
The  Jump  grows,  i.e.,  the  upper, 
initial,  pressure  is  increased, 
and  the  lower,  final,  drops  as 
long  as  the  peak  of  the  Jump  runs 
through  the  substance  in  front  of  the  Jump  with  supersonic  speed,  and 
the  lower  one  runs  through  the  substance  behind  the  Jiamp  with  subsonic 
speed.  The  upper  boundary  of  the  Jump  as  if  "consumes"  sections  of 
the  smooth  increasing  distribution  of  presswe,  and  perturbations  of 
rarefaction  from  below  behind  the  Jung)  oveirtake  the  Jump,  strengthening 


from  point  B  in  Pig,  11,52. 


Pig,  11,54,  Evolution  of 
pressure  profile  in  a  rare¬ 
faction  wavej  formation  of  a 
shock  wave  of  rarefaction, 
t  a  0,  t*,  t",  .t"’  -  consecu¬ 
tive  moments  of  time. 


#The  situation  in  the  smooth  origin  of  a  conqpressional  wave  with 
normal  properties  is  somewhat  different.  The  characteristic  curves  in 
this  case  do  not  immediately  intersect  (see  §  9  and  12,  Chapter: 
i),  the  curvature  of  the  pressure  profile  gradually  Increases,  and 
the  discontinuity  -*  the  shock  wave  —  is  not  immediately  formed.  Here 
the  discontinuity  ^  a  rarefaction  shock  wave  —  originates  from  the  very 
beginning,  and  the  amplitude  cf  its  growth  is  pxK}portional  to  time, 
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the  discontinuity.  The  ppootsi  of  groirth  of  the  Juap  stopi  ifhen  the  | 
upper  pressure  attains  the  pressure  in  the  plateau,  and  the  speed  of  | 

propagation  of  the  loner  boundary  through  the  substanoe  behind  the  I 

I 

Jump  beocnnes  sonic,  i 

The  steady-state  position  of  discontinuity  (points  l*-2’  on 
the  adlabat,  ?lg.  11,51)  and  the  pressure  profile  In  a  rarefaction 
wave  are  shown  in  Fig,  11,55.  As  we  know  (see  §  l4,  chapter  l), 
the  speeds  of  propagation  of  discontinuity  lt,.2<  through  the  substanc^ 
in  front  of  it  u^  and  through  the  substance  behind  it  Ug  are  determined 
by  the  slope  of  llnel'-2*i 


Fr<^  Fig,  11,51  it  is  clear  that  point  2*  is  determined  by  the  J 

condition  of  contact  of  line  l»-2»  'with  the  adlabat,  since  with  this  i 

i 

.  Ug  *  Cgf  The  speed  of  propagation  of  , 

I  '  a  discontinuity  thrc-ugl'.  the  substance  i 

iL— i-— front  of  it  \x^  is  less  than  the 

\q>per  speed  of  sound  at  the  point  of 

Fig,  11.55,  Character  ^  I 

of  final  distribution  of  discontinuity  B,  but  greater  than  the. 

pressure  in  a  wave  of 

rarefaction.  Dlstrlbu-  lower  speeds  line  l’-2»  is  more  sloping 

tion  extends  with  the 

passage  of  time,  not  steeper  than  the  corresponding 

changing  its  form. 


tangents  to  the  adlabat  at  point  B. 

In  practice,  a  wave  of  rarefaction  usually  appears  when  a  shocli 

i 

wave  emerges  on  the  free  surface  of  a  body.  The  regime  is  then  self- ' 
similar,  all  C^-characteristics  on  plane  x  and  t  emerge  from  ona  point 

*These  formulas  follow  from  the  laws  of  conservation  of  mMfl-— j 
and  momentun  in  a  discontinuity  and  are  equally  valid  both  for  J^imps 
of  compression  and  also  for  Jumps  of  rarefaction,  « - 1 


here 
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and  the  whole  "fateady-state”  pressure  profile,  depicted  In  Pig.  il.55» 
will  form  from  the  very  beginning,  as  In  the  usual  self-similar  wave 
of  rarefaction  (see  §  11,  Chapter  l).  Thus,  the  wave  of  rare¬ 
faction  has  a  complicated  profile  consisting  of  two  sections  of  smooth 
lowering  of  pressure,  a  plateau  of  pressure  (all  three  of  these  sections 
extend  with  the  passage  time  in  accordance  with  the  self-slmllarlty 
of  the  regime)  and  the  J.ump  of  the  shock  wave  of  rarefaction  (if  the 
surface  of  the  body  Is  free,  point  2  of  final  state  corresponds  to 
zero  pressure).  The  x,  t-dlagram  for  a  centered  wave  of  rarefaction 
Is  shown  In  Fig.  11.^6. 


In  experiments  described  In  [38], 
there  were  revealed  unusual  break-away 
phenomena  during  blasting  of  explosive 
charges  on  the  surface  of  Iron  and 
steel  samples.  The  break-away  surface 
was  extraordinarily  smooth.  This 


Pig.  11.56.  X,  t-dla- 
gram  for  a  self-similar 
rarefaction  wave  formed 
upon  emergence  of  a 
shock  wave  on  the  surface. 

I  —  line  of  free  surface, 

II  —  tall  of  rarefaction 
wave.  III  —  line  of  rare¬ 
faction  wave,  IV  —  begin¬ 
ning  of  plateau  of  pres¬ 
sure,  V  --  head  of  rare¬ 
faction  wave. 


phenomenon  was  Interpreted  as  the  re¬ 
sult  of  the  collision  of  two  shock  waves 
of  rarefaction,  when  on  a  certain  sur¬ 
face  there  appears  an  Intermittent 
change  of  pressure  from  positive  to 
negative  values.  Usually  during  smooth 
unloading  the  zone  of  tensile  stresses 


provoking  the  break-away  Is  blurred,  and  the  break-away  surface  Is 


rough,  which  Is  connected  with  the  microheterogeneity  of  the  material 


In  the  extended  zone  of  tensile  stresses.  Analysis  of  the  complicated 


picture  of  motion  under  the  conditions  of  the  experiment  allowed  the 


authors  of  [38]  to  conclude  that  the  observed  phenomena  are  connected 


with  the  existence  of  shook  waves  of  rarefaction.  Another  conflmiti^n 
is  the  circumstance  that  in  other  materials «  besides  iron  and  steely  | 

in  which  there  are  no  phase  transitions  in  the  investigated  region  of  I 

1 

pressures,  there  were  no  unusual  splittings.  i 

I 

4.  Phen<»ena  Upon  gaergence  of  a  Powerful  Shock  | 

Wave  on  the  Free  Surface  of  a  Body 

§  21,  Limiting  Cases  of  Solid  and  Saseous 
States  of  an  Unloaded  Substance 

Section  11  considered  the  process  of  unloading  of  a  solid  that  ^ 
was  Initially  compressed  by  a  shock  wave,  after  the  wave  emerges  on  the 
free  surface.  It  was  considered  that  the  shock  wave  is  not.  very  s trough 


the  temperature  behind  the  front  is  comparatively  small  and,  unloaded i 
to  zero  pressure,  the  substance  remains  solid.  | 

It  is  clear  that  if  a  shock 'wave  is  very  powerful  and  the  in-  I 
ternal  energy  of  the  heated  substance  many  times  exceeds  the  bindiig 
energy  of  atoms  U  (equal  to  the  heat  of  evaporation  at  zero  tempera^  | 
ture),  then  upon  expansion  of  the  substance  to  a  low  (zero)  px»essure  | 
after  the  emergence  of  the  shock  wave  on  the  free  surface,  the  substailce 


is  completely  evaporated  and  behaves  as  a  gas  during  unloading.*  In 


I 


particular,  during  unloading  in  a  vacuum,  i.e.,  to  strictly  zero 


*Sometimes  we  speak  of  the  "evaporation"  of  a  substance  in  the  ; 
shock  wave  itself.  Such  an  affirmation  is  incorrect,  if  by  "evapora- , 
tion"  we  understand  a  phase  transition  in  the  usual  thermodynamic  ' 
meaning.  To  call  a  solid  substance  a  "liquid"  or  "gas"  is  possible  | 
only  in  a  conditional  sense,  depending  upon  the  relationship  between  ; 
kinetic  energy  of  thermal  motion  of  atoms  and  the  potential  energy  of 
their  Interaction.  Transition  from  "liquid"  to  "gas,"  if  one  heats  ' 

the  substance  at  constant  volume,  is  carried  out  continuously.  r>In - 

general,  it  is  necessary  to  remember  that  at  presswes  and  temperatwes 
higher  than  critical,  the  entire  substance  is  uniform  and  separi^tron  ^ 
of  phases  does  not  occur.  It  is  necessary  to  note  that  the  affHymati<^n 
about  the  fact  that  in  a  sufficiently  strong  shock  wave  the  substance , 
ceases  to  be  solid,  has  a  fully  real  physical  meaning  (solid  mattiF  • 
jaelts),  I - 1 

STOP  HFRE 


.  sas 


Vft  havft  filre«dy  ua«d  fomil*  (il.66}  in  i  11  In  order  I 

to  obtain  the  law  of  doubling  of  speeds*  Distribution  of  hydrodpnaalil 
magnltv^es  In  an  unloading  wave  can  be  found  If  we  kami  the  th«E«o-  * 

dynamic  functions  of  the  substance  (l»e«,  functions  p  (p«  S}«  c  (p,  s), 

.1  • 
f 

are  known,  wlt^  the  help  of  which  It  Is  possible  to  oaloulate  the  in- 

I 

tegral  (11.65}}.  Corresponding  formulas  for  gas  with  constant  heat 
capacity  were  written  out  In  §  10,  Chapter  I.  : 

In  the  case  of  unloading  of  solids  of  Interest  to  us  this  , 

cannot  be  done,  since  for  description  of  the  thermodynamic  functions  ‘ 
of  the  substance  In  the  region  of  densities  somewhat  less  than  the 
normal  density  of  a  solid,  there  Is  presently  no  satisfactory  theory 
(consider  the  Intermediate  tsnperatures  at  idiloh  the  substance  can  be , 
considered  neither  a  solid,  nor  an  Ideal  gas}.  Therefore,  here  we  ' 

i 

shall  limit  ourselves  to  the  description  of  the  qualitative  picture  { 

and  rough  estimates.  I 

i 

For  simplicity  we  shall  assume  that  until  compression  of  the  | 

I 

shock  wave  the  solid  was  at  aero  temperature  and  zero  volume  Vq^,  and { 
also  that  unloading  occurs  In  a  vacuum  (to  zero  pressure}.  Further-  | 
mere,  we  shall  not  make  a  distinction  between  solid  and  liquid  state J 
Melting  heat  usually  Is  much  less  than  the  heat  of  evaporation*  (the 
change  of  volume  during  melting  Is  also  slight})  therefore,  considering 
phenomena  of  such  energy  scales  In  which  the  substance  Is  completely 
evaporated,  the  effect  of  fusion  nay  be  disregarded. 

Let  us  trace  the  process  of  unloading  of  a  given  particle  of 
substance  on  a  p  and  V-dlagram.  Zn  Fig.  il.58  there  are  curves  lof  - 


elastic  pressure  p_  extended  also  to  the  region  of  negative  preAfives," 


_  ^ - i 

*sFor  instance,  46  times  less  in  Xaad,  and  in  aluminum,  2&  limes 


less. 


n 

,_0., 


:roP  nFS£ 


.  94D 


shook  adiabat  and  curve  OKA  dividing  the  region  of  one-phase  and 
two-phase  states.  Branch  OK  to  critical  point  K  constitutes  the  boiling 
curve  (beginning  of  vaporisation) »  and  branch  KA  Is  the  ciu've  of 
saturatad  vapor  (beginning  of  condensation).  Furthermore,  several 
adlabats  S  are  drawn,  passing  through  different  states  In  the  shock 
wave, 

4 

Let  us  consider  the  simplest  limiting  oases.  Let  us  assume  t^t 
the  wave  Is  weak  (state  I  on  shock  adiabat).  The  compressed  substance 
is  unloaded  along  adiabat  S^,  pressure  drops  to  point  where  the 
adiabat  Intersects  the  boiling  c\arve,  after  which  the  solid  (or  liquid) 
In  principle  should  boil.  However,  for  the  formation  of  nuclei  of  a 
new  phase,  i.e.,  vapor  bubbles,  there  Is  required  a  rather  considerable 
activation  energy  necessary  for  breaking  the  continuity  of  the  substance 
and  for  forming  a  surface  of  bubbles;  the  speed  of  this  process  Is 
so  Insignificant  at  low  temperatures  of  the  order  of  hundreds  and  even 
a  thousand  degrees  (for  metals)  that  the  solid  practically  continues 
to  expand  eunid  cool  to  zero  pressure  on  the  adiabat  of  the  "overheated 
liquid,"  shown  In  Fig,  11,58  by  the  dotted  line.  In  final  state  the 
substance  has  volvune  V2*  which  somewhat  exceeds  zero  volume  V'  and 
turns  out  to  be  heated  to  temperature  Tg,  connected  with  the  difference 
of  volumes  Vg  -  by  the  law  of  thermal  expansion  (see  §  11). 

Even  If  one  disregards  the  questions  of  the  kinetics  of  volume  vapori¬ 
zation,  a  fraction  of  evaporated  substance  could  not  exceed  a  magnitude 
of  the  order  which  Is  very  small  at  temperatures  of  the 

order  of  hundreds  of  degrees  (for  metals  U/cy  "»  10^  ®K),  We  dealt 

win  distinction  from  the  designations  In  §  11,  here  all 
magnitudes  In  final,  unloaded  state  are  marked  by  Index  "2",  Index 
"i"  will  be  added  to  magnitudes  In  the  shook  wave  front, 
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Fig,  11. SS*  Adiabats  of 
unloading  on  p  and  Y«-dia- 
gram. 


with  this  case  of  unloading  in  §  11.  ] 

I  . 

Zn  anothar  limiting  oaaa«  whan  | 

tha  ahook  wava  ia  varar  powarful  (atata 

4)^  tha  adiahat  of  unloading  paaaaa 

much  hlghar  than  critical  point  K#  in^o 

a  puraly  gas  ragion,  and  tha  aubatanod 

*  1 

I 

ia  aiq^andad  aa  a  gaa  to  infinita  volume. 
In  gen«ntl,  tha  adiabat  at  aoaia  momant 
will  intaraect  the  curve  of  saturated 
vapor  (point  after  which  condan- 
aation  should  begin*.  Bowavar^  if  thf 
time  of  divergence  of  vapor  is  llmita4« 
as  this  usually  occurs  in  laboratory  ^ 


conditions^  condensation  practically  does  not  occur,  and  the  substance 


continues  to  expand  with  respect  to  tha  adiabat  of  supercooled  vapor  , 


(dotted  line  in  Fig.  11,^) « 


§22,  criterion 'Of  Full  Ivaporation  of  a  Substance 

During  Unloading 


We  shall  establish  a  quantitative  criterion  of  full  evaporatioi^ 
of  a  substance  during  unloading  which  is  more  definite  than  the  con-  > 
dltion  of  very  large  excess  of  energy  in  a  shook  wave  above  the  heat 
of  evaporation  s^  »  U«  which  causes  no  doubts, 

I 

We  shall  speak  of  full  evaporation,  if  an  unloaded  substance,  | 


following  the  laws  of  themodynamios,  passes  through  a  stage  of ''purely 

gaseous  state  (we  do  not  affirm  that  the  fixua  state  is  also  pu]^aiy  ^ 

*The  process  of  condensation  during  vapor  expansion  in  a  laauum! 
was  considered  in  detail  in  Chapter  Fill,  _ i 


_ 0 _ J 
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gaseous,  since  In  principle  during  ejqpansion  to  an  infinite  volume, 
condensation  certainly  should  begin. 

Let  us  consider  the  range  of  asqplltudes  of  shook  waves  which  Is 
inteimiedlate  between  two  limiting  cases,  when  the  wave  Is  weak  and  the 
unloaded  substance  is  knowingly  solid,  and  when  the  wave  Is  very  power- 
ful,  and  substance  diaring  unloading  knowingly  behaves  as  a  gas. 

Internal  energy  of  compressed  substance  in  the  shock  wave  con¬ 
sists  of  elastic  and  thermal  (in  the  latter  we  will  not  dis¬ 
tinguish  atomic  and  electron).  During  expansion  of  the  compressed 
substance  to  zero  volume  V  -,  the  elastic  energy  earlier  obtained 

OK 

during  compression  ccaupletely  “comes  backj"  it  changes  into  the  kinetic 
energy  of  the  substance  accelerated  during  unloading*. 

Part  of  the  initial  theimal  energy  €. ,  expended  in  the  accora- 
plishment  of  work  of  expansion  and  equal  to  Cp,  ay,  changes  into 

kinetic  energy.  Let  us  designate  the  thermal  energy  remaining  in  the 
substance  to  the  moment  of  its  expansion  to  zero  volume  7^^  through 
e^.  It  coincides  with  the  full  Internal  energy  at  this  instant.  It 
Is  absolutely  clear  that  for  full  evaporation  in  the  process  of  sub¬ 
sequent  expansion  it  is  necessary  for  this  energy  a*  to  exceed  binding 

w 

energy  Ui 


•i>U, 


The  whole  question  consists  in  what  should  this  excess  be. 
During  expcuision  to  volumes  greater  than  zero,  the  reserve  of  energy 


*But  does  not  remain  concentrated  in  the  very  same  particle  like 
this  occurs  during  statlcnary  e3q>lratlon,  when  Bernoulli’s  law  is  valid; 
see  §  ii  Chapter  I. 


U  expaadfd  ^artUlXsr  theaeftOn^Uihiimt  of  work  of  Mpmiion  | 
(this  part  of  tha  aiiorgy  ohansoa  into  ^  ktnatle  onaafgar  of  hy4ro4^rnai|l 
motion) «  and  partimily  for  aurmounting  tha  adhaalTa  foopoaa  daaorihad  I 
hy  nagativa  praisnra  p^^  (this  part  of  tha  anii^  ohamaa  Into  potan-  ‘ 
tial  anargy).  I 

'l.:. 

Lat  us  asauM  that  anargy  auffioaa  in  ordar  to  oaavlataly  ' 
evaporate  tha  aubatanoa#  i«a«,  so  that  praaaura  p  •*  p^  ■  p^  -  .|p^| 
does  not  drop  to  aero  bafora  tha  aubatanoa  aapanda  to  infinite  volvaMi«| 
From  tha  adiabatic  aquation  da  •f  p  dV  »  0,  by  virtue  of  tha  dataminar 
tlon  of  de^  4'  p^  dV  «  0  it  followa  that  ds,|,  4*  p^  dV  »  0»  Integrating  | 
thia  aquation  frw  zero  volume  to  infinite,  at  which  tha  thermal  i 
anargy  turns  into  zero,  wa  obtain  ^ 


•J-i  >«'+ f  l*|<r-  f 
*»•  ..  >S«.  .  ■-  »ii 


The  first  mambar  oonstitutaa  that  part  of  tha  raaarva  of  anargsi^ 

I 

which  goes  for  tha  aooompliahmant  of  work  of  expansion  and  tha  second  I 

t 

la  the  anargy  expanded  for  breaking  tha  bonda  of  tha  atoms.  I 

Let  ua  depict  on  tha  diagram  p,  7  tha  praasuraa  p,  pL.,  p_  (sea  I 

.  ^  *  I 

Fig.  11.^9) •  In  tha  same  place  are  shown  tha  anarglas  numerically  j 
equal  to  oorraapondlng  areas.  j 

On  tha  limit  of  full  evaporation  tha  pressure  In  that  stage  of  ! 

expansion  whan  tha  adhesive  forces  weaken  (7  >  7,^y)»  close  to  zero  j 

( 

(tha  thermal  pressure  la  enough  to  surmount  tha  adhesive  forces  t  | 

Pt  ■■  |Pxl)*  However,  at  an  earlier  stage,  whan  7^^  <  V  <  pcaa;^ 
sura  p  la  great,  and  thermal  pressure  is  noticeably  greater  than  wlasliic 
^  clear  from  tha  fact  that  in  tha  state  with  ^  j 

7  -  7a-#  P'  -  P*  -  r  is  >1*  J-#  r  la  tha  affaotiva  aruanaisan . 

^  YJ _ olJ 

cTpp  .!»>■  STC.  HCTE 


ccMifflolont”  whloh  Is  of  order  of  unity 
(jp^l  max  Thermal  pressure  during 

expansion  drops  more  or  less  monotonlcally 
(energy  decreases,  volume  V  grows). 
Therefore  curve  P^(V)  has  exactly  the  form, 
that  Is.  depleted  In  Fig.  11.59*  Frems  Fig. 
11.59  It  Is  clear  that  the  vertical  shaded 
area,  equal  to  the  work  of  expansion 

m 

iB  of  the  same  order  as  the  area 

’^•11 

corresponding  to  potential  energy  U,  l.e., 
at  the  limit  of  full  evaporation  the  reserve  of  energy  should  once 
every  two  times  exceed  binding  energy  u. 

In  order  to  encircle  these  especially  qualltlatlve  considerations 
In  quantitative  form.  It  Is  necessary  to  know  the  thermodynamic  pro¬ 
perties  of  the  substance  In  the  region  of  volumes  greater  than  the 
noznoal  volume  of  condensed  state,  when  the  adhesive  forces  are  essen¬ 
tial.  Unfortunately,  this  range  of  volumes  <  V  ^  5Vqj^  has  been 
Investigated  the  w(^st  of  all  both  theoretically  and  experimentally. 

It  Is  possible  to  approach  the  appraisal  of  intensity  of  a  shock  wave, 
which  divides  the  region  of  o<xnplete  and  Incomplete  evaporation  during 
unloading,  somewhat  differently,  by  characterizing  the  boundary  of  full 
evaporation  not  by  the  magnitude  of  energy  e^,  but  by  the  value  of 
entropy. 

From  Fig.  11.58  It  Is  clear  that  the  effective  boundazv  between 
complete  and  incomplete  evaporation  during  adiabatic  \mloadlng  Is  such 
a  state  In  the  shock  wave  K„,  In  which  entropy  Is  equal  to  the  entropy 
of  the  critical  point  when  the  expanded  substance  goes  Into 

critical  point  K.  The  fact  that  with  entropy  larger  than  the 

94<» 


Ing  the  question  about 
evaporation  of  a  con¬ 
densed  substance  during 
expanslcm  (see  expla¬ 
nation  in  text). 


subBtanot  at  bobb  momant  BtartB  to  be  oondenBtd  (atate  adiabat  ^ 
point  of  oondensatlon  B^}«  and  this  Mtana  that  just  before  thia  all  | 
interatomic  bonds  were  broken^  i.e.^  the  aubstanoe  became  a  gaa*  Con*^ 
veraely,  if  entropy  is  less  than  (state  2,  adiabat  Sg,  boiling 

point  'S^)t  the  thermal  energy  is  not  enough  to  bring  vaporization 
to  an  end.  At  entropies  close  to  critical  and  from  either  side,  the 
substance  in  unloading  is  in  a  two-phase  state,  i.e.,  in  the  form  of 
vapor  and  liquid  drops.  Here  an  essential  role  is  played  by  the  kine-. 
tics  of  phase  transitions.  These  very  interesting  questions  still 
have  not  been  considered  theoretically^  and  have  not  been  studied  ex¬ 
perimentally. 

The  entropy  criterion,  in  spite  of  all  its  conventionality, 
has  an  advantage,  as  compared  to  the  energy  criterion,  that  permits 
us  to  approach  an  estimate  of  boundary,  critical  entropy  from 
the  "gas  side"  poorly  passing  the  investigated  region  of  volumes,  two 
or  three  times  exceeding  the  normal  volume  of  the  solid*. 

In  order  to  illustrate  the  presented  qualitative  oonsiderationi^, 
we  shall  make  an  appraisal  for  lead.  We  shall  compute  the  entropy  of 
lead  at  the  critical  point,  using  the  general  formula  for  the  entropy  i 
of  a  monatomic  ideal  gas  (4.l6),  as  are  lead  vapors.  For  the  appraisal 
we  shall  use  critical  temperature  equal  to  "  4200^K,  and  volume 

^crit  "  (usually  the  critical  volume  is  one  to  three  times 

greater  than  normal  volume  of  liquid  ).  Statistical  weight  of  atoms  ; 


*Here,  of  ccurse,  there  also  exists  an  uncertainty  connected  with 
the  fact  that  the  critical  parameters  of  metallic  liquids,  as  a  rule, 
are  unknown. 


**Magnitude  was  estimated  in  {?9]|  by  ^e  forssila  of 

der-waals,  critical  pressure  t  *  ^^**'crlt  ^crlt  **  *tlu  , 


'! f 


•  • 


of  lead  ia  equal  to  Sq  »  9*  Calculation  with  these  parameters  gives 


crlt 


42.8  cal/mole'*deg^. 


Entrepy  in  the  shock  wave  may  be  calculated  by  using  the  thermo¬ 
dynamic  functions  e(Tf  V)  and  p(T,  V)  described  In  §  6.  It  Is 
simplest  of  all  to  find  entropy  In  state  T  and  V  by  Integrating  the 


thermodynamic  equation 


at  first  at  constant  temperature  equal  to  normal  from  normal  volume 
Vq  to  V$  and  then  when  V  «  const)  with  teiiq;>erature  from  Tq  to  T.  In 
the  first  Integral  It  Is  then  possible  to  disregard  the  electron  mem¬ 
bers)  which  are  Insignificantly  small  at  Tq  «  Considering#  for 

appraisal)  the  Cruenelsen  coefficient  to  be  equal  to  r(v)  **  * 

where  index  m  for  lead  according  to  Table  11.2  Is  approximately  equal 
to  m  ••  1)  we  obtain  as  a  result  of  Integration 

I 

j(r.r)-«i+.,ta^+f,(^)V-rd-^irr-r(F)i  ••).  (11.67) 

Here  Sq  Is  the  entropy  of  metallic  lead  under  normal  conditions 
Tq)  Vq)  Sq)  which  according  to  source  material  [40]  is  equal  to 
Sq  •  15*5  cal/mole  x  deg.  Putting  In  formula  (11. 67)  the  parameters 
of  the  shock  wave  from  Table  11.2  we  find  entropy  In  the  wave.  Entropy# 
close  to  critical  attained  at  the  following  shock  wave 

*U8e  of  the  Vhn-der-Waals  equation  for  oaloxilatlon  of  nonideality 
of  a  gas  leads  to  very  small  correction  for  entropy  •  R  In  2/^  ■ 

•  -0.8  ca^iiiole*aeg  (at  the  same  volume  at  which  S  Ideal  Is  calculated). 
This  correction  Is  Introduced  Into  the  value  of 

e«The  last  member,  which  depends  on  r#  plays  a  small  role#  so  that 
the  error  connected  mlxii  the  approximate  Interpolation  of  r(V)  by  ex« 
ponentlal  formula  Is  not  essential. 


parAmaterti  Vg/V^  -  U9,  -  2.25*10^  At«,  -  |.5,000%  -  | 

■  ^.71*iO^®erg/g*(»a?«  txact,  with  these  pers»eters  -  44,5  o»l/»oli|* 
•deg).  Energy  si  during  edlebatlo  expansion  to  sero  voluae  To.  turns  \ 
out  to  be  equal  to  1,9*10  erg/g«  l.e,,  twice  as  much  as  binding 
energy  U  0,94*10^^  erg/g»  which  fully  corresponds  to  the  expected 
magnitude,  as  this  was  mentioned  above  (T*  »  9500^Ki  Pi  «  P*  «•  $*10^ 
atm). 

Thus,  one  should  expect  that  In  more  powerful  shook  waves  during 
unloading  there  will  occur  full  evaporation  of  lead.  Let  us  give  for 
an  example  certain  results  of  calculation  for  the  most  powerful  shook 
waves  in  lead  that  were  Investigated  during  the  experiment.  Namely, 
when  p^  •  4*10^  atm,  Vq/Vj^  -  2,2  entropy  ■  51.7  cal/*ole*dsg#  end 
energy  at  the  moment  of  expansion  to  normal  volume  s^  ■  5,57«10^^  erg/^, 
l.e,,  5*6  times  more  than  binding  energy  U(T'  «  15,000^),  In  this 

f 

case,  obviously  full  evaporation  during  unloading  has  already  occurred'. 

In  conclusion,  let  us  emphasise  that  In  an  unloading  wave, 
spreading  through  a  body  after  emw^enoe  of  a  shook  wave  on  a  free 
surface,  from  the  very  beginning  there  are  particles  of  the  substance 
in  the  most'  diverse  states,  starting  from  pressure  p^  (in  the  head  of  | 
a  rarefaction  wave)  and  to  sero  (on  free  surface).  In  a  wave  there 
are  represented  all  states,  through  which  there  passes  a  given  particle 
in  the  process  of  evolution  from  pressure  p^  to  sero.  Let  us  also 
note  that  the  pressure  In  particles  close  to  the  free  surface  drops 
so  quickly  to  sero,  which  In  case  of  full  vaporisation  In  this  region 


is  strongly  supersaturated,  although  by  the  conditions  of  Uiermodynsmic 


«It  is  curlo'is  to  note  that  the  energy  In  a  shook  ware,  at  id>lch 
only  full  evaporation  begins  Is  five  times  more  than  the  bliullngr  ! 
energy. 


_o _ J 


».f  Pt 


MS 


equilibrium  the  substance  had  to  be  in  a  two-phaae  state. 

§  25,  Experimental  Determination  of  Temperature 
and  Entropy  in  a  PoMerful  Shock  Wave  by  Means 
of  Investigation  of  an  Unloaded  Substance 

in  Oas  Phase 

Several  paragraphs  in  this  chapter  were  dedicated  to  the  study 
of  the  thermodynamic  properties  of  solids  at  high  pressures  and  tem¬ 
peratures  and  the  description  of  methods  of  experimental  investigation 
of  these  properties  by  means  of  measurements  of  parameters  of  shock 
compression  of  a  substance.  The  general  feature  of  these  methods  con¬ 
sists  which  way  there  can  be  found  only  the  mechanical  parameters  of 
the  substance:  pressure^  density,  and  full  internal  energy.  Measure¬ 
ment  of  kinematic  parameters  of  a  shock  wave  —  speed  of  propagation  of 
front  and  mass  speed  together  with  the  use  of  relationships  on  the  front 
of  the  shock  wave  >-  does  not  give  the  possibility  to  directly  determine 
such  important  thermodynamic  characteristics  as  temperature  and  entropy. 
For  finding  temperature  and  entropy  according  to  mechanical  measurements 
it  is  necessary  to  have  some  theoretical  diagrams  for  description  of 
thermodynamic  functions.  Above  we  used  the  trinomial  presentation  of 
pressure  and  energy,  where  certain  parameters,  such  as  heat  capacity 
of  atomic  lattice,  coefficients  of  electron  heat  capacity,  and  electron 
pressure  were  determined  theoretically. 

Meanwhile  it  would  be  very  interesting  and  Important  to  find 
some  ways  of  direct  experimental  establishment  of  temperature  or 
entropy  in  a  shook  wave,  as  far  as  possible  reducing  the  number  of 
theoretical  parameters,  unfortunately,  in  this  way  it  is  necessary 
to  meet  with  large  difficulties,  both  of  an  experimental  and  fundamental 
character,  (kie  of  the  most  important  methods  of  measurement  of  high 
temperatures,  optical,  can  I  used  only  in  the  case  when  the  body  is 
transparent,  and  when  the  overwhelming  majority  of  solids  and  in 


p&rticular^  metals^  presenting  the  biggest  interest^  are  non-trans¬ 
parent  , 

Temperature  behind  the  front  of  a  shock  wave  was  measured  by 
:otical  means  in  plexiglas  (Ya.  B,  Zel*dovich,  S.  B.  Kormer,  M.  V. 
Sinitsyn,  and  A.  I*  Kuryapin  In  these  experiments  they  measured 

the  surface  brightness  of  the  front  of  a  powerful  shock  wave  that  was 
spreading  in  a  transparent  substance,  i«e.,  plexiglas.  Then  the  bright* 
ness  was  re-computed  for  temperature  on  the  as8UBq>tion  that  the  heated 
region,  limited  by  the  surface  of  the  front,  radiates  as  an  absolute 
black  body.  Brightness  was  measured  in  the  red  and  blue  parts  of  the 
spectrum,  where  there  were  not  only  located  brightness,  but  also  color 
temperature  (see  §  8,  Chapter  II ).  In  a  shock  wave  with  pres-- 
.6 


sure  p  w  2«i0”  atm  and  compression  ^  •>*  2.7  the  temperature  turned 
out  to  be  equal  to  T  •*  10, 000-11, 000®K.  Appraisal  of  tenqperature 
according  to  the  internal  energy  known  from  mechanical  measurements 
in  reasonable  assumptions  on  energy  balance  (here  the  dissociation 
of  molecules  of  plexiglas  is  essential)  testifies  to  the  likelihood 
of  the  measured  value  of  temperature. 

It  would  have  been  possible  to  try  to  measure,  by  optical 
means,  the  temperature  at  the  time  of  emergence  of  uhe  shook  wave  on 
the  free  surface.  However,  so  that  the  measured  temperature  would 
coincide  with  the  actual  temperature  in  the  shook  wave,  it  is  necessary 
to  present  to  the  experiment  absolutely  incredible  requirements.  In 
actuality,  metals  are  opaque  for  visible  light  in  very  thin  layers 

cm.  At  speed  of  shock  wave  of  the  order  iO  km/sec  the  wave 

-ii 

passes  a  layer  of  such  thickness  during  the  time  *<*10  sec.  Bven  if 
it  were  possible  to  eonstruot  a  recording  light  instrument  with  colos¬ 
sal  resolving  power  with  time  -iO**^  to  sec,  in  order  to  oAteh 


950 
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the  moment  of  emergence  of  the  wave  on  the  surface,  when  from  the  sur¬ 
face  of  the  substance  the  wave  la  separated  by  a  transparent  layer 
6  7 

<'*10"  to  lO"'  cm,  all  the  same  It  would  be  Impossible  to  ensure  simul¬ 
taneity  of  emergence  of  the  shock  wave  on  the  free  surface  In  differ¬ 
ent  points  with  the  required  accuracy.  In  other  words.  It  Is  Impos¬ 
sible  to  ensure  parallelism  of  surface  of  front  and  free  surface  with 
a  precision  of  -vlO"^  cm* 

If,  however,  we  measure  surface  glow  in  a  practically  accep- 
-8 

table  time  *-10  sec  after  the  moment  of  emergence  of  the  shock  wave, 

then  glow  of  the  substance  will  not  be  registered  In  the  front  of  the 

-8 

wave,  but  In  an  unloading  wave,  since  during  the  time  '«i>10'*  sec  the 

unloading  wave  optically  envelopes  a  very  thick  layer  of  the  order 
^  —8  —2 

of  lO'^  cn^sec  x  10"  sec  *  10"*^  cmj  this  layer  Is  absolutely  opaque 
for  the  light  produced  In  the  unloaded  region  whose  temperature  Is  of 
Interest  to  us.  (Question  about  surface  glow  of  an  unloading  wave  will 
be  considered  In  detail  In  the  following  peo'agraph). 

Fundamental  possibilities  of  experimental  determination  of 
ten5)erature  (and  entropy)  In  a  shock  wave  were  shown  In  the  work  of 
one  of  the  authors  In  [42].  Let  us  assume  that  the  shook  wave  is  so 
strong  that  after  emergence  of  the  wave  on  the  free  surface,  the  sub¬ 
stance  during  unloading  Is  completely  evaporated.  Then  on  the  front 
edge  of  the  e3q)anded  substance  the  latter  Is  In  gas  phase*  If  by 
some  method  we  measure  In  gas  phaise  the  mechanical  magnitudes  i  den¬ 
sity  and  pressure,  or  temperature,  then  entropy  can  be  oalcxaated 
theoretically,  since  the  thermodynamic  functions  of  gases  are  calcu¬ 
lated  comparatively  slBg>ly  (see  Chapter  III).  But  by  virtue  of  the 
adlalmtlcness  of  the  process  of  unloading  the  entropy  of  the  substance 
In  a  shock  wave  Is  exactly  equal  to  the  entropy  In  gas  phase  during 


unXofMllng.  knowing  the  entropy  In  gaa  phase,  we  thereby  know 

it  also  in  the  shook  wave. 

In  [42]  it  is  shown  how  It  Is  possible  to  calculate  tenperature 
along  the  entire  adiabat  of  unloading,  if  we  know  the  specific  inter¬ 
nal  energy  as  a  function  of  pressure  and  density  along  the  adiabat 
and  one  value  of  teiaperature  in  any  point  of  the  adiabat.  Actually, 
from  the  thernodynamic  identity 

and  the  condition  that  entropy  is  a  function  of  state,  aid  ds  is  the 
total  differential,  if  follows  that 

Producing  differentiation,  we  obtain,  after  reductions,  a 
partial  differential  equation  for  function  T(p,  V)» 

The  characteristics  of  this  equation  are  the  lines,  the  dif¬ 
ferential  equation  of  which  states: 

But  this  is  the  equation  of  adiabat.  Along  the  characteristics, 
i,e,,  along  the  adiabat,  according  to  (11,68) 

whence  ^  ^ 

where  the  integrals  are  selected  along  the  adiabat.  This  formula  also 
proves  the  affirmation  that  was  made. 


Let  u&  note  that  knowing  the  value  of  entropy  In  two  shock  waves 
similar  In  aoqplltude  (even  not  absolute  values  of  entropy,  but  only 
their  difference).  It  Is  easy  to  calculate  the  temperature  In  the 
shock  wave  hy  using  the  thermodynamic  relationship 

inasmuch  as  Ae,  p  and  AV  are  known  from  mechanical  measurements. 

Exactly  so,  knowing  the  values  of  temperature  along  the  shock  adlabat, 
we  can  also  find  the  absolute  values  of  entropy  by  Integrating  the 
thermodynamic  relationship 

T 

along  the  shock  adlabat  and  attaching  the  constant  of  Integration  to 
the  tabular  value  of  entropy  of  the  substance  at  normal  conditions. 

§  24,  Vapor  Olow  of  a  Metal  During  Unloading 

In  the  preceding  paragraph  we  noted  that  an  attempt  to  "see” 
the  hlgh-temperature  glow  of  the  front  of  a  powerful  shock  wave  that 
Is  spreading  through  a  solid  at  the  time  of  Its  emergence  on  the  free 
surface  Is  doomed  to  failure.  Let  us  consider  In  greater  detail  what 
should  be  observed  here,  what  kind  of  glow  will  be  registered  by  an 
Instrument  directed  to  the  free  surface,  and  how  will  surface  bright¬ 
ness  depend  on  time.  Corresponding  experiments  were  set  up  by  S.  B. 
Kormer,  M.  V.  Sinitsyn,  and  A.  I.  Kuryapln,  and  the  theory  of  the 
phenomenon  was  given  In  the  work  of  the  authors 

Let  us  assume  that  a  powerful  shock  wave  with  temperature  In 
front  on  the  order  of  several  tens  of  thousand  degrees  at  the  time 
t  «  0  emerges  on  a  plane  free  surface  of  metal,  bordering  on  a  vacuum 
'surface  of  the  front  of  the  wave  la  assumed  to  be  strictly  parallel 


to  th«  free  surface  of  the  body).  Kie  body  should  be  placed  In  a 
vacUuoij  otherwise  the  unloading  substance  will  push  the  shock  wave- 
ahead  of  Itself  In  the  air,  where  the  temperature  of  the  air  will  be 
very  high  and  Instead  of  the  metal  glow  under  consideration  we  will 
see  a  glow  of  high-heated  air.  The  shock  wave  will  be  considered  so 
powerful  that  during  unloading  the  metal  is  completely  evaporated 
and  is  expanded  in  gas  phase.  Profiles  of  temperature  in  initial 
moment  t  «  0  and  in  any  subsequent  moment  of  time  are  depicted  in 
Pig.  ii.6o.  To  mcanent  t  the  wave  of  rarefaction  envelopes  a  layer  of 
substance  with  thickness  c^t,  where  c^  is  the  speed  of  sound  in  a 
compressed  substance  behind  the  front  of  a  shock  wave. 

i/  Inasmuch  as  the  substance  itself  moves 

in  a  laboratory  system  of  coordinates  with 
speed  U£,  the  coordinate  of  the  head  of  a 
rarefaction  wave  at  the  time  tisx  -  (u^- 
-  c^)t  (to  the  initial  position  of  free 

(Uf-c^  0  je^  «,( 

surface  we  will  add  the  coordimte  x  »  0). 

Pig.  11, 60.  Distri¬ 
butions  of  tempera-  The  front  edge  of  the  expanding  metal  vapors 

ture  at  the  time  of 

emergence  of  a  shock  flies  forward  with  speed  Up,  which  is  given 

wave  on  a  free  sxir- 

face  t  »  0  and  in  a  by  formula  (11.66).  Inasmuch  as  the  sub- 

certain  time,  when 

t  >  0.  Radiating  stance  in  an  unloading  wave  is  in  gas  phase, 

layer  is  shaded,  II  — 

instrument  that  re-  the  temperature  on  the  boundary  with  the 


cords  light. 


vacuum  is  equal  to  zero,  Just  as  density 


and  pressure. 

In  the  preceding  paragraph  we  said  that  metals  are  opaque  in 
very  thin  layers  '«10"^  cm.  This  means  that  already  at  the  moment  of 
time  t  'v  lO"^^  sec  (at  speed  c^  D  10^  cin/sec)  the  layer  of  un¬ 
load  metal  almost  completely  shields  the  high-temperature  radiation  of 
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temperature  and  the  metal,  preliminarily  heated  by  the  shock  wave, 
becomes  invisible* 

,I,et  us  see  how  the  surface  of  a  substance  glows  in  a  continuous 
spectrum  and  what  kind  of  radiation  enters  a  recording  instrument  that 
is  directed  to  a  plane  free  surface.  Vapors  of  the  metal  constitute 
a  monato  gas,  the  optical  properties  of  which  in  the  continuous 
spectrum  were  studied  in  detail  in  Chapter  V.  The  coefficient  of 
absorption  of  visible  light  extraordinarily  rarely  depends  on  tempera¬ 
ture.  It  Increases  rapidly  with  Increase  of  temperature,  whereby 
the  cold  vapors  are  absolutely  transparent  in  the  continuous  spectrum. 
Glow  of  a  layer  with  distribution  of  temperature  similar  to  that  de¬ 
picted  in  Fig.  ii.60  was  already  considered  in  Chapter  IX.  The 
phenomenon  is  absolutely  analogous  to  the  glow  of  air  in  the  heating 
layer  that  forms  in  front  of  the  compression  shock  in  a  strong  (super¬ 
critical)  shock  wave.  At  low  temperatures  on  the  boundary  with  a 
vacuum  the  vapors  are . transparent  and  radiate  very  weakly.  Conversely, 
in  deeper  layers,  where  the  temperature  is  high,  the  vapors  are  abso¬ 
lutely  non-transparent  for  visible  light  and  "do  not  release"  the 
quanta  produced  in  these  layers.  To  "infinity"  from  the  surface  of 
the  substance  depart  the  quanta  that  will  be  produced  in  a  certain  in¬ 
termediate,  radiating  layer  far  from  the  boundary  on  the  vacuum  at  an 
optical  distance  on  the  order  of  unity  (the  radiating  layer  is 
shaded  in  Fig.  ii.60). 

Knowing  the  distributions  of  temprature  and  density  on  the 
coordinate  and  coefficient  of  light  absorption  of  a  given  frequency 
V  as  a  function  of  temperature  and  density,  it  is  possible  to  calculate 
the  effective  temperature  of  radiation  of  this  frequency  by  general 
formula  (2,32). 
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It  13  possible,  however,  to  proceed  in  a  simpler  aanner,  noting 
that  effective  temperature  coincides  with  ten5>erature  of  radiating • 
laySii  (geometric  thickness  of  radiating  layer  la  small  and  the  tempera¬ 
ture  in  It  hiSrdly  changes),  l.e,,  we  can  compose  an  expression  for 
optical  tMckness,  counted  off  from  the  boundary  on  the  vacuum,  and 
equate  It  to  unity i 


t»«i—  \  <(v(x}ds«>l. 


(11.69) 


Passing  to  the  variable  of  integration,  l.e,,  temperature,  we 


write 


(11.70) 


This  Is  also  an  equation  for  determination  of  effective  tempera¬ 
ture,  For  calculation  of  the  derivative  from  the  distribution  of 
temperature  we  shall  use  the  general  solution  for  a  rarefaction  wave 
(11,65)  and  (11.64), 

Inasmuch  as  the  substance  on  the  front  edge,  near  the  boundco'y 
on  the  vacuum,  i,e,,  exactly  in  the  region  where  the  radiating  layer 
lies,  is  in  gas  phase,  then,  assigning  the  effective  adiabatic  exponent 
of  gas  7,  we  can  find  the  approximate  distribution  of  all  magnitudes 
In  this  region  in  clear  form.  For  this  we  must  Integrate  equation 
(11,64)  not  on  the  side  of  the  compressed  substance,  as  this  was  done 
In  the  derivation  of  formula  (11,63),  but  on  the  side  of  the  boundary 


with  the  vacuum 


(11.71) 


and  use  the  adiabatic  bound  c(p,  s). 

The  solution  will  contain,  as  parameters,  the  speed  of  the 
boundary  Ug  and  entropy  S.  We  shall  not  write  out  this  solution^  but 
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will  find  the  derivative  directly  from  equation  (11,65)  and  differen¬ 
tial  relationship  du  «  -c  dp/p^ 

T# -If- (-ar).  -  C-^), 

or 

■ST - • 

Here  we  used  the  relationship  c  — VT,  and  also  the  adiabatic 

'V— 1 

bond  T  p^  . 

Equation  (11. 70)  now  takes  on  the  form: 

(“-72) 

Hence  It  is  clear  that  with  the  passage  of  time,  the  Integral 
an  consequently,  also  the  effective  temperature  of  radiation  decrease. 

The  physical  cause  of  this  consists  In  that  with  the  passage 
of  time,  when  the  unloading  wave  envelopes  an  even  greater  and  larger 
mass  of  substance,  the  geometric  and  optical  thicknesses  of  the  layer 
between  the  boundary  on  the  vacuum  euid  the  point  with  given  ten^erature 
continuously  Increase,  Therefore,  the  radiating  layer,  distance  from 
the  boundary  at  an  assigned  optical  distance  on  the  order  of  unity, 
moves  Into  a  region  of  even  lower  temperatures  (Plg.  11.61) 

It  Is  remarkable  that  from  equation  (11,72)  for  the  dependence 
Tef(t)  the  speed  of  the  boundary  Ug  fell*,  which  to  us  Is  unknown, 
since  It  is  determined  by  the  thenaodynamic  functions  of  the  substance 
along  the  entire  adlabat  of  unloading.  Including  the  unexplored  region 
where  density  Is  scnaewhat  less  than  the  normal  density  of  a  solid.  As 

•Since  In  expression  (11. 70)  coordinate  x  does  not  enter  In 
clear  form,  but  only  derivative 


ft  parameter  In  eqiiatlon  (11,72)  there  enters  only  entropy  S,  owing  to 
the  diependenoe  of  the  coefficient  of  absorption  on  density  (number 
of  atoms  per  cm^  **  n)«  which  is  connected  with  temperature  by  the 
adiabatic  equation: 

(11.73) 

where  B(S)  is  the  entropy  constant. 

If  the  basic  mechanism  of  absorp¬ 
tion  of  visible  light  in  vapors  of 
metals  is  photoelectric  absorption  by 
hii^ly  excited  atoms  (and  also  decele¬ 
ration  absorption  In  the  field  of 
ions),  the  coefficient  of  absorption 

•  Pig,  11,61.  Shift  of  \  aPPJPO^ciaately  calculated  by 

radiatl^  layer  (shaded) 

In  an  unloading  wava  with  formula  (S.'W)! 

the  passage  of  time, 

(11.7^) 

where  a^  is  a  constant  depending  on  frequencyi  (a^  v“^);  I  is  the 

Ionization  potential. 

There  are  Indications  of  the  fact  that  In  dense  vapors  of  heavy 
atoms  an  essential  role  Is  played  by  deceleration  absorption  In  the 
field  of  neutral  atoms.  In  the  work  of  L,  M.  Blberman  and  V,  Ye. 
Romanov  [44]  it  Is  shown  that  In  mercury  tubes  of  high  pressure,  evi¬ 
dently,  this  mechanism  of  light  absorption  Is  the  main  one  (see  §  7^ 
Chapter  V).  In  this  case  the  coefficient  of  absorption  Is  propor¬ 
tional  to  the  number  of  free  electrons  n^,  l,e,,  the  degree  of  icnlza- 

o  - 

tlon,  and  the  basic  temperature  dependence  of  the  coefficient  of 

I 

absorption  also  has  a  Boltzuusum  character,  but  with  another  _  o 
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) 


exponential  index 

(11.75) 

where  by  weakly  depends  on  tea^erature  (aa 

At  present  It  is  difficult  to  say  which  of  the  mechanisms  of  ab¬ 
sorption  plays  a  larger  role.  In  any  case,  the  general  character  of 
the  temperature  dependence  of  In  both  cases  Is  identical  Hj, 
where  E  »  I  -  hv  in  the  first  case  and  E  «  l/2  in  the  second.  It  should 

be  mentioned  that  numerically  both  values  of  E  do  not  differ  much  for 
metals  (when  I  •*  6-8  ev,  hv  *»  2-5  ev). 

Let  us  approximately  calculate  the  Integral  in  formula  (11,72) 

taking  into  account  that  the  basic 
dependence  of  the  integrand  expression 
on  temperature  is  included  In  the  ex¬ 
ponential  factor.  Considering  all 
slowly  changing  exponential  temperature  . 
factors  to  be  constant,  we  shall  obtain 
te-J^^^ef  »  const,  l,e,,  we  obtain  the 
logarithmic  drop  of  effective  tempera¬ 
ture  of  radiation  In  time  (Fig.  11.62): 

m  conit 

Specific  calculations  show  that  for  metals.  Independently  of 
the  assumption  on  any  of  enumerated  mechanisms  of  absorption,  the 
effective  ten^erature  Is  of  the  order  of  7000-4000°K  In  moments 

t  10"'  -  10"”  sec*  (in  this  time  the  free  surface  departs  notice¬ 
ably  to  10“^  -  1cm  at  speeds  ‘vio  km./sec). 

♦Whereas  in  a  shock  wave  the  temperature  T,  can  be  tens  of 
thousand  degrees. 


T 

Fig,  11.62.  Dependence 
of  effective  (brightness) 
tenqperature  of  the  sur¬ 
face  of  an  unloading  wave 
on  time. 
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§  25,  Remarka  on  the  Fundamental  Poaslblllty 
of  Measurement  of  Bntropy  In  a  Stiook  Wave 
According  to  aiow  During  ThiXdadlng 

Equation  (11.72)  contains  only  one  parameter  that  characterizes 
the  shock  wave,  i,e,j>  entropy  S,  If  we  know  the  optical  properties 
of  the  substance,  l.e,,  function  x^(T,  p),  then,  experimentally  taking 
the  curve  of  glow  Tg|i(t),  we  can  find  the  absolute  value  of  entropy 
In  the  shock  wave.  Conversely,  assigning  values  of  entropy  from  other 
considerations  (calculating  It  with  the  help  of  thermodynamic  functions 
of  compressed  solid  matter  and  measured  parameters  of  the  shock  wave). 
It  Is  possible,  from  the  experiment  on  glow  of  an  unloading  surface, 
to  extract  data  on  the  optical  properties  of  vapors  of  metals,  and 
namely,  to  determine  the  pree:qponential  factor  In  the  expression  for 
coefficient  of  absorption.  It  Is  curious  to  not  that  on  the  assumption 
that  there  exists  only  one  mechanism  of  absorption  and  Is  expressed 
either  by  formula  (11,74)  or  (11,75),  In  the  final  equation  for  func¬ 
tion  Tg|,(t),  which  is  obtained  upon  Integration  of  (11,72),  there 
enters  only  the  product  of  unknown  parameters  ayB(S)  In  the  case  of 
(11,74)  and  b^.B^/^(s)  In  the  case  of  (11,75)  (since  In  (11.74) 

V  a^B,  and  In  (11,75)  Hj,  b^n^/^  b^B^/^),  Entropy  constant 

B  In  adiabatic  equation  (11,75)  depends  on  the  absolute  value  of  en¬ 
tropy  S  as  B  (r  Is  the  gas  constant). 

This  means  that  by  taking  curves  of  glow  In  two  experiments 
with  somewhat  differing  amplitudes  of  shock  waves  and  determining  the 
parameters,  let  us  say,  the  product  a^B,  we  thereby  find  the  difference 
of  entropies  in  shock  waves,  even  not  knowing  the  optical  constant 


wher#’‘^^iihe  prime  and  two  primes  pertain  to  the  first  and  second  ex- 
perimehts ,  "  the  difference  of  entropies,  as  was  noted  in  the  pre¬ 
ceding  parl^raph,  we  can  also  find  the  temperature  in  a  shock  wave. 

’Rie  described  experiment  can  serve  as  the  specific  embodiment 
of  the‘  considerations  expressed  in  the  preceding  paragraph  about  the 
use  of  measurements  In  gas  phase  in  an  unloading  wave  for  the  experi¬ 
mental  determination  of  entropy  and  temperature  in  a  shock  wave, 

5*  Some  Other  Phenomena 

§  26,  Electrical  Conductivity  of  Nonmetalllc 
Bodies  in  Shock  Waves 

Under  ufual  conditions  gases  are  good  Insulators,  In  suffi¬ 
ciently  strong  shock  waves  they  become  conductors.  Something  similar 
also  occurs  with  solid  dielectrics,  which  in  strong  shock  waves  conduct 
electrical  current. 

However,  If  In  gases  the  approach  of  conductivity  Is  connected 
simply  with  thermal  Ionization,  which  takes  place  at  high  temperatures 
of  the  order  of  ten  thousand  degrees  and  above,  obtainable  In  a  shock 
wave,  the  physical  cause  of  transformation  of  solid  dielectrics  into 
conductors  in  shock  waves  Is  considerably  more  complicated,  is  con¬ 
nected  more  quickly  with  compression  than  with  increase  of  temperature, 
and  in  many  respects  Is  still  not  clear. 

Electrical  conductivity  of  condensed  substances  In  a  shock  wave 
was  studied  by  several  authors.  A.  A.  Brlsh,  M.  S.  Tarasov,  and  V.  A. 
Tsukernmin  developed  a  method  and  measured  the  conductivity  of  products 
of  detonation  of  condensed  explosives  [^^J,  and  also  water,  organic 
glass,  and  paraffin  [46],*  in  strong  shock  waves  with  pressures  up 

*The  conductivity  of  air  was  also  studied  in  this  work. 


to  a  million  atmoapheraa.  Conductivity  of  aii  ionic  oryatal  of  aodiun , 
chloride  at  preaaurea  up  to  a  million  atmospherea  waa  atudied  in  the  | 
above-cited  work  [3]*  Weaker  shock  wavea  (to  230,000  atm)  were 
worked  with  by  Alder  and  Chriatian  who  meaaured  electrical  conductivity 
of  ionic  and  molecular  cryatala  of  CbJ,  J^,  CaBr,  LiAlHj^,  and  other  a 
[47]. 

The  eaaenoe  of  the  baaic  electric-contact  method,  deacribed  in 
article  [43],  with  the  help  of  which  were  meaaured  conductancea  in 
[43,  46,  and  5h  conaista  of  the  following.  In  a  body,  throv.^h  which 
there  apreada  a  ahock  wave,  there  are  introduced  electrodea'(contaeta} 
K,  united  by  ahunting  reaiator  (Fig*  11.63).  Until  the  ahock  wave 
not  approachea  the  contacta,  the  reaiatance  of  the  aubatanoe,  i.e., 
the  dielectric,  is  practically  i^inite.  After  the  ahock  wave  reachea 
the  contacta  the  dielectric  becomea  a  conductor,  and  the  unknown 

I 

reaiator  R^  ia  parallel  connected  to  reaiator 


st4rtias  r 
thyrrtren' 


shD«k ♦»*»*  Shortly  before  the  approach  of  the 

ahock  wave  to  the  contacta,  through  the 

hAIUbj 

.  high-voltage  reaiator  Rj^^  and  contacta^  oapa- 

A  A  'Vi  r-H 

^  ,  cltor  0  diaohargea.  The  capacitor  la  pre- 

K  H  C 

-ruin/uv.| - L.*  *  liminarily  charged  to  a  high  voltage  of 

r  oeveral  kilovolta  (thla  ia  done  with  the 

T4  ^  \  help  of  the  atartlng  thyratron).  Reaiator 

Rv,„  »  R„t,,  80  that  the  current  in  the  net- 

Flg.  11.63.  Diagram  of 

an  e^qperiment  on  the  work  ia  determined  only  by  reaiator  Rj^_. 

meaaurement  of  electri¬ 
cal  conductivity  in  a  The  potential  difference  on  contacta  ia  pro- 
ahook  wave. 

portional  to  the  reaiatance  between  contacta. 
The  latter  ia  equal  to  R^^  until  approach  of  the  ahock  wave  and  R  » 

“  ^sh^x^^^sh  after  the  ahock  wave  reachea  the  contacta  (reaia¬ 

tor  R^  ia  aelected  in  auch  a  manner  ao  that  it  ia  of  the  order  of  R^). 


T4. 


eona*«tlon 

lystM 


Fig.  11.63.  Diagram  of 
an  e^qperiment  on  the 
meaaurement  of  electri¬ 
cal  conductivity  in  a 
ahock  wave. 


If  th®  potential  difference  on  the  contacts, 

then  Dg/Ojj  -  +  \)/R^.  Voltages  and  are  measured 

by  an  osclllographj  Rgj^^  Is  Imownj  unknown  resistance  Is  calcualted 
with  the  help  of  this  foznnula* 

For  transition  from  measured  resistance  R^  to  conductivity  of 
the  substance  electrolytic  simulation  Is  applied.  For  this  the 
electrodes,  under  the  exact  observance  of  geometry  of  the  experience, 
are  dipped  Into  an  electrolytic  bath.  By  changing  the  density  of  the 
electrolyte  we  obtain  a  resistance  equal  to  that  measured  In  the  ex¬ 
periment.  The  unknown  conductivity  Is  equal  to  the  known  conductivity 
of  the  electrolyte  (for  other  methods  of  measurement  of  conductivity 
of  substance  In  a  shock  wave  see  ). 

Experiments  [46]  showed  that  electrical  conductivity  of  dielec¬ 
trics  In  a  shock  wave  la  Increased  by  many  orders.  If  Initial  con¬ 
ductivity  of  distilled  water  composed  o  10“^  ohm"^  cm*^,  then  at 
pressure  p  »  10^  atm  there  would  be  obtained  a  -  0.2  ohm"^  cm“^. 
Conductivity  In  tue  shock  wave  absolutely  did  not  depend  on  Initial 
conductivity  of  the  water,  connected  with  Impurities.  The  same  value 
of  0  In  a  shook  wave  was  also  obtained  for  ordinary  water  with  con- 
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ductlvlty  a  10  ohm  cm  . 

Such  perfect  dielectrics  as  paraffin  (o  10”^®  ohm“^  cm“^) 
and  organic  glass  (o  -  10"^^  ohm“^  cm“^)  at  pressures  of  the  order  of 
10®  atm  were  transformed  Into  fair  conductors  with  coiuluctlvlty 
a  1  to  2*10®  ohm"^  cm”^»* 

In  paraffin  a  noticeable  Increase  of  conductivity  Is  observed 
at  pressures  "«6-7«10^  atm  and  upon  further  Increase  of  pressure  a 

*For  o<wBparl8on  with  metallic  conductivity  let  us  Indicate  that 
In  copper  o  10®  ohm"^  cm"^.  In  Iron  c  -o  10^  ohm**^  cm"^,  «id  in  mer¬ 
cury  o  10^  ohm"^  cm"*^. 


grows  rapidly.  Zn  organic  glass  there  occurs  an  extraordinarily  sharp 
growth  of  conductivity  at  pressure  8*10^  atm. 

Change  of  electrical  conductivity  of  organic  glass  and  paraffin 
In  a  shock  wave  by  15-20  orders  confirms  the  "metallization”  of  these 
dielectrics  during  ccsipresslon  to  pressures  of  the  order  of  a  million 
atmospheres.* 

The  phenomenon  Is  Impossible  to  explain  by  thermal  Ionization. 

It  Is  connected  with  change  of  structure  of  the  electron  zones  of  a 
solid  during  compression.  During  compression,  the  zones  draw  near, 
and  the  distances  between  them  decrease,  thereby  facilitating  the 
electron  transitions  leading  to  the  appearance  of  free  electrons  and 
metallic  conductivity  In  the  substance  earlier  than  In  the  former 
dielectric.** 

Qualitative  considerations  concerning  the  metallization  of  any 
substance  during  sufficiently  strong  con^resslon  were  discussed  by 
Ya.  B.  Zel'dovlch  and  L.  D.  Landau  [48],  where  they  considered  the 
transition  of  metals  from  solid  In  gaseous  state  (metallization  of 
hydrogen  at  large  densities  was  studied  A.  A.  Abrikosov  [49]), 

It  should  be  said  that  the  components  of  the  mechanism  of  metal¬ 
lization  of  dielectrics  In  a  shock  wave  are  still  not  fully  clear,  and 
this  phenomenon  requires  further  theoretical  and  experimental  study. 

In  particular.  It  Is  Interesting  to  separately  establish  the  roles  of 


*In  the  experiments  of  Alder  and  Christian  [47]  they  measured 
considerably  smaller  electrical  conductivities.  The  phenomenon  of 
"metallization"  In  those  comparatively  weak  waves  which  these  authors 
worked  with,  was  expressed  much  weaker. 

**Influenoe  of  pressure  on  electrical  conductivity  of  dielectrics 
was  studied  earlier  (In  the  region  of  comparatively  small  pressures). 
Thus,  Brldgeman  [50]  established  that  yellow  phosphorus,  which  Is  a 

dielectric,  at  pressures  1.2-1.5«i0^  atm  and  temperature  200^0  changes 
Into  a  new  modification,  l.e.,  black  phosphorus,  whloh  has  metallic 
conductivity.  The  density  of  black  {diosphorus  Is  1.4  times  more  than 
that  of  yellow. 


.  964 


temperatui»e  and  cqnprasslon  In  the  Increase  of  conductivity. 

E35parlBents  [53  with  sodium  chloride,  which  under  nonaal  condi¬ 
tions  possesses  small  Ionic  conductivity,  permit  the  consideration 
that  a  basic  role  In  the  Increase  of  electrical  conductivity  with  In¬ 
crease  of  amplitude  of  shock  wave.  In  distinction  from  the  preceding,  ; 
Is  played  by  temperature.  Curve  of  the  dependence  a(T)  has  a  Boltzmann 
character  a  with  activation  energy  E  «•  1.2  ev,  which  obviously 

also  confirms  the  Ionic  nature  of  conductivity  of  NaCl  In  a  shock 
wave. 

Numerically,  on  the  boundaries  of  the  Investigated  Interval 

of  angjlltudes  when  p  »  10^  atm,  T  »  44o°K,  ^  ■  1.26,  a  ■  2»10"^ 

'f  V 

ohm“^  cm“^l  when  p  <■  7*9*10^  atm,  T  «  6l50°K,  «  1.85,  and  a  ■  5*26 

-1  -i 
ohm  cm  . 

§  27  Measurement  of  the  Refraction  Index  of  a  Substance 
Compressed  In  a  Shock  Wave 

The  width  of  the  front  of  a  shock  wave  In  solids  and  liquids 
Is  comparable  with  the  Interatomic  distances  and  much  less  than  the 
wavelengths  of  visible  light  X  4000-7300  A.  Therefore,  li  light, 
passing  through  a  transparent  undisturbed  substance  and  falling  on 
the  surface  of  the  front  of  a  shock  wave,  which  separates  the  undis¬ 
turbed  substance  from  the  compressed.  Is  reflected  also,  as  from  the 
usual  boundary  of  two  different  media.  Reflection  of  light  fr«n  the 
surface  of  the  front  of  a  shock  wave  In  transparent  bodies,  water, 
and  Plexiglas  was  Investigated  In  experiments  set  up  by  Ya.  B.  Zel<- 
dovlch,  S.  B.  Kormer,  M.  V.  Sinitsyn,  and  K.  B.  YUshko  [513. 

Knowing  the  refraction  index  of  an  undisturbed  substance  and 
the  angle  of  Incidence,  ai.:  ;:ea8urlng  the  reflectivity.  It  Is  then 
possible  by  known  Fresnel  formulas  (see,  for  Instance  [52 D  to  calculate 


the  refraction  In^ex  n  of  a  substance  cosopressed  bjT  a  shock  wave.* 

This  method  In  general  Is  also  applicable  when  the  substance 

,  <■  u  ■■ 

compressed  by  the  shook  wave  Is  not  transparent.  If  the  range  for 
absorption  Is  comparable  with  the  wavelength  of  light,  when  In  princi¬ 
ple  It  is  possible  to  also  measure  the  real  and  Imaginary  parts  of 

the  refraction  Index.  For  this  It  is  necessary  to  determine  the  de¬ 
pendence  of  reflectivity  on  the  angle  of  Incidence  and  polarization 
of  reflected  light  [5^3. 

In  a  sufficiently  strong  shock  wave  that  Is  transparent  In  un¬ 
disturbed  state  the  substance  becomes  non-transparent.  Disturbing 
of  transparency  at  high  pressures  can  occur  for  various  reasons i  due 
to  cracking  of  the  substance,  because  of  phase  transitions,  and  owing 
to  rearrangement  of  electron  levels^  In  particular  during  "metalliza¬ 
tion”  of  dielectrics,  which  was  mentioned  in  the  preceding  paragraph. 

A  fundamental  dlagreun  of  experiments  (513  on  the  study  of  re¬ 
flection  of  light  from  the  front  of  a  shock  wave  in  water  is  shown 
in  Pig.  11.64. 

The  plane  surface  of  the  end  of  the  explosive  charge  touches 
a  Plexiglas  plare  on  which  there  has  been  applied  a  layer  of  water* 

Over  the  water  there  Is  placed  a  plexlglas  prism.  Movement  of  the 
beams  before  the  explosion  Is  shown  In  Fig.  11.64a.  On  the  prion  t^ere 

*In  gases  the  width  of  the  front  of  a  shock  wave,  l.e.,  the 
thickness  of  the  transition  layer  between  undisturbed  and  coog>ressed 
substances.  Is  of  the  order  of  the  wavelength  of  llghtj  therefore 
the  Fresnel  formulas  are  Inapplicable  herei  However,  in  gases  the 
refraction  Index  at  various  densities  Is  known.  Study  of  reflection 
of  light  In  these  conditions  permits  the  determination  of  width  of  the 
front  of  a  shook  wave.  Such  measurements  were  made  by  Hoz^g  and  Cowan 
[53]  for  shook  waves  of  weak  Intensity  (see  Chapter  IV). 


drops  beam  X  from  the  source  of  light  and  £rom  it  there  emerge  beams 
reflected  from  two  surfaces  of  water  II  and  III. 


Movement  of  beams  after  explosion  and 
emergence  of  the  shock  wave  into  the  water 
is  shown  in  Fig.  il.64b.  Reflection  from 
the  surface  of  the  front  of  the  shock  wave 
is  given  by  beam  IV  and  reflection  from  the 
moving  boundary  between  the  plexiglas  sub¬ 
layer  and  compressed  water  by  beam  V.  Beam 
V  now  replaces  beam  III.  Reflected  beams 
are  recorded  by  photographic  means  with 
time  scanning.  A  diagram  of  the  photograph 
is  shown  In  Pig,  11. 65.  Before  blasting, 
beams  II  and  III  give  straight  light  lines 
on  moving  film.  At  the  time  t^  of  emergence 
of  the  sho'.'k  wave  into  the  water  there  ap- 
pesLP  two  lines,  from  beams  IV  and  V,  where 
line  V  now  replaces  completed  line  III.  Line  II  continues,  remaining 
constant  up  to  emergence  of  the  shock  wave  on  the  upper  surface  of 
water  (moment  tg).  As  can  be  seen  from  Pig.  11. 64b,  according  to 
approach  of  the  front  of  the  wave  to  the  upper  boundary  of  water,  the 
distance  between  beams  IV  and  II  decreases.  At  the  time  of  emergence 
tg  beams  IV  and  II  coincide]  line  IV  In  Pig,  11. 65  reaches  line  II. 

The  distance  between  beams  II  and  III  In  nature  were  approxi¬ 
mately  20  mm,  and  the  difference  of  times  tg  -  t^  -  4*10“^  sec. 

Speed  of  the  front  of  the  shock  wave  In  water  was  measured  by 
the  slope  of  line  IV.  Knowing  the  shook  adiabat  of  water,  one  can 
determine  density  and  otter  parameters  behind  the  front.  Reflectivity 


Pig.  11,64.  Diagram  of 
an  experiment  on  the 
measurement  of  reflec¬ 
tion  of  light  from  the 
front  of  a  shock  wave: 
a.)  before  explosion; 
b)  In  the  process  of 
propagation  of  the 
shock  wave  through 
water. 


vas  computed  by  the  ratio  of  Intensities  of  Incident  and  reflected 


beams;  intensities  were  determined  by  photcoietric  means. 


t, 

h 

Pig,  11,65.  Diagram  of 
photochronogram. 

be  close  to  one  another. 

Within  the  limits  of  change  of  density  of  water  from  p/pQ  ■ 

«  1,47  to  p/pq  ■  i.8i,  which  corresponds  to  pressures  from  50  to  150 
thousand  atm,  the  refraction  index  almost  does  not  change  and  is 

equal  to  n  ■  1.49+0.03  (by  geometric  method)  and  n  «  1.46  +  0,03 

% 

(by  reflection).  In  water  of  normal  density  n  ■  n^  ■  i,353.  Experi¬ 
mental  results  of  other  authors  on  the  measurement  of  the  refraction 
index  of  water  at  small  pressures  are  quite  well  described  by  the 
linear  dependence  n  »  1  +  0.334  p  ,♦  where  p  is  the  density  in  g/cm^. 

This  formula  will  agree  with  the  data  for  steam  and  also  the  index 

of  refraction  of  ice  at  0°C  and  p  »  0.92,  equal  to  I.3II, 

The  value  of  the  indices  which  are  obtained  for  water  compres¬ 

sed  in  a  shock  wave  are  noticeably  lower  than  the  values  dictated  by 
the  given  formula. 

In  all  probability,  the  divergence  should  be  blamed  on  the 
effect  of  temperature  (during  compression  by  shock  wave  to  density 
p  «  1,8  pQ  water  was  heated  to  1100°c).  The  mechanism  of  the  influence 

•The  Lorenze  —  Lorentz  formula  gives  much  worst  agreement  with 
the  experiment. 


The  refraction  index  of  con^r eased 
water  was  determined  by  two  methods 1  geo¬ 
metric  (by  the  distances  between  reflected 
beams)  and  by  reflectivity.  The  average 
values  in  several  experiments,  calculated 
by  this  and  another  method,  turned  out  to 


ft+1  JffJl 


of  temperature  (the  higher  the  temperature,  the  lower  the  refraction 
Index)  still  remains  unclarlfled. 

Investigations  of  reflection  of  light  from  the  front  of  a  shOek 
wave  showed  that  the  surface  of  the  front  Is  smooth  (otherwise  reflec¬ 
tion  would  be  diffuse,  and  not  mirror). 
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CHAPTER  XII 

CERTAIN  SELF-SIMILAR  PROCESSES  IN  GAS  DYNAMICS 

1.  Introduction 

§  1.  Transformation  Groups  Allowed  by  Equations  of  Gas  Dynamics 
In  Chapter  I  we  already  became  familiar  with  several  examples 
of  self-similar  motions  (with  the  self-similar  wave  of  rarefaction, 
with  the  problem  about  the  powerful  explosion.*  In  this  chapter  we 
will  study  in  detail  the  self-similar  motion  of  one  of  two  basic  types. 
In  the  introductory  section  of  the  chapter,  we  will  show  how  in 
.equations  of  gas  dynamics  the  possibility  of  existence  of  self-similar 
solutions  is  expressed  and  we  will  give  the  common  characteristics,  of 
self-similar  motions.  It  is  expedient  preliminarily  to  become  familiar 
with  the  common  group  properties  of  equations  of  gas  dynamics. 

We  will  consider  one-dimensional  adiabatic  motions  of  an  ideal 
gas  with  constant  heat  capacity,  l.e.,  motions  possessing  plane, 
cylindrical,  or  spherical  symmetries.  Let  us  write  out  a  system  of 
equations  for  these  types  of  motions.  In  continuity  equation  (1.2) 
we  open  the  sign  of  divergence  and  present  the  equation  in  a  single 

*In  Chapter  X  we  considered  self-similar  problems  of  the  theory 
of  propagation  of  heat  by  the  mechanism  of  thermal  conduction  in  a 
motionless  substance. 


form,  common  for  all  three  forma  of  symmetry;  furthermore,  we  will 
divide  the  entire  equation  by  density  p.  In  adiabatic  equation  (1.15) 
we  place  the  expression  for  entropy  (1.14)  (replacing  specific  volume 
by  density).  Equation  of  motion  (1.6)  will  remain  without  changes. 

Let  us  obtain  the  following  system  of  equations  for  density,  pressure, 
and  speed  as  coordinate  and  time  functions: 

InpQ-t .  0. 

Number  v  In  the  continuity  equation  Is  equal  to  v  -  1,  2,  5  for 
plane,  cylindrical,  and  spherical  cases  correspondingly.  Variable 
r  plays  the  role  of  coordinate  x  In  the  plane  case  and  radius  In  the 
cylindrical  and  spherical  cases. 

Equations  (12.1)  allow  several  transformation  groups  which  we 
will  now  enumerate.  It  Is  assumed  that  simultaneously  with  the  trans¬ 
formations  In  the  equations  analogous  transformations  are  made  both 
In  the  Initial  and  boundary  conditions  of  the  problem. 

1)  Time  t  enters  the  equations  only  under  the  sign  of  the  dif¬ 
ferential,  and  consequently,  the  time  shift,  accomplished  by  means  of 
Introduction  of  the  new  variable  t’  »  t  +  tQ,  does  not  change  the 
equations.  The  possibility  of  a  time  shift  Is  connected  with  the 
arbitrariness  In  selection  of  the  beginning  of  the  time  reading. 

2)  In  the  plane  case  (v  -  1)  the  coordinate  also  enters  the 
equations  only  under  the  sign  of  the  differential.  Therefore  in  the 
plane  case  there  Is  also  possible  a  coordinate  shift  connected  with 
the  arbitrariness  In  selection  of  the  beginning  of  the  coordinate 
reading.  Introduction  of  variable  x'  ■  x  +  Xq  does  not  change  the 
equations. 
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In  the  spherical  and  cylindrical  cases  this  Is  impossible,  since 
the  radius  enters  the  continuity  equation  not  only  under  the  sign  of 
the  differential. 

Equations  of  gas  dynamics  contain  five  dimensional  magnitudes; 
p,  p,  u,  r,  t,  from  which  three  possess  Independent  dimension.  For 
Instance,  if  one  were  to  select  as  the  basic  dimensional  magnitudes 
density,  coordinate,  and  time,  the  dimensions  of  speed  and  pressure 
are  in  the  form  of  [u]  «  [r]/[t];  [p]  *  [p3[r  ]/[t  ].  In  accordance 
with  the  existence  of  three  Independent  dimensional  magnitudes  the 
equations  permit  three  Independent  transformation  groups  of  similarity, 
which  are  connected  with  the  arbitrariness  in  selection  of  units  of 
measurement  of  the  basic  dimensional  magnitudes. 

i 

I  1)  Let  us  assume  that  functions  p  -  f^(r,  t),  p  ■  f2(r,  t),  ana 

I  u  »  f^(r,  t)  constitute  the  solution  of  equations  for  a  certain  defined 

motion.  Let  us  change  the  scale  of  density,  not  changing  the  scales 
of  coordinate  and  time,  for  which  we  Introduce  new  variables  p*  -  kp, 

I  P*  ■  kp,  leaving  the  rest  without  change.  The  equations  will  not  be 

I 

changed.  If  we  simultaneously  change  in  the  same  form  the  Intlal  and 

t 

i  boundary  conditions,  increasing  density  and  pressure  k  times,  the  new 

motion  will  be  described  by  the  functions 

The  new  motion  is  like  the  old,  differing  only  by  scales  of  density 
and  pressure. 

2)  Let  us  change  the  scale  of  length,  not  changing  the  scales  of 

density  and  time.  The  equations  do  not  change,  if  we  cross  in  them 

2 

to  new  variables:  r'  ■  mr,  u'  »  mu,  p'  ■  m  p,  leaving  the  others, 
p  and  t,  without  change:  p'  «  p,  t*  >  t.  This  means  that  if  some 
motion  is  described  by  functions  p  «  fj^(r,  t),  p  » 

97& 


3: 


u  «  f^(r,  t),  by  means  of  simple  change  of  scales  It  is  also  possible 
to  describe  the  new  motion.  In  which  the  distances  and  speeds  are 

p 

Increased  m  times,  and  pressure  Is  Increased  m  times  (density  remains 
constant).  The  solution  for  the  new  motion  are  the  functions; 

•'-/iCrM),  p'-mVa(r\  0.  0- 

3)  Finally,  we  will  change  the  scale  of  time,  not  changing  the 
scales  of  length  and  density.  The  equations  allow  this  transformation; 

t'aafit,  p*  ^  ft*  "*  Qt 

This  means  that  If  In  Initial  and  boundary  conditions  the  speeds 

p 

are  decreased  n  times  and  pressure  n  times,  leaving  density  constant, 
the  new  process  will  be  like  the  old  one,  but  will  only  be  n  times 
slower. 

By  means  of  consecutive  application  of  three  transformation  groups 
of  similarity  one  can  obtain  solutions  for  an  Infinite  number  of  new 
motions  with  modified  scales  of  density,  length,  and  time.  In  par^ 
tlcular.  If  we  simultaneously  extend  length  and  time  an  Identical 
number  of  times  r’  »  ir,  t’  ■  it,  the  solution  will  remain  constant. 

Such  transformation  Is  equivalent  to  consecutive  application  of 
transformations  2)  and  3)  with  m  «■  n  -  i.  In  symbolic  form  this  Is 
possible  to  record  sot 

■('“i  It) 

and  analogously  for  other  functions,  p  and  p. 

§  2.  Self -Similar  Motions 

In  the  preceding  paragraph  It  was  shown  that  equations  of  gas 
dynamics  allow  similarity  transformations,  l.e.,  there  are  possible 
different  motions  which  are  similar  to  each  other  and  can  be  obtained 
from  one  another  by  means  of  change  of  the  main  scales  of  length, 
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time,  and  density.  Regarding,  however,  the  given  motion,  it  can  he 
described  by  the  most  diverse  functions  of  two  variables  r  and  t: 
p(r,  t),  p(r,  t),  u{r,  t),  including  also  the  parameters  which  enter 
the  initial  and  boundary  conditions  of  the  problem  (and  adiabatic 
exponent  y ) . 

There  exist,  however,  such  motions,  the  distinctive  property  of 
which  is  the  similarity  conserved  in  the  actual  motion.  Such  motions 
are  called  self-similar.  Distribution  of  any  of  gas-dynamic  magnitudes 
with  respect  to  coordinate,  let  us  say,  pressure  p,  in  self-similar 
motion  evolves  in  time  in  such  a  way  that  are  changed  only  the  scale 
of  pressure  P(t)  and  coordinate  scale  of  the  region  enveloped  by  the 
motion  R(t),  but  the  shape  of  the  profile  of  pressure  remains  constant. 
By  means  of  extension  and  reduction  of  scales  P  and  R  it  is  possible 
to  reach  exact  coincidence  of  curves  p(r),  responding  to  different 
moments  of  time  t.  Function  p{r,  t)  can  be  presented  in  the  form  of 
p{r,  t)  =  P(t)Tr{r/R),  where  the  dimensional  scales  P  and  R  somehow 
depend  on  time,  and  dimensionless  ration  p/P  »  v(r/R)  is  a  "universal” 
(in  the  sense  of  Independence  on  time)  function  of  the  new  dimensionless 
coordinate  ^  »  r/R. 

By  extending  and  reducing  scales  P  and  R  in  accordance  with  their 
dependence  on  time,  it  is  possible  from  the  "universal"  function  Tr(^) 
to  obtain  a  true  curve  of  pressure  distribution  with  respect  to 
coordinate  p(r)  for  any  moment  of  time  t.  Likewise  expressed  are  the 
other  gas-dynamic  magnitudes;  density  and  speed. 

For  self- similar  motions  the  system  of  equations  of  gas  dynamics 
in  partial  derivatives  reduces  to  a  system  of  ordinary  differential 
equations  with  respect  to  new  unknown  functions  of  self-similar 
variables  ^  ■  r/R. 
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"We  snail  work  out  these  equations.  For  this  we  shall  present 
the  solution  of  partial  differential  equations  (12.1)  In  the  form  of 
the  products  of  scale  functions  by  new  unknown  funfitlons  of  the  new 
self-similar  variable 

{-—,  Jt»J{(t).  (12.2) 

Scales  of  pressure,  density,  speed,  and  length  are  not  all  inde¬ 

pendent  upon  one  another.  If  one  were  to  select  as  the  main  scales 
of  length  R  and  density  Pq,  as  the  scale  of  speed  it  is  possible  to 
take  the  magnitude  -  R»  as  the  scale  of  pressure. p^R  .  This 
does  not  disturb  community  and  the  scale  is  determined  with  an  accuracy 
of  the  numerical  coefficient,  which  is  always  possible  to  include  in 
the  new  \mknown  function.  We  shall  find  the  solution  in  the  form 

«-W(5).  (12.5) 

0 

where  tt,  g,  and  v  are  new,  dimensionless  functions  of  self-similar 
variable  for  which  one  should  compose  differential  equations.  These 

ftinctions  are  sometimes  called  representatives  of  pressure,  density, 
and  speed,  correspondingly.  Scales  of  R,  p^,  and  R  somehow  depend  on 
time,  although  in  an  unknown  manner. 

We  shall  place  expression  (12.5)  in  equation  (12.1),  take  into 
account  the  determination  of  self-similar  variable  (12.2),  and  shall 
use  the  rules  of  differentiation  of  the  type: 

I 

(differentiation  of  scales  in  time  is  designated  by  the  dot,  and 
differentiation  of  representatives  with  respect  to  self-similar 
variable,  by  the  prime). 

As  a  result,  after  simple  transformations  we  obtain  the  equations: 


(12.4) 


[®'+(*''~5)0“f)'+(v-l)|-]  -0, 

-^o+(e-.Do'+^«0. 

■|^(liiC«-t^)+(e-5)  (lang-v)'.0. 

So  that  presentation  (12.3)  Is  meaningful  and  It  Is  possible  to 
write  differential  equations  for  new  unknown  functions  Tr(^),  g{i),  and 
v(|).  It  Is  necessary  to  divide  variables  t  and  |  In  equations  (12.4). 

**  *1P 

For  this.  In  the  second  equation  one  should  put  RR/R  ■  const,  whence 
(when  const  5^  1) 

(12.5) 

Here  A  and  a  are  certain  constants  (A  —  dimensional,  a  —  number). 

In  the  first  equation  of  (12.4)  it  is  necessary  to  put  ^  « 

R 

■  const  p  which  gives 

(12.6) 

where  B  and  p  are  also  constants.  The  first  member  in  the  third 
equation  of  (12,4)  then  is  turned  into  a  constant  automatically. 

Thus,  all  scales  in  self-similar  motion  depend  on  time  according 
to  root  laws,  and  the  self-similar  variable  has  the  form* 

**T"*:5«  (12.7) 

Equations  (12.4)  are  now  transformed  into  a  system  of  three  ordi¬ 
nary  differential  equations  with  respect  to  three  unknown  functions 
s(l)#  v(|).  The  system  contains  exponents:  constant 

numbers  a  and  p.  In  an  analogous  way  the  initial  and  boundary  condi¬ 
tions  of  the  problem,  will  be  converted  to  dimensionless  form.  They 

*A8  noted  by  K«  ?•  Stanyukovloh  [l]j  in  addition  to  root  aelf- 
similarity,  exponential  self-similarity  Is  also  posslblsj  In  idiloh 

R  »  A*e“*',  pQ  -  and  i  -  re““VA»,  whm:>e  A»,  B*,  and  n  are 

constants*  The  exponential  solution  satisfies  the  eqiuitl<»i  ■> 

-  const  when  const  •  1*  In  the  majority  of  practically  Interesting 
problemsj  self-slmllatlon  has  an  exponential  character* 
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are  converted  Into  conditions  for  functions  w,  g,  and  v. 

Here  we  shall  write  out  the  system  of  equations  In  the  common 

form.  The  equations  will  be  written  subsequently  In  reference  to 

i 

I  specific  problems.  In  many  motions  the  scale  of  density  Pq  Is  constant 
(exponent  p  «  0).  This  takes  place,  for  Instance,  In  all  cases  when 
!  a  shock  wave  (or  wave  of  rarefaction)  spreads  through  an  initial  gas 
of  constant  density. 

I  Exponent  ^  usually  differs  from  zero  in  those  problems  in  which 

i  the  density  of  initial  gas  is  distributed  in  space  by  root  law  of  the 

I 

j  .type  pQQ  »  const  r®.  In  these  cases  exponent  p  is  determined  through 

known  exponent  6  and  a  (when  6-0,  p  «  0).  Thus,  in  the  system  of 

I  equations  for  function  tt,  g,  and  v  (and  in  boundary  conditions)  there 

I  enters  only  one  new  parameter:  the  exponent  of  self- similarity  o. 

The  exponents  in  scale  functio^is  in  a  simple  manner  are  connected 

with  exponents  a  and  p  (1. e.,  a  and  5).  For  instance,  when  the  scale 

of  density  is  constant  (p  »  0,  Pq  *  const),  R  ~  t“,  R  ~  P  = 

a2  +2(a-l) 

«  PqR  ~  t  '  ' . 

Inasmuch  as  the  scale  of  length  R  in  a  simple  manner  is  connected 
with  time,  the  scales  of  speed,  denf Ity,,  and  pressure  can  be  considered 
as  functions  not  of  time,  but  of  scale  of  length  R;  with  help  of  the 
relationship  R  ~  t®  we  find; 

»-t  £ 

From  expressions  for  scale  of  density  Pq  ~  ^  R^'^®  and  the 

law  of  distribution  of  initial  density  in  space  Pqq  «  const  r®,  it  is 
clear  that  Pq  -  Pqo(R);  for  instance,  as  the  scale  of  density  p^ 
serves  the  initial  density  of  gas  at  the  point  where  the  shock  wave 


is  at  the  time  t(R  is  the  coordinate  of  the  front  of  the  shock  wave). 
From  this  follows  the  above-mentioned  connection  of  exponents  p  and  6: 

■  .  ■  rf,.  •  , 

P  =•  a6. 

When  p  «  0,  and  pQ  ■  const,  functions  p,  p,  and  u  by  formulas 
(12.3)  can  be  written  in  any  of  the  equivalent  forms: 


#•«  const  * 

0-1 


»— const (5) «=  const /f  *  v{l), 
Qimconaig(l)» 


(12.8) 


§  3.  Conditions  of  Self-Similarity  of  Mot;ion 
It  is  natural  to  pose  the  question;  what  requirements  must  be 
satisfied  by  the  conditions  of  a  problem  so  that  motion  is  self-similar? 
For  the  answer  to  this  question  it  follows  to  draw-on  considerations 
of  dimension. 

Equations  of  gas  dynamics  (12.1)  besides  variables  of  functions 
p,  p,  and  u,  and  Independent  variables  r  and  t,  do  not  contain  any 
dimensional  parameters  (the  only  parameter,  y,  is  dimensionless). 
Dimensional  parameters  enter  the  initial  and  boundary  conditions  of 
the  problem.  This  also  gives  the  possibility  to  construct  functions 
p(r,  t)  and  p(r,  t),  since  all  five  variables,  p,  p,  u,  r,  and  t,  have 
different  dimensions,  whereby  three  of  them  are  independent.  Inasmuch 
as  the  dimensions  of  pressure  and  density  contain  the  ssrmbol  of  mass, 
at  least  one  of  the  parameters  of  the  problem  also  should  contain  the 
ssrmbol  of  mass. 

In  many  cases  this  is  the  constant  initial  density  of  gas  Pq  in 
-■5 

g'cm  In  a  number  of  problems  the  initial  density  is  distributed 

c 

in  space  by  root  law  Pqq  «  br  .  Then  this  is  parameter  b,  with 
dimension  [b]  »  g*cm  ^  .  Let  us  designate  the  parameter  containing 

the  symbol  of  mass  through  a.  In  the  most  common  case  its  dimension 


W  A 

!l8  [a]  »  g*om  see  .  Considering  of  the  diaensions  of  funotionst  [p]  » 
-  g«cm"  sec"  ,  Cp]  ••  g'Ca"-^,  [u]  »  ca^sec  ,  it  is  possible,  not  dls- 
Iturbing  coaaunity,  to  present  that  in  the  fora  proposed  by  L.  I.  SedoY 
'[2]t 

•“Tm?®*  •“7^»  (12,9) 


where  P,  0,  and  V  are  dimensionless  funetions  of  independoit  variables, 
which  depend  on  dimensionless  combinations  containing  r  and  t  and 
parameters  of  the  problem. 

In  the  general  case  there  are  two  dimensionless  variablest  r/rQ 
and  t/tQ,  where  Tq  and  t^  are  parameters  with  diaensions  of  length  and 
itlme,  either  directly  enter  the  conditions  of  the  problem,  or  can  be 
composed  by  means  of  combination  of  parameters  of  another  dimension. 
Functions  P,  Q,  V  then  depend  on  r  and  t  separately  and  the  problem 

,  t 

ils  not  self-similar. 


It  is  possible  to  give  a  great  number  of  examples  of  similar 

i 

motions.  Let  us  refer  to  ones  the  problem  about  a  wave  of  rarefaction 

which  appears  when  a  piston  Is  advanced  from  a  gas  with  variable  speed 

\x^  -  U(1  -  e"^/"^)  (see  §  iO,  Chapter  I) .  In  this  example  the  role  of 

parameter  a  Is  played  by  the  constant  initial  density  of  the  gas  pQ. 

^Furthermore,  the  problem  contains  dimensional  parameters  [t]  «  sec; 

[U]  >  cm*  sec"  ,  and  initial  speed  of  sound  [Cq]  *  cm*  sec"  (or  initial 
2  POv 

ipressure  Pq]  Cq  -  7^)*  Dimensionless  variables  can  be,  for  instance, 

i 

;t/T  and  r/cQT,  or  r/Ux  (rQ  ■  CqT  or  Ut). 

If  from  the  parameters  of  the  problem  it  is  Impossible  to  ccapose 
scales  of  length  and  time, ^he  variables  r  and  t  cannot  enter  functions 

1 

[P;^  0,  and  V  separately!  the  functions  can  depend  only  on  a  dimeneiai^f 
^ess  combination  ceaiposed  from  r  and  t,  4  "*  z'/At^#  idiere  A  is  a  ^ 

[ — -  -  '  I - 


certain  parameter  of  dimension  [A]  =«  cm*  sec"®.  Expressions  (1?.9) 
obtain  the  form 

(12.10) 

In  this  case  the  problem  is  self-similar  and  expressions  (12.10) 
are  equivalent  to  expressions  (12.3)#  differing  from  the  latter  only 
by  the  form  of  representative  functions. 

We  shall  demonstrate  this  in  an  example  of  self-similar  motions 
with  constant  scale  of  density.  With  this,  a  ■  p^,  k  =  -3,  s  ■  0, 
so  that  expressions  (12.10)  take  on  this  form: 

(12.11) 

Putting  here  r  ■  and  noticing  that  R  «  aR/t,  we  find  that 
formulas  (12.11)  and  (12.3)  are  equivalent  if 

C8)-*(5);  V(E)-ai^.  (12.12) 

Study  of  self-similar  motions  presents  great  interest.  The  pos¬ 
sibility  of  reduction  of  a  system  of  partial  differential  equations 
to  a  system  of  ordinary  differential  equations  for  new  representative 
f\inctlons,  extraordinarily  simplifies  the  problem  from  the  mathematical 
standpoint  and  in  a  number  of  cases  permits  the  finding  of  exact 
analytic  solutions. 

Furthermore,  frequently  self-similar  solutions  constitute  the 
limits  which  the  solutions  of  nonself- similar  problems  asymptotically 
tend  to.  Subsequently  this  position  will  be  clarified  in  the  examina¬ 
tion  of  specific  problems. 

§  4.  Two  Types  of  Self -Similar  Solutions 

There  exist  two  sharply  different  types  of  self-similar  solutions. 
Solutions  of  the  first  type  type  possess  the  property  that  the  index 
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!  of  self-similar  and  together  with  it,  the  exponents  at  t  or  R  in 

•  i:, '  ’  ■ 

I  all  scales,  are  determined  from  considerations  of  dimension  or  frcmi 
'  laws  of  conservation.  The  exponents  are  then  fractions  with  Integral 
nxunerators  and  denominators.  In  problems  of  this  type  there  always 
are  two  parameters  with  Independent  dimension.  From  these  parameters 
I  there  is  composed  a  parameter  vdiose  dimension  contains  the  symbol  of 
I  mass  and  (see  formula  (12.10)),  and  another  parameter  A,  which  contains 
only  symbols  of  length  and  time.  With  the  help  of  the  second  parameter 
i  A  it  is  also  possible  to  construct  a  dimensionless  combination,  i.e., 

,  self-similar  variable  ?  -  r/At“,  The  dimension  of  parameter  A  — 
cm«sec“®  is  determined  by  the  index  of  self-similarity  a.  Two  motions 
*  of  such  type  were  considered  in  Chapter  It  the  problem  about  the  self- 
simllar  wave  of  rarefaction  (§  11)  and  the  problem  about  the  strong 
explosion  (§25).  In  the  first  case  the  two  Independent  dimensional 
: parameters  are  Initial  density  and  pressure  of  gas  pq  and  pQ.  From 
jthem  it  is  possible  to  compose  a  dimensional  parameter  not  containing 
'the  symbol  of  masst  the  initial  speed  of  sound  Cq  • 

The  role  of  parameter  A  is  played  by  the  speed  of  sound  Cq. 

’ Correspondingly, 


:  In  the  problem  concerning  the  strong  explosion,  the  parameters 

'are  initial  gas  density  g'Cm"'^  and  energy  of  explosion  S  g*cm  .sec  , 
(Which  is  always  equal  to  total  energy  of  gas  enveloped  by  motion, 
owing  to  which  in  the  problem  there  appears  an  Integral  of  energy. 

(Let  us  recall  that  in  the  problem  about  the  strong  explosion  the 
Initial  pressure  and  speed  of  sovind  Pq,  Cq  are  assumed  to  be  equal  to 

I  .  - 

p^Oj  l.e.,  these  magnitudes  are  not  parameters  of  the  problem).,  .  , 
hfrom  parameters  pQ  and  1  there  is  ^o^posed  a  parameter  not  oontMtnittg 

~sfcr  t  -'z 


.  ^ 


,1/5 


cm*  sec 


-2/5 


mass  A  =»  (E/pq) 

?  -  r/{E/p„)i/5t2/5i  a  -  1. 


SO  that  the  self-similar  variable  Is 


Q/  V  , 

In  an  Intense  explosion  In  a  medium  with  variable  initial  density 

c  o  ••2 

Pqq  =«  br°,  the  parameters  are  the  energy  of  the  explosion  E  g*cm  ‘Sec” 
and  coefficient  b  g*cm  . 

From  them  it  is  possible  to  compose  parameter  A,  not  containing 


mass. 


> 

eM»eet~'^  . 


The  self- similar  variable  has  the  form 


(A  self-similar  problem  about  an  explosion  in  a  medium  with  variable 
density  was  considered  by  L.  I.  Sedov  [2]).  A  self-similar  problem 
of  the  some  type  is  the  one  about  propagation  of  a  thermal  wave  from 
the  place  where  a  definite  amount  of  energy  was  released  (see  Chapter 


X). 


As  was  shown  in  §  2,  the  index  of  self- similarity  enters  the 
system  of  differential  equations  for  representatives  as  a  parameter. 
Inasmuch  as  in  self-similar  problems  of  the  considered  type  the  number 
a  is  immediately  fo\md  from  considerations  of  dimension  (or  laws  of 
conservation),  the  matter  reduces  to  integration  of  the  system  of 
equations  with  known  boundary  conditions. 

In  self- similar  problems  of  the  second  type,  exponent  a  is 
impossible  to  find  from  considerations  of  dimension  or  laws  of  con¬ 
servation  without  solution  of  equations.  In  this  case  the  actual 
determination  of  the  index  of  self- similarity  requires  integration 
of  ordinary  differential  equations  for  representative  functions.  It 
turns  out  that  the  index  is  found  from  the  condition  that  the  integral 


:eurve  passes  through  a  singular  point,  without  which  it  is  not  possible 
to  satisfy  the  boundary  conditions. 

Examples  of  self-similar  motions  of  the  second  type  can  be  the 
known  problems  about  convergence  of  a  shock  wave  to  the  center  or  about 
a  brief  impact,  which  will  be  discussed  below. 

Consideration  of  solutions  of  specific  problems,  belonging  to  the 
{Second  type,  shows  that  in  all  these  cases  in  initial  conditions  of 
the  problem  there  is  only  one  dimensional  parameter  containing  the 

I 

{Symbol  of  mass,  and  there  is  no  second  one,  with  help  of  which  it  would 
have  been  possible  to  form  parameter  A.  This  also  deprives  us  of  the 
iposslbllity  to  establish  number  a  with  respect  to  dimension  of  param- 
jeter  A.  In  fact,  the  problem  of  course  is  peculiar  to  a  certain 
dimensional  parameter  A  cm*sec''^j  otherwise  it  would  have  been  impos¬ 
sible  to  compose  the  dimensionless  pombination  |  •  r/At°.  However, 

I 

|the  dimension  of  this  parameter  (i.e.,  number  a)  is  not  dictated  by 
{the  initial  conditions  of  the  problem,  but  is  found  from  solution  of 
the  equation.  The  numerical  value  of  parameter  A  Is  Impossible  to 
{find  from  equations  of  self-similar  motion.  It  can  be  determined  only 
^by  knowing  how  the  given  motion  appeared.  Thus,  for  Instance,  If  the 
self- similar  motion  appeared  as  a  result  of  some  nonself-slmllar  flow, 
Iwhlch  asymtotlcally  went  Into  a  self-similar  regime,  the  magnitude 
;A  can  be  found  only  be  means  of  numerical  solution  of  the  full,  n  u- 

'self- similar  problem,  when  the  process  of  transition  of  nonself-slmllar 

I 

motion  to  self- similar  has  been  traced.  In  greater  detail  these 
positions  will  be  explained  In  the  examination  of  specific  problems. 

Self- similar  motions  of  the  first  type.  In  which  the  Index  of 
jself- similarity  Is  determined  from  considerations  of  dlmoision.  In 
[detail  were  Investigated  by  L.  I.  l|edov.  Inasmuch  as  there  Is  s^lready 


—  j 


the  book  of  L.  I.  Sedov  [2],  in  which  he  gives  an  exhausting  descrip¬ 
tion  of  these  motions  and  the  solution  of  a  number  of  specific  prob¬ 
lems,  in  this  chapter  we  will  not  remain  on  self-similar  motions  of 
the  first  type  and  will  be  occupied  with  the  study  of  motions  of  only 
the  second  type. 

2. 

§  5.  Formulation  of  Problem  About  Convergent  Shock  Wave 

Let  us  imagine  a  spherically-symmetrlc  motion  in  which  through  a 
gas  of  constant  Initial  density  pQ  and  zero  pressure  to  the  center  of 
symmetry  there  goes  a  strong  shock  wave.  We  shall  not  be  concerned 
with  the  causes  of  the  appearance  of  the  shock  wave.  The  wave  could 
be  created,  for  instance,  by  the  "spherical  piston"  which  pushed  the 
gas  inside,  imparting  to  it  some  of  its  energy  content.  With  the 
convergence  of  the  shock  wave  to  the  center  there  occurs  a  concentra¬ 
tion  of  energy  on  the  front  (cumulation),  and  the  wave  is  intensified. 
We  shall  concern  ourselves  with  the  motion  of  gas  at  small  distances 
from  the  center  (let  us  say,  small  as  compared  to  the  Initial  radius 
of  the  "piston").  In  moments  close  to  the  moment  of  focusing,  and  at 
small  radii,  the  motion,  we  must  assume,  to  a  considerable  extent 
(to  what  extent  will  be  mentioned  below)  "forgets"  about  the  initial 
conditions  and  emerges  into  a  certain  limiting  regime  which  must  be 
found. 

In  the  problem  there  are  no  characteristic  parameters  of  length 
or  time.  The  initial  radius  of  the  "piston"  cannot  serve  as  the  scale 
for  the  limiting  motion  in  a  region,  the  dimensions  of  which  are  very 
small  as  compared  to  it.  The  only  scale  of  length  is  the  radius  itself 
of  the  front  of  the  shock  wave  R,  which  is  variable  in  time.  The 
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‘  scale  of  speed  is  the  speed  of  the  front  ^  s  R  a  D,  which  is  variable 
^ in  time.  Therefore  it  is  natural  to  assume  that  the  limiting  motion 
will  be  self-sisdlar.  Earlier,  there  were  no  bases  for  the  determi-  ' 
nation  of  the  index  of  self- similarity  a.  Besides  initial  density 
pQ,  there  are  no  other  visible  parameters,  with  the  help  of  which  it 

’would  have  been  possible  to  construct  a  self-similar  variable.  Cer- 

« 

talnly,  the  energy  of  all  the  gas,  equal  to  the  energy  Imparted  to 
the  gas  by  the  piston,  has  a  fully  defined  value.  However,  in  a  self- 
I  similar  region,  the  dimensions  of  which  are  small  (on  the  order  of  R) 
iand  decrease  with  flow  of  time  with  convergence  of  the  wave  to  the 

i 

center,  concentrated  only  a  small,  and  then  decreasing  in  time,  portion 

I 

of  total  energy  is  concentrated.*  As  will  be  shown  below,  the  energy 
In  a  self-similar  region,  the  radius  of  which  is  on  the  order  of  R, 
and  mass  of  the  order  p^H^,  decreases  with  the  passage  of  time  by 

1  *  T 

root  law.  However,  it  decreases  when  R  -»  0  slower  than  Tr  due  to 
amplification  of  the  shock  wave  and  growth  of  density  of  energy 
(pressure).  From  what  was  said  it  is  clear  that  self-similar  motion 
should  belong  to  the  second  type*  The  solution  will  contain  a  certain 
parameter  A,  of  earlier  unknown  dimension,  connected  with  the  index 
of  self- similarity  a(CA]  ■  cm* sec”®;  see  §  2).  If  the  index  of  self- 
similarity,  l.e.,  dimension  A,  is  found  from  the  most  limiting  solu- 

1 

itlon,  the  numerical  value  of  parameter  A  will  remain  indefinite.  It 
depends  on  the  initial  conditions  of  the  problem  and  on  the  motion  of 
fall  the  gas  on  the  whole. 

*The  assumption  about  the  equality  to  zero  of  initial  pressure, 
li.e.j  the  fact  that  the  wave  is  strong,  also  excludes  from  probl^em 
;the  parameter  of  speed,  i.e.,  the  initial  speed  of  sound  oo«  tdiich 
ptogether  with  initial  pressure  is  equal  to  zero.  2  - 

I .  . . 


As  was  already  mentioned,  the  limiting,  self- simulating  solution 
is  valid  only  in  a  region  of  small  dimensions  of  the  order  of  the 
radius  of  the  front  and  then  near  the  moment  of  focusing  of  the  shock 
wave,  when  this  radius  is  small.  ’  =;  ■ 

If  we  numerically  solve  the  problem  about  motion  of  the  entire 
gas  on  the  whole  under  certain  Initial  conditions  ensuring  the  appear¬ 
ance  of  a  convergent  shock  wave  (the  problem  with  the  "spherical 
piston"  accomplishing  a  shock  inside),  the  true  solution  in  the  region 
with  a  radius  which  decreases  proportionally  to  the  radius  of  the 
front  will  be  even  closer  to  the  limiting  self-similar  solution. 

The  form  of  a  limiting  solution  does  not  depend  on  the  Initial 
conditions  and  character  of  motion  of  the  gas  at  long  distances,  in 
particular  on  the  law  of  motion  of  the  piston. 

However,  a  limiting  solution  does  not  completely  "forget"  about 
the  initial  conditions.  It  "forgets"  about  the  form  of  initial  motion, 
but  selects  from  all  conclusive  information,  give  by  the  initial 
conditions,  a  singular  number  A,  which  characterizes  the  "intensity" 
of  the  Initial  shock  (a  "stronger"  shock  corresponds  to  a  large  value 
by  A). 

If  the  form  of  the  limiting  solution  itself  does  not  depend  on 
the  Initial  conditions  and  motion  of  the  gas  at  long  distances  from 
the  center,  the  character  of  approximation  of  the  true  solution  to 
the  limiting  one,  of  course,  depends  on  the  initial  conditions.  The 
nearer  the  initial  motion  is  to  limiting,  the  earlier  the  true  motion 
near  the  front  emerges  into  a  self-similar  regime.  However,  this 
emergence  sooner  or  latter  will  certainly  occur,  no  matter  what  the 
initial  conditions  and  the  motion  at  long  distances  are. 

Thus,  we  shall  find  the  self-similar  solution  of  the  problem  about 
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I  convergence  to  the  center  of  a  shock  wave.  Ihls  Interesting  and 

'll''  '  ■  ■ ' 

Important  problem  was  solved  independently  by  L.  D.  Landau  and  K.  P. 

'  Stahyukovlch  [1]  and  Ouderley  [3], 

! 

%  6.  Fundamental  Squatlons 

For  the  beglimlng  of  the  reading  of  time  t  «  0  we  shall  take  the 
, moment  of  focusing^  idien  R  «  0.  Then  the  time  to  the  »»ant  of  focusing 
.turns  out  to  be  negative.  In  connection  with  this,  the  determination 
!of  the  self- similar  variable  should  be  changed  soaeidiat,  putting 

I 

(12.13) 

!  Formally^  the  solutionj  that  we  are  seeking  envelopes  all  space^ 

|up  to  inflnityj  so  that  the  intervals  of  change  of  variables  are  suchi 

-e9<l<0;  n<r<»i  l<t<oo 

(actually  a  self-similar  solution  jj^s  valid  only  in  a  region  with  a 
|«dlu8  Of  th.  order  of  R,  ud  .t  ldn«  dlstmoe.  Is  somehow  connected 

I 

|with  the  solution  of  a  full  nonself-similar  problem). 

On  the  front  of  the  shook  wave  ^  1.  Ihe  speed  of  propagation 

lof  the  front  is  directed  to  the  center,  i.e.,  it  is  negative,  D  a 
'b  R  -  oR/t  -  -aR/|t|  <  0. 

I 

We  shall  place  the  solution  in  equations  of  gas  dynamics  (12.1) 

!in  self-similar  form  (12.3). 

I  r  I.V 

The  system  reduces  to  equations  (12.4),  in  which  v  ■  3«  in  accord¬ 
ance  with  the  spherical  symmetry  of  motion.  The  scale  of  density  in 
jthe  problem  is  constant,  «  const  (this  rather  evident  affirmation 
convlxx:es  us  in  the  examination  of  the  boimdary  conditions  on  the  front 
jof  the  shock  wave).  Therefore,  the  member  Pq/pq  in  the  first  equation 
^f  (12.4)  disappears  and  the  bracket  returns  to  zero.  The  factors, 

I -  .  g—  . 

[depending  on  the  scales,  in  equaticms  (12.4)  reduce  to  the  follc^wifig  . 

_ _  _  .  aao 


constants; 


,We  shall  obtain  a  system  of  equations  for  tlie  representatives; 


(a  -  i)  a-*o + (o — 6)  o' + g-^x'  •=  0, 
(o — i)  (In  i  (o  —  1)  «■* = 0. 


(12.14) 


For  the  purpose  of  simplification  of  the  system  we  shall  make 
a  series  of  transformations.  Let  us  turn  to  the  new  representative 
functions  P,  G,  V,  connected  with  the  old  ones  tt,  g,  v  by  formulas 
(12.12)  (It  Is  possible  of  course  from  the  very  beginning  to  find  the 
solution  of  dimensional  equations  (12.1)  In  the  form  of  (12.11)). 
Further,  we  shall  Introduce,  Instead  of  pressure,  a  new  unknown  func¬ 
tion,  the  square  of  the  speed  of  sound*  and  correspondingly  let  us 
turn  to  the  representative  of  the  square  of  the  speed  of  sound. 

In  dimensional  variables  c  ■  7p/p.  In  presentation  (12.5)  c  » 
«  7R  Tr/g  ■  R  z,  where  representative  z  ■  yv/g. 

2  r2 

In  presentation  (12.11),  which  we  crossed  to,  c  -  7^P/G 
where  representative  Z  ■  7P/G.  Formulas  (12,12)  give  the  connec¬ 
tion  between  representatives  z  and  Z: 


*The  system  of  equations  of  gas  dynamics  (12.1)  can  also  be 
written  with  respect  to  functions  p,  u,  c2  Instead  of  p,  u,  p; 


*4+  ■  f"®* 


(12.1*) 


After  Introduction  of  new  variables^  system  (12.14)  obtains  the 

f,.;  1  .  , 

'  forjn 

(12.15) 

This  Is  a  system  of  three  ordinary  first  order  differential  equa¬ 
tions  with  respect  to  three  unknown  functions  Q«  Z  from  Independent 
variable  ^ . 

i 

I  Let  us  consider  the  bo\mdary  conditions.  On  the  front  of  the 
, shock  wave  the  laws  of  conservation  are  carried  out«  which  In  a  limit- 

^Ing  case  of  a  strong  shook  wave  give  known  relationships  batwasn  gas- 

i 

I  dynamic  magnitudes  behind  the  front  and  the  speed  of  the  front  (see 
formulas  In  (1,111) )t 

I 

!  f 

Vl— (12.16) 

'  Putting  here  the  expressions  of  dimensional  magnitudes  through 
representatives  of  (12.11)  and  considering  that  on  the  front  of  the 

e 

shock  wave  r  >«  R*  ^  »  1#  and  also  taking  Into  account  that  D  ■  R  ■ 

-  oR/t,  we  obtain  the  boundary  conditions  for  the  represents tl vest 
whoft  ^  •  1 

i 

I 

I  Hence«  one  should  mention#  It  Is  Immediately  clear  that  the  scale 
i'of  density  does  not  depend  on  time  or  radius  of  the  front.  Otherwise 
It  would  have  been  Impossible  to  satisfy  the  condition  • 

^  const  on  the  front  of  the  shook  wave. 

I —  • 

I _ Representatives  also  obey  the ; conditions  to  Infinity.  At  ^e  . 

I 

f-tlme-of  focusing  t  •  0#  speed#  pressure#  and  speed  of  sound  at  any — 
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finite  radius  r  are  limited.  But  with  t  ■  0  and  finite  r,  |  »  oo.  So 

T*  ^  1*^ 

that  with  t  ■  0  and  final  r  the  magnitude  u-^l-V^c  ""J'Z  are  limited, 
it  is  necessary  that  V  and  Z  return  to  zero.  Thus,  we  obtain  another 
condition,  which  should  satisfy  the  solution;  when  ^  -  cd 

F(oo)-0;  Z(c»)-:0.  (i2.l8) 

In  general,  the  boundary  conditions  of  (12.17)  are  sufficient  in 
order  to  begin  integration  of  equations  (12.15)  from  point  4  *  ^  iri 
the  direction  of  ^  >  1,  assigning  some  value  of  number  a. 

However  the  investigation  of  equations,  which  will  be  discussed 
in  the  following  paragraph,  shows  that  it  is  impossible  to  obtain  a 
unique  solution  and  arrive  at  point  (12.18)  with  an  arbitrary  value 
of  a.  This  turns  out  to  be  possible  only  with  a  certain  selected 
value  of  a,  which  also  determines  the  selection  of  the  index  of  self- 
similarity. 

§  7.  Investigation  of  Equations 

We  shall  show  how  the  index  of  self- similarity  is  found  in  the 
solution  of  equations  (12.15).  For  this  purpose  it  follows  first  of 
all  to  investigate  the  equations.  We  shall  not  adhere  to  the  mathe¬ 
matical  strictness  of  foundations  here  and  give  detailed  calculations. 

We  shall  only  mention  the  most  Important  fundamental  moments,  and 
we  shall  also  outline  the  basic  ways  of  solving  the  problem.  We  shall 
try  to  emphasize  certain  peculiarities  of  the  probletm,  common  either 
for  all  self- similar  solutions,  or  for  solutions  of  a  second  type. 

Below  we  shall  trace  the  system  of  calculation  proposed  by  N.  A.  Popov, 
to  whom  we  are  thankful  for  his  valuable  advice. 

Looking  at  system  of  equations  (12.15)  we  immediately  see  that 
variable  In  which  can  be  considered  as  a  new  Independent  variable 
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I  Instead  of  enters  the  system  onjly  In  the  form  of  differential  d 

^  In  Exactly  so,  only  In  the  form  of  differential  d  In  enters. one 

» 

!  of  the  unknovm  functions,  i.e.,  0.  This  property  of  equations  (12.15), 
I  characteristic  for  any  self-similar  motions,  permits  tiie  reduction  of 

i 

I  the  sytem  of  three  differential  equations  to  one  differential  equation 

I 

i  with  respect  to  variables  V  and  Z  and  two  quadratures.*  Actually,  we 

I  i 

I  shall  solve  sytem  (12.15)  with  respect  to  derivatives  dV/d  In 
1  d  In  G/d  In  dZ/d  In  §.  Instead  of  writing  out  the  very  bulky 

I 

I 

I  expressions  obtained,  we  shall  write  the  result  of  the  solution  of  the 
,  algebraic  system  in  symbolic  form,  through  the  determinants 


'.y .  —  ^  _  A,  (AO 
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j  where  the  determinant  of  system  A  is  equal  to 

I  ;  I  '  r~a  ''  0 

1  A-  F-a*  -I  1  - -.J5+(F-o)«.  (12.20) 

I  [  0 


*The  noted  property  is  not  random  and  is  a  consequence  of  the 
I  dimensional  structure  of  equations  of  gas  dynamics,  which  do  not  con- 
'  tain  dimensional  magnitudes,  besides  the  variables  themselves.  The 
I  fact  that  some  magnitude  enters  under  the  differential  sign  of  the 
!  logarithm  testifies  to  the  arbitrariness  in  the  selection  of  units  for 
'  the  measurement  of  this  magnitude.  Regarding  density  p  •  pqQ,  this 
lean  be  directly  seen  from  equations  (12.1*),  written  for  functions  p, 

|U,  c^  (see  footnote  on  p.  991  )•  If  in  general  nonself-slmilar  equations 
I  we  change  to  new  Independent  variables,  i.e.,  I  •  r|At®  and  t]  ■  t/tq, 
where  A  and  rp  are  some  externally  introduced  dimensional  parameters, 

I  then,  inasmuch  as  the  selection  of  these  parameters  is  not  limited  to 
[anything,  they  must  be  dropped  from  the  equations.  And  indeed,  the 
g transformation  shows  that  the  new  variables  enter  the  equations  only 
in  the  form  of  d  In  ^  and  d  In  t)  (in  the  case  of  self-similar  motions 
<all  functions  depend  only  on  ^  and  do  not  depend  on  t],  so  that  members 
d  in  Tj  disappear). 

!  pimensionless  values  of  V  and  Z  are  composed  from  the  dimensional 
ivarlables  themselvesj  V  ■  t/ru;  Zj«  without  the 

[i^artielpatlon  of  any  outside  parameters;  therefore,  in  the  equatiene- 
I  they  (snter  in  free  form,  not  under!  the  sign  of  d  In.  ^ _ i 

L - -0  _  ..  . _,_j _ _  _ 0 _ j 
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Determinants  A^#  A^  are  obtained  after  replacement  of  corre¬ 
sponding  columns  In  determinant  (12.20)  by  the  right  parts  of  equa¬ 
tions  (12.15). 

Coefficients  with  derivatives  and  right  sides  In  equations  (12.15) 
depend  only  on  V  and  Z,  but  do  not  depend  on  G  and  so  that  all 
magnitudes  A,  A^,  A^  are  functions  only  of  V  and  Z.  Dividing  the 
third  and  the  first  equation  by  (12.19)  into  each  other,  we  obtain  an 
ordinary  first  order  differential  equation: 


W  A|(2.  y)*  [id.di) 

After  we  find  the  solution  of  this  equation  Z('V),  it  can  be  placed 
in  the  first  equation  by  (12.19)  and  by  means  of  quadrature  we  can 
determine  the  function  V(^),  and  then,  putting  V(^)  and  Z[V(^)]  in  the 
second  equation,  by  means  of  quadrature  we  can  find  the  fxinction  G(^). 

In  fact,  one  quadrature  is  enough,  since  the  system  of  equations 
(12.15)  possesses  one  Integral,  which  is  the  algebraic  relationship 
between  all  variables.  The  existence  of  this  Integral,  the  integral 
of  adlabatlcity.  Is  connected  with  the  fulfillment  of  the  law  of  con¬ 
servation  of  entropy  In  a  gas  particle.*  In  general,  fulfillment 


*In  order  to  derive  the  integral  of  adlabatlcity,  we  shall  use 
the  first  and  third  equations  of  (12.15).  The  first  (equation  of 
continuity)  will  be  divided  by  V  -  a  and  will  be  presented  in  the  form 

WlnC+rfln(y~o)-~Mto| - . . 

r  •— O 

The  third  (entropy)  equation  will  be  divided  by  Z  and  will  be  presented 
in  the  form 


W  hi  rf  la  I 

Excluding  d  In  ^/(V  -  a)  from  these  two  equations  and  grouping  all 
members  to  one  side,  we  obtain  an  equation  of  the  form  d  In  {|,  G,  V, 
Zl  -  0,  which  gives  integral  (|,  G,  V,  Z)  -  const.  The  constant  Is 
determined  with  the  help  of  boundary  condition  (12.17). 
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I  Of  laws  of  conservation  always  Is  itcoompanled  by  the  existence  of 
i  corlrespondlng  Integrals  of  self-sliillar  equations.  Thus,  In  the  prob* 
Hem'  about  the  strong  explosion  (see  §  25,  Chapter  I)  the  equations 
possess  an  Integral  of  energy. 

Thus,  the  basic  problem  reduces  to  the  solution  of  equation  (12.21) 
with  boundary  conditions  (2.17)  and  (2.18). 

1 

I  Let  us  consider  how  the  unknown  Integral  curve  passes  on  plane 

■VZ.  On  the  front  of  a  shock  wave  when  4  ■  1,  V  ■  V(l)  and  Z  »  Z(l) 

I (see  formulas  (2.17)).  Let  us  plot  this  point  on  a  plane  and  designate 


It  by  the  letter  To  Infinity,  udien  ^  * 
«  00,  V(oo)  «  0  and  Z(oo)  ■  0,  l.e..  Integral 
curve  Z(V)  goes  fr^  point  «  to  the  origin 
of  coordinates  0  (Fig.  12.1). 

So  ,that  the  solution  of  equations  of 
gas  dynamics  has  a  physical  meaning.  It 
should  be  simple.  Every  value  of  Independ¬ 
ent  variable  I  must  correspond  to  the  sin¬ 
gular  values  of  V  and  Z.  This  means  that 


{functions  ^  of  V  and  |  of  Z  or,  all  the  same.  In  ^  of  V  and  In  ^  of  Z, 


should  not  have  extrema.  Derivatives  d  In  |/dV  ■  and  d  In  ?/dZ  • 
i-  a/Aj  In  the  region  of  variation  Of  variable  l<|<cx),  0<ln^<oD 
I  In  a  true  solution  nowhere  should  return  to  zero. 

p 

I  But  determinant  A  «■  -  Z  +  (V  -  a)  Is  equal  to  zero  on  parabola 

I  2 

|Z  ■  (V  -o)  ,  drawn  on  plane  VZ  (Fig.  12.1).  It  Is  easy  to  check  by 


'means  of  direct  calculation  that  point  0  lies  higher  than  the  parabola, 

I 

|H,e.,  the  unknown  Integral  curve  along  Its  path  from  point  0  to  point 
hj'by  dieans  should  Intersect  the  parabola.  So  that  the  derivatives 

|— -  I  I  ^  m.  — ) 

|d  In  g/dV  and  d  In  ?/dZ  do  not  retim  to  zero.  It  Is  necessary  that  , 


‘PI.  <!.. 


at  the  point  of  intersection  the  determinants  ancf  A^  return  to 
zero  (it  is  possible  to  check  that  when  A  -  0,  A^  and  A^  return  to 
zero  simultaneously).  Thus,  the  point  of  intersection  of  the  true 
integral  curve  Z(V)  and  the  parabola  is  the  singular  point  of  equation 
(12.21)  (A^  =  0,  A^  =  0,  dZ/dV  =  O/O) . 

If  one  were  to  assign  some  arbitrary  value  of  the  index  of  self- 
similarity  a,  and  start  to  Integrate  equation  (12.21)  from  point 
the  Integral  curve  either  in  general  will  not  Intersect  the  parabola, 
or  will  Intersect  it  in  some  ordinary  point,  and  this  curve  will  not 
respond  to  the  true  solution. 

Only  at  a  special,  selected  value  of  a  will  the  Integral  curve 
Intersect  the  parabola,  passing  through  the  necessary  singular  point 
of  equation  (12.21),  and  tend  to  its  final  point  0.  This  condition 
of  obligatory  passage  of  the  true  integral  curve  through  a  defined 
singular  point  of  equation  (12.21)  is  also  determined  by  index  a. 
Singular  point  B  and  the  schematic  trend  of  a  true  integral  curve  are 
shown  in  Fig.  12.1  (it  is  possible  to  show  that  point  B  lies  on  the 
left  branch  of  the  parabola). 

In  singular  point  B,  through  which  there  passes  the  true  Integral 
curve  Z(V),  magnitudes  Z  and  V  take  definite  values  that  are  connected, 
in  addition,  to  the  equation  of  the  parabola  Z  =  (V  -  a)  .  Inasmuch 
as  V  and  Z  are  functions  of  the  singular  point  corresponds  to  the 
definite  value  of  ^  «  ^q.  In  turn,  the  value  of  ^  corresponds 

to  a  certain  line  on  plane  r,  t,  the  "^Q-llne."  The  equation  of  this 
line  is  r  »  R(t)^Q  »  A(-t)°^^Q,  and  the  differential  equation  for  it 
has  the  form  of  dr/dt  »  R^q. 

The  line  of  the  front  of  a  shock  wave  Is;  i  •  1,  r  -  R(t), 
d  I*  * 

-rr  =  R.  Both  lines  are  shown  in  Fig.  12.2  (let  us  note  that  axis  r 
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1 

1 


Is  line  I  «  oo). 

The  ^Q-line  possesses  an  liaportant  property| 
f*  ^  It  Is  one  of  C^-cheracterlstlcs.  In  order  to 
be  convinced  in  this,  we  shall  turn  in  the 
dimensional  equation  for  C__-characterlstlcs  dr/dt 
-  u  -  c  to  self- similar  variables.  Here  one 


should  consider  that  the  speed  of  sound  c  is  a 

Pig.  12.2.  r,  t- 
diagram  for  the  magnitude  that  is  essentially  positive.  Its 
1  process  of  conver-  . 

jgence  of  a  shock  accepted  scale  R  or  r/t  is  negative.  Consequently^ 
I  wave  to  the  center.  - 

, I  >  1  ->  line  of  when  extracting  the  root  from  expression  c^  « 

' front  of  shock  wave«  2  rn 

i  I  -  "  -w  Z  one  should  put  c  ■  -  ^\yz\. 


Sever 


Si  chS 


racter- 


I  Is tics  of  the  C^- 
and  C  -sets  have 


Thusj 


GLIlil  \J  ""BtSLia  11SVC3  M  ■ 

■been  plotted.  ^-«'-»-T^+7lV^I-ft(''+IV^I)— 

j 

We  shall  be  concerned  with  those  C_-charaeterl sties  which  pass 

1 

I 

I  through  the  ?Q-llne  on.  plane  r,  t.  For  this  we  shall  put  |  in  the 
I  equation  of  characteristics.  But  when  C  "*  Cq 

*0.>-|F(l.)-«P.  IVT15I-.-K0,) 

I  •  O 

j  (since  V  <  a.  Actually,  when  §  ■  iV(l)  ■  <  o;  when  |  ■  a>,V-Oj 

j  function  V(0  is  monotonlc).  Therefore  the  considered  C__-character- 
llstlcs  In  every  point  of  the  ^Q-llne  have  slope 

1+  I  I  ]  -  R^q,  which  coincides  with  the  slope  of  the 

i 

Itself.  This  means  that  the  ^»-llne  either  envelopes  the  set  of  C  - 
!  ^ 

Icharacterlstlcs,  or  simply  coincides  with  one  of  them.  It  turns  out 

I 

that  the  second  statement  Is  valid*  coincides  with  the  C_- 

; characteristic,  l.e..  It  Is  the  C  -characteristic  Itself. 


I - - 


Prom  this  follows  an  important  result,  concemlng  the  casuql 


[relationship  of  phenomena.  As  It  ^s  known,  in  a  region  of  continuous ' 
jfiow  the  characteristics  of  one  sei  never  intersect.  IMs  mean^  toat , 
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all  those  C__-characterlstlcs  which  pass  above  the  f^^-llne  (see  Fig. 
12.2)  do  not  overtake  the  front  of  the  shock  wave  until  the  moment  of 
focusing.  (C__-characteristlcs,  passing  below  the  P^^-llne,  overtake 
the  frontj  C, -characteristics  themselves  emerge  from  the  line  of  the 
front) . 

Thus,  the  ^^-llne  limits  the  region  of  influence.  The  state  of 
motion  in  a  given  moment  of  time  in  those  points  which  lie  to  the 
right  of  the  ^Q-llne,  l.e.,  at  distances  r,  greater  than  rQ  »  R(t)^Q, 
in  no  way  will  Influence  the  motion  of  the  shock  wave. 

The  above-noted  properties  of  the  solution;  passage  of  true 
Integral  curve  through  a  singular  point,  possible  only  at  a  selected 
value  of  the  index  of  self-similarity  a  (from  where  this  value  is  also 
.determined),  and  the  existence  of  the  !^Q-llne  on  plane  r,  t,  which 
corresponds  to  a  singular  point,  is  a  characteristic  and  limits  the 
region  of  influence,  l.e.,  are  peculiar  to  all  self-similar  regimes 
of  the  second  type. 


§  8.  Results  of  Solution 

Practically,  the  solution  and  index  of  self-similarity  is  found 
by  the  trial  and  error  method.  Assigning  some  value  of  o,  we  ntimer- 
Ically  Integrate  equation  (12.21)  from  initial  point  4>  (§  ■  1)  and 
check  how  the  Integral  curve  proceeds.  Correcting  the  value  of  o,  by 
means  of  series  approximations  we  try  to  obtain  that  the  Integral 
curve  Intersects  the  parabola  in  the  needed  singular  point  and  tends 
to  final  point  0.  L.  D.  Landau  and  K.  P.  Stanyukovlch  [1]  Indicated 
a  method  of  approximation  with  the  help  of  which  there  can  be  found 
the  value  of  a,  very  close  to  the  actual  value.  This  value  was  used 
for  the  first  attempt  and  then  deflnltlzed.  After  index  a  and  function 
Z(V)  are  found,  the  finding  of  functions  V(4),  Z(|),  G(4)  is  not 
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difficult. 

* 

In  such  a  way  in  works  [1,  5]  there  was  found  the  value  of  the 
index  of  self- similarity  a  ■  O.717  for  adiabatic  exponent  7  »  7/5. 
Furthermore,  in  [1]  it  was  fo\ind  that  a  »  O.638  for  7  ■  3,  and  it  was 
also  established  that  In  the  limit  of  7  1,  a  1.  Laws  of  change 

of  radius  and  speed  of  the  front  of  a  shock  wave,  and  also  pressure 
behind  the  front  when  7-7/5  are  such: 

I  I H  <  r  *  -  - 1  <  r 

- 1  <  - 1 1 

Distribution  of  speed  u  and  pressure  p  along  the  radius  in  various 
moments  of  time  when  7  -  7/5  are  shcvnn  in  Pig,  12.3,  taken  from  the 
book  by  K.  P.  Stanyukovich  [1],  Sp^ed  behind  the  front  mcnotonically 
drops,  pressure  tt  first  Increases  somewhat,  and  then  also  drops.* 
Density  behind  the  front  monotonically  increases, 

A  shock  wave  continuously  accelerates  and  amplifies  upon  conver¬ 
gence  to  the  center.  When  t  -♦  0  and  R  0  pressure  and  temperature 
on  the  front  tend  to  infinity]  gas  density  remains  finite;  on  the  front 
of  wave  it  is  constant  and  is  equal  to  [7  +  l)/(7  -  1)]  Pq. 

Upon  convergence  of  the  shock  wave  there  occurs  a  concentration 
of  energy  near  the  front  of  the  shock  wave:  toaperature  ano  pressure 
Increase  without  limit.  However,  due  to  the  fact  that  the  actual 
dimensions  of  a  self-similar  region  decrease  in  time,  the  total  energy 
concentrated  in  it  also  decreases,  A  self-similar  solution  Is  valid 
only  in  a  certain  sphere,  whose  radius  decreases  together  with  the 


♦Such  a  pressure  trend  is  not  common;  for  instance,  when  7-3 
the  pressure,  as  also  speed,  monotonically  decreases  behind  the  front 
bf  a  shock  wave. 
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radius  of  the  front,  in  proportion  to 
R,  i.e.,  the  effective  boundary  of  the 
self-similar  region  is  a  certain  constant 
value  of  r/R  =  i  The  amount  of 

energy  enclosed  in  the  self-similar  region, 
i.e.,  in  a  sphere  of  variable  radius  r^^  = 

=  ^^R,  is  equal  to; 

R 

The  integral  with  respect  to  ^  from 
1  to  is  a  constant  number,  so  that 
energy  -  R^R^  ~ 

For  all  real  values  of  adiabatic 
exponent  7  the  power  of  R  is  positive. 

For  Instance,  when  7  **  7/5  a  “  0.717 

when  J?— ►0. 

If  one  continues  Integration  of  |  ad  infinitum  -  00),  the 
Integral  diverges.  (This  is  clarified  in  the  footnote  on  p.l002). 

Thus,  the  energy  in  the  whole  space  within  the  confines  of  the  self- 
similar  solution  is  infinite.  This  in  particular  also  confirms  the 
inapplicability  of  the  self-similar  solution  to  large  radii  r  (at 
given  radius  of  front  R) . 

The  amount  of  energy  enclosed  in  a  sphere  of  constant  radius  r 
can  Increase  (but  not  infinitely);  however,  motion  in  all  the  region 
from  R  to  r  »  const  >  R  is  not  described  by  a  self-similar  solution. 
The  self- similar  solution  pertains  only  to  the  entire  decreasing 


Fig.  12.5.  Distribution  . 
of  pressure  in  arbitrary 
units  (a)  and  speed  (b) 
in  various  moments  of 
time  upon  convergence  of 
a  shock  wave  to  the  center, 
7  “  7/5.  Graphs  are  taken 
from  book  [1]. 
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sphere  ~  R,  const,  whereas  ^  oo  when  r  -  const  and  R  -♦  0. 

The  form  of  limiting  distributions  of  gas-dynamic  magnitudes 
with  respect  to  radius  at  the  time  of  focusing  t  -  0  can  be  established 
on  the  basis  of  considerations  of  diaienslon.  At  our  disposal  there  is 
only  one  parameter  A  cm.sec"“,  with  the  help  of  which  it  Is  possible 
to  connect  speed  u  and  speed  of  sound  c  with  radius  r. 

This  gives  a  limiting  law  at  the  time  t  «  0: 

i-i-L 

Inasmuch  as  moment  t  «■  0  and  r  0  corresponds  to  the  value  of 
^  -  00,  limiting  density  p  -  PqQ{oo)  is  constant  with  respect  to  radius. 

Limiting  distribution  of  pressure  consequently  Is 

I 

Limiting  laws  u(r),  c(r),  and  p(r)  naturally  coincide  with  the 
laws  on  the  front  In  the  course  of 'the  process  of  u^(R),  c<,(R),  and 
p^(R)  (with  an  accuracy  of  numerical  coefficients).* 

The  numerical  coefficients  In  the  limiting  laws  for  u(r),  c(r), 
and  p(r).  Just  as  the  limiting  value  of  density  ■  Po®(®)» 


♦Limiting  laws  can  also  be  established  analytically,  proceeding 
from  equations  for  representatives,  if  one  finds  the  asymptotic  solu¬ 
tion  in  the  vicinity  of  po^t  ?  -  m,  7  »  0,  and  Z  -  0.  We  shall 
obtain:  V  ~  Z  ~  which  upon  transition  to  dimensional 

magnitudes  will  also  give  the  limiting  laws  described  In  the  text. 
Magnitudes  v2  and  z  «  yir/g  when  $  -♦  oo  according  to  determination 

2  2  2  2-»  ^ 

(12.12)  are  proportional  tov  ~2~^V  aj  g(oo)  ■  G(3j)  -  const. 

Hence  It  Is  clear  that  the  integral  of  energy  diverges  when  oo 

and  the  energy  in  the  whole  space  within  the  confines  of  the  self- 
similar  solution  is  infinite  in  any  mcmient  of  time. 


y 


I 


be  found  only  as  a  result  of  the  solution  of  equations  of  self-similar 
motion.  When  7  »  7/5  limiting  density  is  equal  to 
(density  on  the  front  of  the  shock  wave  is  ■  ^Pq)*  value 

of  p  »  12.6pq  is  possessed  by  density  at  large  distances  from  'che 
front  r  -♦  CO  and  up  to  the  moment  of  focusing  (since  when  R  0  and  r  -♦ 
-•CO,  *  r/R  -•  co)  and  «  G(t)  G(co) . 

Po 

The  energy  of  content,  concentrated  in  a  sphere  of  radius  r  at 
the  time  of  focusing,  is  proportional  to 

5-1 

(Just  as  ~  R  see  above). 

The  energy  concentrated  in  a  sphere  of  finite  radius  is  finite, 
and  when  r  -•  0  it  also  tends  to  zero.  The  greater  the  sphere,  the 
greater  the  amount  of  energy  included  in  it  (within  the  confines  of 
the  self-similar  regime). 

After  the  moment  of  focusing,  when  t  >  0,  reflected  from  the 
center,  the  shock  wave  spreads  through  the  gas,  moving  toward  it,  to 
the  center.  The  motion  in  this  stage  is  also  self-similar  and  the 
index  of  self- similarity  does  not  change.  The  law  of  propagation  of 
the  front  of  a  reflected  shock  wave  when  t>0isR~t®. 

Calculations  show  that  when  7  -  7/5  the  density  of  gas  behind 
the  front  of  a  reflected  shock  wave  is  equal  to  p^  »  157. 5pQ#  and 

it  is  25  times  more  than  the  density  behind  the  front  of  the  incident 
wave,  p^  ■  6pQ.  The  speed  behind  the  front  is  positive,  i.e.,  the  gas 
scatters  from  the  center,  where  the  speed  of  scattering  decreases  in 
time,  starting  from  infinity,  in  accordance  with  the  laws  R  ^  t®  and 
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t  ;r>r§  Collapse  of  Bubbles.  Rayleigh  Problem  j 

I  With  the  process  of  convergence  of  a  shock  wave  to  the  center  I 

1  !  :  ! 

thejre  Is  a  large  number  of  common  lines  in  the  process  of  collapse  of, 

bubbles  in  a  fluid  (in  water).  In  a  real  fluid  there  frequently  form| 
little  bubbles  filled  by  the  vapor  of  the  fluid  and  undissolved  gases | 
The  phenomenon  of  formation  of  bubbles  carries  the  name  of  cavltatloni 

i 

'  In  stationary  conditions  a  bubble  is  stable  and  gas  pressure  from  i 

within  balances  the  pressure  in  the  fluid.  When  the  fluid  participates 

! 

in  the  motion  and  goes  from  a  region  of  low  pressure  to  a  region  of  i 
higher,  internal  pressure  in  a  bubble  which  was  formed  earlier,  at 

I  ; 

j low  pressure,  and  becomes  less  than  the  new  high  pressure  in  the  fluid. 

I  The  fluid  then  runs  to  the  center,  collapsing  the  bubble.  When  col-  i 

i  .  : 

I  lapsing  a  bubble,  as  also  when  focusing  a  shock  wave,  there  occurs 
j concentration  of  energy.  The  speeds  of  collapse  and  pressure  grow 
I  with  the  decrease  of  radius  of  the  bubble  and  in  the  focusing  stage  ! 
attain  very  large  values.  After  collapse,  in  the  central  region  there 
will  form  a  pressure  peak  and  from  the  center  spreads  a  shock  wave.  | 

J 

When  a  similar  process  occurs  near  solid  surfaces,  a  shock  wave  ' 


♦In  the  work  of  one  of  the  authors  of  [26]  there  is  constructed  ! 
a  set  of  self -similar  solutions  for  cylindrical  motion  in  the  acoustic 
approach.  It  is  obtained  by  means  of  superposition  of  plane  waves. 

'The  index  of  self-similarity  is  arbitrary  and  is  selected  according  to 
I  the  initial  conditions.  For  a  convergent  cylindrical  ^ock  wave  (in 
the  acoustic  approach)  pressure  on  the  front  p  where  radius 

of  the  front  is  R  ■  cjt],  i 


It  is  interesting  that  in  a  reflected  shock  wave  the  pressure  on' 

-«»a-front  is  infinite  when  R  0.  The  results  for  the  shock  wave - - 

were_ obtained  earlier  by  Ye,  I.  Zababakhln  and  M,  N,  Nechayev  [2^73»  1 

Pressure  on  the  front  returns  to  Infinity  only  within  the  confines 

acoustic,  irtiich  is  explained  in  [26],  2 - ! 


can  lead  to  damages  to  the  material  of  the  surfaces.  It  Is  considered  I 
that  this  is  one  of  the  causes  of  fast  wear  of  screw  propellers  and  | 
turbines,  | 

The  problem  about  the  motion  of  a  fluid  during  the  collapse  of  I 

a  bubble  in  an  Idealized  setting  was  solved  by  Rayleigh  [4].  The  fluid  I 

1 

was  considered  to  be  Ideal  (inviscld)  and  Incoippresslble.  The  spher-  I 

Ically  symmetric  cavity  was  considered  to  be  eiapty,  i.e.,  pressure  j 

) 

Inside  and  on  the  surface  of  the  cavity  was  assumed  equal  to  zero.*  i 

'J 

Let  us  assume  that  in  the  initial  moment  there  is  a  spherical  - 

cavity  with  radius  Rq  In  a  fluid.  Pressure  in  the  surrounding  fluid  i 

is  equal  to  Pq,  and  the  fluid  rests.  Distribution  of  speed  along 
radius  r,  after  the  beginning  of  motion,  will  be  found  from  a  continuity 
equation  when  p  -  const: 

I* ■■  Jl «■  il (12.22) 

« 

where  R(t)  is  the  radius  of  the  cavity  and  R  is  the  boundary  speed. 
Putting  the  expression  for  speed  in  the  equation  of  motion  and  integra¬ 
ting  it  with  respect  to  r  from  r  to  co,  we  obtain  the  distribution  of 
pressure: 

^ .  (12.23) 

If  we  carry  this  equation  to  the  boundary  of  the  cavity  ^  ■  1, 
where  p  ■  0,  we  shall  obtain  an  equation  for  function  R(t): 

0-J».+Q(^it+4^).  (12.24) 


♦Obviously,  in  a  real  process  on  the  last  stage  of  collapse,  the 
pressure  of  vapors  inside  increases  so  much  that  it  restrains  the 
pressure  of  the  fluid  and  forces  it  to  recede.  Owing  to  very  fast 
compression,  the  vapor  does  not  condense  and  its  compression  at  the  end 
occurs  according  to  Poisson’s  adlabat.  However,  considering  collapse 
up  to  not  too  small  radii,  vapor  pressure  can  be  disregarded.  It  is 
also  possible  to  disregard  surface  tension  on  the  fluid  boundary. 


Integrating  the  equation  once  with  Initial  condition  R  «  0  when 
R  -  Rq,  we  obtain  the  law  of  bulld-up  of  speed  during  collapse: 

(12.25) 

This  equation  can  also  be  obtained  directly  from  energy  consider¬ 
ations.  Let  us  take  as  zero  the  energy  of  the  fluid  without  a  bubble. 
Potential  energy  of  the  fluid,  which  has  a  bubble  of  radius  R,  Is  equal 
to  the  work  expended  In  surmounting  the  forces  of  external  pressure 
In  a  cavitation  with  volume  kirR^/3.  This  work  Is  equal  to  Pq^ttrVJi 
Independently  of  distribution  of  pressure  In  the  region  of  the  bubble.** 
Kinetic  energy  of  the  fluid  Is  equal  to 


Total  energy,  equal  to  the  sum  of  kinetic  and  potential,  is 
retained: 

(12.26) 

Hence  we  obtain  expression  (12.23). 

With  the  help  of  relationship  (12.24)  the  profile  of  pressure 
(12.23)  can  be  presented  In  the  form 

f)'  i-i- 


•Integration  of  equation  (12.25)  gives  the  collapse  time  of  the 
bubble  T  -  0.915  R(j^/pQ.  For  Instance,  In  water  when  p  «  1  g/cm^, 

PO  ■  1  atm,  Rq  ■  1  mm,  t  -  O.SIS^IO”^  sec. 

**It  Is  possible  to  explain  this  cosltlc,  i  the  following  way. 

Let  us  Imagine  a  vessel  with  a  fluid,  located  under  pressure  Pq,  closed 
by  a  moving  piston  with  surface  area  S.  If  Inside  there  forms  a  cavity 
with  volume  ft,  the  fluid,  by  virtue  of  Its  Incompressibility,  cresses 
the  piston  at  distance  l,  such  that  IS  <•  ft.  It  then  performs  on  the 
piston  the  work  of  pnSl  ■>  pQft,  which  is  determined  only  by  pressure 
Pq  far  off  from  the  bubble  and  does  not  depend  on  distribution  of 
pressure  near  the  bubble. 


(profiles  of  speed  and  pressure  are  schematically  depicted  In  Fig. 
12.4.) 

Prom  the  formula  for  pressure  it  is  clear  that  the  problem  is 
not  self-similar  (in  spite  of  the  ''self-similar”  form  of  speed  (12.20). 
This  is  understandable:  the  problem  has  characteristic  scales  of 
length  Rq  and  speed  VPq/p* 

However,  in  the  limit  when  the  radius  of  the  cavity  tends  to  zero, 
R  -*  0,  and  speed  and  pressure  grow,  tending  to  infinity,  and  the 
solution  asymptotically  takes  on  a  self-similar  character; 


(12.27) 


The  scale  of  length,  the  Initial  radius,  becomes  too  large,  and 
the  scale  of  pressure  Pq  becomes  too  small  to  characterize  a  ture  proc- 
"f"  ess,  for  which  the  cavity  radius  R  and  boundary 

k  R  now  serve  as  the  scales  (R  «  Rq;  R  » 

P  ~  »  Pq)*  motion  as  if 

"forgets”  about  the  initial  conditions.  This 


/  in  particular  is  seen  in  the  fact  that 

/  ^  parameters  p^^  and  R^^  now  enter  the  equation 

/ 

1.  B  1  -  of  motion  of  the  boundary  not  separately,  as 

*  1*0x11©  S 

in  thrRa“el|h"?S"  (12.25)),  but  only  In 


lem. 


a  combination,  proportional  to  the  total 


energy  of  fluid  E  -  4irR^Q/5  (see  formula  (12.27)). 

As  we  see,  self- similarity  belongs  to  the  first  type,  l.e.,  the 
energy  is  retained.  The  dimensional  parameters  in  the  self-similar 
flow  are  the  same  as  in  the  problem  about  the  strong  explosion,  l.e., 
energy  and  density.  The  law  of  boundary  motion  is  given  by  equation 
(12.27)  R^  ~  pr5'  and  pressure  p  ~  E/R^.  Hence  we  immediately 
obtain  R  ~  (B/p)^/^(-t)^/5;  R  ~  (E/p)^'^^(-t)“^/^,  as  in  the  problem 
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about  the  strong  explosion  (the  moment  of  focusing  is  taken  as  zero). 
Index  of  self-similarity  is  a  -  2/5. 

In  the  limit  R  0  from  formulas  (12.22)  and  (12.27)  we  obtain 

I 

•~*7r~7r!  t~-m\T-ir)-Ts;-ir- 

Boundary  speed  tends  to  Infinity,  R  ^  but  speed  on  finite 

radius  r  /  0  tends  to  zero.  In  the  limit  R  0  the  potential  energy 
PQ4irRV5  tends  to  zero,  and  all  energy  E,  which  is  new  kinetic,  is 
concentrated  at  the  point  of  origin  of  the  coordinates.  Energy  density 
in  it  is  infinite.  In  distinction  from  speed,  the  pressure  at  the 
time  of  focusing  is  infinite  at  any  finite  radius  r  /  0  (energy  is 
not  connected  with  pressure  in  the  model  of  incompressible  fluid). 

This  testifies  to  the  imperfection  of  the  model  of  incompressible 
fluid.  As  will  be  shown  in  the  following  paragraph,  in  the  calculation 
of  compressibility  the  pressure  at  finite  distances  from  the  center 
is  limited. 


§  10.  Collapse  of  Bubbles.  Calculation 
of  Compressibility  and  Viscosity 

Collapse  of  an  empty  cavity  in  water,  taking  into  account  com¬ 
pressibility  (but  without  taking  into  account  viscosity),  was  consid¬ 
ered  by  Hunter  [5].  The  equation  of  state  was  adopted  in  form  of 

with  7-7.  However,  actually,  in  the  limit  of  large  pressures  the 
unit  was  lowered,  so  that  the  equation  of  state  had  a  form  analogous 
to  the  gas  type,  p  -  B(p/pq)7.  Magnitude  B  was  assumed  to  be  constant, 
not  depending  on  entropy  (flow  was  considered  to  be  isentropic).  It 
was  taken  that  B  -  JOOO  atm. 

Numerical  solution  of  equations  of  hydrodynamics  (in  variables 
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u,  c)  with  properly  selected  initial  and  boundary  conditions  showed 
that  in  the  limit  when  the  radius  of  the  cavity  becomes  very  little, 
and  boundary  speed  is  very  great,  the  solution  becomes  self-similar. 

In  accordance  with  this,  we  found  the  solution  of  the  equations 
in  self-similar  form  u  Rv(r/R),  c  »  R  z(r/R),  where  the  radius  of 
the  cavity  is  R  =»  A(-t)°‘.*  Equations  in  self-similar  variables,  their 
general  properties,  and  the  course  of  the  investigation  in  many 
respects  are  analogous  to  what  takes  place  in  the  problem  about  con¬ 
vergence  of  a  shock  wave  to  the  center.  As  a  result  of  numerical 
integration  the  index  of  self-similarity  a  was  equal  to  a  -  0.555 

(for  7  »  7). 

The  energy  of  the  entire  flow  is  infinite,  as  in  the  problem 

about  focusing  of  a  shock  wave.  (Energy  enclosed  in  a  sphere  with 

radius  r  at  the  time  of  focusing  t  -  0,  R  -  0,  is  proportional  to 
1 

r  •  The  absence  of  an  integral  energy  also  refers  the  self-similar 

problem  to  the  second  type.  Distributions  of  speed,  square  of  the 
speed  of  sound,  and  density  along  the  radius  at  the  time  of  cdllapse 
of  the  cavity,  when  R  -  0,  have  the  form 

«0-«)  l(l-y 

U's/f  •  ;  c*~r"  ®  ;  9 r” * <▼-»  ;  p>-s,r~  «(v-*) . 

In  distinction  from  the  case  of  focusing  a  shock  wave,  when 

distributions  u  and  c  (c  ~  have  the  same  form,  the  limiting 

density  here  is  variable.  This  is  connected  with  the  fact  that  from 

the  very  beginning  the  problem  is  considered  to  be  Isentropic.  A 

2 

sharp  increase  of  c  and  p  is  not  connected  with  the  growth  of  entropy. 


♦For  investigation  and  solution  of  the  equations  it  turned  out  to 
be  more  convenient  to  select  as  a  self-sii^lar  variable  iiot  %  -  r/R  - 
-  r/A(-t)P,  but  the  magnitude  -  -(R/r)Va  «  Ava  tr-^/®  (on  the 
boundary  of  the  cavity  r  •  R,  -  -1;  to  infinity  r  -  oo,  |  -  0). 


1009 


as  In  a  shock  wave,  hut  with  the  growth  of  density. 

The  self-similar  solution  in  some  measure  describes  the  real 
process  only  in  the  region  of  very  small  radii,  when  the  Intlal  con¬ 
ditions  are  "forgotten. " 

A  comparison  of  the  self-similar  solution  with  the  results  of 
numerical  integration  of  partial  differential  equations  at  initial 
conditions,  corresponding  to  atmospheric  pressure  in  water  and  initial 
radius  Rq  *  0.5  cm,  showed  the  following.  At  the  time  of  full  collapse 
t  ■  0,  R  =*  0  the  self-similar  solution  is  valid  in  the  region  with 
radius  of  the  order  10  cm.  Such  a  sphere  contains  approximately 
10-20^  of  the  fluid  energy,  and  the  pressure  on  its  boundary  is  of  the 
order  of  several  tens  of  thousand  atmospheres.  In  the  work  of  Hunter 
there  is  also  found  a  self-similar  solution  for  a  shock  wave  which 
spreads  from  the  center  after  bubble  collapse. 

The  calculation  of  viscosity  of  a  fluid  leads  to  Interesting 
regularities.  The  problem  about  collapse  of  an  empty  spherical  cavity 
in  an  incompressible  viscous  fluid  was  solved  by  Ye.  I.  Zababakhln  [6]. 

Investigation  of  equations  indicate  that  the  character  of  motion 
depends  on  Reynolds  niunber  Re  ~  where  v  »  Tj/p  is  the  kinematic 

viscosity.  When  Re  >  Re,*  where  Re*  is  a  certain  critical  number 
(low  viscosity),  the  boundary  speed  of  the  cavity  R  Increases  without 
limit  when  R  -♦  0  by  the  same  law  as  in  the  Rayleigh  problem,  R  ~ 
but  with  a  smaller  value  of  the  proportionality  factor  (part  of  the 
energy  is  turned  into  heat  at  the  expense  of  dissipation).  When  Re  < 

<  Re*  (high  viscosity)  the  viscosity  strongly  prevents  acceleration 
of  the  fluid,  and  bubble  collapse  occurs  slowly,  in  an  infinite  length 
of  time.  Cumulation  of  energy,  characteristic  for  the  Rayleigh  problem, 
,1s  absent.  In  an  intermediate  case  when  Re  «  Re*  the  bubble  collapses 
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j  • 

in  a  finite  length  of  time;  speed  R  when  R  -*  0  grows  without  limit, 

i 

but  weaker  than  R  . 

1 

Numerical  integration  of  equations  for  critical  Reynolds  number 
gives  the  value  of  Re*  -  8.4.  For  a  given  fluid,  under  a  given  pres¬ 
sure,  i.e.,  at  assigned  p,  v,  Pq,  it  is  possible  to  speak  of  the 
j  critical  radius  of  the  bubble  Rg.  When  Rq  <  Rg  cumulation  is  completely 

I  removed  by  viscosity.  Practically,  the  critical  radius  is  extraordi- 

^  narily  small;  for  instance,  in  water  (p  =  1  g/cm^,  Pq  *  1  atm,  and 

V  »  0.01  cm  /sec)  R^  ■  O.S'IO”  cm. 

Consequently,  viscosity  weakly  affects  the  collapse  of  bubbles 
with  radius  exceeding  0.8*10“^  cm. 

3.  Emergence  of  a  Shock  Wave  on  the  Surface  of  a  Star 

§  11.  Propagation  of  a  Shock  Wave  Following  the  Root 
Law  of  Decrease  of  Density 

We  know  (see  for  example  [7])  that  near  the  surface  of  a  star 
the  density  of  matter  drops  to  zero  approximately  by  root  law 
‘  (12.28) 
where  x  is  the  coordinate  which  is  counted  off  from  the  surface  inside 
the  star,  and  b  and  6  are  constants.  Such  distribution  of  density 
is  established  as  a  result  of  the  joint  action  of  forces  of  gravitation 
and  thermal  pressure,  whereby  in  the  establishment  of  distribution 
of  temperature,  which  is  proportional  to  the  pressure  of  gas,  an 
essential  role  is  played  by  radiant  thermal  conduction  (see  also 
§  14,  Chapter  II).  Exponent  6  in  the  distribution  of  density  (12.28) 
is  connected  with  the  constants  entering  the  law  of  radiant  thermal 
conduction;  it  is  usually  on  the  order  of  3. 

When  in  the  central  regions  of  a  star  there  occur  internal 
perturbations  accompanied  by  an  increase  of  pressure,  there  will  form 
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a  shock  wave,  which  spreads  frraa  the  central  regions  to  the  periphery 
and  emerges  on  the  surface.  Propagation  of  the  shock  wave  through, 
gas  with  density  falling  to  zero,  as  this  takes  place  near  the  surface. 
Is  accompanied  by  a  concentration  (cumulation)  of  energy,  which  Is  of 
great  Interest  to  astrophysics  and  to  the  problem  of  the  appearance 
of  cosmic  rays  (see  following  paragraph). 

There  is  a  certain  physical  similarity  between  the  processes  of 
cumulation  during  propagation  of  a  shock  wave  through  a  gas  with 
density  falling  to  zero  and  during  convergence  of  a  shock  wave  In  the 
center.  In  both  cases  the  energy  Is  impart  without  limit  to  the 
decreasing  mass  of  substance  In  such  a  way  that  the  specific  energy, 
l.e.,  the  energy  of  a  unit  of  mass,  grows  without  limit.  The  distinc¬ 
tion  consists  of  the  causes  of  decrease  of  mass,  to  which  the  energy 
drops.  In  the  first  case  the  mass  .decreases  due  to  the  decrease  of 
density  of  the  gas  and  in  second,  due  to  the  decrease  of  volume. 

We  shall  be  concerned  with  a  limiting  form 
of  motion  In  that  stage,  when  the  front  of  the 
shock  wave  is  close  to  the  surface  of  a  star. 

In  these  conditions  it  is  possible  to  disregard 
the  curvature  of  surfaces  of  the  star  and  the 
front  and  to  consider  the  motion  to  be  plane. 
Inasmuch  as  the  shock  wave  is  strong,  it  is 
possible  to  disregard  the  forces  of  gravitation. 
Radiant  thermal  conduction  plays  an  essential 
role  in  the  establishment  of  stationary  distributions  of  temperature 
of  gas  density.  In  the  short  time  of  passage  of  a  very  strong  shock 
wave,  it  does  not  succeed  In  introducing  noticeable  changes  at  the 
expense  of  redistribution  of  heatj  therefore,  the  process  can 


Pig.  12.5.  Dia¬ 
gram  of  emergence 
of  a  shock  wave 
on  the  surface  of 
a  star.  Density 
profile. 
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approximately  be  considered  as  adiabatic. 

In  such  a  formulation  the  problem  about  the  limiting  form  of 
motion  was  for  the  first  time  solved  by  G.  M.  Oandel'man  and  D.  A. 
Prank-Kamenetskly  [8],  The  same  problem  was  later  considered  by 
Sakural  [9]#  who  found  exactly  the  same  solution,  but  for  other  numer¬ 
ical  values  of  exponent  6  in  law  (12.28)  and  adlabat  7.  A  schematic 
representation  of  the  process  of  propagation  of  a  shock  wave  Is  shown 

in  Pig.  12.5. 

The  single  dimensional  parameter  in  conditions  of  the  problem 
is  constant  b,  which  contains  the  symbol  of  mass.  There  are  no  other 
dimensional  parameters.  Therefore,  it  is  natural  to  find  the  self¬ 
similar  solution  of  the  problem,  where  self- similarity  should  pertain 
to  the  second  tjrpe.  Let  us  present  the  solution  In  the  form  of  (12.5), 
(12.5)-(12,7) .  In  accordance  with  plane  symmetry  we  shall  designate 
the  coordinate  of  the  shock  wave,  counted  off  from  the  surface  of  the 
star  X  ■  0,  through  X(t). 

As  the  scale  of  density  one  should  take  the  magnitude  of  den¬ 
sity  of  undisturbed  gas  in  front  of  the  shock  wave  front.  Inasmuch 
as  the  wave  spreads  through  a  gas  of  variable  density,  this  scale 
depends  on  time,  or  on  the  coordinate  of  the  front  X,  which  is  all  the 
same  (see  end  of  §  2).  Namely,  the  scale  of  pQ  is  equal  to 

(12.29) 

As  also  In  the  problem  about  the  convergence  of  a  shock  wave  to 
the  center,  we  shall  take  the  beginning  of  the  reading  of  time  t  ■  0 
as  the  moment  of  emergence  of  the  shock  wave  on  the  surface.  In 
accordance  with  which  we  shall  change  the  sign  of  t  in  the  self-similar 
law: 
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Thus,  we  find  the  solution  In  the  form 


l-X’  «•-***• 


(12.J0) 


Br:uatlons  (12.4)  for  representatives  In  this  case  take  on  the 


form  (v  -  1) 

«+(a-0(liifr+p'-.0, 

(tt~i)o-*o+(o-Oo'+^-0, 


(12.31) 


Boundary  conditions  on  the  front  of  a  shock  wave,  which  Is  assumed 
to  be  strong,  are  expressed  by  formulas  (2.16),  whence  follows  the 
boundary  condition  for  representatives,  analogous  to  (2.17):  when 
^  -  1 


* 

At  the  time  of  emergence  of  the  shock  wave  on  the  surface,  l.e., 
when  X  ■  0,  for  any  value  of  x,  different  from  zero,  self-similar 
coordinate  ^  -  oo.  Oas-dynamlc  magnitudes  at  any  finite  value  of  x 
at  the  time  of  emergence  should  be  limited.  This  puts  an  additional 
boxindary  condition  on  the  unknown  functions  when  ^  •  oo. 

The  procedure  of  the  solution  Is  fully  analogous  to  the  solution 
of  the  problem  about  focusing  of  a  shock  wave.  We  Introduce  new 
representatives:  V,  G,  Z,  and  obtain  a  system  corresponding  to  (12.15). 
The  sytem  Is  reduced  to  one  first  order  differential  equation  with 
respect  to  V  and  Z  and  two  quadratures;  actually.  Instead  of  the  two 
quadratures  we  obtain  one  quadrature  and  one  algebraic  relationship 
between  variables,  l.e.,  the  Integral  of  adlabatlclty.  The  eigenvalue 
of  the  system  of  equations,  exponent  a  Is  fotind  by  the  method  of 
trlal-and-error,  by  means  of  numerical  Integration  of  the  equation 


1014 


for  function  Z(V),  from  the  condition  that  the  Integral  curve  passes 
through  the  proper  singular  point.  As  also  earlier,  the  singular 
point  corresponds  to  the  ^Q-llne  on  plane  x,  t,  which  is  the  C__-char- 
acteristlc  and  limits  the  region  of  influence  on  the  motion  of  the 
front  of  the  shock  wave. 

In  [8]  the  value  of  the  index  of  self-similarity  was  foimd  for 
the  values  of  6  =>  13A  =  3.25,  y  **  5/3,  equal  to  a  «  0.590. 

In  work  [9]  the  exponents  a  were  found  for  a  number  of  other 
values  of  6  and  7.  These  results  are  given  in  Table  12.1. 

Table  12.1 

N.  *  index  of  self-similarity 

N.  t.is  a  I  o.» 

T  a  is  always  less  than 

•/.  o.!«o  <t,m  o,«ie  0,07  indicates  that  the 

*/•  0.718  0.831  0.900 

•/»  0.7S2  0.855  0,920  shock  wave  is  continuously 

accelerated: 

Z~ll(“.  •  ,  |Xl-^.e»whenX->0. 

In  accordance  with  this  the  temperature  on  the  front  Increases 

without  limit,  which  is  proportional  to  the  square  of  speed  of  the 

.  ^  -2(l-a) 


front  of  square  of  the  speed  of  sound:  T  ~  |X|  ~  X ® .  Unlimited 

temperature  increase,  as  mentioned  above,  is  connected  with  the  fact 
that  a  finite  amount  of  energy  is  imparted  without  limit  to  the 
decreasing  quantity  of  gas.  Pressure  on  the  front  of  the  shock  wave 
decreases  with  the  approach  of  the  front  to  the  surface,  in  spite  of 
the  growth  of  speed,  since  the  density  before  front  decreases  faster 
than  the  temperature  Increases  (or  square  of  speed): 

Pl^QfX^'^X 


It  is  easy  to  check  with  the  help  of  the  data  in  Table  12.1  that  the 
exponent  of  X  in  this  formula  is  always  positive,  i.e.. 


wave  on  the  edge,  when  x  -♦  0,  the  density  of  energy  proportional  to 
pressure  also  tends  to  zero.  Only  temperature  increases  without  limit, 
i.e.,  energy  of  a  unit  of  mass. 

"Infinite”  energy  is  imparted  to  the  vanishing  small  mass  of  gas. 
Certainly,  in  reality,  temperature  cannot  grow  ad  infinitum,  as  this 
is  obtained  in  the  mathematical  solution.  Thus,  for  Instance,  when 
a  shock  wave  approaches  so  close  to  the  surface  that  the  remaining 
small  mass  of  the  layer  from  x  «  0  to  x  «  X  contains  a  small  number  of 
gas-kinetic  paths,  in  general,  the  gas-dynamic  consideration  is  mean¬ 
ingless.  Infinite  temperature  rise  can  be  limited  by  causes  of  physical 
character:  losses  of  energy  in  the  radiation  of  a  highly  heated 
substance. 

As  also  in  the  problem  about  convergence  of  a  shock  wave  to  the 
center,  a  self-similar  solution  is  valid  only  in  a  limited  region  with 
dimensions  of  the  order  of  the  coordinate  of  the  front  X.  Far  from 
the  front,  when  x  »  X,  the  solution  is  not  self-similar  and  depends 
on  the  conditions  of  appearance  of  the  shock  wave.  The  nonself- similar 
solution  changes  into  a  self-similar  one  when  x  ~  X. 

After  emergence  of  the  shock  wave  on  the  surface  the  gas  passes 
into  a  vacuum,  and  the  initial  distributions  of  density,  pressure,  and 
speed  are  given  by  root  laws  when  t  -  0.  As  shown  in  [9]#  the  solution 
in  the  stage  of  expiration  is  also  self-similar,  but,  of  course,  has 
quite  another  character  (flow  is  continuous,  without  shock  waves). 
Approximate  distribution  of  density  in  some  moment  t  >  0  is  shown 
in  Fig.  12.6. 

§  12.  Concerning  the  Problem  of  Outbursts  of  Supemovae 
and  the  Origin  of  Cosmic  Rays 

The  thought  has  been  stated  that  the  origin  of  cosmic  rays,  i.e.. 


the  protons  and  nuclei  with  colosstl  energy  which  are  present  in  the 
universe  and  fall  to  the  earth,  is  connected  with  outbursts  of  super* 
novae.  Such  a  theory  was  developed  by  V.  L,  Ginzburg  and  I.  S. 
Shklovskiy  (see  survey  [10]).  The  process  of  "unlimited”  growth  of 
amplitude  of  a  shock  wave  and  cumulation  of  energy  during  emergence 
of  a  shock  wave  from  a  depth  to  the  surface  of  a  star  could  also  be 
a  cause  of  acceleration  of  particles  to  colossal  energies.  This  idea 
was  used  by  Colgate  and  Johnson]  they  investigated  similar  process  in 
detail  [11]  and  showed  on  the  basis  of  calculations  that  a  certain 
quantity  of  substance,  ejected  from  the  surface  during  an  outburst  of 
supernova,  obtains  ultrarelatlvlstlc  speeds  and  kinetic  energies, 
corresponding  to  the  energies  of  cosmic  rays.  (The  greatest  energies 
of  particles,  which  are  presently  observed  In  the  spectnan  of  cosmic 
rays,  have  the  order  of  10®  Bev  *  10^^  evj  1  Bev  ■  iO^  ev).  Below 
we  shall  present  the  results  of  the  work  of  Colgate  and  Johnson.  In 
the  center  of  supemovae  the  temperatures  reaches  ~300-500  kllo-elec- 
tron-volts  (~5*10^  °K).  With  such  temperature,  nuclear  fusion  proceeds 
up  to  the  formation  of  the  stablest  element,  l.e..  Iron.  The  more 
external  layers  consist  of  lighter  elements:  carbon,  nitrogen,  oxygen; 
even  nearer  to  the  surface  Is  helium;  finally,  the  most  external 
layers  consist  of  hydrogen.  Astronomical  data  Indicate  that  during 
an  outburst  a  supernova  ejects  a  mass  of  substance  of  the  order  of  one 
tenth  of  all  the  mass  of  the  star  and  of  the  order  of  the  mass  of  the 
sun,  equal  to  ■  2*10^^  g.i 

Calculations  of  mechanical  and  radiation  equilibriums  of  a  star 
with  a  mass  equal  to  10  N^,  give  a  picture  of  distribution  of  density 
and  temperature  along  the  radius,  shown  In  Fig.  12.7  In  the  center 

*In  conditions  of  radiation  equilibrium,  density  depends  on  tern- 
X)erature  according  to  the  law  p  Mamsly,  proceeding  from 


of  the  star  the  density  is  higher  than  10®  g/cm^,  and  on  the  surface 
it  drops  to  zero.  In  any  case,  propagation  of  an  ordinary  shock  wave 

is  traced  to  layers  with  a  density  of  p  ~  10~^  g/cm^. 

It  is  considered  that  the  power  source  of  a  shock  wave  is  the 
so-called  gravitational  instability  which  takes  place  in  the  adiabatic 
equation  of  state  with  adiabatic  exponent  y  <  4/3.  In  the  central 
regions  of  a  star,  at  a  temperature  of  500  kilo-electron- volts,  the 
nuclei  strongly  dissociate;  in  the  process  of  dissociation,  as  it  is 
known,  the  heat  capacity  of  the  substance  is  sharply  increased  and 
the  adiabatic  exponent  decreases.  As  a  result  of  gravitational  insta¬ 
bility  the  perturbations,  which  appear  once 
for  any  reason,  are  amplified.  The  appear¬ 
ing  Impulse  of  pressure  spreads,  and  this 
leads  to  the  formation  of  a  shock  wave, 
which  heads  from  the  central  regions  to 
the  surface.  The  substance  behind  the 
shock  wave  scatters  from  the  center,  and 
the  external  layers,  due  to  amplification 
of  the  wave,  obtain  very  high  speeds. 

Possessing  great  kinetic  energy  of 
scattering,  the  substance  In  the  peripheral 
layers  surmounts  the  gravity  force  and  after 
emergence  of  the  shock  wave  to  the  surface 
it  is  detached  from  the  star;  the  star 
[FOOTNOTE  C0NT»D  BROM  PRECEDINO  PAGE]. 

this  there  was  selected  in  [8]  a  law  of  distribution  of  density  at  the 
3  25 

surface  p  x*'*  since  in  a  certain  layer  near  the  surface  the  tem¬ 
perature  weakly  depends  on  coordinate  x  [on  the  surface  of  a  star  the 
temperature  is  not  equal  to  zero).  Figure  12,7  notes  the  radius  of  the 
external  layer,  whose  mass  is  equal  to  the  mass  of  the  sun.  This  l^er, 
we  must  assume,  is  also  ejected  during  the  outburst.  The  zones,  i^lch 
contain  those  or  other  elements  are  noted  approximately. 


Tsaipe nature,  ev 


Fig.  12.7.  Distribu¬ 
tions  of  density  and 
temperature  before 
the  outburst  of  a 
star,  p  ~  t5*25  in 
accordance  with  the 
conditions  of  radia¬ 
tion  equilibrium. 


as  if  casts  the  shell  from  Itself.  This  phenomenon  is  well-known 
in  astrophysics.  They  consider  that  the  Crab  nebula  was  formed  in 
this  manner.  An  evaluation  indicates  that  for  surmounting  the  forces 
of  gravitation  during  ejection  of  a  mass  equal  to  the  mass  of  the  sun, 

c;p 

there  is  necessary  an  energy  of  the  order  of  10-^  erg.  Such,  conse¬ 
quently,  is  the  energy  that  is  liberated  in  the  center  of  a  star  and 
goes  for  the  formation  of  a  shock  wave. 

Hydrodynamic  calculation  of  propagation  of  a  shock  wave  from  such 
a  source  gives  the  values  of  speed  behind  the  front  of  a  shock  wave 
that  are  shown  on  curve  I  in  Fig.  12.8.  Along  the  axis  of  abscissas 
on  this  figure  there  is  plotted  the  initial  density  of  the  substance 
before  the  front.  Curve  II  shows  what  speed  the  layer  obtains  with 
given  t^enslty  after  emergence  of  the  wave  to  the  surface  and  expansion 
of  the  substance.  Speed,  after  expansion  increases  approximately  twice 
as  compared  to  the  speed  at  the  time  of  passage  of  the  front  of  the 
shock  wave. 

From  Fig.  12.8.  it  is  clear  thet  the  peripheral  layers,  where 
the  density  is  approximately  less  than  JO  g/cm^,  obtain  speeds  in  the 
amplified  shock  wave  higher  than  10  cm/sec  ,  which  is  1/5  of  the 
velocity  of  light  c.  Therefore  the  calculation  of  motion  of  a  shock 
wave  through  these  peripheral  layers  requires  calculation  of  relativ¬ 
istic  effects. 

In  work  [11]  there  was  made  a  numerical  calculation  of  motion 
within  the  confines  of  relativistic  gas  dynamics,  and  there  also  was 
found  an  approximate  analytic  solution  to  the  problem,  founded  on  the 
use  of  equations  in  characteristics  and  relativistic  analogs  of 
Rlemann  invariants.  It  is  interesting  to  note  that  internal  energy 
behind  the  front  of  such  a  powerful  shock  wave  is  almost  wholly 
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Density, 


concentrated  In  equilibrium  thermal 

radiation.  Approximate  solution 

shows  that  the  final  kinetic  energy 

per  gram,  which  is  obtained  by  a 

substance  located  in  a  layer  with 

initial  density  g/cm^,  in  order 
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Pig.  12.8.  Speed  of  a  substance  of  magnitude  is  equal  to  ■^I 
depending  upon  its  density  in  '  PO' 

the  initial  moment  before  arrival  erg/g.  If  we  consider  that  in 
of  a  shock  wave.  Curve  I  —  speed 

directly  behind  the  front  of  the  hydrogen  1  erg/g  corresponds  to 
wave,  curve  II  —  speed  after 

expansion.  approximately  10“  ev/proton  ■ 

»  10“^^  Bev/proton,  then  we  obtain  that  the  kinetic  energy  of  the  order 
4 

of  10  Bev  is  picked  up  by  the  particles  that  were  earlier  located  in 
the  layer  with  initial  density  ~  10“^  g/cm^.  Mass  of  the  layer 
of  a  star,  external  with  respect  to  a  spherical  surface  with 
such  initial  density,  composes  approximately  1  g/cm  from  the  calcu¬ 
lation  per  unit  of  surface.  So  the  thin  layer  is  no  longer  in  a  state 
to  hold  or  "lock”  the  thermal  radiation,  which  in  the  more  external 
layers  is  unbalanced.  Therefore,  propagation  of  a  shock  wave  through 
the  more  external  layers  no  longer  can  occur  as  in  equilibrium  condi¬ 
tions. 

Further  propagation  of  the  shock  wave  through  a  gas  of  lower 
density,  as  the  authors  of  [11]  note,  in  an  essential  form  is  connected 
with  the  mechanism  of  plasma  oscillations.  The  shock  wave  reaches 
such  a  surface,  where  the  Debye  length  becomes  comparable  with  the 

scale  of  length  of  the  remaining  external  layer.  Calculations  show 

-1? 

that  this  occurs  on  a  radius  where  the  initial  density  is  Pq  10 
g/cm^.  Particles  in  a  shock  wave  at  such  a  radius  are  accelerated  to 

Q 

energies  of  ^10  Bev,  coinciding  with  the  highest  observed  energies 


of  cosmic  rays. 

It  Is  important  to  check  If  the  quantity  of  particles  accelerated 
during  outburst  of  supernovae  is  retained  up  to  energies  of  cosmic  rays 
In  order  to  ensure  an  available  "reserve''  of  cosmic  rays  In  the  Galaxy. 
Initial  density  of  the  substance,  which  after  passage  of  the  shock 
wave  Is  accelerated  to  an  energy  of  Bev,  Is  equal  to  approximately 

1  g/cm^.  Mass  of  a  star  In  a  layer  that  Is  external  with  respect  to 
the  spherical  surface,  where  ~  1  g/cm^  composes  g  or  6*10^^ 

protons.  It  Is  possible  to  say  that  during  an  outburst  6*10^^  protons 
will  obtain  an  energy  exceeding  10  Bev.  The  "life"  of  an  energy 
proton  in  the  galaxy  with  average  density  of  matter  in  the  galaxy  ~0.i 
partlcle/cm^  composes  t  ~  5*10®  years. 

O 

This  means  that  In  ~5-10°  years  after  the  "beginning"  of  outbursts 
In  the  galaxy  there  will  be  established  a  stationary  number  of  protons 
N.  Outbursts  of  supernovae  occur  approximately  once  every  100  years. 
Consequently,  every  year  6»10^^/l00  »  6- 10^"^  protons  are  bom,  and 
N/t  protons  "die"  each  year.  From  the  condition  of  statlonarlty, 

N/t  »  6-10^^  protons/year,  follows  K  »  5*10^^.  The  volume  of  the 
Galaxy  Is  V  ~  5*10^  cm^.  Average  density  of  energy  protons  Is  N/V  ~ 

—  pp*1 

~  6*10"  ^  cm"-^,  and  flow  Is  on  the  order 'of  Nc/V  ~  2*10'‘  cm”  ‘sec”  , 
This  magnitude  agrees  with  observations.  For  the  creation  of  cosmic 
rays  In  the  galaxy  according  to  the  presented  theory,  ~5*10^  outbursts 
of  Supernovae  were  demanded. 

4.  Motion  of  a  Gas  Under  the  Action  of  a  Brief  Shock 

§15.  Fomulatlon  of  Problem  and  General  Character  of  Motion 

Let  us  imagine  a  half-space  x  >  0,  occupied  by  an  Ideal  gas  with 
constant  heat  capacity,  in  Initial  moment  t  ■  0  the  density  of  the 
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gas  Is  Identical  everywhere  and  is 

9 

equal  to  Pq,  while  pressure,  tempera¬ 
ture,  and  initial  speed  of  sound  are 
equal  to  zero.  Half-space  x  <  0  is 
empty;  surface  x  »  0  constitutes  the 
boundary  between  the  gas  and  vacuum. 


Fig.  12.9.  Forms  of  initial  Let  us  assume  that  the  external 

pressure. 

surface  of  the  gas  experiences  a  brief 

pulse  of  pressure  (surface  of  gas  is  subjected  to  a  shock).  Various 

specific  methods  of  realizing  a  brief  shock  are  possible. 

1)  During  a  short time  x  into  the  gas  there  is  inserted  a  flat 

piston  with  constant  speed  U^,  which  creates  in  the  gas  a  pressure  P^. 

With  an  accuracy  of  numerical  coefficient  of  the  order  of  unity 

2 

(depending  on  adiabatic  exponent  7)  «  Pq^I*  speed  of  the  shock 

wave  D  is  close  to  U^j  it  is  created  under  the  action  of  the  piston. 
Upon  the  expiration  of  time  x  the  piston  is  "instantly"  retracted,  and 


the  gas,  experiencing  a  brief  shock,  turns  out  to  be  left  to  itself 
(the  pressure  pulse  is  shown  in  Fig.  12,9a), 

2)  On  the  surface  of  the  gas  a  thin  layer  of  explosive  is  deto- 

p 

nated.  If  the  mass  thickness  of  the  layer  is  equal  to  m  g/cm  ,  and 
calorlcity,  l.e.,  energy  release  per  gram,  is  equal  to  Q  erg/g,  in  the 
explosion  there  is  released  an  energy  of  E  ■  mQ  erg/cm  .  The  products 
of  the  explosion  scatter  with  a  speed  of  Inasmuch  as  the 

products  scatter  in  both  directions  and  everything  was  stationary  up 
to  the  moment  of  the  explosion,  the  total  pulse  is  equal  to  zero; 
however  the  pulse  of  the  products  moving  in  one  direction,  in  order 
of  magnitude  is  equal  to  I  «»  mU^  «*  m  yQ  (per  cm  of  surface). 

In  the  gas  the  products  of  explosion  create  a  shock  wave  with 
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pressure  of  the  order  «•  PqU^.  Time  of  action  of  pressure  t  is 
determined  from  the  condition  that  during  the  time  t  the  energy  and 
pulse  are  transmitted  from  the  products  of  the  explosion  to  the  gas; 

During  that  time  the  shock  wave  in  the  gas  will  pass  a  distance  of 

~U^T  ~  and  will  envelope  a  mass  of  ~pQ  m,  i.  e.,  on  the 

order  of  the  mass  of  the  explosive. 

3)  On  the  surface  of  the  gas,  with  speed  a  thin  plate  runs 

2 

with  a  small  mass  m  g/cm  .  Under  the  action  of  the  shock  of  the  plate 

in  the  gas  there  will  form  a  shock  wave  which  spreads  with  speed  D  « 

2 

'*  U^.  Pressure  in  the  gas  is  then  P^  «  Pq^I*  Initial  momentum  and 

O 

mUT 

energy  of  the  plate,  I  «  mU^,  E  »  g  ,  are  transmitted  to  the  gas 
during  the  time  of  deceleration  of  the  plate  t,  which  is  on  the  order 

w  T  m 

of  T  *»  y  \f  w  ^  -r-w-.  During  that  time  the  shock  wave  in  the  gas 

passes  a  distance  of  U^x  and  envelopes  a  mass  of  PqU^t  »  m.  ^ 

Thus,  in  general  we  shall  consider  that  on  the  surface  of  the 
gas  there  acts  a  pressure  that  drops  rather  quickly  in  time,  as  shown 
in  Fig.  12. 9h.  The  pressure  curve  can  he  presented  in  the  form  of 
p  -  P.f(t/T),  where  f  is  the  function  characterizing  the  form  of 

Jr  ^ 

the  pressure  pulse.  Subsequently,  for  concreteness  and  convenience 
of  the  statements  where  the,  initial  conditions  will  be  discussed,  we 
will  operate  on  the  "piston"  concept,  as  in  the  first  example.  We 
shall  then  consider  that  a3.1  conclusions  with  equal  success  can  also 
be  transferred  to  any  other  methods  of  realizing  a  shock. 

The  problem  consists  in  finding  the  laws  of  motion  of  the  gas, 
i.e.,  the  functions  p(x,  t),  p(x,  t),  u(x,  t),  upon  the  expiration 


of  a  time  sufficiently  large  as  compared  to  the  time  of  the  shock  x. 


i.e.,  we  must  find  the  asymptotic  conditions  when  t/x  »  1  for  a  given 
curve  of  action  of  external  pressure.  It  can  also  he  formulated 
somewhat  differently.  Preserving  the  form  of  the  curve  f(t/T),  we 
shall  direct  time  x  to  zero,  and  pressure  to  infinity,  and  shall 
find  the  thus  obtained  limiting  solution  of  equations  of  gas  dynamics 
for  finite  times.  The  solution  of  problem  should  in  particular  answer 
the  question  of  according  to  what  law  should  pressure  Increase 
when  X  -*  0  in  order  to  ensure  the  given  finite  pressure  in  the  gas  in 
the  finite  time  t.  For  instance,  if  the  solution  contains  the  combi¬ 
nation  this  means  that  when  x  -*  0,  P^  should  grow  as  x~^. 

The  presented  problem  was  set  up  and  investigated  in  the  work  of 
one  of  the  authors  of  [12],  where  he  clarified  the  physical  peculiar¬ 
ities  of  the  appearing  motion  and  the  mathematical  solution.  Inves¬ 
tigation  of  equations  and  numerical  integration  was  conducted  by 
V.  B.  Adamskly  [13].  A.  I.  Zhukov  and  Ya.  M.  Kazhdan  [14],  Hafele 
[15]i  and  Hoerner  [l6]  found  an  analytic  solution  for  one  particular 
case  (y  -  7/5).  The  last  two  works  are  the  development  of  an  article 
by  Welzsacker  [17]i  who  posed  the  question  about  the  limits  of  change 
of  the  index  of  self-similarity  during  plane  motions.  It  is  necessary 
to  note  that  in  [15,  l6,  17]  the  physical  meaning  of  the  solution 
obtained  by  formal  means  was  not  clarified. 

The  general  character  of  the  motion  appearing  under  the  action  of 
a  brief  shock  is  Illustrated  Fig.  12.10.  Through  an  undisturbed  gas 
there  spreads  a  shock  wave,  on  the  front  of  which  there  is  attained 
limiting  compression  h  «  From  another  direction  the  gas  is 

freely  expanded  into  a  vacuum;  on  the  boundary  with  the  vacuum  the 
density  and  pressure  drop  to  zero.  Behind  the  front  of  the  shock  wave 
the  pressure,  density,  and  speed  decrease,  whereby  in  a  certain  point 


the  speed  changes  sign,  since  directly  behind  the  front  the  gas  moves 
to  the  right,  and  at  the  boundary  it  scatters  into  the  vacuum  to  the 
left.  Amplitude  of  the  shock  wave  decreases  in  time. 

Solution  of  the  problem  about  instanta¬ 
neous  pressure  pulse  should  give  the  answer 
to  the  question  about  maximum  possible  speed 
of  decrease  of  amplitude  of  a  plane  shock 
wave  during  propagation  through  a  gas  with 
constant  initial  density.  It  is  clear  that 
if  the  action  of  pressure  is  extended  in 
time,  this  only  supports  the  shock  wave  and 

Pig.  12.10.  Profiles  delays  its  damping, 
of  density,  pressure, 

and  speed  in  the  prob-  The  character  of  the  limiting  solution 

lem  concerning  a  brief 

shock.  does  not  depend  on  the  specific  form  of 

pressure  pulse,  l.e.,  on  the  form  of  function  f(t/T),  if'  it  only  drops 
rather  quickly.  It  was  noted  above  that  under  the  action  of  pressure 
during  a  shock  the  gas  obtains  the  speed  ~  |^.  With  the  same 
speed  in  order  of  magnitude  the  boundary  of  the  gas  scatters  into  the 
vacuum.  When  we  pass  to  the  limit  t  -*  0,  P^  -♦  cd,  the  speed  of  the 
boundary  tends  to  infinity,  so  that  distributions  of  p,  p,  and  u  in 
the  limiting  solution  shown  in  Fig.  12.10  spread  to  the  left  to  x  - 

-  -  QD. 

§  14.  Self-Similar  Solution  and  Laws  of  Conservation 

of  Energy  and  Momentum 

The  motion  which  appears  directly  after  the  application  of 
pressure  momentum  is  of  course  not . self-similar.  It  is  characterized 
by  scales  of  time  t  and  length  Xq  ■  V  depends  on  the  fora 

of  the  curve  of  applied  pressure  f(t/T).  However,  upon  the  expiration 
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of  a,  sufficiently  long  time.  In  moments  t  »  t,  when  the  front  of  the 


■j 
J 

•5 

shock  wave  departs  to  a  distance  of  X  »  Xq,  the  Initial  scales  of  t  i 

5 

and  Xq,  very  small  as  compared  to  the  natural  scales  of  motion  t  and  ? 
X,  no  longer  will  characterize  the  process.  Limiting  motion,  corre¬ 
sponding  to  the  stages  t  »  t,  X  »  Xq,  or,  the  same,  corresponding  to 
passage  to  the  limit  t  -*  0,  will  be  self-similar.  The  singular  scale 
of  length  in  this  motion  is  the  actual  variable  coordinate  of  the  front 
of  the  shock  wave  X,  and  the  scale  of  speed  is  the  speed  of  the  front 
X.  Solution  of  the  equations  consequently,  should  be  found  in  self- 
similar  form: 

c-c.^(5); 

Before  we  concern  ourselves  with  the  mathematical  solution  of 
the  equations,  we  should  solve  the  question  of  which  of  the  two  types 
does  the  self-similar  motion  belong  to,  and  is  it  impossible  to  deter¬ 
mine  the  index  of  self-similarity  a  from  considerations  of  dimension 
or  laws  of  conservation.  In  distinction  from  the  two  problems  consid¬ 
ered  above:  about  the  convergence  of  a  shock  wave  to  the  center  and 
about  emergence  of  a  shock  wave  to  the  surface  of  a  star,  in  the 
considered  problem  in  every  moment  of  time  t  the  motion  involves  a 
fully  determined  finite  mass  of  gas  PqX  (per  cm  of  surface). 

Inasmuch  as  after  cessation  of  the  action  of  the  piston,  which 
accomplished  the  shock  through  the  surface  of  the  gas,  the  gas  is  not 
affected  very  much  by  external  forces  (pressure  on  boundary  with 
vacuum  is  equal  to  zero)  and  in  the  gas  momentum  and  energy  must  be 
retained.  Momentum  of  gas  is  equal  to  the  momentum  of  pressure  of 
the  piston: 


with  an  accuracy  of  niaaerlcal  coefficient  this  magnitude  Is  equal  to 

P^T.  „  ) 

Energy  of  the  gas  Is  equal  to  the  work  performed  hy  the  piston 

during  the  time  of  action  of  pressure.  To  exactly  calculate  this 

work  would  demand  the  solution  of  equations  of  gas  dynamics  In  the 

00 

stage  of  action  of  the  piston,  since  the  work  Is  equal  to  /  p  u  dt, 

0  P  P 

where  u  (t)  Is  the  speed  of  the  piston,  which  beforehand  was  unknown 

Jr 

(only  pressure  curve  Pp(t)  was  assigned). 

However,  with  an  accuracy  of  numerical  coefficient,  depending 

on  the  form  of  function  f(t/T),  this  work  Is  equal  to 

_  «  i 

E  n,  /  S  T  -  nftc^ 

(U^  Is  the  scale  of  speed  of  the  piston). 

If  we  place  pressure,  speed,  .and  density  In  Integral  expressions 
for  momentum  and  energy  of  the  entire  gas  In  self-similar  form  (12.55) 
and  consider  that  the  Integrals  In  the  cold,  undisturbed  region 
X  <  X  <  00  disappear,  the  laws  of  conservation  of  momentum  and  energy 

p 

(per  cm  of  surface)  can  be  written  In  the  form 

••  1 

/-  J  J  rod(. coast.  (12. 5^) 

•  t 

S  («T  +  Q9^X  J  «)  <*5  -  const.  (12.55) 

It  would  be  natural  to  consider  the  dimensionless  Integrals  to 
be  constant.  Then  each  of  the  two  conditions  taken  separately  would  , 
give  the  possibility  to  determine  the  Index  of  self- similarity  a. 

Ther  condition  of  conservation  of  momentum  would  give  XX  »  const, 
whence  X  ~  a  -  l/2.  Prom  the  condition  of  conservation  of 

energy  follows  X^X  -  const,  where  upon  X  ~  t^^^  and  a  ■  2/5. 
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But  taken  together,  these  conditions  contradict  each  other,  since  j 
they  lead  to  different  Indices  of  a.  There  appears  a  paradoxical  ; 

situation  In  which  the  laws  of  conservation  of  momentum  and  energies,  J 
which  are  the  bases  of  the  equations  of  gas  dynamics,  cannot  be  ,1 

simultaneously  carried  out.  This  creates  the  Impression  that  the 
problem  does  not  have  a  self-similar  solution,  the  substitution  of 
which  In  conditions  of  conservation  led  to  a  contradiction.  " 

The  solution  of  this  contradiction,  however,  consists  In  another 
solution.  The  fact  Is  that  the  self-similar  solution,  which  exists 
and  which  will  be  found  below.  In  reality  belongs  to  the  second  type. 

The  Index  of  self- similarity  a  is  not  found  from  laws  of  conservation 
or  considerations  of  dimension,  but  by  means  of  the  solution  of  equa¬ 
tion  for  representative  functions,  from  the  condition  of  passage  of 
the  true  solution  through  a  singular  point.  Just  as  In  the  problems 
considered  in  the  preceding  sections. 

In  order  to  immediately  solve  the  described  paradox,  let  us  note 
that  at  the  value  of  adiabatic  exponent  7  ■  1/5*  the  Index  of  self- 
similarity,  as  the  solution  shows.  Is  equal  to  a  =»  5/5.*  It  Is  Included 
between  the  values  of  a,  dictated  by  the  conditions  of  conservation 
of  momentum  and  energy  l/2  <  5/5  <  2/5.  It  will  be  shown  below  that 
at  any  value  of  adiabatic  exponent,  1  <  7  <  cn,  the  Index  of  self- 
similarity  a  Is  Included  in  the  shown  limits;  1/2  <  a  <  2/5. 

The  index  of  self-similarity  a  *»  5/5  corresponds  to  the  dimension 
of  parameter  A  In  the  law  X  »  At®,  equal  to  [A]  **  cm.sec"^/^.  We 
already  know  (see  §  5)  that  limiting  self-similar  motion  does  not 


♦In  general,  at  an  arbitrary  value  of  7  Index  a  Is  not  expressed 
in  the  form  of  a  fraction  with  Integral  numerator  and  denominator. 
However,  fortunately,  when  7  «■  7/5  the  solution  of  self-similar 
equations  can  be  found  in  analytic  form,  and  a  Is  then  equal  to  5/5 
(see  below). 


completely  "forget”  about  the  initial  conditions,  but  from  the  exten¬ 
sive  information  included  in  the  initial  condition  it  "selects"  and 
"remembers"  one  specific  constant  A,  which  somehow  characterizes  the 
initial  "shock."  In  this  case,  from  the  information  given  by  the 
pressure -curve  on  the  piston,  Pp  “  ^  magnitude  of  ini¬ 

tial  density  Pq),  the  limiting  solution  "selects"  one  parameter  A, 
equal,  in  order  of  magnitude  of  the  following  combination  from  char¬ 
acteristic  scales,  to; 

A  m  ca"* .  (12.36) 

The  numerical  coefficient  in  the  law  of  proportionality  is 
determined  by  the  form  of  the  pressure  curve  f(tA)» 

Hence,  one  may  see  according  to  what  law  should  pressure  on  piston 
tend  to  infinity,  if  we  direct  t  to  zero  so  that  in  the  limiting 
motion  we  obtain  finite  (not  equal  to  0  or  o)  pressure  at  finite  dis¬ 
tance.  For  the  existence  of  a  limiting  solution  it  is  necessary  that 
parameter  A  has  a  finite  value,  l.e.,  it  is  necessary  that  the  product 
of  equal  to  in  the  case  of  7  -  7/5 »  remains  finite 

when  T  -♦  0.  Consequently,  when  x  0,  P^  should  grow  as  P^  ^"2(1-0) 
~  T-V5. 

Now  it  is  possible  to  clarify  the  question  about  the  fulfillment 
of  the  laws  of  conservation.  The  momentum  which  the  piston  Imparts 
to  the  gas,  or  the  shock  momentum,  in  order  of  magnitude  are  equal  to 
I  ~  P^x,  i.e.,  are  proportional  to  I  ~  P^x  ~  x^“”^  ~  When 

X  -♦  0,  momentum  I  -►  0.  Consequently,  full  momentum  in  limiting,  self- 
slmilar  motion  is  equal  to  zero  (momentum  of  the  gas  moving  with  the 
shock  wave  to  the  right  is  accurately  compensated  by  the  momentma  of 
the  gas  scattering  into  the  vacuum  to  the  left;  see  Fig.  12.10).  The 
law  of  conservation  of  momentxua  is  written  in  form 


I 


i 


/- 


i  t 

J  gvdi^O. 


PI— n 


■i 


If  follows  from  this  only  the  fact  that  the  representative  functions 

1  I 

have  to  satisfy  the  condition  /  gv  «  0.  As  can  be  seen,  it  isimpcs-] 

-  CD  ^ 

sible  to  consider  the  magnitude  XX  as  constant  and  thus  to  determine  ] 
the  index  of  self-similarity  a.  1 

The  energy  which  the  piston  imparts  to  the  gas  in  order  of  mag¬ 
nitude  is  equal  to  E  ~  It  is  proportional  to  E  ~ 

~  When  T  -♦  0,  E  -♦  cd.  Total  energy  of  gas  in  self-simi- 

lar  motion  turns  out  to  be  infinite.  Law  of  conservation  of  energy 


only  indicates  the  divergence  of  the  integral  from  dimensionless  func- 
tions,  but  says  nothing  about  magnitude  X  X  (from  the  law  of  conser¬ 
vation  of  energy  it  is  also  impossible  to  determine  the  index  of  self¬ 
similarity)  .  Infinity  of  energy  and  divergence  of  integral  of  energy 
are  connected  with  the  fact  that  in  exact  self-similar  motion,  which 
corresponds  to  limit  t  -*■  0,  the  speed  of  scattering  of  the  gas  bound¬ 
ary  into  the  vacuum  is  infinite  (see  end  of  §  15).  The  kinetic  energy 

p 

is  also  infinite  on  the  boundary,  since  the  square  of  "speed"  v  ,  when 
5  -*  -00,  tends  to  infinity  faster  than  density  g  decreases. 

The  physical  meaning  of  the  infinity  of  energy  in  self-similar 
motion  will  be  explained  below.  Let  us  note  here  only  that  the  energy 
of  gas,  of  course,  is  limited  and  is  equal  to  the  work  accomplished 
by  the  piston.  Simply,  a  self-similar  solution  inapplicable  to  a  small 
mass  at  the  gas  boundary,  which  introduces  a  divergence  into  the 
integral  of  energy. 


§  15.  Solution  of  Equations 

The  general  method  of  finding  a  self-similar  solution  to  the 
problem  of  a  brief  shock  in  principle  does  not  differ  from  the  method 
solving  problems  about  a  convergent  shock  wave  or  about  propagation 
of  a  shock  wave  through  a  gas  whose  density  decreases  with  distance, 
by  root  law  (see  §§2  and  3  of  this  chapter).  As  also  earlier,  we 
shall  find  the  solution  of  equations  of  gas  dynamics  (12.1)  In  self- 
slmllar  form  (12.33)  and  obtain  a  system  of  ordinary  differential 
equations  for  representatives  tt,  v,  and  g. 

These  equations  coincide  with  equations  (12.31)  If  we  put  the 
nximber  of  6  In  them  equal  to  zero  (In  accordance  with  constancy  of  the 
density  scale): 


(a-l)o-»p+(a-.{)o'+^-V-0, 
(o-{)  (In  jv-T)'+ 2  (« -.  i)  o-i  „  0 


(12.37) 


Boundary  conditions  on  the  front  of  the  shock  wave  when  ^  ■  1 
were  written  out  In  §  11  (formulas  (12.32)).  On  the  boundary  of  the 
gas  with  the  vacuum  the  pressure  and  density  return  to  zero,  and  speed 
to  (-cd)  ,  1.  e. ,  when  i  ■  -cd,  Tr(-oo)  »  0,  g(-CD)-  0,  v(-cd)»  -  oo. 

After  a  series  of  transformations  the  equations  are  reduced,  as 
usual,  to  one  first  Older  differential  equation,  one  quadrature,  and 
one  algebraic  relationship  between  all  variables,  l.e.,  the  Integral 
of  adlabaticlty.  The  Index  of  self-similarity  Is  determined  from  the 
condition  that  the  sought  solution  of  the  differential  equation  passes 
through  a  singular  point. 

Actually,  in  [13*  14]  the  equations  were  written  and  were  solve?” 
not  In  Euler,  but  In  Lagrange  coordinates.  In  a  one -dimensional 
plane  case  at  constant  Initial  density  the  Lagrange  form  of  notation 
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leads  to  simpler  and  more  convenient  relationships.  It  is  clear  that 
no  principally  new  transition  from  Euler  coordinates  to  Lagrange  is 
Introduced.  The  Lagrange  coordinate  is  defined  as  the  mass  of  gas 
(per  cm  of  surface)  which  is  counted  off  from  the  boundary  with  the 
vacuum 

M 

m-  J  Qds,  dm^Qdx.  (12.38) 

Instead  of  time,  into  the  scale  functions  it  is  convenient  to 
introduce  the  Lagrange  coordinate  of  the  front  of  the  shock  wave  M  - 

p 

-  PqX,  l.e.,  the  mass  of  the  gas  (per  cm  of  surface),  which  is  envel¬ 
oped  by  motion  to  moment  t.  The  self- similar  variable  is  the  ratio 

y.  (12.39) 

which  varies  from  ■  0  (on  the  boundary  of  the  gas  with  vacuum)  to 
■q  ■  1  (on  the  front  of  the  shock  wave). 

Thus,  the  solution  is  written  in  the  form 

(12.40) 


where  B  is  the  parameter  of  the  problem  connected  with  parameter  A  in 
law  X  «  At®  and  replacing  it  in  the  new  notation,  f,  w,  and  q  are  the 
new  representatives.  The  new  index  of  self-similarity  n  is  simply 
connected  with  the  old  one,  a.  Actually, 


Hence— an/2  ■  o  -  1  and 

a-* 

*+y 


(12.41) 


From  the  mathematical  side  of  the  question,  the  sequence  of 
transformations  of  the  equations,  their  Investigation,  and  specific 
methods  of  solution  can  be  seen  in  articles  [13»  l4].  Let  us  stop 
here  more  specifically  on  the  results  for  the  particular  case  of 
7  ■  7/5 »  for  which  it  is  possible  to  find  an  exact  analytic  solution 
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of  the  equations. 


In  examining  the  analytic  solution  all  the  basic  features  of  the 
process  become  especially  clear. 

Indices  a  and  n  when  7  ■  7/5  are  equal  to:  a  ■  3/5;  n  ■  4/5. 

The  solution  in  Lagrange  coordinate  has  the  form 

a  t 

/-n,  (12.42) 

Distributions  of  pressure,  density,  and  speed  with  respect  to 
mass  are  shown  in  Pig.  i2.ii.  Let  us  note  that  by  definition  f  ■  P/Pj^* 
w  y'  b/5  -  u/u^,  and  q/6  ■  p/pj^»  where  subscript  "i”  denotes  the  mag¬ 
nitude  on  the  front  of  the  shock  wave.  With  the  help  of  determinations 
of  the  Lagrange  coordinate  (12.38)  and  self-similar  variable  r\  (12.39) 

.  it  is  easy  in  solution  (12.42)  to  transfer  to 

Euler  variable^  t  ■  x/X,  Actually,  at  the  given 

iS-  X 

X  moment  t,  l.e.,  when  M  ■  const: 

•\^  A  Putting  function  q(Ti)  in  this  equation  by 

^  /  the  formula  (12.42)  and  integrating  with  boundary 

jT  condition  q  -  1  when  |  -  1  (on  the  front  of  the 

^  ^ shock  wave),  we  obtain 

(12.43) 

45*  / 

/  Depending  upon  the  Euler  variable,  functions 

/  1  f,  w,  and  q  have  the  form 

-T—B  Tf-l  ^ 


II  f-6(5-4{)"*.  (12.44) 

Pig.  12.11.  Pro-  Representatives  f,  w,  and  q  are  connected 

files  of  pressure, 

density,  and  speed  with  representatives  ir,  v,  and  g,  which  we  dealt 
In  the  probl^  of 

brief  shock  (in  with  earlier,  by  the  relationships: 

Lagrange  coorcU- 
nates),  7  »  7/5. 


g^g*h 


(12.45)  I 


Distribution  of  pressure,  density,  and  speed  according  to  the  | 

Euler  coordinate  are  shovm  in  Fig.  12.12.  It  is  interesting  that  I 

pressure  in  linear  form  is  distributed  through  mass,  and  speed,  in  | 
space.  Speed  returns  to  zero  and  changes  direction  at  point  ^  ■  i/2.  l 
The  mass,  included  between  the  initial  position  of  the  gas  boundary  j 
X  -  0  and  front  of  the  wave,  in  every  moment  of  time  composes  90$^  of  | 
the  whole  mass  set  into  motion.  lOJ^  of  the  mass,  as  a  result  of  shock  1 
compression  and  subsequent  expansion,  is  ejected  to  the  left  of  the  i 
gas  boundary.  785^  of  the  mass  moves  to  the  right,  and  225^,  to  the 
left. 

Asymptotic  behavior  of  the  solution  in  the  region  of  small  density, 
when  ^  -  00  and  tj  -♦  0,  is  given  by  the  expressions; 

w— ?  — {— 6)~*.  n”*,  (12.46) 

The  singular  point  through  which  there  passes  the  solution  of  the 
differential  equation  of  the  problem  corresponds  to  the  values  of 
self-similar  variables  tjq  ■  7"V2  .  0.054  and  -1/2. 

As  also  in  the  problem  of  convergence  of  a  shock  wave,  the  ^Q-line 
on  plane  x,  t  (rjQ-line  on  plane  m,  t  or  m,  M)  is  the  characteristic 
(dx/dt  ■  u  +  c;  dm/dt  -pc)  which  separates  the  region  of  influence. 

In  Pigs.  i2.13  and  i2.i4,  depicting  diagrams  of  x,  t  and  m,  M,  we  have 
plotted  the  line  of  the  front  of  the  shock  wave  |  -  1  and  tj  ■  1, 


*We  shall  let  the  reader,  by  means  of  direct  substitution  of 
functions  v,  v,  and  g  by  formulas  (12.45)  and  (12.44)  in  equations 
(12.57)  with  7  ■  7/5  and  a  ■  5/5»  check  that  they  indeed  satisfy 
the  equations  (and  boundary  conditions  of  (12,52)). 


■pecitl  line  t  *  Cq  *^<1  and  the  char- 

aotaristio  curve  of  both  sets.*  The  special  line 
la  the  G^»characteristlc.  All  characteristics 
of  the  C^-set  eaerge  from  the  origin  of  coordi- 
nates«  whereby  those  which  go  to  the  right  of 
the  special  line  overtake  the  front  of  the  shock 
wave«  and  those  which  go  to  the  left«  never 
overtake  it.  Thus,  the  state  of  motion  in  a 


relatively  small  mass.  Included  between  a  bound¬ 
ary  with  a  vacuum  and  a  special  line,  does  not 
affect  propagation  of  the  front  of  a  shock  wave.** 
In  [15i  16]  by  means  of  numerical  integration 
of  the  equation  they  found  the  values  of  the 
exponents  of  self-similarity  and  for  certain 
other  adiabatic  exponents  7.  The  results  are 
given  in  Table  12.2. 

Profiles  of  pressure,  density,  and  speed 
at  different  values  of  the  adiabatic  exponent 
in  a  qualitative  aspect  are  similar  to  profiles  in  the  case  of  7  «  7/5 
(see  Figs.  2.11  and  2.12). 

From  the  table  it  is  clear  that  the  shock  wave  attenuates  slower. 


*Let  us  note  that  axis  M  is  the  t)  <■  0-llne,  and  axis  t  on  plane 
X,  t  is  the  ^  «  0-line.  Negative  semi -eucls  x  on  plane  x,  t  Is  the  ^  « 
m  -®-llne. 

**In  particular,  the  gas  can  border  not  with  the  vacuum,  but  with 
the  "piston,"  the  pressure  on  idilch  drops  according  to  sufficiently 
fast  root  law.  Distortion  of  the  state  of  motion  In  the  region  between 
the  boundary  and  the  ^o-line,  connected  with  the  presence  of  the  piston, 
does  not  affect  motion  to  the  right  of  the  |o-llne  and  the  law  of  prop¬ 
agation  of  the  shock  wave,  only  If  the  pressure  on  the  piston  drops 
sufficiently  fast.  This  is  shown  In  the  work  of  V.  6.  Adamskiy  and 
N.  A.  Popov  [18] .  In  this  work,  and  also  in  the  work  of  N.  L. 
Krashenlnnlkova  [19]#  a  self-similar  problem  was  considered  concerning 
the  motion  of  a  gas  under  the  action  of  pressure  on  a  piston  that  is 
variable  according  to  root  law. 


Fig.  12.12.  Pro¬ 
files  of  pressure, 
density,  and  speed 
in  the  brief  shock 
problem  (in  Kuler 
coordinates),  7  ■ 

-  7/5. 


1,* 

7/5 

S/3 

1,515 

4/3 

1,27S 

O.SY 

5/5 

0,812 

the  larger  the  adiabatic  exponent.  However,  attenuation  Is  always 
faster  than  In  case  whOT  the  gatf  on  the  bbundary  does  not  scatter 
Into  a  vacuuittj  but  is  motionless,  as  In  the  problem  about  the  violent 
plane  explosion. 

If  In  plane  x  »  0  there  occurs 
Table  12.2  ‘  t  -  . 

_ _  _ _  an  instantaneous  energy  release  E 

Y  1.*  »/5  5/3  2.8  .  2 

•  1.SI5  4/3  1,275  1,045  erg/cm  ,  and  the  gas  In  plane  x  >  0 

m  OtSY  3/5  0,812  0.858 

- -  is  always  motionless  or  occupies  the 

space  on  both  sides  of  the  plane,  or  Is  limited  by  a  rigid  wall),  the 

energy  Is  conserved  and  the  shock  wave  attenuates  according  to  the  law 

8 

a-1,  a-4. 

In  the  following  paragraph  it  will  be  shown  how  the  limitation 
n  >  1  and  a  <  2/3  follows  from  the  law  of  conservation  of  energy  at 
an  arbitrary  value  of  7.  In  the  same  place  we  shall  see  that  the  law 
of  conservation  of  momentum  puts  an  opposite  limitation  on  the  expo¬ 
nents;  n  <  2,  and  a  >  i/2. 


Fig.  12.15.  X,  t-diagram 
for  the  brief  shock  prob¬ 
lem.  ^  ■  1  —  line  of  front 
of  shock  wave,  I  »  ^0  — 
special  ?Q-llne.  Charac¬ 
teristics  of  the  C^-  and 
C_^-set8  have  been  plotted. 


Pig.  12.14.  m,  M-dia- 
gram  for  the  brief  shock 
problem,  t)  ■  1  —  line  of 
front  of  shock  wave,  7  « 

*  7q  —  special  ^Q-llne. 
Characteristics  of  the 
C^-  and  C^-sets  have 

been  plotted. 
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*  ^  Ixponent  by  the 

i<ew»  of  Coneervetlon  of  Moaentua  end  Inergy  ‘ 

The  oherecter  of  motion  rtUoh  eppeere  In  .  brief  rtioclt  Is  euch 
thet  some  portion  of  the  g„  is  ettrected  by  the  shook  «ve  to  the 
right,  end  the  reaelnlng  ges  scatters  to  the  left  into  a  vaeuna. 

There  exists  point  idileh  differentiates  the  shoim  portions  of 
gas;  we  shall  call  the  coordinate  of  this  point  x».  At  point >  the 
Base  speed  of  gas  changes  direction,  l.e..  is  equal  to  zero,  u*  . 

-  u(x*)  .  0.  The  actual  boundary  x»  spreads  in  space  and  through  aass 
to  the  right,  in  a  self-slallar  solution,  to  the  point  of  conversion 

of  the  sign  of  speed  corresponds  a  certain  defined  value  of  the  self- 
sluLtlur  variable:  §  “  x*  «  ^*X, 

Let  us  consider  a  voluae  Included  between  the  surface  of  the  front 
of  a  shock  wave  x  -  X  and  the  aurfMe  of  "division."  x  -  x*.  This 
volume  contains  the  aass  (per  cm^  of  surface): 


p  * 

M*m  J  J  f  const' 

••  l« 


It  coaposes  a  fully  deteralned  portion  of  the  total  aass  envelope, 
by  notion  M  -  pgX  (when  y  -  7/5.  h>/H  -  0.78).  ihe  reaelnlng  nas. 

M  -  M.  scatters  to  the  left.  Mas.  M".  Just  as  total  aass  M.  grow. 

in  time  proportional  to  X  ~  t®. 

Boundary  x*  spreads  through  the  aass  to  the  right,  l.e..  the  gas 

flows  through  the  surface  of  *.  to  the  left.  Let  ua  write  the  expres- 

Sion  for  aoaentua  and  energy  of  the  gas  which  nova,  with  the  shock 
wave  to  the  rl^t: 


(12.47) 

(12.48) 
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From  the  rl^t,  through  the  surface  of  the  front  of.  the  shock 
wave,  in  the  considered  volume  x*  <  x  <  X,  there  flows  an  undisturbed 
gas  with  zero  pressure  and  temperature.  It  does  not  introduce  momentum 
or  energy  into  the  volume.  From  the  left,  through  the  surface  of  x*, 
the  gas  leaves  the  volume  with  zero  speed,  but  with  finite  pressure 
p*  (gas  leaves  the  volume  not  by  natural  motion,  but  by  the  propagation 
of  the  surface  which  limits  the  volume).  Momentum  does  not  flow 
through  the  surface  of  x*.  Change  of  momentum  in  the  volume  is  equal 
to  the  pressure  applied  to  its  boundary: 

^-p'>0.  (12.  *9) 

Momentum  in  the  volume  grows  in  time.  From  formula  (12.47)  it 
follows  that  2a  -  1  >  0,  a  >  1/2,  and  by  formula  (12.41)  n  <  2. 

Change  of  energy  in  the  volume  is  determined  only  by  the  flow  of 
internal  energy  through  the  left  surface  of  x*.  Kinetic  energy  does 
not  flow,  since  the  speed  of  gas  u*  and  kinetic  energy  on  boundary 
X*  are  equal  to  zero.  Work  of  the  forces  of  pressure  on  the  surface 
of  X*,  p*u*dt,  is  also  equal  to  zero.  Consequently, 

^ — yirf  (^2.50) 

Energy  in  the  volume  decreases  in  time,  and  flows  from  it  to  the 
left  together  with  the  mass  of  gas,  which  changes  the  direction  of 
speed  and  starts  to  scatter  to  the  left,  into  the  vacuum.  From  formula 
(12.48)  it  follows  that  Ja  -  2  <  0,  o  <  2/5,  and  by  formula  (12.41) 
n  <  1.  llius,  we  arrive  at  following  limitations  of  the  exponents  of 
self- similarity: 

4<«<y,  2>m>i.  (12.51) 

Extreme  values  of  n  »  1  and  o  ■  2/5  correspond  to  the  Invariability 
of  energy  S*  *  const,  and  extreme  values  of  n  >  2  and  o  *  1/2 


conreipond  to  tht  invariability  of  noaentun  I*  ■  eonii,t. 

§  17.  Saargance  of  Konself -Similar  Motion  Into  Limiting 
Conditions  and  tha  ’’Infinity"  of  Xnargy 
in  a  Self-Similar  Solution 

A  self-similar  solution^  strictly  speakings  corresponds  to  ideal¬ 
ised  initial  conditions «  In  which  the  duration  of  the  shock  t  is 
infinitely  short,  and  pressure  on  the  piston  "during  the  shock"  is 
infinitely  long.  Passage  to  the  limit,  t  -•  0  and  P^  00,  is  accom¬ 
plished  in  such  a  way  that  the  product  which  is  proportional 

to  parameter  A  (see  formula  (12.36)),  remains  finite.  In  accordance 
with  limiting  values  of  t  0  and  P^  ao,  the  piston  imparts  to  the 
gas  an  infinite  energy: 

It  . 

a<-|,  (12,52) 

and  sero  momentum 

a>|.  (12.53) 

Let  us  cooqpare  energy  E*  and  momentum  I*  of  that  portion  of  gas 
which  moves  to  the  right,  in  the  direction  of  propagation  of  the  shock 
wave  (see  formulas  (12.47)  end  (12.48))  with  energy  E  and  momentum 
I  of  the  entire  gas  on  the  whole.  We  have 

4^-ar**-  ^-(4)-'.  i<*<f 

Energy  E*  of  a  gas  moving  with  the  shock  wave  to  the  rig^t,  suc¬ 
ceeds  in  decreasing  to  given  moment  t  even  a  greater  number  of  times 
as  compared  to  initial  energy  S,  the  shorter  the  shock.  Is  not  sur¬ 
prising  that  in  the  limit  of  vanishing  short  duration  of  shock  t  -»  0, 
infinite  work  cf  the  piston  is  needed  (infinite  energy  of  gas  E),  so 
that,  being  reduced  an  infinite  numer  of  times,  the  energy  in  a 
definite  portion  of  mass  remains  finite.  All  this  infinite  energy 
is  now  concentrated  in  that  portion  of  the  mass  idxich  scatters  into 


the  vacutm;  more  exactly,  on  the  very  edge  of  the  gas,  which  possesses 
infinite  speed  of  scattering  and  infinite  kinetic  energy. 

Unilateral  momentvim  I*  in  a  given  moment  of  time  is  greater  than 
the  mcaaentum  of  the  piston  I,  the  shorter  the  shock.  In  the  limit 
T  -*  0  unilateral  momenta  of  parts  of  the  gas,  which  move  to  the  right 
and  to  the  left,  compensate  one  another  with  an  accuracy  of  vanishing 
low  magnitude  of  I. 

Essentially,  an  idealized  limiting  solution  corresponds  not  simply 
to  zero  duration  of  shock  t,  hut  to  an  infinitely  large  ratio  t/x; 
t/x  00  and  E*/E  -*  0,  I*/l  -♦  oo. 

Above,  in  the  interpretation  of  this  condition,  we  considered 
finite  times  t,  but  vanishing  short  times  of  shock  x,  in  accordance 
with  which  the  work  of  the  piston  E  was  infinite,  and  momentum  I  was 
zero. 

Nearer  to  reality  is  another  interpretation  of  the  limiting 
condition  when  not  the  duration  of  the  shock  tends  to  zero,  but  during 
an  actually  finite  duration  of  shock  and  finite  energy  E  there  are 
considered  times  t  that  are  large  as  compared  to  x  (t/x  -•  co  not  because 
X  0,  but  because  t  -♦  oo) . 

In  examining  the  limiting  conditions  from  such  a  point  of  view 
there  appears  the  question  of  in  what  way  does  asymptotic  transformation 
occur  of  a  true  motion,  nonself- similar  by  virtue  of  the  finiteness 
of  X,  in  limiting  conditions?  How  does  the  infinity  of  energy  of 


limiting  motion  agree  with  the  actually  finite  work  of  the  piston? 

The  fact  is  that  the  approximation  of  a  true  solution  to  a  self¬ 
similar  one  occurs  nonuniformly  in  time.  With  the  growth  of  time  t  and 
mass  of  gas  enveloped  by  motion  M  »  PqX,  pressure  and  all  other  mag¬ 
nitudes  approach  values  corresponding  to  a  self-similar  solution. 


Ro%fiV«r«  sueh  tn  approteh  dott  not  boour  evezTwherd. 

In  t  e«rtftln  aais  naar  a  boundary  whldhi  during  a  8hook«  was 
sdbjeeted  to  tha  dlr^t  Influanca  of  a  plstoni  tha  state  navdr 
approaches  the  one  idiloh  Is  dictated  by  the  self-8liid.lar  solution; 
in  order  of  magnitude  this  mass  Is  eqtuil  to  the  mass  of  gas  through 
which  the  shock  wave  passes  during  the  actual  shockt  m^  ~ 

The  speed  of  scattering  of  this  omss  Into  a  vacuum  always  remains 
finite  and  equal  In  order  of  magnitude  to  U^(U^  In 

the  self-similar  solution  the  speed  of  scattering  of  the  boundary  of 
gas  Is  Infinite  (when  t  -♦  0,  -•  cd  and  -♦  oo).  Entropy  of  mass  dIq 

Is  also  finite^  and  Is  equals  by  virtue  of  the  adiabatic  nature  of 
motion,  to  Initial  entropy.  Actually,  S  ■  c^  In  +  const.  Mag¬ 
nitude  pp“!^  In  mass  vLq  In  order  of  magnitude  Is  equal  to  l.e.. 

It  Is  limited  at  finite  t  and  P^.  In  a  self-similar  solution  with 

7  ■  7/5,  by  formulas  (12.42),  we  have 

r  /•  -j  A 

/  when  m-^O. 

———nr"'  Thus,  mass  mQ  at  the  boundary  forever 

^  ^  ^  *•  carries  the  Imprint  of  Initial  conditions 

Fig.  12.13*  and  Its  state  Is  not  described  by  a  self- 

similar  solutlcm  even  In  the  limit  t  -*  co. 

This  position  does  not  at  all  contradict  the  general  tendency  of 
a  true  solution  to  transform  Into  a  self-similar  one  In  the  limit 
t  00.  Mass  Hq  In  time  cooqposes  a  smaller  and  smaller  portion  of  the 
entire  mass  of  gas  enveloped  by  motion  (Fig.  12.13).  In  the  limit 
t  00  this  small  mass  should  not  be  considered  In  differential 
equations  or  In  the  convergent  Integral  of  mosientum. 


I  * 
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However,  in  the  calculation  of  the  Integral  of  energy,  the 
replacement  in  small  mass  m^  of  the  true  solution  by  a  self-similar 
one  leads  to  an  essential  change  of  the  integral,  and  makes  it  diver¬ 
gent.  In  the  self-similar  solution  the  speed  and  kinetic  ener^  of 
gas,  during  approach  to  the  boundary  m  -♦  0,  tend  to  infinity,  whereas 
in  actuality,  with  finite  pressure  on  piston  and  duration  t  differ¬ 
ent  from  zero,  the  speed  and  kinetic  energy  of  gas  near  the  bound¬ 
aries  are  finite. 

In  order  to  obtain  finite  energy  of  gas,  actually  responding  to 
finite  work  of  the  piston,  it  is  necessary,  during  the  calculation  of 
energy,  with  the  help  of  the  self-similar  solution,  to  stop  integration 
in  that  region  where  the  self-similar  solution  is  inapplicable. 

We  shall  calculate  energy  by  using  Lagrange  coordinates.  Then, 
during  integration  of  specific  energy  through  the  mass  of  gas  enveloped 
by  motion,  as  the  lower  limit  we  shall  take  the  mass  coordinate,  in 
order  of  magnitude  equal  to  mass  m^,  which  it  is  not  described  by  the 
self- similar  solution. 

Let  us  perform  calculations  for  the  case  of  7  «  7/5. 

The  main  contribution  to  the  integral  is  given  by  the  region  near 
the  lower  Ij^t,  where  speed  of  gas  and  kinetic  energy  are  very  great 
(in  limit  0,  V -00).  Therefore,  for  calculation  of  the  inte¬ 

gral  we  shall  use  the  asymptotic  expression  for  speed  (12.46)  (see 
also  (12.45). 


We  obtain  E 


Let  us  express,  the  vaxiahles  in  this  formula  through  Xj 


»  4  • 

Xt"JrX  *  (Since 


Considering  the  determination  of  A  **  (formula  (12.56)) 


and  •*  (P^Pq)^'^^t,  we  find  that 

M  _«  *  *  I  4  U  I 


a  t 


E  -  ^  nU?x, 

As  can  he  seen,  the  energy  of  the  entire  mass  of  gas,  with  the 
exception  of  small  mass  m^,  to  the  self- similar  solution  which  is 
inapplicable,  is  constant  in  time,  is  finite,  and  in  order  of  magnitude 
is  equal  to  the  work  of  the  piston. 

Energy  of  the  same  order  is  also  included  in  relatively  small  mass 

m^.  This  mass  flies  into  the  vacuum  with  speed  —  U^,  having  kinetic 

2  3  .  -a/o  3/2  1/2 

energy  of  the  order  mQU^  ••  *  Po^^l'PQ^  ^  Po"  ^ 


Within  the  confines  of  the  self-similar  solution  in  mass  m^  there  is 


concentrated  infinite  energy,  in  spite  of  the  fact  that  mass  in 
time  composes  a  smaller  and  smaller  portion  of  the  entire  mass  of  gas 


enveloped  by  motion  M. 

It  is  essential  that  the  region  of  gas,  which  is  not  described 
by  the  self- similar  solution  and  which  gives  divergence  in  the  inte¬ 
gral  of  energy,  if  the  self-similar  solution  is  extrapolated  by  it, 
lies  beyond  the  limits  of  the  sphere  of  influence,  to  the  left  of  the 
singular  line,  and  in  no  way  affects  propagation  of  the  shock  wave. 
Actually,  the  boundary  of  the  nonself- similar  region  is  described  by 
the  equation  m  «  m^,  and  singular  line  m  ri^  (m  »  0.0^4  M  when  7  « 

■  1/5)  •  When  t  CD,  M  ®  and  Hq  « 

In  order  to  obtain  a  presentation  of  how  nonself-simllar  motion 
emerges  into  limiting,  self-similar  conditions,  the  authors  of  [14] 
undertook  the  numerical  calculation  of  equations  of  gas  dynamics  with 


7  ■  7/5  during  a  square  pulse  of  piston  pressure,  shown  in  Fig.  12.9. 
Pig.  12.16  shows  curves  of  the  dapehdence  of  p/p^t,  u/u^,  and  p/p^  on 
self-similar  variable  x/i  for  several  moments  of  time  (p^^,  u^, 
l.e.,  magnitudes  of  the  front). 

In  the  same  place  curves  are  plotted  of  an  exact  self-similar 
solution.  As  can  be  seen  from  the  graphs,  already  when  t/x  ■  5  the 
true  solution  Is  quite  close  to  the  self-similar  one,  and  when  t/x  ■ 
■  15,  it  almost  coincides  with  the  self-similar  solution.  Thus,  the 
emergence  of  motion  Into  self-similar  conditions  Is  carried  out  very 
fast.  From  the  solution  of  the  nonself- similar  problem  there  can  be 
found  a  numerical  coefficient  In  expression  (12.36)  for  parameter  A. 
It  turns  out  to  be  equal  to  1.715,  so  that  A  -  1.715(P^/Pq)^/^x^/^. 

The  numerical  coefficient  characterizes  the  form  of  momentum  of 
piston  pressure.  It  Is  possible  to  say  that  a  square  pulse  is  pecul¬ 
iar  to  the  number  1.715  (when  7  ■  7/5); 


§  18.  Concentrated  Shock  Alcng  the  Surface  of  a  Gas 

(Surface  Explosion) 

Let  us  Imagine  a  "spherical”  analog  of  plane  motion  of  gas  during 
a  brief  shock  along  Its  surface.  (Incidentally,  we  shall  also  consider 
a  "cylindrical"  case).  This  question  was  considered  In  the  work  of 
one  of  the  authors  of  [20]. 

Let  us  assume  that  half- space  z  >  0  Is  occupied  by  an  icaal  gas 
with  adiabatic  exponent  7.  Density  of  gas  p^  Is  constant  and  pressure 
is  equal  to  zero.  On  the  other  side  ci'  plane  z  >  0,  when  z  <  0,  the 
space  is  empty.  In  initial  moment  t  >  0  In  a  small  mass  of  gas  m. 


surrounding  point  0  on  boundary  surface  z  ■  0,  a  high  energj'  E  Is 
quickly  released.  This  can  occur  as  a  result  of  explosion  on  the 
surface  or  as  a  result  of  a  "concentrated"  shock  along  the  surface 


by  a  fast  "projectile”  If  tha  latter  does  not  penetrate  far  Into  the,,, 
depth  of  the  substance,  but  Is  sharply  decelerated  near  the  surface. 

The  kinetic  energy  of  its  motion  is  quickly  turned  into  heat,  l.e., 
there  occurs  scmethlnd  similar  to  an  explosion. 

Prom  point  0  through  the  gas  runs  a  shock  wave.  In  the  other 
direction  the  heated  gas  scatters  into  the  vaeuxua.  Initial  speeds  of 
gas  both  in  the  direction  of  propagation  of  the  shock  wave,  and  also 
in  the  direction  of  the  vacuum  are  of  the  order  Uq  ~  y!ff/m.* 

The  surface  of  the  front  of  the  shock  wave,  which  is  the  surface 
of  revolution  around  axle  z,  will  form  somethind  like  the  "cup"  shown 

in  Fig.  12.17.  Through  the  round ’bpen- 
Ing"  of  the  cup  (section  in  plane  z  ■ 

0)  the  gas,  heated  by  the  shock  wave, 
flows  from  "cup"  into  the  vacuum.  Drain¬ 
ing  of  gas  weakens  the  shock  wave  as 
compared  to  the  case  when  the  "opening" 
is  closed  by  a  fixed  "lid. ”  This  case 
would  correspond  to  an  explosion  in  an 
unlimited  medium. 

The  shock  wave  moves  the  fastest 
of  all  downwards  and  the  slowest  of  all  along  the  surface  z  •  0,  «diere 
it  is  greatly  weakened  due  to  expansion  of  the  gas  into  the  vacuum. 
Therefore^  the  surface  of  the  front  extends  downwards  as  compared  to 
a  hemisphere.  Near  the  front  the  gas  moves  in  the  direction  of  propa¬ 
gation  of  the  wave.  Somewhere  inside  the  "cup”  there  passes  a  surface 

*If  the  cause  of  motion  was  the  impact  of  a  "projectile,"  m  is 
the  order  of  mss  of  the  "projectile,"  S  is  the  order  of  its  kinetic 
energy,  and  Uq  Is  the  order  of  impact  speed. 


•  I  •*  .  % 


Pig.  12.17.  Field  of 
speeds  during  concen¬ 
trated  shock. 
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on  Ilyich  the  vertlctl  component  of  speed  changes  direction.  Above 

this  surface,  scheiMitlcally  shonn  In  Pig.  12,17  by  the  dotted  line, 

* 

the  gas  moves  In  the  direction  of  the  vacuum  (directions  of  speed  are 
shown  by  arrows).  With  the  departure  from  plane  z  ■  0  In  the  earlier 
ttiqpty  space  z  <  0  the  speed  of  scattering  Increases,  which  Is  schemat¬ 
ically  shown  In  the  figure  by  arrows  of  Increasing  length.* 

It  Is  quite  evident  that  In  the  limit  when  the  shock  wave  seizes 
mass  M  »  m,  the  motion  Is  self-similar.  The  surface  of  the  front  Is 
then  expanded,  remaining  similar  to  Itself.  The  coordinate  of  ai^ 
point  of  the  front,  let  us  say,  point  B,  grows  In  time  according  to 
the  law  z^  ~  t®.  Pressure  on  the  front  (for  Instance,  in  that  same 
point  B)  decreases  with  Increase  of  mass  M  according  to  the  law  p^  ~ 

~  M"^,  whereby  constants  n  and  a  are  connected  together  by  the  simple 

# 

relationship  n  •  2(1  -  a) /3a.** 

During  a  concentrated  shock,  exponent  n,  Just  as  In  the  plane 


case.  Is  limited  by  the  Inequalltyi 


l<a<2. 


(12.55) 


In  order  to  be  convinced  of  this,  we  shall  consider  the  stage  at 
which  M  »  m  and  p  ^  M"”,  and  shall  compose  approximate  expressions 


*Apparently,  near  the  plane  boundary  of  an  undisturbed  medium, 
the  gas  flowing  from  the  "opening”  moves  along  plane  z  «  0,  and  the 
pressure  on  the  plane  Itself  Is  equal  to  zero.  It  Is  possible  that  at 
certain  values  of  7  there  occurs  breaking  away,  so  that  near  plane 
z  «  0  outside  the  "opening"  there  will  form  an  empty  conical  slot. 
Paxhaps,  at  certain  7  the  pressure  on  plane  z  ■  0  outside  the  opening 
is  finite,  and  near  point  A  there  appears  a  triple  point.  The  front 
of  the  shock  wave  along  plane  z  «  0  then  spreads  to  Infinity. 

**M  ~  Speed  of  gas  behind  the  front  is  proportional  to 

u  ~  dz^/dt  ~  t®"^  ~  ^p  ~  ~  Hence:  o  -  1  ■  -3an/2  or 

,n  -  2(1  -  o)/^. 
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for  energy  and  vertical  z-component  of  t^he  gas  noraentum  contalned,,|4a  .r 
the  ”c\ip.”  Taking  the  dimensional  pararaetera  into  account  in  the  prot 
portionality  factor  between  p  and  M,  but  without  taking  into  account 
the  numerical  coefficient  the  average  pressure  with  respect  to  the 
volume  of  the  '*cup"  can  be  written  in  the  form 

Here  Pq  ~  EpQ/m  is  the  initial  pressure  at  the  time  of  Impact  ("explo¬ 
sion").  Average  speed  of  gas  in  the  "cup"  in  order  of  magnitude  is 
equal  to 

(12.57) 

Energy  in  the  "cup"  is  of  the  order 

(12.58) 

where  E^q  is  the  initial  energy  in  the  "cup"  which  obviously  is  on  the 
order  of  total  energy  E.  Momentum  in  the  "cup"  is  of  the  order 

(12.59) 

where  (Em)^'^  Is  the  initial  momentum,* 

Energy  flows  from  the  "cup"  through  the  "opening,"  since  the 


speed  of  gas  in  the  section  of  the  "opening"  is  directed  towards  the 
vacuum.  Consequently,  energy  E^  contained  in  the  "cup"  decreases  in 
time  (with  the  growth  of  mass  M),  and  by  formula  (12.58)  n  >  1. 

The  momentum  of  the  gas  in  the  whole  "cup"  shall  be  compared  with 
the  momentum  of  the  part  of  it  which  is  Included  between  the  surface 
of  the  front  of  the  shock  wave  and  the  dotted  surface  where  the 
vertical  component  of  speed  changes  sign,  l.e.,  is  equal  to  zero. 

*In  the  case  of  Impact  of  a  "projectile"  I^q  of  order  of  the 
momenttam  of  the  striking  body. 

X049 


JEtutmgh  this  surface  the  mosientum  does  not  flow  In  vertical  direction 
and  the  pressure  on  it  is  positive.  Consequently,  momentum  grows  with 
time,  and  by  formula  (12.59)  n  <  2.  Vertical  momentum  of  gas  in  the 
"cup"  is  balanced  also  by  the  Increasing,  but  oppositely  directed 
momentum  of  gas  flowing  from  the  ''cup”  and  scattering  into  the  vacuum. 
Thus,  Inequality  (12.55)  can  be  considered  to  be  proven.*  The  value 
of  n  ■  1  corresponds  to  conservation  of  energy  in  the  "cup,"  l.e.,  an 
explosion  in  an  unlimited  medium.  The  value  of  n  «  2  would  correspond 
to  the  conservation  of  momentum. 

The  same  inequality  (12.55)  la  also  valid  in  the  "cylindrical" 
case  or  during  "filamentary"  Impact.  The  pattern  of  motion  during  a 
"filamentary"  Impact  (explosion)  in  the  qualitative  aspect  is  similar 
to  the  pattern,  depicted  in  Pig.  12.17.  Only  now  the  explosion  occurs 

t 

not  at  point  0,  but  along  a  straight  line  passing  through  point  0 
perpendicular  to  the  plane  of  the  figure.  All  motion  is  symmetric 
with  respect  to  the  plane  passing  through  this  straight  line  and  axis 
z.  The  surface  of  the  front  will  not  form  a  "cup"  but  an  infinitely 
long  "ditch"  whose  cross  section  is  depicted  in  the  figure.  M  is  the 
'mass  arriving  per  unit  of  length  of  the  "ditch." 

It  is  possible  to  establish  an  even  narrower  Interval  for  the 


exponent  in  the  law  of  damping  of  a  shock  wave.  Physically,  it  is 
clear  that  with  the  same  adiabatic  exponent  in  the  case  of  a  concen¬ 
trated  shock,  the  wave  is  weakened  with  the  growth  of  mass  slower  than 

t 

,in  the  plane  case. 


Actually,  the  weakening  action  of  draining  of  gas  from  the  front 


*Let  us  note  that  passage  to  the  limit  to  self-similar  conditions 
f  eorresponds  to  m  -»  0.  So  that  pressure  is  finite,  it  is  necessary 
i^that  ••  const,  l.e.,  that  energy  is  infinite,  K  ®, 

and  initial  momentum  is  zero: 

I  -1 


is  expressed  smaller,  the  relatively  smaller  the  area  thro\^  which 
the  gas  flows  into  the  vacuum.  In  the  "spherical"  case  the  area  of 
the  "opening"  is  much  less  than  the  surface  area  of  the  front  of  the 
shock  wave  (see, Pig.  12.17).  In  the  plane  case  both  areas  are  equal. 
The  "cylindrical"  case  is  Intermediate  in  this  respect. 

If  we  designate  by  n^^,  ng,  and  n^  the  exponents  in  the  law  of 
weakening  of  the  shock  wave  p  for  plane,  filamentary,  and  con¬ 

centrated  shocks  correspondingly,  then  by  virtue  of  what  has  been  said, 
at  the  same  adiabatic  exponent 

l<Ji*<iii<»i<2.  (12.60) 

For  Instance,  when  7  »  7/5n^  *  4/3  and  1  <  n^  <  4/5.  When  7  ■  5/3, 
n^  «  1.275  and  1  <  n^  <  1.275. 

Thus,  a  concentrated  shock  is  more  like  a  localized  explosion  in 
an  unlimited  medium  than  a  plane  shock  is  like  a  plane  explosion. 

§  19.  Results  of  Simplified  Consideration  of  Self-Similar 
Motion  in  Concentrated  and  Filamentary  Impacts 

In  order  to  determine  exponent  n(7)  in  the  law  of  damping  of  a 
shock  wave  p  ~  it  is  necessary,  as  in  the  plane  case,  to  solve 
an  equation  of  self-similar  motion.  However,  "spherical"  and  "cylin¬ 
drical"  problems  are  Incommensurably  more  complicated,  since  they 
are  two-dimensional  and  self-similar  motion  is  not  described  by 
ordinary  differential  equations,  but  by  equations  in  partial  deriva¬ 
tives.  The  position  is  essentially  complicated  even  more  by  the  fact 
that  the  surface  of  the  front  of  the  shock  wave,  to  which  the  boxindary 
conditions  are  assigned,  is  unknown  beforehand  and  should  be  found  in 
the  course  of  the  solution.  For  this  reason  even  numerical  integration 
of  equations  of  self-similar  motion  should  be  connected  with  consid¬ 
erable  difficulties. 
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A  certain  presentation  about  the  nijuaerical  values  of  the  e3q)onent 
and  general  characteristics  of  motion  is  give  by  the  simplified  consid¬ 
eration  of  the  problem  conducted  in  [20].  An  exact  particular  solution 
was  constructed  for  differential  equations  of  self- similar  motion, 
which  is  a  generalization  of  the  exact  solution  of  a  one-dimensional 
problem  (see  §  15)  and  in  certain  respects  correctly  transmits  the 
features  of  a  two-dimensional  process.  The  solution  contains  a  series 
of  unknown  constants.  It  is  clear  that  with  the  help  of  such  a  rather 
arbitrary  particular  solution  of  equations  it  is  impossible  to  satisfy 
the  boundary  conditions  on  the  front  of  a  shock  wave.  Therefore, 
instead  of  the  conditions  on  the  front  the  solution  was  subordinated 
to  general  relationships,  expressing  in  Integral  form  the  balances  of 
mass,  energy,  and  components  of  momentum  of  the  gas  contained  in  che 
"cup"  (in  the  "ditch").  The  form  of  the  surface  of  the  front  was  then 
selected  as  the  most  simple  one.  The  "cup"  was  replaced  by  a  circular 
cylinder  with  a  "bottom"  and  the  "ditch"  with  rounded  shape  by  a 
"ditch"  with  a  rectangular  shape  (Fig.  12.18). 

Just  as  in  the  one- dimensional  case,  an  exact  analytic  solution 
exists  only  at  one  (selected)  value  of  adiabatic  exponent  y  (equal  to 
7/5)$  and  also  an  approximate  solution,  which  is  a  generalization  of 
an  exact  one-dimensional  one,  is  suitable  only  for  one  singular  value 
of  y.  This  value  together  with  the  corresponding  value  of  n  Is  found 
in  the  solving  process. 

It  turned  out  that  in  the  case  of  concentrated  Impact  n  ■  1.07 
when  y  ■  1.205j  the  ratio  of  height  of  the  "cylinder"  h  to  diameter 
d  is  equal  to  1.05;  density  of  gas  in  the  section  of  the  "opening"  is 
Popen  ■  O.OlSrpQ  and  from  the  "opening"  flow  only  1.^  of  the  entire 
.mass  enveloped  by  the  shock  wave.  Density  of  gas  on  the  "bottom"  of 


the  cylinder  is  equal  to  »•  10.5,  %fhich  is  very  close  to  the  actual 

density  on  the  front  of  the  shock  wave  [(7  +  l)/(7  -  1)]  pQ  «  lO.ypQ. 
Bie  vertical  component  of  speed  changes  direction  at  a  depth  of  0.846h 
from  the  "opening”  and  at  a  distance  of  0.154h  from  the  "bottom." 

In  the  case  of  filamentary  impact  n  ■  1.14  when  7  «  1.266,  h/d  » 

«  1.21  (h  is  the  height  of  the  "ditch"  and  d  is  the  width),  from  the 
"ditch"  flows  25^  of  the  entire  mass. 

We  see  that  exponents  n  turned  out  to  be  very  close  to  unity, 
l.e.,  draining  of  gas  from  the  front  of  the  shock  wave  due  to  expansion 
of  it  into  the  vacuum  only  somewhat  weakens  the  shock  wave  as  compared 
to  an  explosion  in  an  unlimited  medium.  This  obviously  is  connected 
with  the  fact  that  beyond  the  limits  of  the  "cup"  ("ditch")  a  very 
small  portion  of  the  entire  mass  is  ejected.  The  shape  of  the  "cup" 
apparently  essentially  differs  from  hemispheric,  which  would  corre¬ 
spond  to  an  explosion  in  an  unlimited  medium.  Height  of  the  "cup," 
l.e.,  cylinder,  is  approximately  equal  to  the  diameter,  whereas  upon 
replacement  of  the  hemisphere  with  an  equivalent  cylinder  the  height 
would  be  approximately  two  times  less  than  the  diameter.  The  same 


also  pertains  to  a  filamentary  Impact. 

Fortimately,  the  adiabatic  exponents  7  »  1.205 

and  7  »  1.266,  for  which  approximate  solutions  are 

suitable,  are  close  to  the  real  values  of  effective 

adiabatic  exponents  of  gases  at  high  temperatures, 

when  the  processes  of  dissociation  and  ionization 

Fig.  12.18.  Re-  are  essential.  Let  us  note  that  in  the  plane  case 
placement  of  cup 

with  an  equlv-  the  exponent  n  monotonlcally  decreases  with  the 

alent  cylinder. 

growth  of  7.  If  the  same  situation  exists  in 
two-dimensional  cases,  which  is  very  probable,  then  for  a  concentrated 


Impact  1  <  n  <1.0?  when  7  >  1.205,  and  for  a  filamentary  Impact  1  < 

<  n  <1.14  when  7  >  1.266.  In  real  processes,  values  of  7  that  are 
essentially  smaller  than  1.205  or  1,266  can  scarcely  present  any  Inter 
est.  It  follows  from  this  that  In  the  majority  of  real  processes,  a 
model  of  which  could  he  the  problem  about  the  concentrated  (or  fila¬ 
mentary)  impact,  the  shock  wave  attenuates  only  somewhat  faster  than 
In  an  explosion  In  an  unlimited  medium. 

§  20.  The  Impact  After  the  Pall  of  a  Very  Fast  Meteorite 

to  the  Surface  of  a  Planet 

A  characteristic  example  of  the  phenomenon  of  "concentrated 
Impact"  could  be  the  process  occurlng  when  a  meteorite  strikes  the 
surface  of  a  planet  with  a  speed  of  the  order  of  several  tens  or  one 
hundred  km/sec  (and  above).  It  is  meaningful  to  consider  either 
planets  deprived  of  atmospheres,  such  as  the  moon,  or  rather  large 
meteorites.  Small  meteorites  evaporate  and  "bum"  along  the  way  due 
to  the  friction  against  the  atmosphere,  and  never  reach  the  surface 
of  the  planet. 

When  a  meteorite  strikes  the  ground  there  occurs  a  sharp  decel- 

p 

eratlon  and  Initial  kinetic  energy  E  ■»  mv  /2  (m  is  the  mass  of  the 
meteorite,  v  Is  the  rate  of  fall)  in  a  considerable  degree  treuisfers 
Into  internal  energy.  Into  heat.  The  depth  of  penetration  of  the 
meteorite  body  Into  the  ground  Is  usually  on  the  order  of  the  dimen¬ 
sions  of  the  body  Itself,  so  that  In  the  Initial  moment  the  energy 
release  occurs  In  a  mass  of  the  order  c'f  m.  From  the  place  of  energy 
release  along  the  ground  there  spreads  a  shock  wave,* 

*We  do  not  consider  Impacts  with  low  speeds,  vdien  an  essential 
role  is  played  the  deceleration  process  itself,  and  propagation  of 
the  shock  wave  through  the  body  of  the  meteorite  Is  shorter  when  the 
‘ener(^  release  cannot  be  considered  Instantaneous. 


We  shall  concern  ourselves  with  impacts  only  with  very  high 

p 

speeds,  when  specific  energy  v  /2  many  times  exceeds  the  binding  energy 
of  atoms  of  molecules  of  the  substances  of  the  meteorite  and  the 
ground  (heat  of  evaporation). 

In  this  case  there  exists  a  stage  when  the  shock  wave  envelopes 
a  mass  of  ground  M,  considerably  exceeding  initial  mass  m,  but  the 
substance  in  the  shock  wave  can  be  considered  as  a  dense  gas.  The 
ground  and  the  meteorite  body  during  expansion  are  completely  evapo¬ 
rated  and  scatter  from  the  surface  of  the  planet  in  a  gaseous  state. 

In  the  stage  of  not  too  strong  expansion  the  pressure  of  the  gas  is 
much  greater  than  atmospheric  pressure  and  the  existence  of  the  atmos¬ 
phere  (if  there  is  one)  may  be  disregarded.  Vapors  are  expanded  Just 
as  into  a  vacuum.  As  can  be  seen,  we  are  dealing  with  the  typical 
picture  of  concentrated  impact  on  the  surface  of  the  "gas"  described 
in  the  preceding  paragraph. 

Let  us  estimate  what  is  needed  for  this  rate  of  fall.  The  heat 

of  evaporation  of  iron  (meteorites  are  of  iron  and  rock)  is  equal  to 

i  0 

9^  kcal/mole  ■  T’iO'^  erg/g.  The  heat  of  evaporation  of  rocks  is 

i  0 

about  83  kcal/mole  -  5. 8* 10  erg/g.  This  value  pertains  to  silica 
SlOg,  which  is  the  basic  component  of  different  soils  and  rocks.  If 
we  consider  also  dissociation  of  SlOg  molecules  during  evaporation, 

A  A 

the  binding  energy  will  compose  205  kcal/mole  ■  1.4*10  erg/g. 

For  the  estimation  we  shall  say  that  for  full  evaporation  it  is 
necessary  that  specific  energy  10  times  exceeds  the  heat  of  evaporation, 

A  A 

for  which  we  shall  take  the  tentative  value  of  U  ••  10  erg/g.  For 
the  minimum  speed  at  which  a  mass  of  the  order  of  the  meteorite  mass, 
is  evaporated  we  obtain  the  value  of  ••  .10*10^^  ■  14  km/sec. 

In  exactly  the  same  way  it  is  possible  to  say  that  during  propagation 


of  a  shock  wave,  completely  evaporated  during  subsequent  expansion 
are  those  layers  of  ground  which  the  shock  wave  reached  with  specific 
internal  energy  in  the  front  of  the  order  of  ej^  lOU  ~  10  erg/g. 

Tenfold  exceeding  of  above  U  is  taken  on  the  basis  of  estimates 
in  §  22,  Chapter  XI,  where  it  was  shown  that  full  evaporation  during 
unloading  of  a  solid,  compressed  by  a  strong  shock  wave,  is  obtained 
if  the  energy  in  the  front  of  the  :^'?.ve  is  at  least  one  to  five  times 
greater  than  the  binding  energy  of  a  crystal  lattice. 

In  order  to  estimate  the  total  mass  of  ground  which  is  evaporated 
in  the  impact  of  a  meteorite,  it  is  necessary  to  use  the  law  of  damp¬ 
ing  of  a  shock  wave.  Such  an  estimate  for  the  first  time  was  made  by 
K.  P.  Stanyukovich  [21],  who  studied  the  phenomenon  of  "explosion” 
in  the  impact  of  a  meteorite  on  the  surface  of  a  planet  as  the  cause 
of  the  formation  of  craters  on  the  moon.  K.  P.  Stanyukovich  did  not 
take  into  account  the  effect  of  vapor  scattering  into  the  vacuum, 
assuming  that  a  shock  wave  spreads  exactly  the  same  as  in  a  strong 
explosion  in  an  unlimited  medium,  i.e.,  according  to  the  law  p^  ~  M"^, 

~  E/M. 

The  consideration  presented  in  the  preceding  paragraph  are  based 
on  this  assumption.  Evaporated  mass  in  order  of  magnitude  is 
determined  by  the  relationship;  ~  E/tdj^,  whence  Mj^  ~  E/ej.  m 

P  Mmmmm 

■  m(v/vj^)  ,  where  Vj^  ■  v^~  10  km/sec.  For  instance,  with  a 
meteorite  speed  of  v  ~  100  km/sec  there  is  evaporcted  a  mass  ox’  ground 
that  100  times  exceeds  the  mass  of  the  meteorite. 

When  the  energy  in  the  shock  wave  becomes  less  than  ~10  erg/g, 
the  layers  of  the  ground  captured  by  the  wave  no  longer  are  evaporated 
during  unloading.  However,  the  energy  in  the  wave  is  still  fully 
sufficient  for  mechanical  breaking  of  the  substance.  The  limiting 
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energy  necessary  for  destruction  is  much  less  than  the  heat  of  evapo¬ 
ration,  Therefore,  the  mass  of  a  crushed  substance  many  times  exceeds 
the  mass  of  an  evaporated  substance.  The  crushed  substance  is  ejected 
upwards  in  the  form  of  solid  particles,  and  in  this  way  there  appears 
a  crater.  Questions  about  the  dimensions  of  the  crater  after  the 

impact  of  a  meteorite,  the  role  of  gravity,  which  prevents  remote 

« 

scattering  of  the  substance,  and  others,  were  considered  by  K.  P. 
Stanyukovich  [21], 

Effects  similar  to  an  "explosion”  in  the  impacts  of  fast  meteor¬ 
ites  also  appear  during  motion  in  a  rarefied  atmosphere  of  body  with 
very  great  speed.  Impacts  of  molecules  of  air  against  the  surface  of 
the  body  are  like  the  Impacts  of  meteorites  against  the  surface  of 
planets.  In  every  impact  there  occurs  a  "microexplosion"  and  from 
the  surface  of  the  body  there  is  ejected  a  certain  quantity  of  evapo¬ 
rated  substance.  The  body  obtains  an  additional  impulse  of  recoil, 
which  leads  to  an  increase  of  the  drag  factor  and  an  increase  of  the 
speed  of  braking  of  the  body  in  the  atmosphere.  This  phenomenon  is 


considered  in  the  work  of  K.  P.  Stanyukovich  [22],  The  impact  of  a 
fast  body  on  a  liquid  surface,  on  assumption  of  its  incompressibility. 


was  considered  by  M.  A,  Lavrent’yev  [25]. 


§  21.  A  Powerful  Explosion  in  an  Unlimited  Porous  Medium 
In  the  work  of  A,  S.  Kompaneyets  [24]  the  problem  is  solved  for 
a  powerful  localized  explosion  in  a  plastic  packing  medium  with  con¬ 
tinuous  packing  on  the  front  of  the  shock  wave,*  We  shall  consider 
here  a  simplified  problem  about  the  propagation  of  the  shock  wave  of 
a  localized  explosion  in  a  porous  medium  under  the  condition  that  the 

*  In  [25]  the  packing  is  assumed  to  depend  on  the  amplitude  of 
the  wave. 
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solid  Bubsttnee  Is  Incwiipresslble  (for  instance,  in  sand  with  incom¬ 
pressible  sand  grains).  Strength  of  the  sand  grains  will  be  disre¬ 
garded,  l.e.,  we  shall  consider  that  for  adiabatic  compression  of  the 
material  to  the  density  of  the  solid  substance  (for  full  ’’selection" 
of  vacuums)  no  expenditure  of  energy  Is  required.  In  other  words, 
the  shock  wave  Is  considered  to  be  powerful  with  respect  to  the  strer^th 
of  the  material,  but  weak  with  respect  to  elasticity  (compressibility 
of  the  solid  substance).  Initial  pressure  Pq  Is  equal  to  zero. 

Let  us  designate  average  density  of  an  undisturbed  medium  by  pQ, 
and  density  of  the  solid  substance  ("sand  grains")  by  p^;  »  p^(l-k),. 

where  k  is  the  coefficient  of  porosity,  which  can  vary  from  zero  to 
one. 

Let  us  assume  that  at  a  certain  point  there  occurs  a  strong 

t 

"explosion";  the  substance  Is  given  an  intense  Initial  shock,  for 
Instance;  the  spherical  "piston"  expanded  and  stopped  quickly.  Through 
the  substance  there  will  pass  a  shock  wave  in  which  the  material  will 
be  compressed  to  the  density  of  the  solid  substance  with  complete 
filling  of  vacuums.  After  that,  the  density  of  the  substance  no  longer 
changes  and  reoutlns  equal  to  p^.  The  substance,  seized  by  the  shock 
wave,  moves  behind  the  front.  Near  the  surface  of  the  front  there 
will  form  a  spherical  shell  of  constant  density  p^,  and  behind  It  an 
mapty  cavity,  as  shown  In  Fig.  12.19a. 

If  the  radius  of  the  front  of  the  wave  is  R,  and  the  radius  of 
the  internal  surface  of  the  layer  Is  r^-,  the  condition  of  conservation 
of  mass  glvest 

or  '  < 

.  (12.61) 


i  I  I 

'  # 


r  r.M  r 

a)  •  b) 

Fig.  12  19.  Distributions  of 
density  (a)  and  speed  (b) 
along  the  radius  during  an 
explosion  In  sand  with  incom¬ 
pressible  sand  grains. 


1  , 
r.  n  r.i> 

Fig.  12  20.  Shock 
adlabat  of  sand 
with  Incompressible 
grains  without  tak¬ 
ing  into  account 
strength. 


Distributions  of  speed  in  the  layer  follows  from  the  contimilty 
equation  for  an  incompressible  fluid:  dlv  u  ■  0, 

•—*(■?•)*•  (12.62) 
where  u^  is  the  mass  speed  behind  the  front  of  the  shock  wave  (see 
Pig.  12.19b).  It  is  connected  with  the  speed  of  the  front  D  ■  dR/dt  * 


by  an  evident  relationship: 


(12.63) 


The  shock  adlabat  of  the  substance  under  the  assuiqptions  made  in 
the  beginning  has  the  form  shown  in  Fig.  12.20.*  Let  us  assume  that 
the  "pressure”  in  the  shock  wave  is  equal  to  p^  (point  B  on  the  shock 
adlabat).  As  it  is  known  (see  §  I6,  Chapter  I),  the  initially  station* 
ary  substance  in  a  strong  shock  wave  (p^  »  Pq)  obtains  identical 
kinetic  and  internal  energy  u^/2  per  gram.  Numerically  these  energies 


*For  shock  compression  of  porous  aiaterial  taking  into  account 
compressibility  of  solid  substance  see  §  10,  Chapter  XI. 


are  equal  to  the  area  of  triangle  OAB  in  Fig.  12.20.  Inasmuch  as  solid 

particles  are  assumed  to  he  incompressible,  the  fate  of  the  internal 

I 

eni^gy  obtained  by  the  substance  in  the  shock  wave  does  not  interet^t 
us.  Tills  energy  is  turned  into  heat  and  constitutes  simply  a  loss  of 
mechanical  energy  of  motion.  Thus,  a  decrease  of  kinetic  energy  of 
the  entire  mass  M  during  the  time  dt  is  equal  to  an  Increase  of  inter¬ 
nal  energy  o$  mass  dM,  which  is  seised  by  the  shock  wave  during  the 
time  dt: 

”o  2 

'Here,  u  0u^  designates  the  mean  square  of  speed  of  mass  M.  Coef¬ 
ficient  3  is  easy  to  calculate  with  the  help  of  equations  (12.62)  and 
(12. 6l);  p  ■  3/(^  +  Integration  equation  (12.64),  we 

find  the  law  of  damping  of  the  shoqk  wave: 

(12.65) 

Here,  by  analogy  with  the  preceding  sections,  we  designated  the 
exponent  of  mass  in  the  formula  for  specific  energy  by  n  :  n  «  (l-i-^)/^. 
Pull  kinetic  energy  of  motion  is  proportional  to  ~ 

! momentum  is  I  ~  Mu^  ~  Inasmuch  as  p  >  0,  exponent  n  is  always 

I  included  in  the  limits  of  1  <  n  <  2  (see  results  of  §  18).  In  the 
limiting  case  of  a  solid  incompressible  medium  k-«0,  8-»c)o,  n-*!, 
t  energy  is  conserved,  and  mc«entum  grows  in  time.  In  the  limiting  case 
I  of  an  extraordinarily  porous  substance  (strongly  "compressible"  medium) 
jk-«  1,  ^  1,  n  2,  m(»entum  is  cemserved,  but  energy  decreases.  In 

the  general  case  of  0  <  k  <  1  energy  decreases  (passes  into  heat)  and 
rSKMmitum  grows.  The  position,  as  we  can  see,  is  the  same  as  in  the 
'ii^act  <m  the  surface  of  a  gas  (see  §  18). 

j - 

I - A®  in  the  limiting  ease  of  a  "localised"  explosion,  the  initial 

L- 


energy  is  Infinite  (if  k  0,  n  >  1,  and  Ej^  ^  -*  oo  when  M  9).*^ 

§  22.  Self-Similar  Motion  in  a  Nonhomogeneous  Atmosphere 
Caused  by  a  Brief  Plane  Shock 

Let  us  assume  that  the  density  of  a  gas  is  distributed  in  space 
according  to  exponential  (barometric)  law 

(12.66) 

where  the  scale  of  length  A  is  constant.  Hiis  is  the  distribution  of 
air  density  with  respect  to  height  (axis  x  is  directed  downwards)  on 
the  assumption  that  temperature  in  the  atmosphere  is  identical  every-*- 
where.  Distribution  (12.66)  possesses  the  property  that  the  mass  of 
gas,  concentrated  in  a  column  of  unitary  section,  from  x  «  -o^  where 
Pq  <■  0,  and  to  X  <■  X,  is  equal  to  the  mass  of  gas  in  a  column  with 

length  A,  if  the  density  in  it  is  equal  to  Pq(X) 

M 

Mm  (12.67) 

Let  us  assume  that  at  initial  moment  t  «  0,  somewhere  in  the 
region  of  very  small  density,  when  x  «  -00,  there  is  produced  a  brief 
plane  shock,  through  the  gas  in  the  direction  of  growth  of  density 
there  will  run  a  shock  wave,  but  the  heated  gas  will  be  expanded  in 
the  direction  of  the  vacuum. 

We  shall  find  limiting  motion  in  the  stage  when  the  shock  wave 
envelopes  the  mass  of  gas  M,  which  is  much  larger  than  mass  bIq  in  the 
region  of  small  density,  sub^Jected  to  the  intial  action  of  the  shock. 
Initial  pressure  of  gas  will  be  considered  to  be  equal  to  zero.  As 
can  be  seen,  formulation  of  the  problem  is  fully  analogous  to  the 
formulation  of  the  problem  of  the  brief  shock  along  the  surface  of  a 
gas  of  constant  denslv.'.  bordering  on  a  vacuum  (see  §  i?).  The 
problem  of  the  brief  shock  in  the  case  of  a  nonhomogeneous  atmosphere 


lOGl 


was  formulated  Ind  solved  In  the  work  of  one  of  the  authors  [28]. 

(In  the  following  paragraph  it  will  he  shown  what  real  process  it 
deserihes). 

It  is  clear  that  the  liadting  motion  (M  »  m^)  is  self-similar. 

However,  this  self-similarity  has  a  somewhat  unusual  character,  ^e 
fact  is  that  in  distinction  from  all  other  considered  self-similar 
motions,  in  conditions  of  the  problem  there  is  a  scale  of  length  A, 
but  there  is  no  parameter,  the  dimension  of  which  would  contain  the 
symbol  of  mass  (usually  such  a  parameter  exists  in  connection  with  the 
assignment  of  initial  density  of  gas).  Magnitude  p*  in  (12.66)  cannot 
serve  as  a  parameter,  since  it  is  Indefinite  because  of  arbitrary 
character  of  selection  of  the  beginning  of  reading  of  coordinate  x).* 

Coordinate  x  is  determined  only  with  an  accuracy  of  additive 
constant;  therefore,  motion  can  dep^d  only  on  the  difference  of  coor¬ 
dinates,  but  not  on  the  actual  coordinate  x.  The  difference  of  coor¬ 
dinates  is  the  distance  counted  off  from  the  front  of  the  shock  wave, 
the  coordinate  of  which  will  be  designated  as  X,  so  that  motion  depends 
on  the  dimensionless  distance 

1—^=2..  (12.68) 

Ihls  magnitude  is  also  a  self-similar  variable,  where,  in  dis¬ 
tinction  from  all  other  considered  self-similar  motions,  the  self-sim¬ 
ilar  variable  does  not  contain  time.  (Motion  of  course  is  peculiar 
to  a  certain  parameter  A,  characterizing  "shock  strength";  however, 
due  to  the  absence  of  another  parameter,  the  dimension  of  which  would 
contain  the  symbol  of  mass,  from  magnitudes  T,  A,  and  A  It  is  impossible 

*0*  is  the  density  at  point  x  •  0,  but  the  origin,  x  -  0,  we  t 

place  to  the  right  of  t^e  point  with  any  density.  * 


to. ccfflQ)08e  a  combination  of  the  dimension  of  time  and,  consequently, 
from  the  independent  variables  and  parameters  x,  t.  A,  and  A  it  is 
ia^osaible  to  compose  a  dimensionless  variable  which  could  contain 
time  t). 

After  the  remarks  made  about  the  dimension  properties  of  the 
problem  and  the  uncertainty  of  coordinate  x  it  is  easy  to  find  the 
law  of  motion  of  the  shock  wave  and  to  write  general  expressions  for 
the  unknown  functions;  speed,  pressure,  and  density. 

Speed  of  the  front  of  the  of  the  shock  wave  is  equal  to 

X)«X=o4.  (12.69) 

where  the  numerical  coefficient  a  depends  only  on  adiabatic  exponent 
7.  The  coordinate  of  the  front  X  grows  in  time  by  logarithmic  law; 

X  a*  A  Inl + const.  (12.70) 

Expressions  for  speed,  density,  and  pressure  of  gas  behind  the 
front  of  the  shock  wave  have  the  foim 

'  —  2  A  ~ 

(12.71) 

where  the  dimensionless  representative  functions  u,  “p,  and  p  depend 
on  the  self-similar  variable  i.e.,  the  dimensionless  distance 
coxinted  off  from  the  front  of  the  shock  wave,  and  7.  The  represent¬ 
ative  functions  are  determined  in  such  a  way,  that  on  the  front  of  the 
shock  wave,  when  §  ■  0,  they  all  become  one 

?(0)-Q(0)-^(0)-l.  (12.72) 

Another  boundary  condition  consists  of  the  fact  that  a  "vacuum" 
when  x  »  -oo,  €  “  p(oo)  ■  0. 

The  density  of  the  gas  directi;^  before  the  front  of  the  shock 


Pq(X)  e3q>ressed  by  tht  sasi  coordinate  of  the  front  M  by  for- 

Bttla  (12.67). 

^e  mass  of  gas  enveloped  by  the  shock  wave.  In  distinction  from 
the  geometric  coordinate,  as  usual  depends  on  time  according  to  root 
law  ft  ■  Pq(X)S:  ■  Vik/t  ■  Mat“^,  whence 

(12.75) 

Here  A  Is  the  constant  of  Integration,  which  Is  also  the  parameter 
characterizing  the  "shock  strength."  Its  size  Is  [A]  »  g*cm“^.sec"®. 

Thus,  In  formulas  (12.71)  It  Is  possible  to  place  the  evident 
dependence  of  Pq(X)  on  time 

(12.74) 

The  motion,  as  already  was  noted  above,  possesses  an  unusual  self- 
similarity:  profiles  of  speed,  density,  and  pressure  as  If  are 
"attached"  to  the  front  of  the  shock  wave  and  move  together  with  the 
front,  not  extending  with  the  passage  of  time  (only  the  amplitudes  of 
these  magnitudes  change).  However,  In  Lagrange  coordinates  the  motion 
la  self-similar  In  the  usual  sense.  Lagrange  coordinate  m  Is  equal 
to 


l.e.,  I,  and  consequently,  u,  p,  and  p  are  functions  of  self-similar 
variable  tj  ■  m/H  ■  m/At®, 

Equations  of  self-similar  motion  are  conveniently  solved  In 
Lagrange  coordinates.  Let  us  place  expressions  (12.71)  and  (12.74)  In 
corresponding  equations  of  gas  dynamics 

« 
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Let  us  obtain  equations  for  representative  functions  u(ji),  p(q),  and 
P(ti); 


u+ta^H* 


(12.75) 


Integrating  the  second  equation  and  excluding  from  the  system 
p  and  u,  we  obtain  a  fundamental  equation  of  the  problem 


*JL 


■4^- 


2-a 

Y 


) 


P  »1| 


(12.76) 


The  solution  of  p(q)  should  pass  through  two  points  p(l)  «  1  and 
p(0)  »  0,  which  also  determines  exponent  a. 

In  the  particular  case  of  7  »  2  it  is  possible  to  find  an  exact 
analytic  solution  of  the  problem.  We  have; 


Q**^**^** 

p-n.  Q-n*^ 


(12.77) 


In  Euler  coordinates  the  solution  has  the  form: 

p-(l+25)-’'«,  q-(1  +  25)“*'»,  J-1-5.  (12.78) 

An  analytic  solution  is  also  possible  when  7  ■  1;  a  -  1,  p  ■  t),  "p  ■ 

■  and  u  -  1.  This  case  presents  interest  only  from  the  point  of 
view  of  limitation  of  the  exponent  of  self-similarity  a,  since  it 
corresponds  to  infinite  compression  of  gas  in  the  front  of  the  wave, 
as  a  result  of  which  in  Euler  coordinates  p,  *p,  and  u  become  a 


*The  solution  in  Lagrange  coordinates  is  absolutely  analogous 
to  the  analytic  solution  of  the  usual  problem  of  a  brief  shock  in  the 
case  of  7  «  7/5.  (See  (12.42)). 


XON^ 


8-f unction:  6(^) 

Inasmuch  as  the  real  values  of  7  are  Included  in  the  range  1  <  7  < 
<  2,  we  must  assume  that  the  corresponding  values  of  the  exponent  of 
self-similarity  lie  in  the  Interval  k  <  a  <  ^  * 

At  an  arbitrary  value  of  7  the  ^lutlon  can  be  found  by  means  of 
numerical  integration  of  equation  the  trial-and-error 

method.  r 


Fig.  12.21.  Dist£i-  Fig.  12. 2£.  Distributions 
butions  of  speed  u,  of  speed  u,  pressure  p,  and 
pressure  p,  and  den-  density  p  in  the  space  behind 
slty  ^  along  the  mass  a  shock  wave, 
coordinate. 


Pigs.  12.21  and  12.22  give  the  thus  obtained  distributions  of 
speed,  density,  and  pressure  along  the  mass  and  in  space  for  7  -  1.25. 
Exponent  a  is  equal  to  a  -  1.3^5- 


§  23.  Propagation  of  a  Shock  Wave  Downwards  During  an  Explosion 
in  a  Nonhomogeneous  Atmosphere 

Section  28,  Chapter  I  considered  how  a  shock  wave  is  propagated 
during  a  strong  explosion  in  a  nonhomogeneous,  exponential  atmosphere. 
The  law  of  motion  of  the  shock  wave  was  approximately  found  in  the  work 


^Consideration  of  balances  of  energy  and  impulse,  analogous  to 
that  conducted  in  %  I6,  leads  to  the  general  limitation  {  <  a  <  2. 


of  A,  S.  Kompaneyets  [29]  and  was  somewhat  definitized  in  the  work, of 
E.  I.  Andriankin,  A.  M.  Kogan,  A.  S.  Kompaneyets,  and  V.  P.  Kraynov 

[50]. 

The  chief  characteristic  of  motion  consists  in  that  the  shock 
wave  is  weakened  during  motion  in  various  directions  unequally.  During 
motion  downwards,  in  the  direction  of  increase  of  density,  it  is 
delayed  the  fastest  of  all.  Conversely,  during  upward  motion,  in  the 
direction  of  decrease  of  decrease  of  density,  the  wave  even  accelerates 
and  in  a  finite  period  of  time  it  departs  upwards  to  an  infinite  dis¬ 
tance,  as  if  "breaking  through"  the  atmosphere.  The  surface  of  the 
front  of  the  shock  wave  will  form  something  like  a  "cup"  and  in  the 
huge  cavity  limited  by  this  surface  the  pressure  drops  to  a  very  small 
magnitude.  The  method  of  approximation  [29>  50]  does  not  describe 
the  process  any  further. 

In  a  strong  explosion  in  a  homogeneous  atmosphere  the  pressure 
in  the  volume  is  equalized  and  is  less  than  the  pressure  on  the  front 
of  the  shock  wave  by  a  total  of  two  or  three  times  (depending  upon 
adiabatic  exponent;  see  §§  25  and  26,  Chapter  I).  This  internal 
pressure  "supports"  the  shock  wave  and  promotes  the  fact  that  the  wave 
attenuates  slower  than  in  the  absence  of  internal  pressure.  The  role 
of  internal  pressure  is  especially  distinct  if  we  compare  the  motion 
during  a  plane  explosion  with  the  motion  during  a  plane  brief  shock, 
when  pressure  behind  the  front  of  the  shock  wave  decreases  to  zero  and 
there  is  no  internal  pressure  supporting  the  wave.  The  shock  wave  in 
this  last  case  attenuates  faster. 


But  in  an  explosion  in  a  nonhomogene ous  atmosphere,  due  to  the 


sharp  fall  of  pressure  in  the  cavity  with  the  increase  of  its  volume, 
the  position  in  some  measui'e  is  like  what  takes  place  in  the  problem 
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j  of  the  brief  shock.  Internal  pressure  no  longer  suppor-ce  the  shock 

I 

I  wave  spreading  downwards,  and  the  gas  flows  from  the  front,  rushing 
I  upwards  into  the  "empty"  cavity. 

I  Thus,  when  pressure  in  the  cavity  p  becomes  much  less  than  the 

i 

I  pressure  on  the  front  of  the  shock  wave  p^,  the  motion  of  the  shock 

1- 

wave  downwards  obtains  the  features  of  motion  described  in  the  preced¬ 
ing  paragraph  (curvature  of  the  front  in  order  of  first  approximation 
can  be  disregarded).  (Incidently,  under  the  condition  of  p^  »  p^ 

I  the  solution  also  loses  force  [29,  ?0].  Numerical  estimates  show  that 

'  pressure  in  the  cavity  becomes  much  less  than  the  pressure  on  the  front, 

! 

when  the  speed  of  the  front  is  still  sufficiently  great  that  in  exam- 

i 

I  ining  the  subsequent  motion  the  counterpressure  in  the  direction  of 
i  undisturbed  air  still  may  be  disregarded. 

We  shall  assume  for  definitiveness  that  the  transition  to  a  new 

I  regime  occurs  when  Pf/p^  -  10.  '  According  to  [30]  this  value  corre- 

! 

I  sponds  to  the  time  from  the  moment  of  explosion  t^  -  19t,  where  t  - 
■  (PqqA^/E)^'^^  Is  the  scale  of  time  that  is  characteristic  for  an 
explosion  in  a  nonhomogeneous  atmosphere  (pqq  Is  the  air  density  at 
the  height  of  the  explosion,  E  is  the  energy  of  the  explosion) .  To 
moment  t^  the  shock  wave  departs  downwards  from  the  point  of  explosion 
to  distance  z  ■  1.9A;  speed  of  the  front  is  then  equal  to  ■  2.5  x 
X  10“^  X  A/t. 

We  shall  extrapolate  the  limiting  laws  of  propagation  of  the  shock 

I 

I  wave  (12.69),  (12.70)  to  the  moment  of  "transition"  to  the  new  regime, 
i  where  upon  the  coordinate  and  time  will  be  counted  off  in  such  a  way 

I  that  the  initial  condition  of  D  ■  when  X  -  0  is  fulfilled.* 

i  ♦The  process  up  to  the  moment  of  "transition"  plays  the  role  of 

I  the  "brief  shock," 
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Let  us  obtain  an  approximate  dependence  of  the  coordinate  of  the 

front  on  the  speed  of  the  front  and  on  time  (the  coordinate  is  counted 

off  downwards  from  the  point  of  "transition"  to  the  new  regime): 

t 

X  »  ct'Aln-^  ctAln*^. 

Parameters  and  6  are  determined  through  the  parameters  of  the 
exnlosion  bv  exnresslons  D.  *  \ 


explosion  by  expressions  *  2. 5*  10"^  —  «  2.5*10“^  /  — j 

e  a  40  OTJ  a  «  1.345  when  7  «  1.25.  Impact  parameter  A  in  the  same 
approximation  is  equal  to  A  =  e^'^PQ^AQ'^  =  6.7pqqA*  0"'^. 

An  estimate  with  the  help  of  the  real  numerical  values  of  param¬ 
eters  shows  that  in  the  process  of  deceleration  of  the  shock  wave 
from  "transition"  speed  to  speed  D  «  1  km/sec,  a  few  times  exceed¬ 
ing  the  speed  of  sound  in  cold  air,  the  shock  wave  covers  a  distance 
downwards  of  approximately  (2  to  3)A. 

It  is  added  to  a  distance  of  about  2A  downwards  from  the  center 
of  the  explosion,  which  follows  from  the  theory  in  [29,  30],  Thus, 
in  the  process  of  deceleration  of  the  shock  wave  of  a  strong  explosion 
to  a  speed  of  the  order  of  1  km/sec,  the  wave  covers  a  distance  down¬ 
wards  frbm  the  point  of  explosion  of  about  (4  to  5)A. 


*The  numerical  values  of  parameters  D<,  and  9  weakly  depend  on  the 
selection  of  the  transition  value  of  Pf/p^t  Thus,  for  instance,  in 
the  latter,  calculated  in  [30],  moment  t  ■  23. 4t,  close  to  the  moment 
of  "breakthrough"  of  the  atmosphere,  z  2A,  D  -  2.12‘10"2  Pf>/P«  ■ 

-22. 
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